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NINO PARTSVANIA

ON SOME NONLINEAR BOUNDARY VALUE PROBLEMS
ON A FINITE AND AN INFINITE INTERVALS FOR
SYSTEMS OF FUNCTIONAL DIFFERENTIAL EQUATIONS

Abstract. For nonlinear advanced functional differential systems, sufficient conditions for the
solvability of nonlinear nonlocal boundary value problems on a finite and an infinite intervals are
found.
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Let a > 0, Ry = [0,4+00[, and R_ =] — 00, 0]. In a finite interval [0, a] and an infinite interval R,
we consider the boundary value problems
dui t .
dt( ) = gi(t,ul(éil(t))v'--vun(éin(t))) (i=1,...,n), (1)
o(ur,...,up) =0, ugla) =¢r(up(a)) (k=1,...,n—1) (2)
and
dul(t) o .
2 = f(tunma®) - un(ma®)) (= 1,.m), (3)
QO(Ul,.n,Un) :Oa (4)
respectively.

Throughout the paper it is assumed that g; : [0,a] x R}? = R_ (i=1,...,n), fi : Ry xR} = R_
(i=1,...,n),pp: Ry =Ry (k=1,...,n—1),8;;:[0,a] = [0,a] (i,k=1,...,n),and 7 : R — R
(i,k =1,...,n) are continuous functions such that

gi(t,0,...,0)=0 for 0<t<a, ¢r(0)=0 (i=1,...,n; k=1,...,n—1),
Oi(t) >t for a <t<b (i,k=1,...,n), (5)
fi(t,0,...,0) =0 for teRy (i=1,...,n),
and
Tik(t) >t for te Ry (i,k=1,...,n). (6)

As for ¢ : C([0,a];R}) — R, it is a continuous functional, bounded on every bounded subset of the
set C([0,a];R"}) and satisfies the inequality

A continuously differentiable vector function (u1,...,u,) : [0,a] = RY ((u1,...,un) : Ry — R%)
is said to be a solution of the problem (1), (2) (of the problem (3), (4)) if it:

(i) satisfies the system (1) (the system (3)) in the interval [0, a] (in the interval R );
(ii) satisfies the equalities (2) (the equality (4)).
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It is natural to call the problems (1), (2) and (3), (4) the Kneser type nonlinear problems on a finite
and an infinite intervals. In the case, where §;;(t) =t and 7;1(¢t) =t (i,k = 1,...,n), such problems
and their different particular cases are investigated in detail (see, e.g., [1-7,9-16] and the references
therein). For two-dimensional nonlinear advanced functional differential systems, the nonlinear Kneser
problem is studied in [8]. In the case, where n > 2 and the functions &;; and 73 (i,k = 1,...,n)
satisfy the inequalities (5) and (6), the problems (1), (2) and (3), (4) remain practically unstudied.

In the paper, conditions guaranteeing, respectively, the solvability and unique solvability of the
problem (1), (2) are established. On the basis of these results sufficient conditions for the solvability
of the problem (3), (4) are found.

For any p > 0 and m € {1,...,n} we put

Ry ={(z1,...,2n) ER™ 121 > p,...,2p > p}.

The following theorem is valid.

Theorem 1. Let there exist numbers m € {1,...,n} and p > 0 such that
So(ula cee aun) > O for (ula cee aum) € C([Ova];Rz:L)a (ula DR 7un) € C([Ova}; Ri) (7)
and
liglinfgpi(x) >p (i=1,...,mg), where my=min{m,n —1}. (8)

Then the problem (1), (2) has at least one solution.
The particular case of (2) are the boundary conditions
Z/@Oi(Ui(S))dai(S) = ¢, ug(a) = pr(un(a)) (k=1,...,n—1), (9)
=17

where ¢ € R, ¢g; : Ry — Ry (i =1,...,n) are continuous functions, while o; : [0,a] > R (i =1,...,n)
is a nondecreasing functions such that

<p01(0) = 07 Ul(b) - Ui(a) >0 (7’ = 17 B an)'
Theorem 1 yields the following corollary.

Corollary 1. If either

Jim o (z) = Foo,  lim pi(z) = +oo, (10)
or
Jm_oon(@) = +oo, (11)

then the problem (1), (9) has at least one solution.

Theorem 2. Let g; (i = 1,...,n) be nonincreasing in the phase variables functions satisfying the
local Lipschitz conditions in those arguments, and @i (k=1,...,n — 1) be increasing functions. Let,
moreover,

(ur +v1,. oy Uy +vn) > @(ug, .. uy)
for (uy,...,u,) € C([0,a;RY), (vi,...,v,) € C([0,a]; Ry, ),

and for some m € {1,...,n} and p > 0 the conditions (7), (8) be fulfilled. Then the problem (1), (2)

has one and only one solution.

(12)

Corollary 2. Let g; (i = 1,...,n) be nonincreasing in the phase variables functions satisfying the
local Lipschitz conditions in those arguments, po; (i = 1,...,n) be nondecreasing functions, and @y,
(k=1,...,n—1) be increasing functions. Let, moreover, either pg1 be an increasing function and the

condition (10) be satisfied, or @o, be an increasing function and the condition (11) be satisfied. Then
the problem (1), (9) has one and only one solution.
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If for some ag €0, a] the equalities
Oi(t)=0b for ag <t<a (i,k=1,...,n) (13)

are fulfilled, then the unique solvability of the problem (1), (2) can be proved also in the case where
the functions g; (¢ = 1,...,n) are not locally Lipschitz in the phase variables. More precisely, the
following theorem is valid.

Theorem 3. Let g; (i = 1,...,n) be nonincreasing in the phase variables functions, and ¢ (k =
1,...,n—1) be increasing functions. Let, moreover, the conditions (7), (8), (12) and (13) hold. Then
the problem (1), (2) has one and only one solution.

As an example, we consider the differential system

duc;t(t) - ;pik(t)ugik (Gi(t) (i=1,...,n) (14)

with the boundary conditions

Zﬁoiué‘m (0) =co, uila)=~Lrut*(a) (k=1,...,n—1), (15)
i=1

where fo; >0, po; >0, b >0, e >0 (i=1,...,n; k

En: gOi > 0.
i=1

Corollary 2 and Theorem 3 imply the following corollary.

1,...,n—1), ¢g >0, and

Corollary 3. Let either
Ai > 1 (i,k=1,...,n),

or for some ag €]0,a| the equalities (13) hold. Then the problem (14),(15) has one and only one
solution.

Finally we give the theorems on the solvability of the problem (3), (4), i.e. of the nonlinear Kneser
problem on the infinite interval.

Theorem 4. Let there exist numbers p > 0, by > a and nondecreasing in the second argument
continuous functions for : [a,b] x Ry = Ry (k=1,...,n—1) such that

Qﬁ(ula'“aun) >0 fO’)" uy € C([O,a];Rer), (ulv"'aun) € C([Ova]vRi)v
et zr, .o wp) < —fou(t, Thg1) for a <t <b, (z1,...,2,) €ERY (k=1,...,n—1),

and

ty
lim /f%(s,x)ds:—l—oo for a<t;<ta<b (k=1,...,n—1).

xr——+00
ty

Then the problem (3), (4) has at least one solution.
Theorem 5. Let there exist a number p > 0 such that
90(’(1,1, s 7un) >0 fO’/‘ up+ -+ up € C([Oa a’];Rer)v (ulv s 7un) € C([Oa a]vRi)

Then the problem (3), (4) has at least one solution.
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