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R. AKGUN AND D. M. ISRAFILOV

POLYNOMIAL APPROXIMATION IN WEIGHTED SMIRNOV-ORLICZ
SPACE

INTRODUCTION AND MAIN RESULTS

Let I' C C be a closed, bounded rectifiable Jordan curve in the complex plane C.
T" separates the plane C into two domains G := intI', G~ := extI'. Without loss of
generality we may assume 0 € G. Let D := {w € C: |w| < 1} be the unit disc, T := 9D,
D™ :=ext T and w = ¢ (z) be the conformal mapping of G~ onto D~ normalized by the
conditions
p (00) = o0, lim M>0,
Z— 00 z
and let 9 := ¢! be the inverse mapping of ¢.
By EP (G), 0 < p < 0o, we denote the Smirnov class of analytic functions in G.
Let h be a continuous function on [0, 27] . Its modulus of continuity is defined by
w(t,h) = sup |k (t1) — h(t2)], t>0.
t1,t2€[0,27], [t —t2|<t

The curve I is called Dini-smooth if it has a parametrization
I':eo(r), 0<71<2r

such that ¢, (7) is Dini-continuous, i. e.
™
w (t,
.

and @} (7) # 0 [6, p. 48].

A continuous and convex function M : [0, c0) — [0, co) which satisfies the conditions

M(©0)=0; M(z)>0 for z > 0;

M M

lim 7(36) =0; lim 7@) = 00;
x—0 x T— 00 x

is called an N-function.

The complementary N-function to M is defined by

N (y) = max (zy — M (z)), y=20.

We denote by Ljs (I') the linear space of Lebesgue measurable functions f : I' — C
satisfying the condition

[lals @) < oo
r
for some o > 0.
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The space Ly (I') becomes a Banach space with the Orlicz norm
Wy = swp_ [ 1f gz,
p(g;N)<1 4

where g € Ly (T"), N is the complementary N -function to M and

p(siN) = [ Nllg(2)]laz1.
T

The Banach space Ly (T') is called Orlicz space.

w is called a weight on T, if w : T' — [0, co] measurable and w~?! ({0, c0}) has measure
zero with respect to Lebesgue measure.

The class of measurable functions f defined on I satisfying the condition wf € Lps (T')
is called weighted Orlicz space and denoted by Ljs (I',w). Its norm is defined as

Ul oy = f@llpy rys F € Laa (D).

Forz€Tande>0letI'(z,€) :={t €' : |t — 2| < €}. For fixed p € (1,00), we define
q € (1,00) by p~1 4+ ¢~ ! = 1. The set of all weights w : I' — [0, oo] satisfying

1 : 1/p /q 1/q
supsup<f / w ()P \dT|> <7 / w(r)™9 |d7\> < oo,
tel e>0 \ € €

(z,€) D (z,€)
is denoted Ap (T).

We denote by LP (T',w) the set of measurable functions f : I' — C such that |f|w €
LP (D), 1< p < .

Let M~1:[0,00) — [0,00) be the inverse function of the N-function M. The upper
and lower indices ayr, Bar (see, for example [1, p. 350]) of the function g : (0,00) —
(0, 00]

: M~ (y)
o(z) :==limsup—— 2",
y—oo M1 (y/z)
are called the Boyd indices of the Orlicz space Ly (T'). In this case [1, p. 13]

1
; By = lim —Ogg(m).
T — 00 logx

z € (0, 00)

The Boyd indices aps, By are called nontrivial if 0 < apy and By < 1.

Definition 1. For a weight w on I" we denote by Fjs (G,w) the subclass of analytic
functions of E!(G) whose boundary value functions belong to weighted Orlicz space
Ly (T, w).

Let g€ Ly (T,w),andw € A_1 (T),we A_1 (T). We define as the shift
anr

By
1 h
Uh(g)(w)iiﬁ/g(we”)dt, 0O<h<m weT.
“h

Since [3] we have
lon (DL, 1,0y S €3 llglln,, (rw)
and therefore oy, (9) € Ly (T,w) for any g € Ly (T, w).

Definition 2. Let g € Ly (T,w), and w€ A_1 (T),w € A_1_(T). The function
N BM
T

[T (1)

i=1

Qs (9,6) == sup

L (T,w)

is called r-th modulus of smoothness of g, where I is identity operator.
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We take wo (w) = w(¢ (w)) and fo(w) := f(¢ (w)), w € T. Then we have fo €
Ly (T,wp) for f € Ly (T',w) and we define the modulus of continuity of f € Ly (T',w)
as

F,M,w (f= 6) = QrM,wO (an 6) ’ 6>0.
Let

En (f, F)M,w = Pi€n7£ If _P”LM(F,UJ)

be the best approximation to f € Ly (I',w) in the class Py of algebraic polynomials of
degree not greater than n.

Some direct theorems of approximation theory in Smirnov-Orlicz class were proved
in [2] for domains bounded by Carleson curves and in [4] for domains bounded by Dini-
smooth curves. Inverse theorems in Smirnov-Orlicz class were obtained by V. M. Koki-
lashvili in [5] for domains with Dini-smooth boundary.

In this work we prove some direct and inverse theorems in weighted Smirnov-Orlicz
class. In particular, we obtain a constructive characterization of generalized Lipschitz
classes Lip* o (M, w), @ > 0. The main results of this work are the following.

Theorem 1. Let G be a finite, simply connected domain with the Dini-smooth
boundary T' and let Lps (T') be an Orlicz space with nontrivial Boyd indices anr, B,
n
andw €A 1 (T),we A% (T). If Sn (f,.) == 3. ar®Py is the n-th partial sum of the
anp M k=0
Faber expansion of f € Ep (G,w), then for every natural number n

» 1
15 =80 My < W (£

with some constant ¢ independent of n.
Theorem 2. LetI' := 0G be a Dini-smooth curve, f € Ep (G,w), w € A_1 (T),

N
andw € A_1 (T'). Then
Bm

1 PR
00 M <f’_> S?Zk% 1Ek(f7F)M,wr r=1,2,---.
n n?r =
Corollary 1. Under the condition of the Theorem 2, if
En(f0)p,=0(n"%), a@>0, n=123.,

then
0 (%) i > af2
Qe (,0) =1 O(6*log(1/6)) ;r=a/2
O (8%7) ;T <a/2

for f € Ly (T, w).

Definition 3. For a > 0 let r := [a/2] + 1. The set of functions f € Ep; (G,w) such
that

O p,o (£,0)=0(%), 6>0
is called generalized Lipschitz class Lip* a (M,w).
According to corollary 1 we have
Corollary 2. Under the condition of the Theorem 2, if
En(f):O(nf‘l), a>0, n=1,2,3,---,
then f € Lip* o (M, w).

Theorem 1 and Corollary 2 imply
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Theorem 3. Let o > 0. Then under the condition of the Theorem 2 the following
conditions are equivalent:

(a) f € Lip* a(M,w)

() Bn (f)=0(n"%), n=1,23,....
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