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Abstract. Using critical point theory, we study the existence of homo-
clinic orbits for the first-order superquadratic Hamiltonian system

ż = JHz(t, z),

where H(t, z) depends periodically on t and is superquadratic.
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ÒÄÆÉÖÌÄ. ÐÉÒÅÄËÉ ÒÉÂÉÓ ÓÖÐÄÒÊÅÀÃÒÀÔÖËÉ äÀÌÉËÔÏÍÖÒÉ ÓÉÓ-
ÔÄÌÉÓÀÈÅÉÓ

ż = JHz(t, z),

ÓÀÃÀÝ H(t, z) ÀÒÉÓ ÓÖÐÄÒÊÅÀÃÒÀÔÖËÉ ÃÀ t-Ó ÌÉÌÀÒÈ ÐÄÒÉÏÃÖËÉ,
ÊÒÉÔÉÊÖËÉ ßÄÒÔÉËÉÓ ÈÄÏÒÉÉÓ ÂÀÌÏÚÄÍÄÁÉÈ, ÂÀÌÏÊÅËÄÖËÉÀ äÏÌÏ-
ÊËÉÍÉÊÖÒÉ ÏÒÁÉÔÄÁÉÓ ÀÒÓÄÁÏÁÉÓ ÓÀÊÉÈáÉ.



The Existence of Homoclinic Orbits. . . 85

1. Introduction

This paper is devoted to the study of the existence of homoclinic orbits
for the first-order time-dependent Hamiltonian system

ż = JHz(t, z), (1.1)
where z = (p, q) ∈ RN × RN . Here H has the form

H(t, z) =
1

2
B(t)z · z +G(t, z) + h(t)z, (1.2)

where G ∈ C(R×R2N ,R) is T -periodic in t, B(t) is a continuous T -periodic
and symmetric 2N ×2N matrix function, h : R → R2N is a continuous and
bounded function and J is the standard 2N × 2N symplectic matrix

J =

(
0 −IN
IN 0

)
.

In recent years several authors studied homoclinic orbits for Hamiltonian
systems via the critical point theory. For the second order Hamiltonian
systems we refer the reader to [1, 2, 7, 8, 10–13] and for for the first order
to [3–6,9, 14–17] (and the references therein).

Throughout this paper, we always assume the following:
(H1) G(t, z) ≥ 0, for all (t, z) ∈ R × R2N ;
(H2) G(t, z) = o(|z|2) as |z| −→ 0 uniformly in t;

(H3)
G(t,z)
|z|2 −→ +∞ as |z| −→ +∞ uniformly in t;

(H4) There exist constants β > 1, 1 < λ < 1 + β−1
β , a1 > 0, a2 > 0 and

τ ∈ L1(R,R+) such that
z ·Gz(t, z)− 2G(t, z) ≥ a1|z|β − τ(t), (t, z) ∈ R × R2N (1.3)

and
|Gz(t, z)| ≤ a2|z|λ, ∀ (t, z) ∈ R × R2N ; (1.4)

(H5) there exist constants a3 > 0 and η > 0 such that∫
R

|h(t)| dt ≤ a3,

(∫
R

|h(t)|2 dt
) 1

2

≤ η

2ϱ
,

2(η + ϱ∥τ∥L1)

ϱξ
≤ 1, a2 < min

{ξ

2
,

ξ

2ϱλ+1

}
,

where ϱ and ξ are two positive constants which will be defined in
Proposition 3.1 and in (3.13) later.

A solution z(t) of (1.1) is said to be homoclinic (to 0) if z(t) → 0 as
t → ±∞. In addition, if z(t) ̸≡ 0, then z(t) is called a nontrivial homoclinic
solution.

Theorem 1.1. Let (H1) − (H5) be satisfied. Then (1.1) possesses a non-
trivial homoclinic solution such that z(t) → 0 as t → ±∞.
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This paper is motivated by the work of Rabinowitz [12] in which the
existence of nontrivial homoclinic solutions for the second order Hamiltonian
system

q̈ + Vq(t, q) = 0

was established.
The paper is organized as follows. In Section 2, we establish a variational

structure for (1.1) with a periodic boundary value condition. Our main
result (Theorem 1.1) will be proved in Section 3.

2. Variational Structure

Let A = −(J(d/dt+B(t)) be a self-adjoint operator acting on L2(R,R2N )

with the domain D̃(A) = H1(R,R2N ). If E := D̃(|A| 12 ), then E is a Hilbert
space with the inner product

⟨z, v⟩ = (z, v)L2 +
(
|A| 12 z, |A| 12 v

)
L2 , z, v ∈ E,

and E = H
1
2 (R,R2N ). Let Ek := H

1
2

2kT (R,R2N ) for each k ∈ N. Then Ek

is a Hilbert space with the norm ∥ · ∥Ek
given by (here z ∈ Ek)

∥z∥Ek
=

( kT∫
−kT

(∣∣|A| 12 z∣∣2 + |z|2
)
dt

)1/2

. (2.1)

Furthermore, let L∞
2kT (R,R2N ) denote a space of 2kT -periodic essentially

bounded (measurable) functions from R into R2N equipped with the norm
∥z∥L∞

2kT
:= ess sup

{
|z(t)| : t ∈ [−kT, kT ]

}
.

As in [10], a homoclinic solution of (1.1) will be obtained as a limit, as
k → ±∞, of a certain sequence of functions zk ∈ Ek. We consider a
sequence of systems of differential equations

ż = J(B(t)z +Gz(t, z) + hk(t)), (2.2)
where for each k ∈ N, hk : R → RN is a 2kT -periodic extension of the
restriction of h to the interval [−kT, kT ] and zk, a 2kT -periodic solution of
(2.1), will be obtained via a linking theorem.

We define

⟨Au, v⟩ =
kT∫

−kT

(
−
(
J

d

dt
+B

)
u, v

)
dt, ∀u, v ∈ Ek (2.3)

and

Ik(z) =
1

2
⟨Az, z⟩ −

kT∫
−kT

G(t, z) dt−
kT∫

−kT

hk(t) · z(t) dt. (2.4)

We have from (2.3) that A has a sequence of eigenvalues

· · · ξ(−m)
k ≤ · · · ≤ ξ

(−2)
k ≤ ξ

(−1)
k < 0 < ξ

(1)
k ≤ ξ

(2)
k ≤ · · · ≤ ξ

(m)
k · · ·
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with ξ
(m)
k −→ ∞ and ξ

(−m)
k −→ −∞ as m −→ ∞. Let φj

k be the eigenvector
of A corresponding to ξ

(j)
k , j = ±1,±2, . . . ,±m, . . . . Set

E0
k = ker(A), E−

k = the negative eigenspace of A
and

E+
k = the positive eigenspace of A.

Hence there exists an orthogonal decomposition Ek = E0
k ⊕E−

k ⊕E+
k with

dim(E0
k) < ∞.

Lemma 2.1 ( [11]). Let E be a real Hilbert space with E = E(1)⊕E(2) and
E(1) = (E(2))⊥. Suppose I ∈ C1(E,R) satisfies the (PS) condition, and

(C1) I(u) = 1
2 (Lu, u) + b(u), where Lu = L1P1u+ L2P2u, Li : E

(i) 7−→
E(i) is bounded and self-adjoint, Pi is the projector of E onto E(i),
i = 1, 2;

(C2) b′ is compact;
(C3) there exist a subspace Ẽ ⊂ E, the sets S ⊂ E, Q ⊂ Ẽ and constants

α̃ > ω such that
(i) S ⊂ E(1) and I|S ≥ α̃;
(ii) Q is bounded and I|∂Q ≤ ω;
(iii) S and ∂Q are linked .

Then I possesses a critical value c ≥ α̃ given by
c = inf

g∈Γ
sup
u∈Q

I(g(1, u)),

where
Γ ≡

{
g ∈ C([0, 1]× E,E)|g satisfies (Γ1)− (Γ3)

}
,

(Γ1) g(0, u) = u;
(Γ2) g(t, u) = u for u ∈ ∂Q;
(Γ3) g(t, u) = eθ(t,u)Lu+ χ(t, u), where θ(t, u) ∈ C([0, 1]× E,R), and χ

is compact.

3. Proof of the Main Result

The following result in [11, p. 36, Proposition 6.6] will be used.

Proposition 3.1. There is a positive constant cµ such that for each k ∈ N
and z ∈ Ek the following inequality holds:

∥z∥Lµ
2kT

≤ cµ∥z∥Ek
, (3.1)

where µ ∈ [1,+∞). For notational purposes let cλ+1 = ϱ.

Lemma 3.1. Under the conditions of Theorem 1.1, Ik satisfies the (PS)
condition.
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Proof. Assume that {zkn}n∈N in Ek is a sequence such that {Ik(zkn)}n∈N
is bounded and I ′k(zkn) → 0 as n → +∞. Then there exists a constant
d1 > 0 such that

|Ik(zkn)| ≤ d1, I ′k(zkn) → 0 as n → ∞. (3.2)

We first prove that {zkn}n∈N is bounded. Let zkn = z0kn
+ z+kn

+ z−kn
∈

E0
k ⊕ E+

k ⊕ E−
k . From (1.3) of (H4), (H5), (2.4) and (3.1), there exists a

constant c̃β̂ > 0 such that (here 1

β̂
+ 1

β = 1)

2d1 ≥ 2Ik(zkn)−
⟨
I ′k(zkn), zkn

⟩
=

=

kT∫
−kT

[
zkn ·Gzkn

(t, zkn)− 2G(t, zkn)
]
dt−

kT∫
−kT

hk(t) · zkn dt ≥

≥
kT∫

−kT

a1|zkn |β dt−
kT∫

−kT

τk(t) dt−
kT∫

−kT

|hk(t)| |zkn | dt ≥

≥ a1∥zkn∥
β

Lβ
2kT

− ∥τk∥L1
2kT

− cβ∥hk∥Lβ̂
2kT

∥zkn∥Lβ
2kT

≥

≥ a1∥zkn∥
β

Lβ
2kT

− ∥τ∥L1 − cβ∥h∥Lβ̂∥zkn∥Lβ
2kT

≥

≥ a1∥zkn∥
β

Lβ
2kT

− ∥τ∥L1 − cβ c̃β̂∥h∥L1∥zkn∥Lβ
2kT

≥

≥ a1∥zkn∥
β

Lβ
2kT

− ∥τ∥L1 − cβ c̃β̂a3∥zkn∥Lβ
2kT

, (3.3)

where for each k ∈ N, τk : R → RN is a 2kT -periodic extension of the
restriction of τ(t) to the interval [−kT, kT ].

Since β > 1, this implies that there exists a constant M̃0 > 0 with

∥zkn∥Lβ
2kT

≤ M̃0. (3.4)

Consider {∥z0kn
∥Ek

}n∈N. Note dim(E0
k) < +∞, and this implies that there

are the constants b1 and b2 such that

b1∥z0kn
∥Lβ

2kT
≤ ∥z0kn

||Ek
≤ b2∥z0kn

∥Lβ
2kT

≤ b2∥zkn∥Lβ
2kT

. (3.5)

By (3.4) and (3.5), there exists a constant M̃1 > 0 such that

∥z0kn
||Ek

≤ M̃1. (3.6)

Let α = β−1
β(λ−1) , then

1 < λ < 1 +
β − 1

β
, 0 <

(λα− 1)

α
< 1,

λα− 1 = α− 1

β
, α > 1.

(3.7)
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If 0 < ∥z∥L∞
2kT

≤ 1 for z ∈ Ek, we have from (1.4) of (H4) that

kT∫
−kT

∣∣Gz(t, z(t))
∣∣ dt ≤ a2

kT∫
−kT

|z(t)| dt. (3.8)

By using (3.1) and (3.8), we have (here 1
α + 1

σ = 1)

∥z+kn
∥Ek

≥
⟨
I ′k(zkn), z

+
kn

⟩
=

= ⟨Az+kn
, z+kn

⟩ −
kT∫

−kT

[
z+kn

·Gzkn
(t, zkn)

]
dt−

kT∫
−kT

hk(t) · z+kn
dt =

=⟨Az+kn
, z+kn

⟩−
( ∫
|zkn |≥1

+

∫
|zkn |<1

)[
z+kn

·Gzkn
(t, zkn)

]
dt−

kT∫
−kT

hk(t) · z+kn
dt ≥

≥ ⟨Az+kn
, z+kn

⟩ − η

2ϱ
∥zkn∥Ek

−
∫

|zkn |<1

a2|zkn | |z+kn
| dt−

−
( ∫
|zkn |≥1

∣∣Gzkn
(t, zkn)

∣∣α dt

) 1
α
( kT∫
−kT

|z+kn
|σ dt

) 1
σ

≥

≥ ⟨Az+kn
, z+kn

⟩ − η

2ϱ
∥zkn∥Ek

− a2∥zkn∥Ek
∥z+kn

∥Ek
−

−
( ∫
|zkn |≥1

∣∣Gzkn
(t, zkn)

∣∣α dt

) 1
α

cσ∥zkn∥Ek
(3.9)

and

∥z−kn
∥Ek

≥ −
⟨
I ′k(zkn), z

−
kn

⟩
=

= −⟨Az−kn
, z−kn

⟩+
kT∫

−kT

[
z−kn

·Gzkn
(t, zkn)

]
dt−

kT∫
−kT

hk(t) · z−kn
dt =

= −⟨Az−kn
, z−kn

⟩−
( ∫
|zkn |≥1

+

∫
|zkn |<1

)[
z−kn

·Gzkn
(t, zkn)

]
dt−

−
kT∫

−kT

hk(t) · z−kn
dt ≥

≥ −⟨Az−kn
, z−kn

⟩ − η

2ϱ
∥zkn∥Ek

−
∫

|zkn |<1

a2|zkn | |z−kn
| dt−
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−
( ∫
|zkn |≥1

∣∣Gzkn
(t, zkn)

∣∣α dt

) 1
α
( kT∫
−kT

|z−kn
|σ dt

) 1
σ

≥

≥ −⟨Az−kn
, z−kn

⟩ − η

2ϱ
∥zkn∥Ek

− a2∥zkn∥Ek
∥z−kn

∥Ek
−

−
( ∫
|zkn |≥1

∣∣Gzkn
(t, zkn)

∣∣α dt

) 1
α

cσ∥zkn∥Ek
. (3.10)

By using (1.4) of (H4) and (3.1), there exists a constant c β(λα−1)
β−1

> 0 such
that ∫

|zkn |≥1

∣∣Gzkn
(t, zkn)

∣∣α dt ≤
∫

|zkn |≥1

aα2 |zkn |λα dt ≤

≤ aα2

( ∫
|zkn |≥1

|zkn |β dt
) 1

β
( ∫
|zkn |≥1

|zkn |
(λα−1) β

β−1 dt

)1− 1
β

≤

≤ aα2 (c β(λα−1)
β−1

)λα−1

( ∫
|zkn |≥1

|zkn |β dt
) 1

β

∥zkn∥λα−1
Ek

. (3.11)

Combining (3.4) with (3.9)–(3.11), we find that
∥z+kn

∥Ek
+ ∥z−kn

∥Ek
≥

≥ ⟨Az+kn
, z+kn

⟩ − ⟨Az−kn
, z−kn

⟩ − a2∥zkn
∥Ek

(
∥z+kn

∥Ek
+ ∥z−kn

∥Ek

)
−

−η

ϱ
∥zkn

∥Ek
− cσ

( ∫
|zkn |≥1

∣∣Gzkn
(t, zkn

)
∣∣α dt

) 1
α (

∥zkn
∥Ek

+ ∥zkn
∥Ek

)
≥

≥ ξ1∥z+kn
∥2Ek

− ξ−1∥z−kn
∥2Ek

− η

ϱ
∥zkn∥Ek

− 2a2∥zkn∥2Ek
−

−2cσ(a
α
2

[(
c β(λα−1)

β−1

)λα−1
( ∫
|zkn |≥1

|zkn |β dt
) 1

β
] 1

α

∥zkn∥
(λα−1)

α

Ek
∥zkn∥Ek

≥

≥ ξ1∥z+kn
∥2Ek

− ξ−1∥z−kn
∥2Ek

− η

ϱ
∥zkn∥Ek

−

−2a2∥zkn∥2Ek
− 2cσD̃0

(
∥zkn∥Ek

) (λα−1)+α
α , (3.12)

where D̃0 = [aα2 ((c β(λα−1)
β−1

)λα−1M̃0]
1
α , and ξ1 is the smallest positive eigen-

value, ξ−1 is the largest negative eigenvalue of the operator A, respectively.
From (3.6) and (3.12), there exists a positive constant D̃1 > 0 such that

D̃1

(
∥z+kn

∥Ek
+ ∥z−kn

∥Ek
+ ∥z0kn

∥Ek

)
≥

≥ ∥z+kn
∥Ek

+∥z−kn
∥Ek

+ξM̃1∥z0kn
∥Ek

≥∥z+kn
∥Ek

+∥z−kn
∥Ek

+ξ∥z0kn
∥2Ek

≥
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≥ ξ1∥z+kn
∥2Ek

− ξ−1∥z−kn
∥2Ek

+ ξ∥z0kn
∥2Ek

−

−η

ϱ
∥zkn∥Ek

− 2a2∥zkn∥2Ek
− 2cσD̃0

(
∥zkn∥Ek

) (λα−1)+α
α ≥

≥ ξ
(
∥z+kn

∥2Ek
+ ∥z−kn

∥2Ek
+ ∥z0kn

∥2Ek

)
−

−η

ϱ
∥zkn∥Ek

− 2a2∥zkn∥2Ek
− 2cσD̃0

(
∥zkn∥Ek

) (λα−1)+α
α , (3.13)

where ξ = min{ξ1,−ξ−1}. This implies that

D̃1 +
η

ϱ
≥ (ξ − 2a2)∥zkn∥Ek

− 2cσD̃0

(
∥zkn∥Ek

) (λα−1)
α , (3.14)

where 0 < (λα−1)
α < 1. Since ξ1 − 2a2 > 0, we have that {∥zkn∥Ek

}n∈N is
bounded. Going if necessary to a subsequence, we can assume that there
exists z ∈ Ek such that zkn ⇀ z, as n −→ +∞, in Ek, which implies
zkn

−→ z uniformly on [−kT, kT ]. Hence (I ′k(zkn
) − I ′k(z))(zkn

− z) → 0
and ∥zkn − z∥L2

[−kT,kT ]
→ 0. Set

Φ =

kT∫
−kT

(
Gzkn

(t, zkn(t))−Gz(t, z(t)), zkn − z
)
dt.

It is easy to check that Φ → 0 as n → +∞. Moreover, an easy computation
shows that(

I ′k(zkn
)− I ′k(z)

)
(zkn

− z) =
⟨
A(zkn

− z), (zkn
− z)

⟩
− Φ.

This implies ∥zkn − z∥Ek
→ 0. �

Lemma 3.2. Under the conditions of Theorem 1.1, for every k ∈ N the
system (2.2) possesses a 2kT -periodic solution.

Proof. The proof will be divided into three steps.

Step 1: Assume that 0 < ∥z∥Ek
≤ 1 for z ∈ E

(1)
k = E+

k . From (1.3) of (H4)
and (3.1), we have

kT∫
−kT

G(t, z(t)) dt ≤ 1

2

[ kT∫
−kT

z ·Gz(t, z(t)) dt+

kT∫
−kT

τk(t) dt

]
≤

≤ 1

2

[
a2

kT∫
−kT

|z(t)|λ+1 dt+ ∥τ∥L1

]
≤ 1

2

[
a2ϱ

λ+1∥z∥λ+1
Ek

+ ∥τ∥L1

]
≤

≤ 1

2

[
a2ϱ

λ+1∥z∥2Ek
+ ∥τ∥L1

]
. (3.15)



92 Chengjun Guo et al.

From (2.4) and (3.15), for z ∈ E
(1)
k = E+

k and 0 < ∥z∥Ek
≤ 1, we have

Ik(z) =
1

2
⟨Az, z⟩ −

kT∫
−kT

G(t, z) dt−
kT∫

−kT

z · hk(t) dt ≥

≥ ξ1
2
∥z∥2Ek

− 1

2

[
a2ϱ

λ+1∥z∥2Ek
+ ∥τ∥L1

]
− η

2ϱ
∥z∥Ek

≥

≥ 1

4
(ξ − 2a2ϱ

λ+1)∥z∥2Ek
+

ξ

4
∥z∥2Ek

−
(ηϱ + ∥τ∥L1)

2
. (3.16)

Note from (H5) that ξ − 2a2ϱ
λ+1 > 0. Set

ρ =
(2(ηϱ + ∥τ∥L1)

ξ

) 1
2 and α̃ =

ξ − 2a2ϱ
λ+1

4
.

Let Bρ denote the open ball in Ek with radius ρ about 0 and let ∂Bρ denote
its boundary. Let Sk = ∂Bρ ∩ E+

k . If z ∈ Sk, then ∥z∥Ek
=

( 2( η
ϱ+∥τ∥L1 )

ξ

) 1
2

(note that ||z||Ek
≤ 1 from (H5)) and thus (3.16) gives

Ik(z) ≥ α̃ z ∈ Sk.

Then (C3)(i) of Lemma 2.1 holds.
Step 2: Let e ∈ E+

k with ∥e∥Ek
= 1 and Ẽk = E−

k ⊕E0
k ⊕ span{e}. Let now

Θk =
{
z ∈ Ẽk : ∥z∥Ẽk

= 1
}
,

µ = inf
z∈E−

k ,∥z−∥Ek
=1

∣∣⟨Az−, z−⟩
∣∣, κ =

(2∥A∥
µ

)1/2

.

For z ∈ Θk, we write z = z− + z0 + z+.

I) If ∥z−∥Ek
> κ∥z+ + z0∥Ek

, then for any γ ≥ 2η(1+κ2)
ϱµκ2 > 0, we have

from (H1) that

Ik(γz) =
1

2
⟨Aγz−, γz−⟩+ 1

2
⟨Aγz+, γz+⟩−

−
kT∫

−kT

G(t, γz) dt−
kT∫

−kT

γz · hk(t) dt ≤

≤ −µ

2
γ2∥z−∥2Ek

+
∥A∥
2

γ2∥z+∥2Ek
+

η

2ϱ
γ ≤

≤ −µ

2
γ2∥z−∥2Ek

+
∥A∥
2

γ2∥z+ + z0∥2Ek
+

η

2ϱ
γ ≤

≤ −µ

2
γ2∥z−∥2Ek

+
∥A∥
2

γ2 1

κ2
∥z−∥2Ek

+
η

2
γ =

= −µ

4
γ2∥z−∥2Ek

+
η

2ϱ
γ ≤ 0; (3.17)
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note ∥z−∥2Ek
> κ2

1+κ2, since

1 = ∥z−∥2Ek
+ ∥z+ + z0∥2Ek

<
(1 + κ2)

κ2
∥z−∥2Ek

.

Let
∆k =

{
z ∈ Θk : ∥z−∥Ek

≤ κ∥z+ + z0∥Ek

}
.

II) If ∥z−∥Ek
≤ κ∥z+ + z0∥Ek

, we have
1 = ∥z∥2Ek

= ∥z−∥2Ek
+ ∥z+ + z0∥2Ek

≤ (1 + κ2)∥z+ + z0∥2Ek
, (3.18)

i.e.,
∥z+ + z0∥2Ek

≥ 1

(1 + κ2)
> 0. (3.19)

The argument in [6, pp. 6–7] guarantees that there exists εk1 > 0 such that,
∀u ∈ ∆k,

meas
{
t ∈ [0, 2kT ] : |u(t)| ≥ εk1

}
≥ εk1 . (3.20)

For z = z+ + z0 + z− ∈ ∆k, let
Ωz

k =
{
t ∈ [0, 2kT ] : |z(t)| ≥ εk1

}
.

By (H3), for Mk = ∥A∥
(εk1 )

3 > 0, there exists Lk such that

G(t, z) ≥ Mk|z|2, ∀ |z| ≥ Lk, uniformly in t. (3.21)
Let

γk ≥ max
{Lk

εk1
,

η

ϱ∥A∥

}
.

For γ ≥ γk, we have from (3.20) and (3.21) that
G(t, γz) ≥ Mk|γz|2 ≥ Mkγ

2(εk1)
2, ∀ t ∈ Ωz

k. (3.22)
From (H1) and (3.22), for γ ≥ γk we have for z ∈ ∆k that

Ik(γz) =
1

2
γ2⟨Az+, z+⟩+ 1

2
γ2⟨Az−, z−⟩−

−
kT∫

−kT

G(t, γz) dt−
kT∫

−kT

γz · hk(t) dt ≤
1

2
∥A∥γ2−

∫
Ωz

k

G(t, γz) dt+
η

2ϱ
γ ≤

≤ 1

2
∥A∥γ2 −Mkγ

2(εk1)
3 +

η

2ϱ
γ = − 1

2
∥A∥γ2 +

η

2ϱ
γ ≤ 0. (3.23)

Therefore we have shown that
Ik(γz) ≤ 0 for any z ∈ ∆k and γ ≥ γk. (3.24)

Let
E

(2)
k = E−

k ⊕ E0
k,

Qk =
{
γe : 0 ≤ γ ≤ 2γk

}
⊕
{
z ∈ E

(2)
k : ∥z∥Ek

≤ 2γk
}
.
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By (H2), (3.16)–(3.17) and (3.24) we have Ik|∂Qk
≤ 0, i.e., Ik satisfies

(C2)(ii) of the Lemma 2.1.
Step 3: (C3)(iii) (i.e. Sk links ∂Qk) holds from the definition of Sk and Qk

and [11, p. 32]. Thus (C3)(iii) holds.
From (H2)–(H5) and (2.3), (C1) and (C2) of Lemma 2.1 are true, so by

Lemma 2.1, Ik possesses a critical value ck given by
ck = inf

gk∈Υk

sup
uk∈Qk

Ik(gk(1, uk)), (3.25)

where Υk satisfies (Γ1) − (Γ3). Hence, for every k ∈ N, there is z∗k ∈ Ek

such that
Ik(z

∗
k) = ck, I ′k(z

∗
k) = 0. (3.26)

The function z∗k is a desired classical 2kT -periodic solution of (2.2). Since
ck ≥ α̃ = ξ−2a2ϱ

λ+1

4 > 0, z∗k is a nontrivial solution. �

Lemma 3.3. Let {z∗k}k∈N be the sequence given by Lemma 3.3. There
exists a z0 ∈ C(R,R2N ) such that z∗k → z0 in Cloc(R,R2N ) as k → +∞.

Proof. The first step in the proof is to show that the sequences {ck}k∈N
and {∥z∗k∥Ek

}k∈N are bounded. There exists ẑ∗1 ∈ E1 with ẑ∗1(±T ) = 0 such
that

c1 ≤ I1(ẑ
∗
1) = inf

g1∈Υ1

sup
u1∈Q1,u1(±T )=0

I1(g1(1, u1)). (3.27)

For every k ∈ N, let

ẑ∗k(t) =

{
ẑ∗1(t) for |t| ≤ T

0 for T < |t| ≤ kT
(3.28)

and g̃k : [0, 1]× Ek −→ Ek be a curve given by g̃k(t, z) ≡ z, where z ∈ Ek.
Then g̃k ∈ Υk and Ik(g̃k(1, ẑ

∗
k)) = I1(g̃1(1, z

∗
1)) = I1(z

∗
1) for all k ∈ N.

Therefore, from (3.25), (3.27) and (3.28),
ck ≤ Ik

(
g̃k(1, ẑ

∗
k)
)
= I1

(
g̃1(1, z

∗
1)
)
= I1(z

∗
1) ≡ M0. (3.29)

We now prove that {z∗k}k∈N is bounded.
Let z∗k = (z∗k)

0 + (z∗k)
+ + (z∗k)

− ∈ E0
k ⊕ E+

k ⊕ E−
k . From (1.3) of (H4),

(H5), (2.4), (3.1) and (3.29), there exists a constant ĉβ̂ > 0 such that (here
1

β̂
+ 1

β = 1)

2M0 ≥ 2Ik(z
∗
k)− ⟨I ′k(z∗k), z∗k⟩

=

kT∫
−kT

[
z∗k ·Gz∗

k
(t, z∗k)− 2G(t, z∗k)

]
dt−

kT∫
−kT

hk(t) · z∗k dt ≥

≥
kT∫

−kT

a1|z∗k|β dt−
kT∫

−kT

τk(t) dt−
kT∫

−kT

|hk(t)| |z∗k| dt ≥
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≥ a1∥z∗k∥
β

Lβ
2kT

− ∥τk∥L1
2kT

− cβ∥hk∥Lβ̂
2kT

∥z∗k∥Lβ
2kT

≥

≥ a1∥z∗k∥
β

Lβ
2kT

− ∥τ∥L1 − cβ ĉβ̂∥h∥L1∥z∗k∥Lβ
2kT

≥

≥ a1∥z∗k∥
β

Lβ
2kT

− ∥τ∥L1 − cβ ĉβ̂a3∥z
∗
k∥Lβ

2kT
. (3.30)

Since β > 1, this implies that there exists a constant M̃∗
0 > with

∥z∗k∥Lβ
2kT

≤ M̃∗
0 . (3.31)

Note dim(E0
k) < +∞, therefore there exists a constant M̃∗

1 > 0 such that

∥(z∗k)0||Ek
≤ M̃∗

1 . (3.32)

By using (3.1) and (3.8), we have (here 1
α + 1

σ = 1)

∥(z∗k)+∥Ek
≥

⟨
I ′k(z

∗
k), (z

∗
k)

+
⟩
=

= ⟨A(z∗k)+, (z∗k)+⟩ −
kT∫

−kT

[
(z∗k)

+ ·Gz∗
k
(t, z∗k)

]
dt−

kT∫
−kT

hk(t) · (z∗k)+ dt =

= ⟨A(z∗k)+, (z∗k)+⟩ −
( ∫
|z∗

k|≥1

+

∫
|z∗

k|<1

)[
(z∗k)

+ ·Gz∗
k
(t, z∗k)

]
dt−

−
kT∫

−kT

hk(t) · (z∗k)+ dt ≥

≥ ⟨A(z∗k)+, (z∗k)+⟩ −
η

2ϱ
∥z∗k∥Ek

−
∫

|z∗
k|<1

a2|z∗k| |(z∗k)+| dt−

−
( ∫
|z∗

k|≥1

|Gz∗
k
(t, z∗k)|α dt

) 1
α
( kT∫
−kT

|z+kn
|σ dt

) 1
σ

≥

≥ ⟨A(z∗k)+, (z∗k)+⟩ −
η

2ϱ
∥z∗k∥Ek

− a2∥z∗k∥Ek
∥(z∗k)+∥Ek

−

−
( ∫
|z∗

k|≥1

|Gz∗
k
(t, z∗k)|α dt

) 1
α

cσ∥z∗k∥Ek
(3.33)

and

∥(z∗k)−∥Ek
≥ ⟨I ′k(z∗k), (z∗k)−⟩

= ⟨A(z∗k)−, (z∗k)−⟩ −
kT∫

−kT

[
(z∗k)

− ·Gz∗
k
(t, z∗k)

]
dt−

kT∫
−kT

hk(t) · (z∗k)− dt =



96 Chengjun Guo et al.

= ⟨A(z∗k)−, (z∗k)−⟩ −
( ∫
|z∗

k|≥1

+

∫
|z∗

k|<1

)[
(z∗k)

− ·Gz∗
k
(t, z∗k)

]
dt−

−
kT∫

−kT

hk(t) · (z∗k)− dt ≥

≥ ⟨A(z∗k)−, (z∗k)−⟩ −
η

2ϱ
∥z∗k∥Ek

−
∫

|z∗
k|<1

a2|z∗k| |(z∗k)−| dt−

−
( ∫
|z∗

k|≥1

|Gz∗
k
(t, z∗k)|α dt

) 1
α
( kT∫
−kT

|z−kn
|σ dt

) 1
σ

≥

≥ ⟨A(z∗k)−, (z∗k)−⟩ −
η

2ϱ
∥z∗k∥Ek

− a2∥z∗k∥Ek
∥(z∗k)−∥Ek

−

−
( ∫
|z∗

k|≥1

|Gz∗
k
(t, z∗k)|α dt

) 1
α

cσ∥z∗k∥Ek
. (3.34)

Combining (3.11), (3.31) with (3.33)–(3.34), we have

∥(z∗k)−∥Ek
+ ∥(z∗k)+∥Ek

≥

≥ ξ1∥(z∗k)+∥2Ek
− ξ−1∥(z∗k)−∥2Ek

− η

ϱ
∥z∗k∥Ek

−

− 2a2∥z∗k∥2Ek
− 2cσD̃

∗
0∥z∗k∥

(λα−1)
α

Ek
∥z∗k∥Ek

, (3.35)

where

D̃∗
0 =

[
aα2

(
c β(λα−1)

β−1

)λα−1
M̃∗

0

] 1
α

.

From (3.32) and (3.35), there exists a positive constant D̃∗
1 > 0 such that

D̃∗
1(∥(z∗k)+∥Ek

+ ∥(z∗k)−∥Ek
+ ∥(z∗k)0∥Ek

) ≥

≥ ∥(z∗k)+∥Ek
+ ∥(z∗k)−∥Ek

+ ξM̃∗
1 ∥(z∗k)0∥Ek

≥
≥ ∥(z∗k)+∥Ek

+ ∥(z∗k)−∥Ek
+ ξ∥(z∗k)0∥2Ek

≥

≥ ξ
(
∥(z∗k)+∥2Ek

+ ∥(z∗k)−∥2Ek
+ |(z∗k)0∥2Ek

)
−

− η

ϱ
∥z∗k∥Ek

− 2a2∥z∗k∥2Ek
− 2cσD̃

∗
0

(
∥z∗k∥Ek

) (λα−1)+α
α . (3.36)

This implies that

D̃∗
1 +

η

ϱ
≥ (ξ − 2a2)∥z∗k∥Ek

− 2cσD̃
∗
0

(
∥z∗k∥Ek

) (λα−1)
α , (3.37)
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where 0 < (λα−1)
α < 1. Since ξ − 2a2 > 0, we have that {∥zkn∥Ek

}n∈N is
bounded. Hence (3.37) shows that there exists a constant M1 > 0 such that

∥z∗k∥Ek
≤ M1. (3.38)

We now show that for a large enough k,
∥z∗k∥L∞

2kT
≤ M2. (3.39)

If not (note (2.1) and (3.38)), by passing to a subsequence, without loss of
generality, for each k ∈ N , there exist z∗k, ℓk and ℓ̃k such that |z∗k(ℓk)| = M∗

k ,
|z∗k(ℓ̃k)|=1 and 1 ≤ |z∗k(t)| ≤M∗

k for t∈ (ℓ̃k, ℓk)⊆ [−kT, kT ] (and M∗
k →∞

as k→∞). Hence, we have from (1.3) of (H4), (H5) and (3.31) that

M∗
k − 1 = |z∗k(ℓk)| − |z∗k(ℓ̃k)| =

ℓk∫
ℓ̃k

d

ds
|z∗k(s)| ds =

=

ℓk∫
ℓ̃k

z∗k(s) ·
ż∗k(s)

|z∗k(s)|
ds ≤

ℓk∫
ℓ̃k

|ż∗k(s)| ds

≤
ℓk∫

ℓ̃k

∣∣Gz∗
k
(t, z∗k(s))

∣∣ ds+ ℓk∫
ℓ̃k

∣∣B(s)z∗k(s)
∣∣ ds+ ℓk∫

ℓ̃k

|hk(s)| ds ≤

≤
(
a2 + ∥B∥L∞

2kT

) ℓk∫
ℓ̃k

|z∗k(s)|λ ds+ ∥hk∥L1
2kT

≤

≤
(
a2+∥B∥L∞

2kT

) ℓk∫
ℓ̃k

|z∗k(s)|β ds+∥h∥L1 ≤ (since 1<λ<1+
β−1

β
<β)

≤
(
a2 + ∥B∥L∞

2kT

)
(M̃∗

0 )
β + a3, (3.40)

where a2, a3, ∥B∥L∞
2kT

and M̃∗
0 are k-independent constants. However, we

have M∗
k → ∞ as k → ∞, which leads to a contradiction. Hence there

exists a constant M2 > 0 such that
∥z∗k∥L∞

2kT
≤ (a2 + ∥B∥L∞

2kT
)(M̃∗

0 )
β + a3 + 1 = M2. (3.41)

This shows that (3.39) holds.
It remains now to show that {z∗k}k∈N is equicontinuous. It suffices to

prove that the sequence satisfies a Lipschitz condition with a constant, in-
dependent of k.

From (1.1) and (3.39), there exists a constant M3 > 0, independent of k
such that

|ż∗k(t)| = |J(Gz∗
k
(t, z∗k(t)) +B(t)z∗k(t) + hk(t))| ≤

≤ M3 (since ∥z∗k∥L∞
2kT

≤ M2)
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which implies
∥ż∗k∥L∞

2kT
≤ M3. (3.42)

Let k ∈ N and t, t0 ∈ R, then

∣∣z∗k(t)− z∗k(t0)
∣∣ = ∣∣∣∣

t∫
t0

ż∗k(s) ds

∣∣∣∣ ≤
t∫

t0

|ż∗k(s)| ds ≤ M3(t− t0).

Since {z∗k}k∈N is bounded in L∞
2kT (R,R2N ) and equicontinuous, we obtain

that the sequence {z∗k}k∈N converges to a certain z0 ∈ Cloc(R,R2N ) by
using the Arzelà–Ascoli theorem. �
Lemma 3.4. The function z0 determined by Lemma 3.4 is the desired
homoclinic solution of (1.1).

Proof. The proof will be divided into three steps.
Step 1: We prove that z0(t) → 0 as t → ±∞.

We have
+∞∫

−∞

|z0(t)|2 dt = lim
j→+∞

jT∫
−jT

|z0(t)|2 dt = lim
j→+∞

lim
k→+∞

jT∫
−jT

|z∗nk
(t)|2 dt.

Clearly, by (2.1) and (3.38), for every j ∈ N there exists nj ∈ N such that
for all k ≥ nj we have

jT∫
−jT

|z∗nk
(t)|2 dt ≤ ∥z∗nk

∥2Ek
≤ M2

1 ,

and now, letting j → +∞, we have
+∞∫

−∞

|z0(t)|2 dt ≤ M̃2
1 ,

and hence ∫
|t|≥m

|z0(t)|2 dt → 0 as m → +∞. (3.43)

Then (3.43) shows that our claim holds.
Step 2: We show that z0 ̸≡ 0 when h(t) ≡ 0.

Now, up to a subsequence, we have either
+∞∫

−∞

|z0(t)|2 dt = lim
j→+∞

jT∫
−jT

|z0(t)|2 dt =

= lim
j→+∞

lim
k→+∞

jT∫
−jT

|z∗nk
(t)|2 dt = 0, (3.44)
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or there exist α̂ > 0 such that
+∞∫

−∞

|z0(t)|2 dt = lim
j→+∞

jT∫
−jT

|z0(t)|2 dt =

= lim
j→+∞

lim
k→+∞

jT∫
−jT

|z∗nk
(t)|2 dt ≥ α̂ > 0. (3.45)

In the first case we shall say that z0 is vanishing and in the second that z0
is nonvanishing.

By assumptions (H2), (H3) and (1.4) of (H4), for any ε > 0 there exists
Cε > 0 such that ∣∣G(t, z∗nk

)
∣∣ ≤ ε|z∗nk

|2 + Cε|z∗nk
|λ+1. (3.46)

Hence, we have from (1.4) of (H4) and (3.46) that

kT∫
−kT

∣∣(z∗nk
)±

∣∣ ∣∣Gz∗
nk
(t, z∗nk

)
∣∣ dt ≤

≤ ε∥z∗nk
∥L2

2kT

∥∥(z∗nk
)±

∥∥
L2

2kT

+ a2∥z∗nk
∥λ+1

L
λ+1
2kT

,

kT∫
−kT

G(t, z∗nk
) dt ≤ ε∥z∗nk

∥2L2
2kT

+ Cε∥z∗nk
∥λ+1

L
λ+1
2kT

.

(3.47)

Arguing indirectly, we suppose that {z∗nk
}∞k=1 is bounded and vanishing.

We have from (3.44) and (3.47) that

lim
k→∞

kT∫
−kT

(z∗k)
± ·Gz∗

k
(t, z∗k) dt = lim

k→∞

kT∫
−kT

G(t, z∗k) dt = 0. (3.48)

Since ⟨I ′k(z∗nk
), (z∗nk

)±⟩ = 0, for some positive constant C̃, using (3.1) and
(3.47), we find that

ξ1
∥∥(z∗nk

)+
∥∥2
Ek

≤
⟨
A(z∗nk

)+, (z∗nk
)+

⟩
=

kT∫
−kT

(z∗nk
)+ ·Gz∗

nk
(t, z∗nk

) dt ≤

≤ ε∥z∗nk
∥Ek

∥∥(z∗nk
)+

∥∥
Ek

+ C̃∥z∗nk
∥λ+1
Ek

≤ ξ

8
∥z∗nk

∥2Ek
+ C̃∥z∗nk

∥λ+1
Ek

(3.49)

and

−ξ−1

∥∥(z∗nk
)−

∥∥2
Ek

≤−
⟨
A(z∗nk

)−, (z∗nk
)−

⟩
=−

kT∫
−kT

(z∗nk
)−k ·Gz∗

nk
(t, z∗nk

) dt ≤

≤ ε∥z∗nk
∥Ek

∥∥(z∗nk
)−

∥∥
Ek

+ C̃∥z∗nk
∥λ+1
Ek

≤ ξ

8

∥∥z∗nk

∥∥2
Ek

+ C̃∥z∗nk
∥λ+1
Ek

. (3.50)
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Note that dim(E0
k) < +∞, there exist two positive constants b̃1, and b̃2

such that

b̃1
∥∥(z∗nk

)0
∥∥
L2

2kT

≤
∥∥(z∗nk

)0
∥∥
Ek

≤ b̃2
∥∥(z∗nk

)0
∥∥
L2

2kT

≤ b̃2∥z∗nk
∥L2

2kT
. (3.51)

From (3.44) and (3.51) we have

ξ
∥∥(z∗nk

)0
∥∥2
Ek

≤ ξb̃2
∥∥(z∗nk

)0
∥∥
L2

2kT

−→ 0 as k −→ ∞. (3.52)

Now (3.52) implies that there exists a positive constant bε(0 < bε ≤ ξ
4 ) such

that
ξ
∥∥(z∗nk

)0
∥∥2
Ek

≤ bε∥z∗nk
∥2Ek

. (3.53)

Hence, from (3.49), (3.50) and (3.53) we obtain that

ξ
(∥∥(z∗nk

)+
∥∥2
Ek

+
∥∥(z∗nk

)−
∥∥2
Ek

+
∥∥(z∗nk

)0
∥∥2
Ek

)
≤

≤ ξ1
∥∥(z∗nk

)+
∥∥2
Ek

+ ξ−1

∥∥(z∗nk
)−

∥∥2
Ek

+ ξ
∥∥(z∗nk

)0
∥∥2
Ek

≤

≤ ξ

2
∥z∗nk

∥2Ek
+ 2C̃∥z∗nk

∥λ+1
Ek

,

and ∥z∗nk
∥Ek

≥ ζ̃ for some ζ̃ > 0.
On the other hand, from (3.44), (3.48) and (3.53), we have∥∥(z∗nk

)±
∥∥2
Ek

→ 0 and
∥∥(z∗nk

)0
∥∥2
Ek

→ 0 as k → ∞.

This means that ∥z∗nk
∥Ek

→ 0 as k → ∞, which leads to a contradiction.
Hence {z∗k} is nonvanishing, so (3.45) holds, and this shows that our claim
holds.
Step 3: We show that z0(t) is a nontrivial homoclinic solution of (1.1).
Proof. According to step 2, z0(t) ̸≡ 0, it suffices to prove that for any
φ ∈ C∞

0 (R,R2N ),

+∞∫
−∞

(ż0(t)− JHz0(t, z0(t))) · φ(t) dt = 0. (3.54)

By step 1, we can choose k0 such that suppφ ⊆ [−kiT, kiT ] for all ki ≥ k0,
and we have for ki ≥ k0

+∞∫
−∞

{
ż∗ki

(t)− J
[
B(t)z∗ki

(t) +Gz∗
ki
(t, z∗ki

(t)) + hki
(t)

]}
· φ(t) dt = 0. (3.55)

By (3.43) and (3.55), letting ki → ∞ we get (3.54), which shows z0(t) is a
nontrivial homoclinic solution of (1.1). �

Proof of Theorem 1.1. The result follows from Lemma 3.4. �



The Existence of Homoclinic Orbits. . . 101

Acknowledgements

This project is supported by National Natural Science Foundation of
China (No. 51275094), by China postdoctoral science foundation
(No. 20110490893) and by Natural Science Foundation of Guangdong Pro-
vince (No. 10151009001000032).

References
1. V. Coti Zelati, I. Ekeland, and É. Séré, A variational approach to homoclinic

orbits in Hamiltonian systems. Math. Ann. 288 (1990), No. 1, 133–160.
2. V. Coti Zelati and P. H. Rabinowitz, Homoclinic orbits for second order Hamil-

tonian systems possessing superquadratic potentials. J. Amer. Math. Soc. 4 (1991),
No. 4, 693–727.

3. Y. H. Ding, Existence and multiplicity results for homoclinic solutions to a class of
Hamiltonian systems. Nonlinear Anal. 25 (1995), No. 11, 1095–1113.

4. Y. H. Ding and M. Girardi, Periodic and homoclinic solutions to a class of Hamil-
tonian systems with the potentials changing sign. Dynam. Systems Appl. 2 (1993),
No. 1, 131–145.

5. Y. H. Ding and L. Jeanjean, Homoclinic orbits for a nonperiodic Hamiltonian
system. J. Differential Equations 237 (2007), No. 2, 473–490.

6. G. Fei, On periodic solutions of superquadratic Hamiltonian systems. Electron. J.
Differential Equations 2002, No. 8, 12 pp. (electronic).

7. Ch. Guo, D. O’Regan, Yu. Xu, and R. P. Agarwal, Homoclinic orbits for a
singular second-order neutral differential equation. J. Math. Anal. Appl. 366 (2010),
No. 2, 550–560.

8. Ch. Guo, D. O’Regan, Yu. Xu, and R. P. Agarwal, Existence of subharmonic
solutions and homoclinic orbits for a class of even higher order differential equations.
Appl. Anal. 90 (2011), No. 7, 1169–1183.

9. H. Hofer and K. Wysocki, First order elliptic systems and the existence of homo-
clinic orbits in Hamiltonian systems. Math. Ann. 288 (1990), No. 3, 483–503.

10. M. Izydorek and J. Janczewska, Homoclinic solutions for a class of the second
order Hamiltonian systems. J. Differential Equations 219 (2005), No. 2, 375–389.

11. P. H. Rabinowitz, Minimax methods in critical point theory with applications to
differential equations. CBMS Regional Conference Series in Mathematics, 65. Pub-
lished for the Conference Board of the Mathematical Sciences, Washington, DC; by
the American Mathematical Society, Providence, RI, 1986.

12. P. H. Rabinowitz, Homoclinic orbits for a class of Hamiltonian systems. Proc. Roy.
Soc. Edinburgh Sect. A 114 (1990), No. 1-2, 33–38.

13. P. H. Rabinowitz and K. Tanaka, Some results on connecting orbits for a class of
Hamiltonian systems. Math. Z. 206 (1991), No. 3, 473–499.

14. É. Séré, Looking for the Bernoulli shift. Ann. Inst. H. Poincaré Anal. Non Linéaire
10 (1993), No. 5, 561–590.

15. C. A. Stuart, Bifurcation into spectral gaps. Bull. Belg. Math. Soc. Simon Stevin
1995, suppl., 59 pp.

16. A. Szulkin and W. Zou, Homoclinic orbits for asymptotically linear Hamiltonian
systems. J. Funct. Anal. 187 (2001), No. 1, 25–41.

17. X. Xu, Sub-harmonics of first order Hamiltonian systems and their asymptotic be-
haviors. Nonlinear differential equations, mechanics and bifurcation (Durham, NC,
2002). Discrete Contin. Dyn. Syst. Ser. B 3 (2003), No. 4, 643–654.

18. X. Xu, Homoclinic orbits for first order Hamiltonian systems with convex potentials.
Adv. Nonlinear Stud. 6 (2006), No. 3, 399–410.

(October 29, 2013)



102 Chengjun Guo et al.

Authors’ addresses:

Chengjun Guo and Chengjiang Wang
School of Applied Mathematics, Guangdong University of Technology,

Guangzhou, 510006, China.

Donal O’Regan
School of Mathematics, Statistics and Applied Mathematics, National

University of Ireland, Galway, Ireland.
E-mail: donal.oregan@nuigalway.ie

Ravi P. Agarwal
Department of Mathematics, Texas A and M University-Kingsville, Texas,

78363, USA.
E-mail: Ravi.Agarwal@tamuk.edu


