
159

Proc. A. Razmadze Math. Inst. 121(1999), 159–160

Z. Meshveliani and V. Paatashvili
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Let D be a finite simply connected domain bounded by the rectifiable Jordan curve
Γ, z = z(w) be a conformal mapping of the unit circle U = {w : |w| < 1} onto D and
Γr, 0 < r < 1 be the images of circumferences γr = {w : |w| = r} for that mapping. The
function Φ, analytic in D, belongs to the Smirnov class Ep(D), p > 0, if

sup
r∈(0,1)

∫

Γr

|Φ(z)|p|dz| < ∞ (1)

(see, e.g., [1], Ch. X).
Denote by ep(D) a set of all those harmonic in D functions u for which there exists

the function φ ∈ Ep(D) such that u = Re φ. Along with ep(D), let us consider a class
ẽp(D), i.e., a set of all those harmonic in D functions u(z) for which inequality (1) with
φ replaced by u is fulfilled. Obviously, ep(D) ⊆ ẽp(D).

In case, where D = U , the classes Ep(U) coincide with the Hardy classes Hp and the
classes ep(D) with hp (see [1], Ch. IX).

By the M. Riesz theorem (see [2]), for p > 1 the function v which is harmonically
conjugate to the function u ∈ hp, belongs to hp. Therefore ep(U) = ẽp(U).

Among domains bounded by piecewise-Ljapounov curves there are such that ep(D) 6=
ẽp(D).

Example 1. Let Γ be an arbitrary piecewise-Ljapounov curve with one angular point
with the angle size δπ, 0 < δ ≤ 2, with respect to the interion of finite domain D bounded
by Γ. Let w = w(z) be a conformal mapping of D onto U and w(A) = 1. It is not difficult
to see that the function u(z) = Re[1 − w(z)]−1 belongs to the class ẽδ(D) but u∈ẽδ(D).

Example 2. Let z(w) = 1
3−ln(1−w)

, where Ω = ln(1 − w) is an analytic function in

the plane, cut along the ray [1;+∞), vanishing at the point w = 0. The function is
univalent in the circle U . It maps the circle onto the domain D0 whose boundary is the
piecewise-Ljapounov curve and the point z = 0 is the cusp. Consider in D0 the function
u(z) = Re[−i ln(1 − w)], where w = w(z) is the inverse to z = z(w) function. We can
show that

u ∈ ∩q>1ẽq(D0) but u∈ ∪q>1 eq(D0).

There naturally arises the question: for what domains the equality ep(D) = ẽp(D)
holds.

We shall say that the function ρ defined on the unit circumference γ, γ = {t : |t| = 1},
belongs to the class Wp(γ), p > 1, if everywhere on γ it is finite, different from zero and
the operator

T : f → Tf, (Tf)(t) =
ρ(t)

πi

∫

γ

f(τ)

ρ(τ)
·

dτ

τ − t
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is continuous in the Lebesgue space Lp(γ) (see, e.g., [3], [4]).

Theorem. Let D be a finite domain, bounded by the Jordan rectifiable curve Γ, and

let the function z = z(w) map conformally the unit circle U onto D. If the function

ρ(t) = p

√
z′(t), t ∈ γ, belongs to Wp(γ), then the classes ep(D) and ẽp(D) coincide.

In proving this theorem the use is made of the fact that: if the function f(x) =
u(z) + iv(z) belongs to the Hardy class H1, then the equality

f(w) =
1

2πi

∫

γ

u(s) ·
s + w

s − w
·

dξ

ξ
+ iv(0)

holds.
The following statement was also used.
Statement. If for the function z = z(w), mapping conformally the unit circle onto

the finite domain D bounded by a rectifiable curve we have 1
z′(t)

∈ Lσ(γ), σ > 0,then:

(a) D is Smirnov’s domain;

(b) 1
z′(w)

belongs to the class Hσ.
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