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EIGENOSCILLATIONS OF PRELIMINARILY TWISTED SHELLS OF

REVOLUTION CLOSE TO CYLINDRICAL ONES

S. KUKUDZHANOV

Abstract. Eigenvibration of shells of rotation close by their form

to cylindrical ones which are under the preliminary action of torque

moments applied to the ends, are investigated. Most attention is

given to the least frequencies which are most significant and sensitive

to external effects.

Eigenoscillations of shells of revolution close by their form to cylindri-
cal are investigated under preliminary action of torques M applied to the
faces. The form of a mid-surface generatrix is assumed to be described
by a sufficiently smooth function of constant sign. The appropriate resolv-
ing equation of oscillation is obtained on the basis of the theory of sloping
shells. In the case where the mid-surface generatrix of the shell varies ac-
cording to the parabolic law, the above-mentioned equation differs from the
well-known equation [1] by an additional term which may have the same
order as the other terms. The mean length shells of positive and negative
Gaussian curvature are considered. Note that likewise cylindrical shells we
consider only principal boundary conditions. Special attention is given to
low frequencies which are practically most important. The above-mentioned
solution for determining frequency and critical characteristics is a good ap-
proximation of the solution corresponding to a simple support, since in the
limiting case (when the twisting moment tends to zero) this solution reduces
to the solution of a simple support, while frequency characteristics tend to
the frequencies of a simply supported shell; in the other limiting state when
twisting moments essentially affect low frequencies (i.e., frequency tends
to zero), on the basis of the above-mentioned solution we obtained critical
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twisting moments being a good approximation of critical twisting moments
of a simply supported shell [2], [3]. Formulas in dimensionless form and
universal curves of the dependence of the least frequency on preliminary
shearing stress and amplitude of shell deviation from the cylinder are ob-
tained. The curves in the figures show that the preliminarily acting shearing
stresses under small deviations (an order of thickness) from the cylindrical
form may appreciably change the lowest frequencies and the shape of wave
formation of the corresponding cylindrical shell.

1. We consider the shells whose mid-surface is formed by rotating a suf-
ficiently smooth curve around the z-axis of the rectangular system of co-
ordinates x, y, z with the origin in the middle of the segment of the axis
of rotation (Fig. 1). Radius of the mid-surface cross-section of the shell is
defined by the equality

R = r + δ0F (ξ) (1.1)

where ξ = z/r, F (ξ) is a positive function specified in the interval (−l/r, l/r),
such that F (±l/r) = 0, maxF (ξ) = 1, |F ′(ξ)| ≤ 1; L = 2l is the shell length,
r is radius of the face cross-section, δ0 is a small parameter characterizing
maximal deviation from cylindrical shape. For δ0 > 0, the mid-surface
generatrix is convex, while for δ0 < 0 it is concave. It is assumed that

(δ0/r)
2, (δ0/l)

2 ≪ 1 (1.2)

The mid-surface equation in parametric form looks like

x = R(ξ) cosϕ, y = R(ξ) sinϕ, z = ξr, (1.3)

where ϕ is the angular coordinate. From this equation we find that A2 =
r2 + δ0(F

′)2 and B2 = R(ξ)2 are the mid-surface coefficients of the first
quadratic form.

On the basis of our assumption we may neglect the second term in the
expression A2. Consequently,

A ≈ r, B = R(ξ) (1.4)

The principal radii of curvature are of the form

k1 = 1/R1 = −R′′/r, k2 = 1/R2 = 1/R(ξ) (1.5)

Equations corresponding to the theory of sloping shells were assumed
to be the basic equations of oscillation ([4] p. 308). For the mean length
shells the forms of oscillations corresponding to the lowest frequencies are
accompanied by feebly marked wave formation in longitudinal compared
with circumferencial direction. Therefore the following relation is valid:

∂2f

∂ξ2
≪ ∂2f

∂ϕ2
(f = w,ψ) (1.6)
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where w and ψ are respectively the functions of radial displacement and
stress. As a result, a system of equations of the theory of sloping shells is
reduced to the resolving equation

ε
∂8w

∂ϕ8
+
∂4w

∂ξ4
+

∂2

∂ξ2

[(

− R′′

r

)∂2w

∂ϕ2

]

− R′′

r

∂4w

∂ξ2∂ϕ2
+

(R′′

r

)2 ∂4w

∂ϕ4
−

− ∂4

∂ϕ4

[ ∂

∂ξ

(

t0
1

∂w

∂ξ

)

+
∂

∂ϕ

(

t0
2

∂w

∂ϕ

)

+
∂

∂ξ

(

s0
∂w

∂ϕ

)

+
∂

∂ϕ

(

s0
∂w

∂ξ

)]

+

+
ρr2

E

∂2

∂t2

(∂4w

∂ϕ4

)

= 0

ε = h2/12r2(1 − ν2), t0i = T 0

i /Eh(i = 1, 2), s0 = S0/Eh. (1.7)

here T i
0(i = 1, 2) and S0 are respectively the normal and shear stresses;

h is the shell thickness. The initial state is assumed to be momentless.
Taking into account that R is close to r, we can show that for the case
under consideration T 0

1 = T 0

2 = 0, S0 ≪M/2πr2.

2. Consider the shell when the mid-surface generatrix is defined by the
parabolic function

F (ξ) = 1 − ξ2(r/l)2 (2.1)

In this case equation (1.7) takes the form

ε
∂8w

∂ϕ8
+
∂4w

∂ξ4
+ 4δ

∂4w

∂ξ2∂ϕ2
+ 4δ2

∂4w

∂ϕ4
+ 2S0

∂6w

∂ξ∂ϕ5
+ Ω

∂2

∂t2

(∂4w

∂ϕ4

)

= 0

δ = δ0r/l
2, Ω = ρr2/E (2.2)

The additional term in the above equation, as compared with the well-
known equation ([1] p. 38), is the fourth term which by virtue of inequality
(1.6) is of the same order as the third term of the equation.

Thus, taking into account the above arguments, the finding of the forms
of shell oscillations is reduced to the determination of nonzero solutions of
equation (2.2) for the boundary conditions

w(l/r, ϕ) = w(−l/r, ϕ) = 0 (2.3)

A solution will be sought in the form of a series

w = sin(ωt+ p)
∑

mn

Amn cosλmξ
[

sin(ϕ− γξ) +Bmn cos(ϕ− γξ)
]

(2.4)

where λm = mπr/2l, (m = 2p + 1, p = 0, 1, 2, . . . ). Due to the boundary
conditions (2.3), expansion (2.4) does not contain the terms of the kind
Cmn sinλm sinm(ϕ− γξ) and Dmn sinλm cos(ϕ− γξ).

Imagine expression (2.4) as follows:

w=sin(ωt+p)
∑

mn

0, 5Amn(sin[n(ϕ−γξ)−λmξ]+sin[n(ϕ−γξ)+λmξ])+
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+0, 5Bmn(cos[n(ϕ− γξ) − λmξ] + cos[n(ϕ− γξ) + λmξ]) (2.5)

Substituting (2.5) in equation (2.2), we obtain
∑

{AmnF (n,−m) sin[n(ϕ− γξ) − λmξ] +

+AmnF (n,m) sin[n(ϕ−γξ)+λmξ])+BmnF (n,−m) cos[n(ϕ−γξ)−λmξ]+

+BmnF (n,m) cos[n(ϕ− γξ) + λmξ])} = 0 (2.6)

F (n,±m) = εn8 + µ4

± + 4δµ2

±n
2 + 4δ2n4 + 2s0µ±n

5 − Ωω2n4,

µ± = ±nγ + λm. (2.7)

whence

Amn[F (n,−m) + F (n,m)] =0, Amn[F (n,−m) − F (n,m)] = 0

Bmn[F (n,−m) + F (n,m)] =0, Bmn[F (n,−m) − F (n,m)] = 0.

Thus for the existence of a nontrivial solution of equation (2.2) it is
necessary and sufficient that the integers m and n to exist and satisfy the
conditions

F (n,m) = 0, F (n,−m) = 0 (2.8)

Relations (2.8) can be weritten in terms of the following equalities:

Ωω2 = εn4 + (−γ +mπr/nL)4 + 4δ(−γ +mπr/nL)2 +

+4δ2 + 2s0(−γ +mπr/nL) (2.9)

Ωω2 = εn4 + (−γ −mπr/nL)4 + 4δ(−γ −mπr/nL)2 +

+4δ2 + 2s0(−γ −mπr/nL). (2.10)

It is not difficult to show that to the least frequency value (depending
on m) there corresponds m = 1. Therefore in the sequel we assume that
m = 1.

Introduce the notation

ρ = λ1ε
−1/4

∗ /n, Θ = γε
−1/4

∗ , δ∗ = δε
−1/2

∗ , Ω∗ = Ωε−1

∗ /π2, S = s0/sk,

ε∗ = hr/L2(1 − ν2)1/2, λ1 = πr/L,

sk = 0, 74(1− ν2)−5/8(h/r)5/4(r/L)1/2. (2.11)

Then relations (2.9) and (2.10) take the form

Ω∗ω
2 =

π2

12
ρ−4 +

1

π2
[(ρ4 + 2Θρ2 − 3Θ4)4 + 4δ∗(−Θ2 + ρ2) + 4δ2∗] (2.12)

Θ3 + 3pΘ + 2q = 0, p = (ρ2 + 2δ∗)/3, q = −0, 185π2ρ−2S. (2.13)

Since the discriminant of the above equation D = q2 +p3 > 0, we have only
one real root

Θ =
(

1, 826ρ2S + [3, 562ρ−4S2 + (ρ2 + 2δ∗)
3/27]1/2

)1/3

+
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+
(

1, 826ρ2S − [3, 562ρ−4S2 + (ρ2 + 2δ∗)
3/27]1/2

)1/3

. (2.14)

For S = 0 we obtain Θ = 0, and from equality (2.12) we arrive at the
expression for determination of frequency of a simply supported unloaded
shell ω0 ([6] p. 123):

Ω∗ω
2

0
(ρ) =

π2

12
ρ−4 +

1

π2

(

ρ4 + 4δ∗ρ
2 + 4δ2∗

)

. (2.15)

Taking into consideration the fact that the least frequency for the un-
loaded cylindrical shell of mean length is defined by the equality ([6] p.
270)

Ωω2

0
(ρ0) = 2λ2

1
ε1/2, ρ0 = 12−1/4π (n2

0
= λ1ε

−1/4) (2.16)

we can represent Ω∗w
2 as

Ω∗ω
2 = 3−1/2ω2/ω2

0
(ρ0) (2.17)

Moreover, let us introduce a new variable N defined by the expression
N = 12−1/4πρ−2 (for ρ = ρ0, N = 1). Then equalities (2.12) and (2.13) can
be written in dimensionless form as follows:

ω2(N)ω2

0
(1) = 0, 5[N2 +N−2 + 1, 185Θ2N−1 − 1, 053Θ4 +

+δ∗(2, 37N−1−1, 404Θ2)+1, 404δ2∗], ω
2

0
(1)=2λ1ε

−1/2 (2.18)

Θ =
(

[1, 17S2N2 + (1, 688N−1 + 2δ∗)
3/27]1/2 + 1, 082SN

)1/3

−

−
(

[1, 17S2N2 + (1, 688N−1 + 2δ∗)
3/27]1/2 − 1, 082SN

)1/3

(2.19)

Substituting equality (2.19) in formula (2.18), we obtain the expression
which enables one to determine dimensionless frequency in terms of a func-
tion of one dimensionless variable N and of two dimensionless parameters
δ∗, S. Determining the least value ω2(N) (depending on N) for fixed δ∗ and
S, we obtain the least frequency. According to (2.19), for S = 0 we have
Θ = 0, and (2.18) takes the form

ω2

0
(N)/ω2

0
(1) = 0, 5(N2 +N−2 + 2, 37δ∗N

−1 + 1, 404δ2∗) (2.20)

It is not difficult to show that the least frequency in that case is defined
from the condition ω2(N)′ = 0. Thus we obtain

N4 + dN + e = 0, d = −1, 185δ∗, e = −1. (2.21)

The roots of equation (2.21) coincide with the roots of the two quadratic
equations

N2 +
a1,2

2
N + (y1 −

d

a1,2
) = 0, a12 = ±

√

8y, (2.22)
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The roots of equation (2.22) have the form

N1,2 = −
√

y1
2

±
√

d√
8y1

− y1
2
, N3,4 = −

√

y1
2

±
√

d√
8y1

− y1
2
, (2.23)

where y1 is any real root of the cubic equation y3 + 3py + 2q = 0, p = 1/3,
q = −1, 404δ2∗/16. Since the discriminant of the equation D > 0, the
equation has only one real root

y1=[(
√

1+0, 208δ4∗+0, 456δ2∗)
1/3+(

√

1+0, 208δ4∗−0, 456δ2∗)
1/3]/

√
3 (2.24)

If we assume 0, 208δ4∗ ≪ 1 and expand in series the expressions appearing
in (2.24) neglecting the values of second order of smallness, then we shall
obtain y1 ≈ 0, 1755δ2∗. Substituting the values y1 and d in (2.23) and taking
into account the fact that only positive values of N are of interest (since
n2 > 0), we find that for d > 0, (δ < 0) is the only positive root, while for
N1, d < 0 (δ > 0) the root N3. As a result we obtain

n2

1,2 = (
√

1 − 0, 0876δ2∗ ± 0, 2962|δ∗|)λ1ε
−1/4,

where n1 corresponds to δ > 0 and n2 − δ < 0. From this, in particular, we
obtain for δ = 0 the well-known formula for the cylindrical shell of mean
length [5]. For |δ∗| ≥ 0.5 we must rely on the expression (2.24). Taking into
account inequalities (1.2), we can also show that N1(δ < 0) and N3(δ > 0)
are the positive roots. Defining in such a way the value N0 (for fixed δ∗)
and substituting it in (2.20), we obtain the least frequency value for the
unloaded shell ω(N0). In Fig. 1 we see the graphs of dependence of N0

(curve 1) and ω(N0)/ω0(1) (curve 2) on the parameter δ∗, when S = 0.
For ω = 0, from formulas (2.9) and (2.10) (see [7] p. 58) we obtain the

critical tangential stresses S∗ and the corresponding values N∗ for which
these critical stresses are realized. In Fig. 2 we see that curve 1 corresponds
to N∗, and curve 2 corresponds to S∗ (depending on δ∗).

Fig. 3 shows the graphs of variation of values N for which the minimal
frequency is realized, depending on S for fixed values δ∗:- 0.8,-0.4,-0,-0.4,-
0.8,-1.2. The corresponding curves are denoted by −2, −1, 0, 1, 2, 3.

In Fig. 4 we see the curves of the least dimensionless frequency variation
depending on the dimensionless preliminary stress S for the above-cited δ∗’s
(the corresponding curves are also denoted by −2, −1, 0, 1, 2, 3); note that
the ratio ω/ω0(1) takes place on the Oy-axis, while S = s/sk on the Ox-axis
(ω0(1) is the least frequency of the unloaded cylindrical shell defined by the
second equality (2.18); sk characterizes the critical shearing stress for the
cylindrical shell defined by equality (2.11)).

In ([9] p. 156), the curve of the least values of the ratio ω(n)/ω0(n)
for the cylindrical shell (δ∗ = 0) is drawn depending on S which, generally
speaking, differs from the curve of the least values of frequency ω(n). The
least value of the ratio ω(n)/ω0(n) is realized for S independently on the
values of n = nk (nk is a wave number for which the cylindrical shell loses
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its stability upon twisting) [9], whereas the lowest frequency ω(n) is realized
for n = n(S). In particular, in the present work we have obtained for the
cylindrical shell the curve N(S) (see Fig. 3, δ∗ = 0) which shows that n
(for which the lowest frequency is realized) depends essentially on S. On
the basis of Fig. 3 it is not difficult to see that when twisting moment
varies from zero to its critical value, that is when S varies in the interval
0 ≤ S ≤ S∗, the value N , for which the lowest frequency is realized, is in
the interval N0 ≥ N ≥ N∗, where N0 is the value of N for which the lowest
frequency of unloaded shell is realized (see Fig. 1); N∗ is the critical value
of N for which the shell loses its stability (see Fig. 2). In particular, for the
cylindrical shell δ∗ = 0 we have 0 ≤ S ≤ 1, 1 ≤ N ≤ 3, 02.

The curves in Figs. 3 and 4 demonstrate how vary the least frequency
and the form of wave formation of the cylindrical shell depending on pre-
liminarily acting shearing stresses under small variations of the shell shape.
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