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Abstract. In the present paper, by using the coincidence degree theory of Mawhin introduced in [15],
we discuss the existence and uniqueness of periodic solutions to a large class of problems for a nonlinear
Volterra–Fredholm integro-differential equation involving the ψ-Caputo fractional derivative. Two
examples are given to substantiate the validity of our findings.
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ÒÄÆÉÖÌÄ. ÍÀÛÒÏÌÛÉ, ÌÀÅÉÍÉÓ ÃÀÌÈáÅÄÅÉÓ áÀÒÉÓáÉÓ ÈÄÏÒÉÉÓ ÂÀÌÏÚÄÍÄÁÉÈ, ÒÏÌÄËÉÝ ÛÄÌÏÙÄ-
ÁÖË ÉØÍÀ [15]-ÛÉ, ÂÀÍÅÉáÉËÀÅÈ ÀÌÏÝÀÍÀÈÀ ×ÀÒÈÏ ÊËÀÓÉÓ ÐÄÒÉÏÃÖËÉ ÀÌÏÍÀáÓÍÄÁÉÓ ÀÒÓÄÁÏ-
ÁÀÓÀ ÃÀ ÄÒÈÀÃÄÒÈÏÁÀÓ ÀÒÀßÒ×ÉÅÉ ÅÏËÔÄÒÀ-×ÒÄÃäÏËÌÉÓ ÉÍÔÄÂÒÏ-ÃÉ×ÄÒÄÍÝÉÀËÖÒÉ ÂÀÍ-
ÔÏËÄÁÉÓÈÅÉÓ ψ-ÊÀÐÖÔÏÓ ßÉËÀÃÖÒÉ ßÀÒÌÏÄÁÖËÉÈ. ÜÅÄÍÉ ÃÀÓÊÅÍÄÁÉÓ ÌÀÒÈÄÁÖËÏÁÉÓ ÃÀ-
ÓÀÃÀÓÔÖÒÄÁËÀÃ ÌÏÚÅÀÍÉËÉÀ ÏÒÉ ÌÀÂÀËÉÈÉ.



Periodic Solutions for Nonlinear Volterra–Fredholm Integro-Differential Equations 53

1 Introduction
In this paper, we consider the following nonlinear Volterra–Fredholm integro-differential equation

cDα;ψ
a+ u(τ) = h

(
τ, u(τ),

τ∫
a

κ1(τ, s, u(s)) ds,

b∫
a

κ2(τ, s, u(s)) ds

)
, τ ∈ J, (1.1)

with the periodic conditions
u(a) = u(b), (1.2)

where J := [a, b], (−∞ < a < b < +∞) and cDα;ψ
a+ denote the ψ-Caputo derivative of fractional order

0 < α 6 1, and

h : J×R×R×R → R, κ1 : �×R → R and κ2 : �0 ×R → R

are continuous functions with � = {(τ, s) : a 6 s 6 τ 6 b} and �0 = J × J. For the sake of brevity,
we take

B1u(τ) =

τ∫
a

κ1(τ, s, u(s)) ds and B2u(τ) =

b∫
a

κ2(τ, s, u(s)) ds. (1.3)

In recent years, fractional differential equations have been investigated extensively in numerous ap-
plications in various sciences such as physics, engineering, etc. For more details see [1–3,17,18,22].

Beginning with the classical operators of Riemman–Liouville and Caputo, a large number of exten-
sions of those operators have been presented by many authors (see [4, 5, 22]). Many researchers were
interested in the subject of existence and uniqueness of solutions by using various methods such as
the fixed point theory and the coincidence degree theory (see [8–11,13,14,16]). The existence results
of such problems with different fractional derivatives can be found in [6, 12,24].

In [23], Tidke examined the following nonlinear mixed Volterra–Fredholm integro-differential prob-
lem:

u′(t) = f

(
u(t),

t∫
0

κ(t, s, u(s)) ds,

b∫
0

h(t, s, u(s)) ds

)
, t ∈ [0, b],

u(0) + g(u) = u0.

He proved the existence of solutions by means of Leray–Schauder nonlinear alternative theorem. For
the fractional mixed integro-differential equations with nonlocal integral initial conditions associated
with the Caputo fractional derivative of order α ∈ ]0, 1],

dαu(t)

dtα
= f

(
t, u(t),

t∫
0

κ(t, s, u(s)) ds,

1∫
0

h(t, s, u(s)) ds

)
, t ∈ [0, 1],

u(0) =

1∫
0

g(s)u(s) ds,

Anguraj et al. [7] proved the existence and uniqueness of solutions by applying some fixed-point the-
orems. In [19], Laadjal and Ma studied the existence and uniqueness of solutions for the following
nonlinear Volterra–Fredholm integro-differential equation of Caputo fractional order with the bound-
ary conditions:

cDαu(t) = g(t) + λ1

t∫
0

κ1(t, s)f1(s, u(s)) ds+ λ2

t∫
0

κ2(t, s)f2(s, u(s)) ds,

au(0) + bu(1) = 0,
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where t ∈ [0, 1], α ∈ ]0, 1] and a, b are real constants with a+b ̸= 0. The reasoning is mainly based upon
the contraction mapping principle and Krasnosel’skii’s fixed point theorem. However, if a + b = 0,
this method is not applicable to showing the existence of periodic solutions.

Motivated by the above works and using the technique of the coincidence degree theory of Mawhin
[15, 20] for certain suitable operators, in this research, we prove some new existence and uniqueness
results for the large class of nonlinear Volterra–Fredholm integro-differential equations (1.1), (1.2),
involving the generalized ψ-Caputo fractional derivative.

For the organization of the rest of this research, in Section 2, we recall some definitions of the
ψ-Caputo fractional operator and some results which will be used in the further stages. The study
of the existence and uniqueness of periodic solutions of our problem (1.1), (1.2) is given in Section 3.
Finally, we illustrate our mains results through two examples.

2 Basic concepts
We consider C(J,R) and Cm(J,R), the spaces of continuous and m times continuously differentiable
functions on J, respectively, with the norm ∥ · ∥∞ denoting the suppremum norm on C(J,R).

Definition 2.1 ([4]). Let J = [a, b] (−∞ 6 a < b 6 ∞) be a finite or infinite interval and α > 0, u be
an integrable function defined on J and ψ ∈ C1(J,R) be an increasing and positive function such that
ψ′(τ) ̸= 0 for all τ ∈ J. Fractional integrals and fractional derivatives of a function u with respect to
another function ψ are defined as follows:

Iα;ψa+ u(τ) :=
1

Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1u(s) ds

and

Dα;ψ
a+ u(τ) :=

( 1

ψ′(τ)

1

dτ

)n
In−α;ψa+ u(τ)

=
1

Γ(n− α)

( 1

ψ′(τ)

1

dτ

)n τ∫
a

ψ′(s)(ψ(τ)− ψ(s))n−α−1u(s) ds,

respectively, where n = [α] + 1.

Lemma 2.1 ([4]). Let α > 0 and β > 0. Then we have

Iα;ψa+ Iβ;ψa+ u(τ) = Iα+β;ψa+ u(τ) for all τ ∈ J.

Lemma 2.2 ([18]). Let α > 0, ρ > 0 and τ ∈ J. If u(τ) = (ψ(τ)− ψ(a))ρ−1, then

Iα;ψa+ u(τ) =
Γ(ρ)

Γ(α+ δ)
(ψ(τ)− ψ(a))α+ρ−1.

Definition 2.2 ([4]). Let n− 1 < α < n with n ∈ N and u, ψ ∈ Cn(J,R) be two functions such that
ψ is increasing and positive where ψ′(τ) ̸= 0 for any τ ∈ J. The left ψ-Caputo fractional derivative of
u of order α is given by

cDα;ψ
a+ u(τ) := In−α;ψa+

( 1

ψ′(τ)

d

dτ

)n

u(τ), τ ∈ J.

In particular, when 0 < α < 1, we have

cDα;ψ
a+ u(τ) =

1

Γ(1− α)

τ∫
a

(ψ(τ)− ψ(s))−αu′(s) ds, τ ∈ J.
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Theorem 2.1 ([4]). If u ∈ Cn(J,R) and n− 1 < α < n, then

Iα;ψa+
cDα;ψ

a+ u(τ) = u(τ)−
n−1∑
k=0

(ψ(τ)− ψ(a))k

k!

( 1

ψ′(τ)

d

dτ

)k
u(a).

In particular, when 0 < α < 1, we have

Iα;ψa+
cDα;ψ

a+ u(τ) = u(τ)− u(a).

Theorem 2.2 ([4]). Let u ∈ C1(J,R) and α > 0. Then

cDα;ψ
a+ Iα;ψa+ u(τ) = u(τ).

Theorem 2.3 ([4]). Let u, υ ∈ Cn(J,R) and α > 0. Then

cDα;ψ
a+ u(τ) = cDα;ψ

a+ υ(τ) ⇐⇒ u(τ) = υ(τ) +

n−1∑
k=0

ck(ψ(τ)− ψ(a))k,

where
ck =

1

k!

( 1

ψ′(τ)

d

dτ

)k
(u− υ)(a).

Remark 2.1. Let u ∈ Cn(J,R) and α > 0. Then

cDα,β;ψ
a+ u(τ) = 0 ⇐⇒ u(τ) =

n−1∑
k=0

ck(ψ(τ)− ψ(a))k.

Below we present definitions and the coincidence degree theory that are essential in proofs of our
results (see [15,20]).

Definition 2.3. We consider the normed spaces X and Y. A Fredholm operator of index zero is a
linear operator L : Dom(L) ⊂ X → Y such that

(a) dim kerL = codimImgL < +∞;

(b) ImgL is a closed subset of Y.

By Definition 2.3, there exist continuous projections Q : Y → Y and P : X → X satisfying

ImgL = kerQ, kerL = ImgP, Y = ImgQ⊕ ImgL, X = kerP ⊕ kerL.

Thus the restriction of L to DomL ∩ kerP, denoted by LP , is an isomorphism onto its image.

Definition 2.4. Let Ω ⊆ X be a bounded subset and L be a Fredholm operator of index zero with
DomL ∩ Ω ̸= ∅. Then an operator N : Ω → Y is said to be L-compact in Ω if

(a) the mapping QN : Ω → Y is continuous and QN (Ω) ⊆ Y is bounded;

(b) the mapping (LP)
−1(id−Q)N : Ω → X is completely continuous.

Lemma 2.3 ([21]). Let X and Y be the Banach spaces, Ω ⊂ X be a bounded open and symmetric
set with 0 ∈ Ω. Suppose that L : DomL ⊂ X → Y is a Fredholm operator of index zero with
DomL ∩ Ω ̸= ∅ and N : X → Y is an L-compact operator on Ω. Assume, moreover, that

Lx−Nx ̸= −ζ(Lx+N (−x))

for any x ∈ DomL ∩ ∂Ω and any ζ ∈ (0, 1], where ∂Ω is the boundary of Ω with respect to X . Then
there exists at least one solution of the equation Lx = Nx on DomL ∩ Ω.



56 Djamal Foukrach, Soufyane Bouriah, Mouffak Benchohra, Johnny Henderson

3 Main results
Let the spaces

X =
{
u ∈ C(J,R) : u(τ) = Iα;ψa+ υ(τ) : υ ∈ C(J,R)

}
and Y = C(J,R)

be endowed with the norms
∥u∥X = ∥u∥Y = ∥u∥∞.

We consider the operator L : DomL ⊆ X → Y defined by

Lu := cDα;ψ
a+ u, (3.1)

where
DomL =

{
u ∈ X : cDα;ψ

a+ u ∈ Y : u(a) = u(b)
}
.

Lemma 3.1. Using the definition of L given in (3.1), we have

kerL =
{
u ∈ X : u(τ) = u(a), τ ∈ J

}
and

ImgL =

{
υ ∈ Y :

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1υ(s) ds = 0

}
.

Proof. By Remark 2.1, we find that for all u ∈ X , the equation Lu = cDα;ψ
a+ u = 0 in J has a solution

of the form
u(τ) = c0 = u(a), τ ∈ J,

and then
kerL =

{
u ∈ X : u(τ) = u(a), τ ∈ J

}
.

For υ ∈ ImgL, there exists u ∈ DomL such that υ = Lu ∈ Y. Using Theorem 2.1, we obtain

u(τ) = u(a) + Iα;ψa+ υ(τ)

= u(a) +
1

Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1υ(s) ds

for every τ ∈ J. Since u ∈ DomL, we have u(a) = u(b). Thus
b∫

a

ψ′(s)(ψ(b)− ψ(s))α−1υ(s) ds = 0.

Furthermore, if υ ∈ Y and satisfies
b∫

a

ψ′(s)(ψ(b)− ψ(s))α−1υ(s) ds = 0,

then for any u(τ) = Iα;ψa+ υ(τ), using Theorem 2.2, we get υ(τ) = cDα;ψ
a+ u(τ). Therefore,

u(b) = u(a),

which implies that u ∈ DomL. So, υ ∈ ImgL. Thus

ImgL =

{
υ ∈ Y :

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1υ(s) ds = 0

}
,

which completes the proof.
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Lemma 3.2. Let L be the operator defined by (3.1). Then L is a Fredholm operator of index zero,
and the linear continuous projection operators Q : Y → Y and P : X → X can be written as

Q(υ) =
α

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1υ(s) ds

and
P(u) = u(a).

Furthermore, the operator L−1
P : ImgL → X ∩ kerP can be written as

L−1
P (υ)(τ) = Iα;ψa+ υ(τ), τ ∈ J.

Proof. Obviously, for each υ ∈ Y,

Q2υ = Qυ and υ = Q(υ) + (υ −Q(υ)),

where (υ −Q(υ)) ∈ kerQ = ImgL.
Using the fact that ImgL = kerQ and Q2 = Q, it follows that ImgQ∩ ImgL = 0. So,

Y = ImgL⊕ ImgQ.

In the same way, we have ImgP = kerL and P2 = P. It follows for each u ∈ X that u = (u−P(u))+
P(u), and then X = kerP + kerL. Clearly, we have kerP ∩ kerL = 0. So,

X = kerP ⊕ kerL.

Therefore,
dim kerL = dimImgQ = codimImgL.

Consequently, L is a Fredholm operator of index zero.
Now, we show that the inverse of L|Dom L∩ker P is L−1

P . Effectively, for υ ∈ ImgL, by Theorem 2.2,
we have

LL−1
P (υ) = cDα;ψ

a+

(
Iα;ψa+ υ

)
= υ. (3.2)

Furthermore, for u ∈ DomL ∩ kerP, we get

L−1
P (L(u(τ))) = Iα;ψa+

(
cDα;ψ

a+ u(τ)
)
= u(τ)− u(a), τ ∈ J.

Using the fact that u ∈ DomL ∩ kerP, we have

u(a) = 0.

Thus
L−1
P L(u) = u. (3.3)

Using (3.2) and (3.3) together, we get

L−1
P = (L|Dom L∩ker P)

−1,

which completes the demonstration.

Let us introduce the following hypotheses:

(A1) There exist positive constants γ, η1, η2 such that∣∣h(τ, u,B1(u),B2(u))− h(τ, u,B1(u),B2(u))
∣∣ 6 γ|u− u|+ η1|B1u−B1u|+ η2

∣∣B2u−B2u
∣∣

for every τ ∈ J and u, u ∈ R.
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(A2) There exists a constant ρ1 > 0 such that∣∣κ1(τ, s, υ)− κ1(τ, s, υ)
∣∣ 6 ρ1|υ − υ|

for every (τ, s) ∈ � and υ, υ ∈ R.

(A3) There exists a constant ρ2 > 0 such that∣∣κ2(τ, s, υ)− κ2(τ, s, υ)
∣∣ 6 ρ2|υ − υ|

for every (τ, s) ∈ �0 and υ, υ ∈ R.

Define N : X → Y by

Nu(τ) := h

(
τ, u(τ),

τ∫
a

κ1(τ, s, u(s)) ds,

b∫
a

κ2(τ, s, u(s)) ds

)
, τ ∈ J.

The operator N is well defined because h, κ1 and κ2 are continuous functions.
We remark that problem (1.1)-(1.2) is equivalent to the problem Lu = Nu.

Lemma 3.3. Suppose that (A1), (A2) and (A3) are satisfied. Then for any bounded open set Ω ⊂ X ,
the operator N is L-compact.

Proof. We consider for M > 0 the bounded open set Ω = {u ∈ X : ∥u∥X <M}. We divide the proof
into three steps.

Step 1: QN is continuous.
Let (un)n∈N be a sequence such that un −→ u in Y. Then for each τ ∈ J, we have

∣∣QN (un)(τ)−QN (u)(τ)
∣∣ 6 α

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1
∣∣N (un)(s)−N (u)(s)

∣∣ ds.
By (A1), we have∣∣QN (un)(τ)−QN (u)(τ)

∣∣
6 αγ

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|un(s)− u(s)| ds

+
αη1

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1
∣∣B1(un)(s)−B1(u)(s)

∣∣ ds
+

αη2
(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1
∣∣B2(un)(s)−B2(u)(s)

∣∣ ds
6 αγ∥un − u∥Y

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1 ds

+
αη1

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1
∣∣B1(un)(s)−B1(u)(s)

∣∣ ds
+

αη2
(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1
∣∣B2(un)(s)−B2(u)(s)

∣∣ ds.
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Using (A2) and (A3), we get

∣∣QN (un)(τ)−QN (u)(τ)
∣∣ 6 αγ∥un − u∥Y

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1 ds

+
α(b− a)(η1ρ1 + η2ρ2)∥un − u∥Y

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1 ds

6
[
γ + (b− a)(η1ρ1 + η2ρ2)

]
∥un − u∥Y .

Thus, for each τ ∈ J, we obtain∣∣QN (un)(τ)−QN (u)(τ)
∣∣ −→ 0 as n→ +∞,

and, therefore, ∥∥QN (un)−QN (u)
∥∥
Y −→ 0 as n→ +∞.

We conclude that QN is continuous.
Step 2: QN (Ω) is bounded.

For τ ∈ J and u ∈ Ω, we have

|QN (u)(τ)| 6 α

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|N (u)(s)| ds

6 α

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1
∣∣h(s, u(s),B1(u)(s),B2(u)(s))− h(s, 0, 0, 0)

∣∣ ds
+

α

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|h(s, 0, 0, 0)| ds

6 h∗ +
αγ

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|u(s)| ds

+
αη1

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|B1(u)(s)−B1(0)(s)| ds

+
αη1

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|B1(0)(s)| ds

+
αη2

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|B2(u)(s)−B2(0)(s)| ds

+
αη2

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|B2(0)(s)| ds

6 h∗ + γM+ (b− a)
[
(ρ1η1 + ρ2η2)M+ κ∗1η1 + κ∗2η2

]
,

where
h∗ = ∥h( · , 0, 0, 0)∥∞, κ∗1 = sup

(τ,s)∈�

|κ(τ, s, 0, 0)|

and
κ∗2 = sup

(τ,s)∈�0

|κ(τ, s, 0, 0)|.
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Thus
∥QN (u)∥Y 6 h∗ + γM+ (b− a)

[
(ρ1η1 + ρ2η2)M+ κ∗1η1 + κ∗2η2

]
.

So, QN (Ω) is a bounded set in Y.

Step 3: L−1
P (id−Q)N : Ω → X is completely continuous.

We use the Arzelà–Ascoli theorem, so we have to show that L−1
P (id−Q)N (Ω) ⊂ X is equicontinuous

and bounded. First, for any u ∈ Ω and τ ∈ J, we get

L−1
P (Nu(τ)−QNu(τ)) = Iα;ψa+

[
h
(
τ, u(τ),B1u(τ),B2u(τ)

)
− α

(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1h
(
s, u(s),B1u(s),B2u(s)

)
ds

]

=
1

Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1h(s, u(s),B1u(s),B2u(s)) ds

− (ψ(τ)− ψ(a))α

Γ(α)(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1h(s, u(s),B1u(s),B2u(s)) ds.

Next, for all u ∈ Ω and τ ∈ J, we get∣∣L−1
P (id−Q)Nu(τ)

∣∣
6 1

Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1
∣∣h(s, u(s),B1u(s),B2u(s)

)
− h(s, 0, 0, 0)

∣∣ ds
+

1

Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1|h(s, 0, 0, 0)| ds

+
1

Γ(α)

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1
∣∣h(s, u(s),B1u(s),B2u(s)

)
− h(s, 0, 0, 0)

∣∣ ds
+

1

Γ(α)

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|h(s, 0, 0, 0)| ds,

6 2h∗

αΓ(α)
(ψ(b)− ψ(a))α +

γ

Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1|u(s)| ds

+
η1

Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1|B1(u)(s)−B1(0)(s)| ds

+
η1

Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1|B1(0)(s)| ds

+
η2

Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1|B2(u)(s)−B2(0)(s)| ds

+
η2

Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1|B2(0)(s)| ds
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+
γ

Γ(α)

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|u(s)| ds

+
η1

Γ(α)

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|B1(u)(s)−B1(0)(s)| ds

+
η1

Γ(α)

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|B1(0)(s)| ds

+
η2

Γ(α)

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|B2(u)(s)−B2(0)(s)| ds

+
η2

Γ(α)

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|B2(0)(s)| ds

6 2(ψ(b)− ψ(a))α

Γ(α+ 1)

[
h∗ + γM+ (b− a)

[
κ∗1η1 + κ∗2η2 + (η1ρ1 + η2ρ2)M

]]
.

Therefore,

∥L−1
P (id − Q)Nu∥X 6 2(ψ(b)− ψ(a))α

Γ(α+ 1)

[
h∗ + γM + (b − a)

[
κ∗1η1 + κ∗2η2 + (η1ρ1 + η2ρ2)M

]]
.

This means that L−1
P (id−Q)N (Ω) is uniformly bounded in X .

It remains to show that L−1
P (id−Q)N (Ω) is equicontinuous.

For a 6 τ1 < τ2 6 b, u ∈ Ω, we have∣∣L−1
P (id−Q)Nu(τ2)− L−1

P (id−Q)Nu(τ1)
∣∣

6 1

Γ(α)

τ1∫
a

[
ψ′(s)

∣∣(ψ(τ2)− ψ(s)
)α−1 − (ψ(τ1)− ψ(s))α−1

∣∣ ∣∣h(s, u(s),B1u(s),B2u(s)
)∣∣] ds

+
1

Γ(α)

τ2∫
τ1

ψ′(s)(ψ(τ2)− ψ(s))α−1
∣∣h(s, u(s),B1u(s),B2u(s)

)∣∣ ds
+

[(ψ(τ2)− ψ(a))α − (ψ(τ1)− ψ(a))α]

Γ(α)(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1
∣∣h(s, u(s),B1u(s),B2u(s)

)∣∣ ds
6 1

Γ(α)

τ1∫
a

ψ′(s)(ψ(τ1)− ψ(s))α−1
∣∣h(s, u(s),B1u(s),B2u(s)

)
− h(s, 0, 0, 0)

∣∣ ds
− 1

Γ(α)

τ1∫
a

ψ′(s)(ψ(τ2)− ψ(s))α−1
∣∣h(s, u(s),B1u(s),B2u(s)

)
− h(s, 0, 0, 0)

∣∣ ds
+

1

Γ(α)

τ1∫
a

ψ′(s)
[
(ψ(τ1)− ψ(s))α−1 − (ψ(τ2)− ψ(s))α−1

]
|h(s, 0, 0, 0)| ds

+
1

Γ(α)

τ2∫
τ1

ψ′(s)(ψ(τ2)− ψ(s))α−1
∣∣h(s, u(s),B1u(s),B2u(s)

)
− h(s, 0, 0, 0)

∣∣ ds
+

1

Γ(α)

τ2∫
τ1

ψ′(s)(ψ(τ2)− ψ(s))α−1|h(s, 0, 0, 0)| ds
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+
[(ψ(τ2)− ψ(a))α − (ψ(τ1)− ψ(a))α]

Γ(α)(ψ(b)− ψ(a))α

×
b∫

a

ψ′(s)(ψ(b)− ψ(s))α−1
∣∣h(s, u(s),B1u(s),B2u(s)

)
− h(s, 0, 0, 0)

∣∣ ds
+

[(ψ(τ2)− ψ(a))α − (ψ(τ1)− ψ(a))α]

Γ(α)(ψ(b)− ψ(a))α

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1|h(s, 0, 0, 0)| ds

6 2Λ(ψ(τ2)− ψ(τ1))
α + Λ

[
(ψ(τ1)− ψ(a))α − (ψ(τ2)− ψ(a))α

]
+ Λ

[
(ψ(τ2)− ψ(a))α − (ψ(τ1)− ψ(a))α

]
= 2Λ(ψ(τ2)− ψ(τ1))

α,

where
Λ :=

1

Γ(α+ 1)

[
h∗ + γM+ (b− a)

[
κ∗1η1 + κ∗2η2 + (η1ρ1 + η2ρ2)M

]]
.

The operator L−1
P (id − Q)N (Ω) is equicontinuous in X because the right-hand side of the above

inequality tends to zero as τ1 → τ2 and the limit is independent of u. The Arzelà–Ascoli theorem
implies that L−1

P (id −Q)N (Ω) is relatively compact in X . As a consequence of Steps 1 to 3, we get
that N is L-compact in Ω, which completes the demonstration.

Lemma 3.4. Assume that (A1), (A2) and (A3) are fulfilled. If the condition

γ + (η1ρ1 + η2ρ2)(b− a)

Γ(α+ 1)
(ψ(b)− ψ(a))α <

1

2
(3.4)

is satisfied, then there exists A > 0 independent of ζ such that

L(u)−N (u) = −ζ
[
L(u) +N (−u)

]
=⇒ ∥u∥X 6 A, ζ ∈ (0, 1].

Proof. Let u ∈ X satisfy
L(u)−N (u) = −ζL(u)− ζN (−u),

then
L(u) =

1

1 + ζ
N (u)− ζ

1 + ζ
N (−u).

So, from the expressions for L and N , for any τ ∈ J we get

Lu(τ) = cDα;ψ
a+ u(τ) =

1

1 + ζ
h
(
τ, u(τ),B1u(τ),B2u(τ)

)
− ζ

1 + ζ
h
(
τ,−u(τ),B1(−u)(τ),B2(−u)(τ)

)
.

By Theorem 2.1, we have

u(τ) = u(a) +
1

ζ + 1

[
Iα;ψa+

(
h(s, u(s),B1u(s),B2u(s))

)
(τ)

− ζIα;ψa+

(
h(s,−u(s),B1(−u)(s),B2(−u)(s))

)
(τ)

]
.

Thus, for every τ ∈ J, we obtain

|u(τ)| 6 |u(a)|+ 1

(ζ + 1)Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1
∣∣h(s, u(s),B1u(s),B2u(s))

∣∣ ds
+

1

(ζ + 1)Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1
∣∣h(s,−u(s),B1(−u)(s),B2(−u)(s)

)∣∣ ds
6 |u(a)|+ 1

(ζ + 1)Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1
∣∣h(s, u(s),B1u(s),B2u(s)

)
− h(s, 0, 0, 0)

∣∣ ds
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+
1

(ζ + 1)Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1|h(s, 0, 0, 0)| ds

+
1

(ζ + 1)Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1
∣∣h(s,−u(s),B1(−u)(s),B2(−u)(s)

)
− h(s, 0, 0, 0)

∣∣ ds
+

1

(ζ + 1)Γ(α)

τ∫
a

ψ′(s)(ψ(τ)− ψ(s))α−1|h(s, 0, 0, 0)| ds

6 |u(a)|+ 2(h∗ + (η1κ
∗
1 + η2κ

∗
2)(b− a))

Γ(α+ 1)
(ψ(b)− ψ(a))α

+
2(γ + (η1ρ1 + η2ρ2)(b− a))

Γ(α+ 1)
(ψ(b)− ψ(a))α∥u∥X ,

hence

∥u∥X 6 |u(a)|+ 2(h∗ + (η1κ
∗
1 + η2κ

∗
2)(b− a))

Γ(α+ 1)
(ψ(b)− ψ(a))α

+
2(γ + (η1ρ1 + η2ρ2)(b− a))

Γ(α+ 1)
(ψ(b)− ψ(a))α∥u∥X .

We deduce that

∥u∥X 6
|u(a)|+ 2(h∗+(η1κ

∗
1+η2κ

∗
2)(b−a))

Γ(α+1) (ψ(b)− ψ(a))α[
1− 2(γ+(η1ρ1+η2ρ2)(b−a))

Γ(α+1) (ψ(b)− ψ(a))α
] := A.

The demonstration is completed.

Lemma 3.5. If conditions (A1), (A2), (A3) and (3.4) are satisfied, then there exists a bounded open
set Ω ⊂ X with

L(u)−N (u) ̸= −ζ[L(u) +N (−u)] (3.5)

for any u ∈ ∂Ω and any ζ ∈ (0, 1].

Proof. Using Lemma 3.4, there exists a positive constant A independent of ζ such that if u satisfies

L(u)−N (u) = −ζ
[
L(u) +N (−u)

]
, ζ ∈ (0, 1],

then ∥u∥X 6 A. So, if
Ω =

{
u ∈ X ; ∥u∥X < ϑ

}
(3.6)

such that ϑ > A, we deduce that

L(u)−N (u) ̸= −ζ
[
L(u)−N (−u)

]
for all u ∈ ∂Ω = {u ∈ X ; ∥u∥X = ϑ} and ζ ∈ (0, 1].

Theorem 3.1. Assume (A1), (A2), (A3) and (3.4) are satisfied. Then there exists at least one
solution of problem (1.1), (1.2).

Proof. It is clear that the set Ω defined in (3.6) is symmetric, 0 ∈ Ω and X ∩Ω = Ω ̸= ∅. In addition,
by assuming (A1), (A2), (A3) and (3.4), Lemma 3.5 implies

L(u)−N (u) ̸= −ζ
[
L(u)−N (−u)

]
for each u ∈ X ∩ ∂Ω = ∂Ω and each ζ ∈ (0, 1]. By Lemma 2.3, problem (1.1), (1.2) has at least one
solution on DomL ∩ Ω, which completes the proof.

Now, we investigate the existence and uniqueness of periodic solutions for our problem (1.1), (1.2).
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Theorem 3.2. Let (A1), (A2) and (A3) be satisfied. Moreover, assume that

(A4) there exist the constants γ > 0 and η1, η2 > 0 such that∣∣h(τ, u,B1(u),B2(u))− h(τ, u,B1(u),B2(u))
∣∣ > γ|u− u| − η1|B1u−B1u| − η2|B2u−B2u|,

for every τ ∈ J and u, u ∈ R.

If
(η1ρ1 + η2ρ2)(b− a)

γ
+

2[γ + (η1ρ1 + η2ρ2)(b− a)]

Γ(α+ 1)
(ψ(b)− ψ(a))α < 1, (3.7)

then problem (1.1), (1.2) has a unique solution in DomL ∩ Ω.

Proof. Note that condition (3.7) is stronger than condition (3.4). Then, by Theorem 3.1, we find that
problem (1.1), (1.2) has at least one solution in DomL ∩ Ω.

Now, we prove the uniqueness result. Suppose that problem (1.1), (1.2) has two solutions u1, u2 ∈
DomL ∩ Ω. Then for each τ ∈ J, we have

cDα;ψ
a+ u1(τ) = h

(
τ, u1(τ),B1(u1)(τ),B2(u1)(τ)

)
,

cDα;ψ
a+ u2(τ) = h

(
τ, u2(τ),B1(u2)(τ),B2(u2)(τ)

)
,

where B1, B2 are defined as in (1.3) and

u1(a) = u1(b), u2(a) = u2(b).

Let
U(τ) = u1(τ)− u2(τ) for all τ ∈ J.

Then

LU(τ) = cDα;ψ
a+ U(τ) = cDα;ψ

a+ u1(τ)− cDα;ψ
a+ u2(τ)

= h
(
τ, u1(τ),B1(u1)(τ),B2(u1)(τ)

)
− h

(
τ, u2(τ),B1(u2)(τ),B2(u2)(τ)

)
. (3.8)

Using the fact that ImgL = kerQ, we have

b∫
a

ψ′(s)(ψ(b)− ψ(s))α−1

×
[
h
(
s, u1(s),B1(u1)(s),B2(u1)(s)

)
− h

(
s, u2(s),B1(u2)(s),B2(u2)(s)

)]
ds = 0.

Since h is a continuous function, there exists τ0 ∈ [a, b] such that

h
(
τ0, u1(τ0),B1(u1)(τ0),B2(u1)(τ0)

)
− h

(
τ, u2(τ0),B1(u2)(τ0),B2(u2)(τ0)

)
= 0.

In view of (A4), we have∣∣u1(τ0)− u2(τ0)
∣∣ 6 (b− a)(η1ρ1 + η2ρ2)

γ
∥u1 − u2∥X ,

then
|U(τ0)| 6

(b− a)(η1ρ1 + η2ρ2)

γ
∥U∥X . (3.9)

On the other hand, by Theorem 2.1, we have

Iα;ψa+
cDα;ψ

a+ U(τ) = U(τ)− U(a),

which implies that
U(a) = U(τ0)− Iα;ψa+

cDα;ψ
a+ U(τ0)
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and, therefore,
U(τ) = Iα;ψa+

cDα;ψ
a+ U(τ) + U(τ0)− Iα;ψa+

cDα;ψ
a+ U(τ0).

Using (3.9), for every τ ∈ J we obtain

|U(τ)| 6 |Iα;ψa+
cDα;ψ

a+ U(τ)|+ |U(τ0)|+ |Iα;ψa+
cDα;ψ

a+ U(τ0)|

6 (b− a)(η1ρ1 + η2ρ2)

γ
∥U∥X +

2(ψ(b)− ψ(a))α

Γ(α+ 1)
∥cDα;ψ

a+ U∥X . (3.10)

By (A1), (A2), (A3) and (3.8), we find that∣∣cDα;ψ
a+ U(τ)

∣∣ = ∣∣∣h(τ, u1(τ),B1(u1)(τ),B2(u1)(τ)
)
− h

(
τ, u2(τ),B1(u2)(τ),B2(u2)(τ)

)∣∣∣
6

[
γ + (b− a)(η1ρ1 + η2ρ2)

]
∥U∥X .

Then
∥cDα;ψ

a+ U∥X 6
[
γ + (b− a)(η1ρ1 + η2ρ2)

]
∥U∥X . (3.11)

Substituting (3.11) in the right-hand side of (3.10), for every τ ∈ J we get

|U(τ)| 6
[ (η1ρ1 + η2ρ2)(b− a)

γ
+

2[γ + (η1ρ1 + η2ρ2)(b− a)]

Γ(α+ 1)
(ψ(b)− ψ(a))α

]
∥U∥X .

Therefore,

∥U∥X 6
[ (η1ρ1 + η2ρ2)(b− a)

γ
+

2[γ + (η1ρ1 + η2ρ2)(b− a)]

Γ(α+ 1)
(ψ(b)− ψ(a))α

]
∥U∥X .

Hence, by (3.7), we conclude that
∥U∥X = 0.

As a result, for any τ ∈ J, we get

U(τ) = 0 =⇒ u1(τ) = u2(τ).

This completes the proof.

4 Examples
In this section, we illustrate the applicability of Theorems 3.1 and 3.2 through two examples.

Example 4.1. Consider the following problem for a nonlinear Volterra–Fredholm integro-differential
fractional equation:

cD
1
2 ;2

τ

0+ u(τ) = h
(
τ, u(τ),B1u(τ),B2u(τ)

)
, τ ∈ [0, 1], (4.1)

u(0) = u(1), (4.2)

where

h
(
τ, u(τ),B1u(τ),B2u(τ)

)
= eτ+1 +

τ

3
√
π

ln
(
|u(τ)|+ 2

)
+

1

17
B1u(τ) +

1

27
B2u(τ),

with

B1u(τ) =

τ∫
0

κ1(τ, s, u(s)) ds =

τ∫
0

1

τ2 + 5e2
sin u(s) ds, τ ∈ [0, 1],

and

B2u(τ) =

1∫
0

κ2(τ, s, u(s)) ds =

1∫
0

u(s)

3eτ+3(1 + u(s))
ds, τ ∈ [0, 1].
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We have
α =

1

2
and ψ(τ) = 2τ .

It is clear that the function h ∈ C([0, 1]×R3,R).
Then for all τ ∈ [0, 1] and u, u ∈ R, we obtain∣∣h(τ, u,B1(u),B2(u)

)
− h

(
τ, u,B1(u),B2(u)

)∣∣ 6 γ|u− u|+ η1|B1u−B1u|+ η2|B2u−B2u|

and ∣∣κ1(τ, s, u)− κ1(τ, s, u)
∣∣ 6 ρ1|u− u|, (τ, s) ∈ �,∣∣κ2(τ, s, u)− κ2(τ, s, u)
∣∣ 6 ρ2|u− u|, (τ, s) ∈ �0,

with � = {(τ, s) : 0 6 s 6 τ 6 1} and �0 = [0, 1] × [0, 1], which imply that (A1), (A2) and (A3) are
satisfied with

γ =
1

6
√
π
, η1 =

1

17
, η2 =

1

27
, ρ1 =

1

5e2
and ρ2 =

1

3e3
.

Further, by some simple calculations, we see that

γ + (η1ρ1 + η2ρ2)(b− a)

Γ(α+ 1)
(ψ(b)− ψ(a))α ≈ 0.10859 <

1

2
.

Theorem 3.1 implies that problem (4.1), (4.2) has at least one solution.

Example 4.2. Consider the following problem for a nonlinear Volterra–Fredholm integro-differential
fractional equation:

cD
1
2 ;ln τ
1+ u(τ) = h

(
τ, u(τ),B1u(τ),B2u(τ)

)
, τ ∈ J := [1, e],

u(1) = u(e),

where

h
(
τ, u(τ),B1u(τ),B2u(τ)

)
=

1

τ2 + 2
+

1

3e2

(
cos u(τ) + 3

2
u(τ)

)
+

1

7
√
π
B1u(τ) +

1

23
B2u(τ),

with

B1u(τ) =

τ∫
1

κ1(τ, s, u(s)) ds =

τ∫
1

τ3e−6−τ2

sin(u(s)) ds, τ ∈ [1, e],

and

B2u(τ) =

e∫
1

κ2(τ, s, u(s)) ds =

e∫
1

e−11−τ

37(1 + u(s))
ds, τ ∈ [1, e].

Here, α = 1
2 , and ψ(τ) = ln τ .

It is easy to see that h ∈ C([1, e]×R3,R). Then, for all τ ∈ [1, e] and u, u ∈ R, we obtain∣∣h(τ, u,B1(u),B2(u)
)
− h

(
τ, u,B1(u),B2(u)

)∣∣ 6 γ|u− u|+ η1|B1u−B1u|+ η2|B2u−B2u|,∣∣κ1(τ, s, u)− κ1(τ, s, u)
∣∣ 6 ρ1|u− u|, (τ, s) ∈ �,∣∣κ2(τ, s, u)− κ2(τ, s, u)
∣∣ 6 ρ2|u− u|, (τ, s) ∈ �0,

and ∣∣h(τ, u,B1(u),B2(u))− h(τ, u,B1(u),B2(u))
∣∣ > γ|u− u| − η1|B1u−B1u| − η2|B2u−B2u|,

with � = {(τ, s) : 1 6 s 6 τ 6 e} and �0 = [1, e]× [1, e], which imply that (A1), (A2), (A3) and (A4)
are satisfied with

γ =
5

6e2
, γ =

1

6e2
, η1 = η1 =

1

7
√
π
, η2 = η2 =

1

23
, ρ1 =

1

e7
, and ρ2 =

1

37e12
.
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By simple calculations, we see that

(η1ρ1 + η2ρ2)(b− a)

γ
+

2[γ + (η1ρ1 + η2ρ2)(b− a)]

Γ(α+ 1)
(ψ(b)− ψ(a))α ≈ 0.2604 < 1.

So, by Theorem 3.2, our problem has a unique solution.

5 Conclusions
The main contribution of this work is to provide some sufficient conditions ensuring the existence and
uniqueness of periodic solutions to a large class of nonlinear Volterra–Fredholm integro-differential
fractional equations involving the ψ-Caputo fractional derivative, by using the coincidence degree
theory of Mawhin [15]. To illustrate the applicability of our research, we have discussed two examples.
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