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DG HOPF ALGEBRAS WITH STEENRODS I-TH COPRODUCTS

T. KADEISHVILI

ABSTRACT. In this article we introduce the notion of DG-Hopf algebra
with Steenrods V; coproducts (C, d, u, Vo, V1,...), where (C,d, ) is
a DG-algebra and {V; : C — C ® C} are chain cooperations, with
properties dual to Steenrods —;-products, satisfying certain condi-
tions of compatibility with the multiplication p: C ® C — C. As an
application the constructions of V;—s on the singular cubical chain
complex CU.(X) and on the cobar construction QC.(X) of the sin-
gular chain complex of an 1-connected space X are given.

In this article we study objects of type
(C;d;Vo,V1,Va, ... 1)

where (C;d; Vy) is a DG-coalgebra (with degd = —1), (C;d;p) is a DG-
algebra and V; : C — C ® C, ¢ > 0, are cooperations, dual to Steenrods
—,; products, i. e. they satisfy the conditions

here T:C ® C — C ® C is the permutation map.

We are interested what kind of compatibility of V;-s with the multipli-
cation p should be required. The requirement for the coproduct Vy is well
known: Vg : C' — C ® C should be a multiplicative map (this means, that
(C;d;Vo; 1) is a DG-Hopf algebra). The requirement for V; is known too
(see [3]): V7 should be a (Vo,TV;)-derivation, i. e.

Vip = peec(Vi® Vo +TVo® Vy).
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Below we introduce the notion of n-derivation, which is map of algebras,
which preserves multiplicative structure in some specific way. Particularly,
a O-derivation is just a multiplicative map, a 1-derivation is an ordinary
derivation. We formulate the requirements for higher V;-s in these terms:
V., should be a n-derivation. In a case when C' is a free graded algebra,
this allows proceed as follows: we can define V, on generators and ex-
tend on whole C' as a n-derivation. As an example we give construction of
cooperations V; for cubical chain complex of a space. Note, that the coop-
eration Vy, constructed by this procedure coincides with the cooperation,
constructed in [9], and V1 with cooperation, constructed in [3].

It is a pleasure to dedicate this article to 70’th birthday of Professor
Nodar Berikashvili.

1. DERIVATIONS

1.1. High rank derivations. There are various types of maps of algebras
f A — B, respecting multiplicative structure in some sense. First of all
these are multiplicative maps, i. e. maps, satisfying f(ab) = f(a)f(b). If
two multiplicative maps f,g : A — B are given, then come in play (f,g)-
derivations, i. e. maps s : A — B with property s(ab) = s(a)f(b)+g(a)s(b).
So multiplicative maps and derivations decompose on products differently.
If A is a free algebra, i. e. if A = T(V), here T(V) is the tensor algebra
generated by a graded module V, then each multiplicative map, as well as
a derivation, is uniquely determined by the restriction on generator graded
module V', but they have different extension rules: any linear map o : V —
B determines a multiplicative map f, : A — B extended from a by the rule

falar ®as @ -~ ® an) = afar)a(az) - - - alan).

If, in addition 8,3 : V — B are given (which determine a multiplicative
maps fg, far : A — B), then the same « can be extended as a (fg, fa/)-
derivation s, : A — B by the extension rule

sala1 @ ®an) = X518 (a1) - - B (ag—1)alar)Blart1) - - Blan).

In this section we introduce high rank derivations, maps with special type
of decomposability on products.

Bellow we assume, that A and B are graded algebras with products
na:A®A— Aand up: B® B — B respectively (we write pu for g4 and
KB)-

Let us define a 0-derivation as a homomorphism of degree 0 f : A — B
such, that

fu=up(f®f),

in fact a O-derivation is just a multiplicative morphism of graded algebras.
Suppose now that two O-derivations fJ,f0 : A — B are fixed. A 1-
derivation with respect to data (fJ, fY) is a homomorphism f3 : A — B of
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degree 1, which decomposes by the rule
fon=plfo ® fg + fi ® fo),

This notion coincides with the usual notion of (f§, fY) derivation.
Now fix a following data

i 1 12,
where £, fY, Y : A — B are O-derivations, and f3,f{ : A — B are 1-
derivations with respect to (£, f2) and (fY, f9). A 2-derivation with respect

to data above we define as a homomorphism of degree 2 fZ : A — B which
decomposes by the rule

fon=w(fg @ fo +fiefs+ 7[R
Here is the general

Definition 1. Suppose a following data is given:

n—1 n—1

0 1
R N S
78 o 0 0

where each fF is a p-derivation with respect to the collection { f;} with f;
from the triangle with fJ on the top. An n-derivation is a homomorphism
of degree n, which decomposes by the rule

n
fow=nuQQ_ @ f). (2)
i=0
1.2. Universal property. Let A be a free graded algebra, i. e. the tensor
algebra

[ee]
T(V)=A4+V4VRVAVRVRV 4. =) @'V
=0

of some free graded A—module V' with usual grading and product.

Each morphism of graded algebras f : T(V) — B is uniquely determined
by it’s restriction on generators f|y. More precisely tensor algebra has
the following universal property: for an arbitrary homomorphism of graded
modules « : V' — B there exists the unique multiplicative homomorphism
(a O-derivation) f : T(V) — B, for which commutes the diagram

1% LN T(V)
a N\ VA



76 T. KADEISHVILI

here i : V — T (V) is the imbedding as the second direct summand of T'(V).
The construction of f (i. e. the extension rule for «) is obvious:

fle™ V= p"{(a)"],

here p™ : ®"B — B is the iteration of the product p : B® B — B and
()" =a®:--(n-times) -+ @ a.

Tensor algebra has the similar universal property for 1-derivations too
(see for example [7]): for an arbitrary data

where af,af € Hom"(V;B),af € Hom'(V; B) there exist: 0-derivations
0 :T(V) — B and 1-derivation f} : T(V) — B with respect to couple
(f3, /D), such, that fPi = of. The construction of fg (i. e. the extension
rule for of ) is following:

m—1
folem™ v =">"url(a)* @ ap @ (af)" 1,
k=0
here (a?)° means omitting of this factor.

Now we are going to show that T'(V) has the similar universal property
for higher derivations too:

Proposition 1. Tensor algebra T'(V') has the following universal property:
for an arbitrary collection of homomorphisms

og
n—1 n—1
Qg o1
1 - = 1 (3)
&%) 0 851 Op_2 0 A1 0
aO al . . an_l an
with of € Hom”(V'; B) there exists the unique collection
fn
0
n—1 n—1
0 1
1 1 1 1
0 jb 0 fl e n—2 0 n—1 0
1 O 0 70

where each [} is a p-derivation with respect to the collection {f;} with f;

Jrom the triangle with fI on the top, such, that fli = ab.
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Proof. Here is the construction of f§ (the extension rule for af):

min(n,m)

flomv= > Y >

p=1  ki+ka+-+kp=nmi+mat-+mpr1=m—p

m 0 mi kp 0 ma2
1 (0 g e,) ™ © O ey © (e by g, ) @

k _ k k
DA 1k, @ (AR 1,)™ 7 @ 2 ® (0])™ ® o @ (ag)™ ], (4)

here k; > 1,m; > 0, and (a?)? means omitting of this factor. The rest
is routine verification. Note, that even af = 0, it’s extension f§ can be
nonzero. [

1.3. DG-derivations. Now we suppose that (A, d) and (B, d) are differential
graded algebras (DG-algebras) with differentials of degree-1.

Let us define a DG-0O-derivation as a O-derivation f : A — B with
additional property Df = 0, (here D is the differential in Hom(A, B):
Df = dgf — (=1)%€f fd, ). In fact this means that f is just a multi-
plicative chain map.

Suppose now that two DG-derivations fJ, f) : A — B are fixed. A
DG — 1—derivation with respect to (fJ, f)) we define as a 1-derivation
f!: A — B with additional property Df} = fJ — 0. This notion coincides
with the obvious notion of derivation homotopy.

Generally we introduce the following inductive

Definition 2. Suppose a following data is given:

n—1 n—1

0 1
R T
fO fl fn—l fn’

where each fI' is a DG — p—derivation with respect to the collection { f;}

with f; from the triangle with ff on the top. A DG — n— derivation is
an n-derivation with respect to this data fJ : A — B which, in addition,
satisfies the condition

Y N (6)
Proposition 2. Suppose A =T(V) and f§ : T(V) — B be an n-derivation
with respect to data (5), then f§ is a DG-n-derivation if and only if the

condition (6) is satisfied for generators, i. e. if

DfSIV = (fo~ "+ ()" HIV.
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Proof. The proof follows from the fact, that Df§ and fo—' 4 (=1)"f; !
have same decomposition rules:

Dfgp=pSio(Dfi" @ fo+ (=1)""fi " ®@Dfg) =
= pE (T G @ f) + S ()T
(fo '+ (U AD = Sz £ @ fi+ Sy (D) @ fot
R (GO R T A S (C) T e fiT ] =
=g+ =D e O
1.4. Twisting elements. Now we suppose that A is a free DG—algebra, i.
e. A = T(V) with some differential d. In this section we shall find the
conditions which should satisfy a data (3) in order the induced n-derivation
f&: T(V) — B to be a DG-n-derivation.
Let us first analyze the structure of a differential d : T(V) — T(V) on
T(V) (see for example [7] or [6]).
Since this differential is required to be a derivation of degree -1, it is
determined by its restriction

B=d|V .V —T(),
which, in fact, consists of components
B=1{0:V—aV)
and the extension rule is
m (o]
d] @™V => " (id) g (id™ .
k=1 i=1

The composite dd is a derivation of degree -2, whence dd = 0 if and only
if the restriction dd | V' = 0. This condition for the collection {;} means

Y D i) @ ® (id) ™+ =0

i+j=n k=1

for all n > 1. Note that shifting dimensions (V;{8;}) is an A, —coalgebra,
see [10].

Since of the universal property an n-derivation f§ : T(V') — B is uniquely
determined by a by a data (3). We are interested what aditional condition
should satisfy this data in order fj to be a DG-n-derivation?

Definition 3. A data (3) we call n-twisting if the following condition is
satisfied:

min(n,m)
dag +3 0,01 Zk}g+k2+~~+kp:n 2y e Amy 1 =m—p
0 0
POk kg )™ @ O,y @ (O by, )™ @y

®a£f+k2 @ (0, 11,) "7 ® aﬁf ® (o)™ & okt @ (af)me 1] Bm =
=ag "+ (=1)ray
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Proposition 3. The n-derivation fi' induced by a data (3) is a DG-n-de-
rivation if and only if (3) is n-twisting.

Proof. Since of Proposition 2 Dff and fi'~* + (—1)" ! coincide, iff they
coincide on generators, i. e. iff DfF |V = ( fo=t + (=1)" ') | V. This
condition for generating homomorphisms {«;} means exactly (7). O

2. DG-HOPF ALGEBRAS WITH STEENRODS V;-COPRODUCTS

2.1. Steenrods V,; coproducts. We are going to study objects of type
(C,d,Vo,V1,Va,...)

where (C,d,Vy) is a DG-coalgebra (with degd = —1) and V; : C — C'®
C, i > 0, satisfies

degV, =14, DV, =V,;_1+ (—1)"Tvi_1, (8)

here D is the differential in Hom(C,C @ C) and T : C ® C — C ® C' is the
permutation map T'(a ® b) = (—1)4medimby @ ¢ Such an object we shall
call DG colagebra with Steenrods V;— coproducts.

The main example is chain complex C,(X) with V; dual to Steenrods
—; —products.

Suppose that, in addition, on C' an associative multiplication p : C®C —
C' is given, which turns (C,d, ) into a DG algebra, i. e. d is a derivation
with respect to .

We are interested what kind of compatibility of V;-s with y is natural to
require.

Usualy for Vg : C — C ® C it is required the multiplicativity, i. e.

Vou = peec(Vo ® Vo),

here pege = (p® p)(id ® T ® id) is the induced multiplication on C' ® C.
This condition means, that (C, d, u, Vo) is a DG-Hopf algebra. The example
of such structure is C.(QX).

As for the next cooperation, in [3] it is requred that V; should be a
(Vo, T'Vy)-derivation, i. e.

Vip=pC®C(Vi®Vo+TVo® V).

Let us mention that an object (C,d, 1, Vo, V1) is a HAH in the sense of
[An], homotopy Hopf algebra in sense of [3] and a B.,—algebra in sense of

[5].
The compatibility of higher V,;-s with the product p is described in the
following

Definition 4. A DG—Hopf algebra with Steenrods V; coproducts
(Cv daua VO; vl, VQ, . )
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we define as a DG'—algebra (C, d, u) with given sequence of cooperations
{V,;:C—C®C,i=0,2,...}

so that each V,, is a DG— n—derivation with respect to data (5) with
I§ =TV, i. e. with respect to data

anl Tvnfl
v, v, ... T2V, -1y, (%)
Yo TVy - e e ™1V, T"Vy.

In other words cooperations (Vg, V1, Va,...) shall satisfy the conditions
(see (6) and (2)):

cDV, =V,_1+ (—1)”Tvn,1 (10)

and

Vap =Y pcec(Vi @ TFV,, ). (11)
k=0

The advantage of this definition is that if C = T'(V) then it suffices to
define the cooperations V; on generators and extend them by the rule (4),
then the needed conditions will be automatically satisfied.

Namely, from the Proposition 3 follows the

Proposition 4. Suppose for a sequence of homomorphisms
{a®al,...; o € Hom'(V,T(V) @ T(V))}

the sequence {al) = T9aP} satisfies the condition (7). Then the sequence
of cooperations {V,;} where each V,, is a DG — n-derivation, obtained by
extension of {a'} by the rule (4) forms on (T'(V),d) a structure of DG— Hopf
algebra with Steenrods V; coproducts.

2.2. Steenrods V; coproducts in cubical chain complex. First we construct
cooperations V; for the DG-algebra I(c0), which was used by Baues [3] for
the construction of Vy and Vj.

Let I(c0) be the free graded algebra generated by three elements e, e, e”
with degree dege’ =0, dege” =0, dege = 1. An element of I(co) we shall
write as e ---eg---e, with e; = €’,¢” or e. The differential d : I(c0) —
I(c0) on generators is given by d(e’) = d(e”) = 0,d(e) = €’ — €’ and is
extended as a derivation.

We want to define a sequence of cooperations

{V;:1I(c0) = I(c0) @ I(c0), i =0,1,2,...}

satisfying the conditions (10) and (11).
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Let’s define a sequence of cooperations {a‘} on generators by
040(6') = ® e/, aO(e//) Y ®€//, aO(e) = Re+e® e//;
Cal(€) =0, al (") =0, al(e) =e®e; (12)
a'(e) =0, a’(e’) =0, a’(e) =0 for i>2,

thus the suitable data (3) {af = Ta”} now looks as

o

Oél TOél . Tn—2a1 Tn—lal
o Ta® . ... 7140 T"al.

It is not hard to check that the this data satisfies the condition (7). Extend-
ing (13) by the rule (4), according to Proposition 4, we obtain the sequence
{V,;} which forms on I(c0) a structure of DG-Hopf algebra with Steenrods
Vi products.

Here are the formulae of V,,-s for the elements e™ =¢------ e € I(o0):

Va(e™) = > (T (e))Pr+t - T Lol (e) - - (T 1al(e))Prx
prtpasrtn=m
xT"2al(e)--- (T al(e))P2 - Tt (e) - (TP’ (e))Pr =
= Z (T @ e+e®e”))Prt . T He®e) x
pit+Pntitn=m

X(T" e @etexe))Pr - T 2e@e)--- (T @e+e®e”))P? x

xT%e@e)- (T @e+e®e”))P (14)
here p; > 0 and (¢’ ® e + e ® €”)? means omitting of this factor.

Let us change the notation in order to make it closer to standard one. The
cube I"™ we represent as (t,t,...,t) where ¢ is variable from I = [0,1]. For
example I? is represented as (t,t) and it’s 1-faces as (0,t), (1,¢), (¢,0), (t,1).

Denote ¢’ = 0,e” =1,e =t. For aword ey ---e, € I(c0) with e, =¢’,€”
or e we shall write (i1,...,4,) with iy = 0,1 or ¢.

The above formula (14) for V,, (") now looks as

Valt,... 1) = > (TPO@t+t@1)P+ - T Lt @) -
pit-Fpnt1+n=m

(TP 0@t+t@1)P - T 2(t®t) -
e (TMOt+te )P - Ttet) - (T°O0t+t@1)P.  (15)

Particularly for Vo we have

Volt,...,t) =(0@t+tx1)™,
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this formula can be rewritten in another form. Let us introduce two maps
o, 1 : {0,1} — {0, 1,¢} given by

©0(0) = 0,00(1) = t;1(0) = t, 1 (1) = 1.

Then it is possible to show by induction, that

Volt,--st) = Y lpo(in),-- - @0(in)] @ [p1(in), -, 1 (in)]

(il,...,in)

where the summation is taken over all vertexes (i1,...,iy), i = 0,1, of I".
This coproduct coincides with one, given in [9] and [3].
For V1 we have

Vilt,...,t)= > (t@0+10)) - (tat)- (0@ t+t® 1),
p1tp2+l=m

Using above terminology, this formula lookes as:

Vilt,...,t) =
= Z(il7~~~7ik—1,t7ik+17~~~,in)(801 (i1)s -+ 01(ik—1), £, 0 (ik+1)s - - -5 0 (in))®
((100(2'1)7 ceey SDO(ik‘—l); t7 wl(ik'i‘l)) DRI 801(271))

where the summation is taken over all 1-faces (i1,... k-1, Gkt1,---,in),
i = 0,1, of I"™. This coproduct coincides with one given in [3].
Generally, the formula (15) lookes as:

Valtyoot) =D (@s(i), - 0s(iny 1) ts a1 (kg 41), -, 01 ik, 1), 1,
Ps—2(ikat1); - - - @1k —1), t, 0 (T, +1), - -5 0 (im)) ®
(s+1(1)s -+ oy Pst1 (B —1) sty Qs (i 41)s - -+, P (ika—1), t
Ps—1(Thyt1); - -5 P2, —1)s L 01 (T 1), - - 1 (im)) (16)

where the summation is taken over all s—faces

(7:17 s 7ik1717taik1+1; .- '7ik271;t7ik2+1; .- '7ik5717taik5+17 s 7i’m)7
ir=0,1

of I and ¥k = Pkmod 2-

Suppose now that X is a topological space and CU,(X) be it’s singular
cubical chain complex, i. e. CU,,(X) is a free module, generated by singular
cubes ¢ : I — X. Then the coproducts V, : I(co) — I(00) ® I(c0),
given by (16) induce the coproducts 75 : CUL(X) — CUL(X) ® CU.(X):
by formula (16) Vs(¢,...,t) = V(I™) is the sum of tensor products of some
faces of I, define 0™ = (6" ® 0™) V.
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Remark. The formula (16) can be rewritten in terms of boundary oper-
ators d5,e = 0,1 of a cubical set @:
n s(i1 s (% s (i —1) s—1(ik; +1)
Vs(g):de(z)dgu)'”dfklj dgkdil+1lk+

dfs ke g ges—2lingia) | gerin 1) gt geolinssn)
kg —1 kg tko+1 Tkg—1 Tks Thkg+1

in s+1(%1 s+1(2 s+1 (kg —1) s (2 )
dgeot @df gt g el dn i

Ps(ikg—1) ¢ 1Ps—1(ikg+1) P2(ikg—1) gt 791 (ikg+1) 01 (in) -1

dikg—l ikQ ’ik2+1 diks,l diksdiks+1 dn g, (17)
here we assume di, = id, and, as above the summation is taken over all
s—faces

(ila' "7ik171;t7ik1+1;' ";ik271;t7ik2+1;' ";iksflatviks+1;' "7i’n); ik = 051

of I" and ¢ = Ykmod2. This formula determines the coproducts v/ not
only in CU,(X) but in chain complex C,(Q) of an arbitrary cubical set Q.

In [8] it is shown, that the cobar construction QC,(X) of the singular
chain complex of an 1-connected space X coincides with the chain complex
of certain cubical set (), thus there appear on the cobar construction the
coproducts v/, given by (17). Moreover, there exists a map of cubical sets
Q — Q(2X), where Q(2X) is the cubical set of singular cubs of the loop
space {2X. It is clear that it preserves boundary operators di and, conse-
quently, coproducts /s, thus these coproducts are geometric. Note, that
Vo and 71 of QC,(X) coincide with coproducts, constructed by Baues in
[2] and [3].
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