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A NOTE ON THE STRONG DIFFERENTIABILITY OF INTEGRALS
ALONG DIFFERENT DIRECTIONS IN Rn (n > 3)

(Reported on October 14, 1999)

In this note we present some results concerning Zygmunds problem on strong differ-
entiability of integrals along different directions in Rn (n > 3).

Let B = {∪B(x) : x ∈ Rn} be a differentiation basis in Rn.
For f ∈ L(Rn) and x ∈ Rn let us denote respectively by D̄B(f)(x) and DB(f)(x)

the upper derivative and derivative of the integral
∫

f with respect to B at x (see [1]).
Let σ be the union of n mutually orthogonal straight lines σ1, . . . , σn in Rn (n > 2)

which intersects at the origin. The set of such unions will be denoted by Γ(Rn). Elements
of this set will be called directions.

For a fixed direction σ we denote by B2σ the differentiation basis in Rn formed of
all n-dimensional open rectangles with the sides parallel to the straight lines from σ. If
B2σ differentiates

∫

f at x, then the integral
∫

f is said to be strongly differtiable along

σ at x ( in the case σ- standard direction, then the integral
∫

f is said to be strongly
differentiable at x).

The following problem was proposed by Zygmund (see [1], ch. 4); given a function
f ∈ L(Rn), is it possible to choose a direction σ such that integral

∫

f would be strongly
differentiable along σ?

Let W (Rn), n > 2 denote a class of locally integrable functions on Rn whose strong
upper derivatives D̄B2σ

(f)(x) are equal to +∞ almost everywhere along each fixed direc-
tion σ. When solving Zygmunds problem, Marstrand [2] showed that the class W (R)2 is
not empty, and thus his answer to above stated problem was negative. Stronger results
later have been proofed by Lopes Melero [3] and Stokolos [4].

In connection with Zygmunds problem the following natural question arises poised by
Zerekidze: does there exists a function f ∈ L(Rn) (n > 2) and a direction σ such that
∫

f is strongly differentiable on a set of zero measure only, but along the direction σ is
strongly differentiable almost everywhere?

A positive answer to this question for n = 2 was given in [5]. In particular it is
established, that for a given sequence of directions (σm)∞m=1

⊂ Γ(R2) there exists a
function f ∈ L(R2), f > 0 such that for almost every direction σ ∈ Γ(R2)\(σm)∞m=1

the integral
∫

f is strongly differentiable along σ, but for every σm, m = 1, 2, . . . the

strong upper derivative D̄B2σ
(f)(x) equals to +∞ almost everywhere. Stronger results

later have been proofed in papers [6]-[7].
In the present paper we give a positive answer to this question for all n > 3 .

Theorem 1. Let ϕ : ]0,+∞[→]0,+∞[, ϕ(t) = o(t log(t)) and ϕ(t) ↑ +∞, t ↑ +∞.

Let σ is an arbitrary (nonstandart) direction from Γ(R)n (n > 3). There exists a

nonnegative summable function f ∈ ϕ(L)(Rn) such that

D̄B2
(f)(x) = +∞, a.e. x ∈ Rn

and

DB2σ(f)(x) = f(x), a.e. x ∈ Rn.

1991 Mathematics Subject Classification: 28A15.
Key words and phrases. Zygmund’s problem, strong differentiality of integrals.



156

Denote by Θ(Rn) (n > 3) the set of all such directions σ from Γ(Rn) that for at last

one pair of numbers i, j, 1 6 i, j 6 n the angle between the axes Oxi and component

straight line σj of the direction σ equals to zero.

Theorem 2. Let ϕ : ]0,+∞[→]0,+∞[, ϕ(t) = o
(

t(log(t))n−1
)

and ϕ(t) ↑ +∞,

t ↑ +∞. There exists a nonnegative summable function f ∈ ϕ(L)(Rn) such that

1) For σ ∈ Θ(Rn)
D̄B2σ

(f)(x) = +∞, a.e x ∈ Rn;

2) For σ ∈ Γ(Rn)\Θ(Rn)

DB2σ
(f)(x) = f(x), a.e x ∈ Rn.
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