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1. Introduction

Let T be the interval [−π, π] . A 2π−periodic nonnegative integrable function w : T →
R is called a weight function. We denote by Lp

w (T), 1 ≤ p < ∞ the Banach function
space of all measurable 2π−periodic functions f , for which

‖f‖p,w =

(
∫

T

|f (x)|p w (x) dx

)1/p

< ∞.

The boundedness problem of Cesaro and Abel-Poisson means of functions f ∈ Lp
w (T)

(1 < p < ∞) was studied in [5] and [2]. In the paper [5] it was been done the complete
characterization of the weights w, for which Cesaro and Abel-Poisson means are bounded
as operators from Lp

w (T) to Lp
w (T) . Later on B. Muckenhoupt showed that the condition

referred in [5] is equivalent to the condition Ap (T) , that is

sup
I

1

|I|

∫

I

w (x) dx

(

1

|I|

∫

I

w1−p′

(x) dx

)p−1

< ∞, (1)

where p′ = p/ (p − 1) and the supremum is taken over all intervals whose lengths are not
greater than 2π (see [2]) .

In two-weighted setting, B. Muckenhoupt has shown that (see [3]) the necessary and
sufficient condition for the boundedness of the Abel-Poisson means as an operator from
Lp

w (T) to Lp
v (T) is

sup
I

1

|I|

∫

I

v (x) dx

(

1

|I|

∫

I

w1−p′

(x) dx

)p−1

< ∞. (2)

The set of all pairs (v, w) of weights with the condition (2) is denoted by Ap (T) . It was
shown in [1] that the condition (2) is also necessary and sufficient for the boundedness
of the Cesaro means σα

n from Lp
w (T) to Lp

v (T) where α > 0.
Let w ∈ Ap (T) and f ∈ Lp

w (T) . It is well known that for the Steklov mean

fh (x) =
1

h

x+h
∫

x−h

f (t) dt, h > 0

the inequality
‖fh‖p,w ≤ c ‖f‖p,w
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holds, where the constant c is independent of h and f. Starting from this we define the
modulus of continuity for the function f ∈ Lp

w (T) as

Ω (δ, f)p,w = sup
h≤δ

∥

∥f − fh

∥

∥

p,w
, δ ≥ 0.

In the present paper, we investigated the estimation problem of norms of the Cesaro
and Abel-Poisson means from Lp

w (T) to Lq
v (T) where 1 < p ≤ q < ∞. These results were

generalized to the two-dimensional case and applied to estimate the rate of convergence of
Cesaro means and to obtain generalizations of the Bernstein inequality for trigonometric
polynomials of one and two variables.

2. One-Dimensional Case

Definition 2.1. Let 1 < p ≤ q < ∞. A pair of weight functions (v, w) is said to be of
class Ap,q (T) if the Ap,q-condition

sup
I

(

1

|I|

∫

I

v (x) dx

)1/q(

1

|I|

∫

I

w1−p′

(x) dx

)1/p′

< ∞.

holds, where the supremum is taken over all intervals with |I| ≤ 2π.

Let σα
n (·, f) and Ur (·, f) denote the Cesaro and Abel-Poisson means of the function

f ∈ Lp
w (T) , respectively. We obtained the following results.

Theorem 2.2. Let 1 < p ≤ q < ∞. The inequality

∥

∥σα
n (·, f)

∥

∥

q,v
≤ c n

1

p
− 1

q ‖f‖p,w , α > 0 (3)

holds for arbitrary f ∈ Lp
w (T) , where the constant c does not depend on n and f, if and

only if (v, w) ∈ Ap,q (T) .

In the case p = q the inequality (3) yields the convergence
∥

∥σα
n (·, f) − f

∥

∥

p,v
→ 0, n → ∞.

Moreover, if also w ≡ v we can estimate the rate of convergence:

Theorem 2.3. Let 1 < p < ∞, w ∈ Ap (T) and f ∈ Lp
w (T) . Then there exist a

constant c, which does not depend on n and f, such that the estimate

∥

∥σα
n (·, f) − f

∥

∥

p,w
≤ c n Ω

(

1

n
, f

)

p,w

(4)

holds.

Remark. The similar estimate is true also in reflexive Orlicz spaces with weight.

Theorem 2.4. Let 1 < p ≤ q < ∞. The necessary and sufficient condition for the

validity of the inequality

∥

∥Ur (·, f)
∥

∥

q,v
≤ c (1 − r)

1

q
− 1

p ‖f‖p,w (5)

for arbitrary f ∈ Lp
w (T) , where the constant c does not depend on r and f, is (v, w) ∈

Ap,q (T) .

For p = q, Theorem 2.2 was obtained in [1] and Theorem 2.4 was proved by in [3].
Let us note that the analogue of the estimate (4) is true for Ur (·, f) where p = q and

w ≡ v.
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3. Two-Dimensional Case

Let T2 = T × T and J denote the set of all rectangles with the sides parallel to the
coordinate axes.

Definition 3.1. The pair (v, w) is said to belongs to the class Ap,q
(

T2, J
)

if the
condition

sup
J∈J

(

1

|J |

∫

J

v (x, y) dxdy

)1/q(

1

|J |

∫

J

w1−p′

(x, y) dxdy

)1/p′

< ∞ (6)

holds.

Let σ
(α,β)
mn (·, ·, f) and Urρ (·, ·, f) denote the Cesaro and Abel-Poisson means of the

function f ∈ Lp
w

(

T2
)

, respectively. We have the two-dimensional analogues of Theorem
2.2 and Theorem 2.4.

Theorem 3.2. Let 1 < p ≤ q < ∞. The condition (v, w) ∈ Ap,q
(

T2, J
)

is necessary

and sufficient for validity of the inequality
∥

∥

∥
σ

(α,β)
mn (·, ·, f)

∥

∥

∥

q,v
≤ c (mn)

1

p
− 1

q ‖f‖p,w , α > 0, β > 0 (7)

for every f ∈ Lp
w

(

T2
)

, where the constant c is independent of m, n and f.

In the case p = q Theorem 3.2 was proved in [1].

Theorem 3.3. Let 1 < p ≤ q < ∞. The inequality

∥

∥Urρ (·, ·, f)
∥

∥

q,v
≤ c (1 − r)

1

q
− 1

p (1 − ρ)
1

q
− 1

p ‖f‖p,w (8)

holds for arbitrary f ∈ Lp
w

(

T2
)

, where the constant c does not depend on r, ρ and f, if

and only if (v, w) ∈ Ap,q
(

T2, J
)

.

4. Generalizations of Bernstein Inequality

By aim of the inequalities (3) and (7) we prove generalizations of two-weighted Bern-
stein inequalities obtained in [1] for trigonometric polynomials of one and two variables.

By using (3) we obtain the following inequality.

Theorem 4.1. Let 1 < p ≤ q < ∞ and (v, w) ∈ Ap,q (T) . Then for every trigono-

metric polynomial Tn of degree not greater than n, the inequality

∥

∥T ′
n

∥

∥

q,v
≤ c n

1+ 1

p
− 1

q ‖Tn‖p,w (9)

holds, where the constant c is independent of n.

The following inequality follows from (7).

Theorem 4.2. Let 1 < p ≤ q < ∞, (v, w) ∈ Ap,q
(

T2, J
)

and let Tmn (x, y) be a

trigonometric polynomial of degree ≤ m with respect to x and of degree ≤ n with respect

to y. Then there exists a constant c which does not depend on m and n such that the

inequality
∥

∥

∥

∥

∂2Tmn

∂x∂y

∥

∥

∥

∥

q,v

≤ c (mn)
1+ 1

p
− 1

q ‖Tmn‖p,w (10)

holds.

Let En (f)p,w (n = 0, 1, 2, . . . ) denote the order of best approximation of the function

f ∈ Lp
w (T) by trigonometric polynomials of degree not exceeding n. As a result of

Theorem 4.1 we can state the following theorem.
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Theorem 4.3. Let 1 < p ≤ q < ∞, (v, w) ∈ Ap,q (T) and f ∈ Lp
w (T) . If the series

∞
∑

k=1

k
1

p
− 1

q Ek (f)p,w

is convergent, then f is absolutely continuous, f ′ ∈ Lq
v (T) and the estimate

En
(

f ′
)

q,v
≤ c

(

n
1+ 1

p
− 1

q En (f)p,w +
∞
∑

k=n+1

k
1

p
− 1

q Ek (f)p,w

)

, n = 1, 2, . . .

holds.
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