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7. GOGNIASHVILI

ON SOME INTEGRALS ON THE SURFACE WITH A CONICAL POINT

Let us consider some integrals on a surface with a conical point, which are encountered
when considering integral equations.

Let S* be a curvilinear conical surface with maximal angle opening, less than 7, with
vertex at the origin of the coordinate system Oxzjx2x3. The conical surface is given by the
equation x3 = ¢(z1,x2), where ¢(x1,z2) is the homogeneous function of the first order.
When \/zf + x% > a, a > 0 we have %1:52) e c(0N) X <1, k=1,2. Obviously, %
is the homogeneous function of zero order. The domain bounded by S* is denoted by
Dk,

Let D be the domain bounded by the surface S, everywhere smooth, of the class £1())
(Ljapunov’s surface) outside every neighbourhood of the point 0 and coinciding with S*
at C(0,A), A >0, C(0,A) is a sphere of radius A and center at 0.

We use the following classes of functions: the Hélder class C(©7) | the class Cq : @ €
Ca, if p(z) = 7"[;(‘2), || < C, |z| is the distance from x to the conical point 0, the Holder

class with weight C&?L?) tp € C&?’WV), if ¢ € Co and |z|*TVp(x) € C©7) ] the class of
differentiable functions with weight C52") : ¢ € C{'2) in the domain D bounded by the
surface S, if E?Ti S C&%ﬂ/) inD, ¢ € Cél,’ﬂ,’” in D4+ S — {0}, if ¢ € Cél,’ﬂ?) in D, there

exist on S — {0} the limiting inside values of partial derivatives, and 6‘97*‘; c C((X‘?;/’Y) in

D+ S — {0}. We call ¢ quasi-regular in D + S, if it is regular ([1], p.22) outside the
conical point, i.e. on {x € D+ S| |z| > a}, Va > a and ¢ € C&l,lyﬂ/) in D+ S —{0}.
Consider the integral equation

pla) ~ o [ K@ y)e(u)ds, = f(o), @ €5~ {0}
S

the kernel K satisfies the following conditions:
1. K(z,y) = V(@) goye S — {0}, 4| < M, 4 is the homogeneous function of zero

T Jz—yl??

order on S*.

2. [Y(z,y)| < M|z —y|*, 2,y €S, |z| >a, |y >a, 0<a< é

3. For |z| > a, |y| > a, ¥(z,y) € C(ON) with respect to x and y.

Such a kernel we call a kernel of the class B. For example, the kernels of the double
layer potential and of a normal derivative of a single layer potential are the kernels of the
class B. On a smooth portion of S this kernel has weak singularity ([2]). What is the
situation when approaching to 0?7

Theorem 1. The kernel K(z,y) can be represented as follows:

(@, y) Va>0, >0, a+8<A

Klew) = oypa ey "2
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Y(z,y) is uniformly bounded with respect to x,y, a, §.

Thus we can vary « and 3 but in such a way that their sum would not exceed A.
We study differential properties of the kernel K. The case, when K is the kernel of
the double layer potential, is worth mentioning.

5
Theorem 2. If K is the kernel of the double layer potential, then K = %K*(m, y),
§<\ K* € B.
The properties of compositions are studied. It is proved that

¢2(x,y)
|z|*[y|P|z — y|2==F"

Ka(z,y) = / K(a, 0K (t, y)dS, =
S

Va >0, >0, |[¢2/<C, a+B<2, a+p<22
¢3(x,y)

|| |y|Ple — y|2—>—F’

Va >0, >0, |Y31<C, a+B<2, a+pp<3A\

KB(xvy) =

And so on, there exists p, such that

Yp—1(z,y)

Kfl(x_y): ’
g |z|*|y|8|z — y[2——F
Va >0, >0, [Pp-1|<C, a+pB<2,
a+B8<(p-1A 2-(-DA< X
Then
Ky=209 g2 a>0, 850, [yl<C
|z [yl

Thus, outside the conical point K is the continuous kernel.

Differential properties of compositions are studied.

Let S be the surface with a conical point, and S € L£(\) outside the conical point.
Then for the potentials we prove the following

Theorem 3. If f(x) € CcOY on S, v < %, then the double layer potential W f €
C©7) | the Hélder coefficient is uniformly bounded with respect to |z|.

Theorem 4. Let f € C%7 on S, vy < % Then there exist on S the limiting inside
values W (f)(z), and if

W(f)(2), z€D
fE+W(H(=), ze5-{0}

then Wi(f)(z) € C(©) in D + S. The Hélder coefficient is uniformly bounded with
respect to |z|.

Wi(f)(2) {

Let V(f) = g ‘ﬁ(f;‘ dSy be the single layer potential. Consider the integral g % ‘ziy‘ X

f(y)dSy which is singular and understood in the sense of the principal value.

It is proved that if S is a smooth surface and f € C(®7) on §, then J % riy‘f(y)dSy €
S

COM <\, ([1], p. 231).

In the case if the surface has a conical point, we have the following

Theorem 5. Let S be the surface with a conical point, and S € L1(\) outside the
conical point. If f € C‘(X%ﬂ{) on S —{0}, vy <X a+vy <1 then [ %ﬁf(y)dsy €
S

c), z e s — {0}
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Theorem 6. Let f € C‘(X(?’J) on S, v <\, a+v < 1. Then there exist the limiting
inside values of the first derivatives of the single layer potential with respect to the
Cartesian coordinates, and if

OV (2)(2)
(3V(<p)) _ ) ome veb

Oz, ng(:) + ng(z)p(z), x€8-—{0},

v 0,7) .
then %;f) € Cé’ﬂ,’” in D + S{0}.
Consider potentials of the theory of elasticity. The equation of statics of an isotropic
elastic medium in the vector form is written as follows ([1], [11]):

pAu + (A + p) graddivu = 0, (5)

where A and p are the Lame constants for the elastic medium. The stress operator has
the form ([1], [17]).

0 0
T(aan)u = 2#% + Adivu + p[n x rotul.
X6

The vectors IV (z) = (I, T2, 35), Ty = —11% + u’%, k,j = 1,2,3, are the
fundamental solutions of equations of statics. X', p’ [1,33] are certain combinations of
the numbers A, p.

Introduce the notation

0 0
@) =T(=,n)l(@), T@-=n)=[T(sn)Ty-a)]
ozr 9y

Using these singular solutions of equations of statics, we obtain the single and double
layer potentials of the theory of elasticity ([1], pp. 216-217)

V(p)(z) = / Ty — 2)p(y)dSy, W(p)(z) = / I (y — 2,n(y))o(y)dSy
S S

*

W (p)(z) and %@Z(z) are the singular integrals which are understood in the sense of the
principal value. For these potentials, the theorems, analogous to Theorems 3, 4, 5 and 6
are proved.
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