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V. GEORGIEV AND A. MESKHI

ON A WEIGHTED STRICHARTZ ESTIMATE FOR INHOMOGENEOUS
WAVE EQUATIONS

In this note we look for sufficient condition on a weight pair (V, W) governing the
two-weight Strichartz estimate

V(= [zl t + [z))wllLa(e>z)) <

SC”W(t_|$|=t+|$|)F”Lq’(t2‘x‘)a q = ) 1)

qg—1

for the solution of inhomogeneous wave equation
Ow(t,z) = F(t,x), (t,x)€ R @
0 =w(0,-) = dw(0,-),
Here [0 = % — A, denotes the D’Alemberian and n is odd.
Two-weight Strichartz estimates with power-type weights has been established in [G],
[GLS], [KO]. In these papers existence of global weak solution for the semilinear wave
equation

_ 14+n
Ow = |ul?, (t,x) € R,
U(O, CE) = Ef(il?), atu(ov CE) = z—:g(z),
where ¢ is small and p is more that critical exponent p. in the sense of Strauss (see

[S1-S2], [J]) have been proved.
To formulate our main results we need the following.

Definition. We say that the weight p(s, 7) defined on R% := (0, 00) x (0, 00) satisfies
the doubling condition in the first variable uniformly to another one (p € DC(s)) if there
exists a positive constant ¢ such that for all ¢, 7 > 0 the inequality

2t t
/p(s,T)ds < c/p(s,f)ds
0 0

holds. Analogously can be defined the class DC(7).

Theorem 1. Let n be odd and let % <q< % Suppose that F' is spherically

symmetric and supp F C {(t,z) € R}ﬁr" : |z] < t}. Assume that two-dimensional
weights V and W are increasing in each variable uniformly with respect to another one.
In addition, suppose that W~ € DC(s)NDC(1) or W(s,7) = W1(s)Wa(7). If w solves
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(2), then the condition

a

s, T
Sap ( / / (7)) (1/2=172) d‘“”) X
b

b

><</ W’q(s,r)dsd7> < 3)

0 0

implies the inequality (1) with the constant C depending only on V., W, q and n.

Theorem 2. Let n be odd and let 2 < q < % Suppose that F is spherically

symmetric and supp F C {(t,z) € R_Iﬁ" :|z| < t}. Assume that two-dimensional weight
W is increasing in each variable uniformly with respect to another one. In addition,
suppose that W~2 € DC(s) N DC(t) or W(s,T) = W1(s)Wa(1). Then if w solves (2),
condition (3) implies the inequality (1) with the constant C depending only on V, W, ¢
and n.

The proofs of these statements are based on the integral representation of the solution
w for equation (2)

t t+r—s
w(t,r) =r— (=172 / / P () F(s,0)c V2 dods, (4)
0 |t—r—s|

where Pp,(11) are Legendre polynomials of degree m = (n —3)/2 and pu = (r2 + 02 — (t —
5)?)/2ro satisfies —1 < < 1 in the domain of integration (see e.g. [LS]), and weighted
boundedness criterion for the Riemann-Liouville operator with product kernels

T Y
) 7t,7)
Ra,ﬁf(z,y) _O/O/ (zft)l_a(yfT)l_B dtdr

(for some two-weight inequalities for this operator see [KM1-KM3]).

Theorem 3. Let n be odd and let % <q< % Suppose that F' is spherically
symmetric and supp F C {(t,z) € Ri‘*" |z < t}. Assume that two-dimensional
wetghts V' and W are increasing in each variable uniformly with respect to another one.

In addition, suppose that W=9 € DC(s) and

oh+1 ok
/ Vi(s,7)ds < c / Vi(s,T)ds
2k ok—1

forallk € Z and 7 > 0. If w solves (2), then the condition

oS} ok+1
a V(s T) kya(n—1)(1/2-1/q)
sup </< / A= (1/2-1/2) d5>(7’2) dr )
a>2k kez @ 2k

a 2k
x (2/ ( 0/ Wi, s ) dr ) < oo

implies inequality (1) with the constant C' depending only on V, W, q and n.

The proof of the latter theorem follows from the integral representation (4) of the
solution of equation (2) and the following



98

Theorem 4. Let 1 < p < g < oo and let 0 < o, < 1/p. Suppose that the
two-dimensional weight functions v and w are increasing in each variable uniformly to
’
another ones. Suppose also that w'™P (s,7) € DC(s) and

ok+1 ok
/ v(s,7)ds < ¢ / v(s, T)ds.
2k 2k—1

for all k € Z and 7 > 0. Then the two-weight inequality

e ] izt o

y<z
< c</ ‘w(y, x)(f(y,x))”dydm> v

y<z
holds with the positive constant c independent of f € L%, (y < x), f > 0, if and only if

o Qkfl ( ) 1/q
v ok (a—1)q
2171kp </< / Sa- 5)qu>(7' ) dT) X
a>2k kez @ 2k
a 2k

><</ </w1*1"(s,7)ds> dT)l/p/ < 0.

ok 0

Now we give some corollaries of the statements formulated above:

Corollary 1 [GLS]. Let n be odd and let 2 < q < (("Jrl)) Suppose that supp F C
{(t,z) € R_lﬁn x| <t} If w solves (2), then
lI(¢* - |I|2)_°‘w||Lq(R1++n) <Oy (87 \x\Q)ﬁF||Lq1(R1++n),
where B <1/q, a+B+v=2/q, v=(n—-1)(1/2-1/q).
Corollary 2. Let n be odd and let q = % Suppose that F is spherically

symmetric and supported in the light cone {(t,x) € Rr"” i |z| < t}. Then the inequality

4T?

H(tQ _ |z|2)~/—1/‘1 lOg’B meLq(tHzIST) <

4T
2 231 A
<O = |=)?) /4 0g 7 ‘x‘gFHLQ'(t-Hx\ST)
holds, where 8 =X—4/q, X\ >3/q and v = (n —1)(1/2—1/q).
From this corollary we have
Proposition 1. Letn be odd and letT > 2, q = % Assume that F' is spherically
symmetric and supp F C {(t,z) : t? — |z|2 > 1}. Then the inequality
(8 = |2 90l La (o) <t<t/2p) < c(og T)Y Ut — |}V IF|
holds, where the constant ¢ does not depend on T'.
Proposition 2. Let n be odd and let T > 1. Suppose that ¢ =
F is spherically symmetric and supp F' C {(¢t,z) : ¢t — |z| > 1}. Then the inequality
It — ‘x‘)l/qWHL‘l({t—\xKT}) < C(IOgT)Q/q”(t - |m|)1/qF||qu({t_‘x‘<T})

holds and the constant ¢ does not depend on T'.

2("+1) . Assume that
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