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Let T = [−π, π) and w : T → R1 be an almost everywhere positive,
integrable function.

By P (T) we denote the class of measurable, 2π− periodic functions on
T such that

1 < p− ≤ p(x) ≤ p+ < ∞,

where
p− = essinf

x∈T
p(x) and p+ = esssup

x∈T
p(x).

By L
p(·)
w (T) we denote the weighted Banach function space of measurable

2π-periodic functions f : T→ R1 such that

‖f‖p(·),w = inf
{

λ > 0 :
∫

T

∣∣∣∣
f(x)w(x)

λ

∣∣∣∣
p(x)

dx ≤ 1
}

< ∞.

Definition 1. A variable exponent p ∈ P̃ (T) if p ∈ P (T) and

|p(x1)− p(x2)| ≤ c

| ln |x1 − x2|| for all x1, x2 ∈ T.

Definition 2. By the symbol Ap(·) we denote the class of weights satis-
fying the condition

sup
I∈J

1
|I|pI

‖wp(·)‖1
∥∥∥ 1

wp(·)

∥∥∥
p′(·)/p(·)

< ∞,

where

pI =
(

1
|I|

∫

I

dx

p(x)

)−1
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and J is the class of all intervals in T.

Note that in [2] it was proved that when p ∈ P̃ and w ∈ Ap(·), then the
Hardy–Littlewood maximal function is bounded in L

p(·)
w .

By En(f)p(·),w we denote the best approximation of f ∈ L
p(·)
w by trigono-

metric polynomials of degree ≤ n, i.e.

En(f)p(·),w = inf ‖f − Tk‖p(·),w,

where the infimum is taken with respect to all trigonometric polynomials of
degee ≤ n.

The generalized modulus of a function f ∈ L
p(·)
w is defined as

Ωl(f, δ) = sup
0<hi<δ

∥∥∥∥Πl
i=j(I −Ahj

)f
∥∥∥∥

p(·),w
, δ > 0,

where I is the identity operator and

(Ahj
(f))(x) =

1
2hj

x+hj∫

x−hj

f(u)du.

Note that if w ∈ Ap(·), then Ωl(f, δ) is well–defined [2].

Theorem 1. Let p ∈ P̃ (I) and let w−p0 ∈ A(p(·)/p0)′ for some p0,
1 < p0 < p−. Then there exists a positive constant c such that

Ωl

(
f,

1
n + 1

)
≤ c

(n + 1)l

( n∑
ν=0

(ν + 1)γl−1Eγ
ν (f)p(·),w

)1/γ

, (1)

where γ = min(2, p−).

Theorem 2. Under the conditions of Theorem 1, if
∞∑

ν=1

νγr−1Eγ
ν (f)p(·),w < ∞,

for some r ∈ N with γ = min(2, p−), then f(x) has the absolutely continuous
derivative f (r−1)(x) and f (r) ∈ L

p(·)
w and there exists a positive constant c

such that

Ωl

(
f (r),

1
n + 1

)

p(·),w
≤ c

(n + 1)r

( n∑
ν=0

(ν + 1)γr−1Eγ
ν (f)p(·),w

)1/γ

+

+c

( ∞∑
ν=1

νγr−1Eγ
ν (f)p(·),w

)1/γ

, (2)

where γ = min(2, p−).
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The proofs are based on our results on the weighted extrapolation theo-
rem [4] and its corollaries, in particular on an analogue of the Littlewood–
Paley theorem in weighted variable Lebesgue spaces

Theorem A [4]. Let f be a 2π–periodic function and

f(x) ∼ a0

2
+

∞∑

k=1

Ak(x), Ak(x) = ak cos kx + bk sin kx.

Let w−p0 ∈ A(p(·)/p0)′ for some p0, 1 < p0 < p−. Then there exist constants
c1 and c2 such that

c1‖f‖p(·),w ≤
∥∥∥∥
( ∞∑

ν=0

∣∣∣∣
2ν−1∑

k=2ν−1

Ak(x)
∣∣∣∣
2)1/2∥∥∥∥

p(·),w
≤ c2‖f‖p(·),w.

In the previous theorem we assume that A2−1(x) = 0.

The following two simple lemmas are needed in the proof.

Lemma 1. Let 1 < p− ≤ 2. Then for an arbitrary system of functions
{ϕj(x)}m

j=1, ϕj ∈ L
p(·)
w we have

∥∥∥∥
( m∑

j=1

ϕ2
j

)1/2∥∥∥∥
p(·),w

≤ c

( m∑

j=1

‖ϕj‖p−
p(·),w

)1/p−

with a constant c independent of ϕj and m.

Lemma 2. Let p− > 2. Then for an arbitrary system of functions
{ϕj(x)}m

j=1, ϕj ∈ L
p(·)
w we have

∥∥∥∥
( m∑

j=1

ϕ2
j

)1/2∥∥∥∥
p(·),w

≤ c

( m∑

j=1

‖ϕj‖2p(·),w

)1/2

.

Estimates (1) and (2) are sharper versions of the estimates obtained in
[3]; they completely recover results known for the constant exponent case
(see [1], [5]).

The weight function

w(x) = Πn
k=1|x− xk|βk , xk ∈ T, xj 6= xk if j 6= k,

where

− 1
p(xk)

< βk <
1

p′(xk)

satisfies the conditions of Theorems 1 and 2. For more general weights we
refer to [4].
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Sketch of the proof of Theorem 1. Let 2m ≤ n + 1 < 2m+1. By Sn(f, x)
we denote the partial sums of f ∈ L

p(·)
w . We have

Ωl

(
f,

1
n + 1

)
≤ Ωl

(
f − S2m ,

1
n + 1

)

p(·),w
+ Ωl

(
S2m ,

1
n + 1

)

p(·,w
≤

≤ cE2m(f)p(·),w + Ωl

(
S2m ,

1
n + 1

)

p(·),w
.

Thus

Ωl

(
S2m ,

1
n + 1

)
≤ c

(n + 1)l

{
‖S(l)

1 − S
(l)
0 ‖p(·),w+

+
∥∥∥

m−1∑

i=0

(S(l)
2i+1 − S

(l)
2i )

∥∥∥
p(·),w

}
. (3)

For the first term on the right side we have

‖S(l)
1 − S

(l)
0 ‖p(·),w ≤ c(|a1|+ |b1|) ≤ cE0(f)p(·),w. (4)

Let now

Bk,µ := ak cos
(
k + µ

π

2

)
x + bk sin

(
k + µ

π

2

)
x.

Applying Theorem A, we get

∥∥∥
m−1∑

i=0

{S(l)
2i=1 − S

(l)
2i }

∥∥∥
p(·),w

≤
∥∥∥
( m−1∑

i=0

∣∣∣
2i=1∑

k=2i+1

klBk,l(x)
∣∣∣
2)1/2∥∥∥

p(·),w
.

Now by using Lemmas 1 and 2 we conclude that

∥∥∥
m−1∑

i=0

{S(l)
2i=1 − S

(l)
2i }

∥∥∥
p(·),w

≤
∥∥∥
( m−1∑

i=0

∣∣∣
2i=1∑

k=2i+1

klBk,l(x)
∣∣∣
γ)1/γ∥∥∥

p(·),w
, (5)

where γ = min(2, p−).
By means of the Abel transformation and the estimate

‖f(x)− Sk(f, ·)‖p(·),w ≤ cEn(f)p(·),w

we derive the inequality

∥∥∥
2i+1∑

k=2i+1

klBk,l(x)
∥∥∥

p(·),w
≤ c2ilE2j (f)p(·,w. (6)

Finally from (3)− (6) we obtain the desired estimate (1).
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