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The boundary value problem

dx(t) = dA(t) � f

�

t; x(t)

�

; x

i

(t

i

) = '

i

(x) (i = 1; : : : ; n) (1)

is considered, where A : [a; b]! R

n�n

is a matrix-function with of compo-

nents bounded variation, f is a vector-function belonging to the Caratheo-

dory class corresponding to A; t

1

; : : : ; t

n

2 [a; b], x = (x

i

)

n

i=1

and '

1

; : : : ; '

n

are the continuous functionals, in general nonlinear, given on the space of

all vector-functions of bounded variation. The sequence of problems

dx(t) = dA

m

(t) � f

m

�

t; x(t)

�

; x

i

(t

im

) = '

im

(x) (i = 1; : : : ; n) (1

m

)

(m = 1; 2; : : : )

is considered along with (1).

Su�cient conditions are given which guarantee both solvability of the

problem (1

m

) for any su�ciently large m and convergence of its solutions

as m ! +1 to the solution of the problem (1), provided this problem

is solvable. Di�erence schemes of numerical solutions for the multipoint

di�erential and di�erence problems are constructed.

Multipoint boundary value problem, system

of generalized di�erential equations, correct problem, system of ordinary

di�erential and di�erence equations.

reziume. ganxilulia Semdegi sasazGvro amocana

dx(t) = dA(t) � f(t; x(t)); x

i

(t

i

) = '

i

(x) (i = 1; : : : ; n); (1)

sadac A : [a; b] ! R

n�n

aris sasruli variaciis komponentebiani ma-

triculi Punqcia, f aris A-s Sesabamisi karaTeodoris klasis Punqcia;

t

1

; : : : ; t

n

2 [a; b], x = (x

i

)

n

i=1

, xolo '

1

; : : : ; '

n

arian sasruli variaciis

veqtor-PunqciaTa sivrceze gansazGvruli sazogadod araCrPivi uCK-

veti Punqcionalebi. (1)-is paralelurad ganxilulia sasazGvro amo-

canebis mimdevroba

dx(t) = dA

m

(t) � f

m

(t; x(t)); x

i

(t

im

) = '

im

(x) (i = 1; : : : ; n) (1

m

)

(m = 1; 2; : : : ):

moKvanilia sakmarisi pirobebi, romlebic uzrunvelKoPen rogorc (1

m

)

amocanis amoxsnadobas sakmarisad didi m-Tvis, agreTve maTi amonaxsnebis

krebadobas (1) amocanis amonaxsnisken, roca m ! +1, Tuki es amocana

amoxsnadia. mravalCertilovani diPerencialuri da sxvaobiani amo-

canebis ricxviTi amonaxsnebis sapovnelad agebulia sxvaobiani sqemebi.
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3

x

1. Statement of the Problem and Formulation of Main

Results

Let t

1

; : : : ; t

n

2 [a; b]; A

0

= (a

ik0

)

n

i;k=1

: [a; b] ! R

n�n

be a matrix-

function with bounded variation components; a

ik0

(t) � a

1ik

(t) � a

2ik

(t),

where a

jik

is a function nondecreasing on every interval [a; t

i

[ and ]t

i

; b]

for j 2 f1; 2g and i; k 2 f1; : : : ; ng; let A

(j)

(t) �

�

a

jik

(t)

�

n

i;k=1

(j = 1; 2);

f

0

= (f

i0

)

n

i=1

: [a; b] � R

n

! R

n

be a vector-function belonging to the

Caratheodory class corresponding to the matrix-function A

0

, and let '

i

:

BV

S

�

[a; b]; R

n

�

! R (i = 1; : : : ; n) be continuous functionals, in general

nonlinear.

For the system of generalized ordinary di�erential equations

dx(t) = dA

0

(t) � f

0

�

t; x(t)

�

; (1.1)

consider the multipoint boundary value problem

x

i

(t

i

) = '

i

(x) (i = 1; : : : ; n): (1.2)

Consider a sequence of matrix-functions of bounded variationA

m

: [a; b]!

R

n�n

(m = 1; 2; : : : ), a sequence of vector-functions f

m

= (f

im

)

n

i=1

:

[a; b]�R

n

! R

n

(m = 1; 2; : : : ) belonging to the Caratheodory class corre-

sponding to the matrix-function A

m

, a sequences of points t

1m

; : : : ; t

nm

2

[a; b] (m = 1; 2; : : : ) and sequence of continuous functionals '

1m

; : : : ; '

nm

:

BV

S

�

[a; b]; R

n

�

! R (m = 1; 2; : : : ).

In this paper, su�cient conditions are given guaranteeing both solvability

of the problem

dx(t) = dA

m

(t) � f

m

�

t; x(t)

�

; (1:1

m

)

x

i

(t

im

) = '

im

(x) (i = 1; : : : ; n) (1:2

m

)

for any su�ciently large m and the convergence of its solutions as m !

+1 to the solution of the problem (1.1), (1.2), provided this problem is

solvable.Moreover, a method of construction of the solution of the problem

(1.1), (1.2) is considered.

Analogous results can be found in [1] for the Cauchy-Nicolletti's bound-

ary value problem ('

i

(x) = c

i

, c

i

= const) and in [2{4, 13{15] for the

multipoint boundary value problems for the systems of ordinary di�eren-

tial, functional di�erential and di�erence equations.

The theory of generalized ordinary di�erential equations enables one to

investigate ordinary di�erential and di�erence equations from the common

standpoint. Moreover, convergence conditions for the di�erence schemes

corresponding to the boundary value problems for the systems of ordinary

di�erential equations can be deduced from correctness results of appropriate

boundary value problems for systems of generalized ordinary di�erential

equations [1, 5{11].

Throughout this paper, the use will be made of the following notation

and de�nitions.
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R =]�1;+1[, R

+

= [0;+1[; [a; b] (a; b 2 R) is a closed segment.

R

n�m

is the space of all real n � m-matrices X = (x

ij

)

n;m

i;j=1

with the

norm

kXk = max

j=1;:::;m

n

X

i=1

jx

ij

j;

R

n�m

+

=

�

(x

ij

)

n;m

i;j=1

: x

ij

� 0 (i = 1; : : : ; n; j = 1; : : : ;m)

	

:

If X = (x

ij

)

n;m

i;j=1

2 R

n�m

, then

jX j =

�

jx

ij

j

�

n;m

i;j=1

; [X ]

+

=

�

jx

ij

j+ x

ij

2

�

n;m

i;j=1

:

R

n

= R

n�1

is the space of all real column n-vectors x = (x

i

)

n

i=1

; R

n

+

=

R

n�1

+

.

If X 2 R

n�n

, then X

�1

and det(X) are, respectively, the matrix inverse

to X and the determinant of X ; I

n

is the identity n� n-matrix; O

n

is the

zero n � n-matrix; �

ij

is the Kroneker symbol, i.e., �

ij

= 1 if i = j and

�

ij

= 0 if i 6= j (i; j = 1; : : : ; n).

b

_

a

(X) is the total variation of the matrix-function X : [a; b]! R

n�m

, i.e.,

the sum of total variations of the latter's components x

ij

(i = 1; : : : ; n; j =

1; : : : ;m); V (X)(t) =

�

v(x

ij

)(t)

�

n;m

i;j=1

, where v(x

ij

)(a) = 0 and v(x

ij

)(t) =

t

_

a

(x

ij

) for a < t � b (i = 1; : : : ; n; j = 1; : : : ;m).

X(t�) and X(t+) are the left and the right limits of the matrix-function

X : [a; b]! R

n�m

at the point t;

1

d

1

X(t) = X(t)�X(t�); d

2

X(t) = X(t+)�X(t);

kXk

S

= sup

�

kX(t)k : t 2 [a; b]

	

:

BV ([a; b]; R

n�m

) is the set of all matrix-functions of bounded variation

X : [a; b] ! R

n�m

(i.e., such that

b

_

a

(X) < +1, BV

v

([a; b]; R

n

) is the

Banach space (BV ([a; b]; R

n

); k � k

v

) with the norm

kxk

v

= kx(a)k+

b

_

a

(x);

BV

S

�

[a; b]; R

n

�

is the normed space (BV ([a; b]; R

n

); k � k

S

);

BV

S

�

[a; b]; R

n

+

�

=

�

x 2 BV

S

([a; b]; R

n

) : x(t) 2 R

n

+

for t 2 [a; b]

	

:

If y 2 BV

�

[a; b]; R

n

�

and r 2]0;+1[, then

U

n

(y; r) =

�

x 2 BV

S

([a; b]; R

n

) : kx� yk

S

< r

	

;

D

n

(y; r) is the set of all x 2 R

n

such that inf

�

kx�y(�)k : � 2 [a; b]

	

< r.

1

We will, if necessary, assume that X(t) = X(a) and X(t) = X(b), respectively, for

t � a and t � b.
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If D � R is an interval, then C(D;R

n

) is the set of all continuous vector-

functions x : D ! R

n

;

C(D;R

n

+

) =

�

x 2 C(D;R

n

) : x(t) 2 R

n

+

for t 2 [a; b]

	

:

If � 2 BV ([a; b]; R) has not more than a �nite number of discontinuity

points and m 2 f1; 2g, then D

�m

= ft

�m

1

; : : : ; t

�mn

�m

g (t

�m

1

< � � � <

t

�mn

�m

) is the set of all points t 2 [a; b] for which d

m

�(t) 6= 0;

�

�m

= max

�

d

m

�(t) : t 2 D

�m

	

(m = 1; 2);

�

�m�j

= max

�

d

j

�(t

�ml

) +

+

X

t

�m;l+1�m

<�<t

�m;l+2�m

d

j

�(�) : l = 1; : : : ; n

�m

	

for � 2 BV

�

[a; b]; R

�

(j;m = 1; 2); here t

�1n

�1

+ 1 = b+ 1, t

�20

= a� 1.

If � 2 BV ([a; b]; R), then

�

�ji

(t) = (�1)

j

�

�(t)� �(t

i

)

�

� d

j

�(t

i

) for t 2 [a; b]

(j = 1; 2; i = 1; : : : ; n):

If g : [a; b] ! R is a nondecreasing function, x : [a; b] ! R and a � s <

t � b, then

t

Z

s

x(�)dg(�) =

Z

]s;t[

x(�)dg(�) + x(t)d

1

g(t) + x(s)d

2

g(s);

where

R

]s;t[

x(�)dg(�) is the Lebesgue-Stieltjes integral over the open interval

]s; t[ with respect to the measure �

g

corresponding to the function g (if

s = t, then

R

t

s

x(�)dg(�) = 0);

L

p

([a; b]; R; g) (1 � p < +1) is the space of all �

g

-measurable functions

x : [a; b]! R such that

R

b

a

jx(t)j

p

dg(t) < +1 with the norm

kxk

p;g

=

�

b

Z

a

jx(t)j

p

dg(t)

�

1

p

;

L

+1

�

[a; b]; R; g

�

is the space of all �

g

-measurable essentially bounded

functions x : [a; b]! R with the norm

kxk

+1;g

= ess sup

�

jx(t)j : t 2 [a; b]

	

:
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s

k

: BV

�

[a; b]; R

�

! BV

�

[a; b]; R

�

(k = 0; 1; 2) are the operators de�ned

by

s

1

(x)(a) = s

2

(x)(a) = 0;

s

1

(x)(t) =

X

a<��t

d

1

x(�); s

2

(x)(t) =

X

a��<t

d

2

x(�) for t 2 (a; b];

s

0

(x)(t) � x(t)� s

1

(x)(t) � s

2

(x)(t):

A matrix-function is said to be nondecreasing if every its components are

such.

If G = (g

ik

)

l;n

i;k=1

: [a; b] ! R

l�n

is a nondecreasing matrix-function

and D � R

n�m

, then L

�

[a; b]; D;G

�

is the set of all matrix-functions X =

(x

kj

)

n;m

k;j=1

: [a; b] ! D such that x

kj

2 L

1

�

[a; b]; R; g

ik

�

(i = 1; : : : ; l; k =

1; : : : ; n; j = 1; : : : ;m);

t

Z

s

dG(�) �X(�) =

�

n

X

k=1

t

Z

s

x

kj

(�)d g

ik

(�)

�

l;m

i;j=1

for a � s � t � b:

S

j

(G)(t) �

�

s

j

(g

ik

)(t)

�

l;n

i;k=1

(j = 0; 1; 2):

If D

1

� R

n

and D

2

� R

n�m

, then K

�

[a; b]�D

1

; D

2

;G

�

is the Caratheo-

dory class, i.e., the set of all mappings F = (f

kj

)

n;m

k;j=1

: [a; b] � D

1

! D

2

such that for each i 2 f1; : : : ; lg, j 2 f1; : : : ;mg and k 2 f1; : : : ; ng: (a)

the function f

kj

(�; x) : [a; b]! D

2

is �

gik

-measurable for every x 2 D

1

; (b)

the function f

kj

(t; �) : D

1

! D

2

is continuous for �

g

ik

-almost everywhere

t 2 [a; b], and

sup

�

jf

kj

(�; x)j : x 2 D

0

	

2 L

�

[a; b]; R; g

ik

�

for every compact D

0

� D

1

.

If G

j

: [a; b] ! R

l�n

(j = 1; 2) are nondecreasing matrix-functions,

G = G

1

�G

2

and X : [a; b]! R

n�m

, then

t

Z

s

dG(�) �X(�) =

t

Z

s

dG

1

(�) �X(�)�

t

Z

s

dG

2

(�) �X(�) for a � s � t � b;

S

k

(G) = S

k

(G

1

)� S

k

(G

2

) (k = 0; 1; 2);

K

�

[a; b]�D

1

; D

2

;G

�

=

2

\

j=1

K

�

[a; b]�D

1

; D

2

;G

�

:

If B 2 BV

�

[a; b]; R

n

�

, then M

�

[a; b]�R

+

; R

n

+

;B

�

is the set of all vector-

functions ! 2 K

�

[a; b]� R

+

; R

n

+

;B

�

such that !(t; �) is nondecreasing and

!(t; �) = 0 for t 2 [a; b].

Inequalities between both vectors and matrices are understood compo-

nentwise.
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If B

1

and B

2

are normed spaces, then the operator ' : B

1

! B

2

is called

positively homogeneous if

'(�x) = �'(x)

for every � 2 R

+

and x 2 B

1

.

An operator ' : BV

S

�

[a; b]; R

n

�

! R

n

is called nondecreasing if for every

x; y 2 BV

S

�

[a; b]; R

n

�

such that x(t) � y(t) for t 2 [a; b], the inequality

'(x)(t) � '(y)(t)

is ful�lled for t 2 [a; b].

A vector-function x 2 BV

�

[a; b]; R

n

�

is said to be a solution of the system

(1.1) if

x(t) = x(s) +

t

Z

s

dA

0

(�) � f

0

�

�; x(�)

�

for a � s � t � b:

Under a solution of the system of generalized ordinary di�erential in-

equalities

dx(t) � dA

0

(t) � f

0

�

t; x(t)

�

we understand a vector-function x 2 BV

�

[a; b]; R

n

�

such that

x(t) � x(s) +

t

Z

s

dA

0

(�) � f

0

�

�; x(�)

�

for a � s � t � b:

A solution of the system

dx(t) � dA

0

(t) � f

0

�

t; x(t)

�

is de�ned analogously.

Let l : BV

S

�

[a; b]; R

n

�

! R

n

be a linear continuous opera-

tor, and let l

0

: BV

S

�

[a; b]; R

n

�

! R

n

+

be a positive homogeneous continuous

operator. We will say that a matrix-function P : [a; b]�R

n

! R

n�n

satis�es

the Opial condition with respect to the triplet (l; l

0

;A

0

) if

(a) P 2 K

�

[a; b] � R

n

; R

n�n

;A

0

�

, and there exists a matrix-function

� 2 L

�

[a; b]; R

n�n

+

;A

0

�

such that

jP (t; x)j � �(t) on [a; b]�R

n

;

(b) for every B 2 BV

�

[a; b]; R

n�n

�

,

det

�

I

n

+ (�1)

j

d

j

B(t)

�

6= 0 for t 2 [a; b] (j = 1; 2)

and the problem

dx(t) = dB(t) � x(t); jl(x)j � l

0

(x)
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has only trivial solution provided there exists a sequence y

k

2 BV

�

[a; b]; R

n

�

(k = 1; 2; : : : ) such that

lim

k!+1

t

Z

a

dA

0

(�) � P

�

�; y

k

(�)

�

= B(t) uniformly on [a; b]:

Let x

0

be a solution of the problem (1.1), (1.2) and let r be a positive

number.

The solution x

0

is said to be strongly isolated in the ra-

dius r if there exist P 2 K

�

[a; b] � R

n

; R

n�n

; A

0

�

, q 2 K

�

[a; b] � R

n

;

R

n

;A

0

�

, a linear continuous operator l : BV

S

�

[a; b]; R

n

�

! R

n

, a positive

homogeneous continuous operator l

0

: BV

S

�

[a; b]; R

n

�

! R

n

and a continu-

ous operator

e

l : BV

S

�

[a; b]; R

n

�

! R

n

such that

(a) f

0

(t; x) = P (t; x)x + q(t; x) for t 2 [a; b], kx � x

0

(t)k < r and the

equality h(x) = l(x) +

e

l(x) is ful�lled on u

n

(x

0

; r);

(b) the vector-functions �(t; �) = max

�

jq(t; x)j : kxk � �

	

and �(�) =

sup

�

[j

e

l(x)j � l

0

(x)]

+

: kxk

S

� �

	

satisfy

lim

�!+1

1

�

b

Z

a

d

�

A

(1)

(t) +A

(2)

(t)

�

� �(t; �) = 0; lim

�!+1

�(�)

�

= 0;

(c) the problem

dx(t) = dA

0

(t) �

�

P (t; x(t))x(t) + q

�

t; x(t)

��

;

l(x) +

e

l(x) = 0

has no solution di�ering from x

0

;

(d) the matrix-function P satis�es the Opial condition with respect to

the triplet (l; l

0

;A

0

).

Let h(x) =

�

h

i

(x)

�

n

i=1

, h

i

(x) = x

i

(t

i

)�'

i

(x) (i = 1; : : : ; n) and h

m

(x) =

�

h

im

(x)

�

n

i=1

, h

im

(x) = x

i

(t

im

) � '

im

(x) (i = 1; : : : ; n; m = 1; 2; : : : ) for

x = (x

l

)

n

l=1

2 BV

�

[a; b]; R

n

�

. By W

r

(A

0

; f

0

; h; x

0

) we denote the set of all

sequences (A

m

; f

m

; h

m

) (m = 1; 2; : : : ) such that

(a) lim

m!+1

t

Z

a

dA

m

(�) � f

m

(�; x) =

t

Z

a

dA

0

(�) � f

0

(�; x) uniformly on [a; b]

for every x 2 D

n

(x

0

; r);

(b) lim

m!+1

h

m

(x) = h(x) uniformly on U

n

(x

0

; r);
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(c) there exists a sequence !

m

2M

�

[a; b]�R

+

; R

n

+

; A

m

�

(m = 1; 2; : : : )

such that

sup

�







b

Z

a

d V (A

m

)(t) � !

m

(t; r)







: m = 1; 2; : : :

�

< +1; (�)

lim

s!0+

sup

�







b

Z

a

d V (A

m

)(t) � !

m

(t; s)







: m = 1; 2; : : :

�

= 0 (��)

and

jf

m

(t; x)�f

m

(t; y)j � !

m

�

t; kx�yk

�

on [a; b]�D

n

(x

0

; r) (m = 1; 2; : : : ):

Remark 1.1. If for every natural k there exists a positive number �

k

such

that

!

m

(t; k�) � �

k

!

m

(t; �) for � > 0; t 2 [a; b] (m = 1; 2; : : : );

then the condition (*) follows from the condition (**). In particular, this is

the case for the sequence of vector-functions

!

m

(t; �) = max

�

jf

m

(t; x)� f

m

(t; y)j : kxk � kx

0

k

S

+ r;

kyk � kx

0

k

S

+ r; kx� yk � �

	

(m = 1; 2; : : : ):

The problem (1.1), (1.2) is said to be (x

0

; r)- correct if for

every " 2]0; r[ and

�

(A

m

; f

m

; h

m

)

�

+1

m=1

2 W

r

(A

0

; f

0

; h; x

0

) there exists a

natural m

0

such that the problem (1.1

m

), (1.2

m

) has at least one solution

contained in U

n

(x

0

; r), and every such solution belongs to the ball U

n

(x

0

; ")

for any m � m

0

.

The problem (1.1), (1.2) is said to be correct if it has a

unique solution x

0

, and it is (x

0

; r)-correct for every r > 0.

We say that the pair ((c

il

)

n

i;l=1

; ('

oi

)

n

i=1

) consisting of a

matrix-function (c

il

)

n

i;l=1

2 BV

�

[a; b], R

n�n

�

and a positively homogeneous

nondecreasing operator ('

oi

)

n

i=1

: BV

S

�

[a; b], R

n

+

�

! R

n

+

) belongs to the

set U(t

1

; : : : ; t

n

) if the functions c

il

(i 6= l; i; l = 1; : : : ; n) are nondecreasing

on [a; b] and continuous at the point t

i

,

d

j

c

ii

(t) � 0 for t 2 [a; b] (j = 1; 2; i = 1; : : : ; n) (1.3)

and the problem

�

dx

i

(t)� sign(t� t

i

)

n

X

l=1

x

l

(t)dc

il

(t)

�

sign(t� t

i

) � 0 (i = 1; : : : ; n);

(�1)

j

d

j

x

i

(t

i

) � x

i

(t

i

)d

j

c

ii

(t

i

) (j = 1; 2; i = 1; : : : ; n);

(1.4)

x

i

(t

i

) � '

oi

�

jx

1

j; : : : ; jx

n

j

�

(i = 1; : : : ; n) (1.5)
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has no nontrivial non-negative solution.

Consider one method of construction of the solution of the problem (1.1),

(1.2). We take an arbitrary vector-function (x

i0

)

n

i=1

2 BV

�

[a; b], R

n

�

as the

zero approximation of the solution of the problem (1.1), (1.2). If the (m�1)-

th approximation has been constructed, then as the m-th approximation we

take a vector-function (x

im

)

n

i=1

2 BV

�

[a; b], R

n

�

whose i-th component is

the solution of the Cauchy problem

dx

im

(t) =

n

X

l=1

f

lo

�

t; x

1m�1

(t); : : : ; x

i�1m�1

(t); x

im

(t);

x

i+1m�1

(t); : : : ; x

nm�1

(t)

�

da

ilo

(t) (i = 1; : : : ; n); (1.6)

x

im

(t

i

) = '

i

(x

1m�1

; : : : ; x

nm�1

) (i = 1; : : : ; n): (1.7)

Let the conditions

(�1)

�+1

f

k0

(t; x

1

; : : : ; x

n

) sign

�

(t� t

i

)x

i

�

�

n

X

l=1

p

�ikl

(t)jx

l

j+ q

k

�

t; kxk

�

for �

a

�ik

-almost everywhere t 2 [a; b]nft

i

g (i; k = 1; : : : ; n) (1.8)

and

�

(�1)

�+j+1

f

k0

(t

i

; x

1

; : : : ; x

n

) signx

i

�

n

X

l=1

�

�ikjl

jx

l

j �

�q

k

�

t

i

; kxk

�

�

d

j

a

�ik

(t

i

) � 0 (j = 1:2; i; k = 1; : : : ; n) (1.9)

be ful�lled on R

n

for every � 2 f1; 2g, and let the inequalities

j'

i

(x

1

; : : : ; x

n

)j � '

oi

�

jx

1

j; : : : ; jx

n

j

�

+ 

�

n

X

l=1

kx

l

k

s

�

(i = 1; : : : ; n) (1.10)

be ful�lled on BV

�

[a; b]; R

n

�

, where �

�ikjl

2 R (j; � = 1; 2; i; k; l = 1; : : : ; n);

�

p

�ikl

�

n

k;l=1

2 L

�

[a; b],R

n�n

; A

(�)

�

(� = 1; 2; i = 1; : : : ; n), q = (q

k

)

n

k=1

2

K

�

[a; b] � R

+

; R

n

+

; A

(�)

�

(� = 1; 2) is a vector-function nondecreasing in

the second variable,  2 C(R

+

; R

+

) and

lim

�!+1

1

�

b

Z

a

d

�

A

(1)

(t) + A

(2)

(t)

�

� q(t; �) = 0; lim

�!+1

(�)

�

= 0: (1.11)



11

Moreover, let there exist a matrix-function (c

il

)

n

i;l=1

2 BV

�

[a; b], R

n�n

�

such that

�

(c

il

)

n

i;l=1

; ('

oi

)

n

i=1

�

2 U(t

1

; : : : ; t

n

); (1.12)

2

X

�=1

n

X

k=1

t

Z

s

p

�ikl

(�) da

�ik

(�) � c

il

(t)� C

il

(s)

for a � s < t < t

i

and t

i

< s < t � b (i; l = 1; : : : ; n) (1.13)

and

2

X

�=1

n

X

k=1

�

�ikjl

d

j

a

�ik

(t

i

) � �

il

d

j

c

ii

(t

i

)

(j = 1; 2; i; l = 1; : : : ; n): (1.14)

If the problem (1:1), (1:2) has no more than one solution, then it is correct.

Let the conditions (1:3), (1:11), (1:13), (1:14) and

jc

il

(t)� c

il

(s)j �

t

Z

s

h

il

(�)d�

l

(�) for a � s � t � b

(i; l = 1; : : : ; n) (1.15)

hold, and let the conditions (1:8), (1:9) be ful�lled on R

n

for every � 2

f1; 2g, where �

�ikjl

2 R (j; � = 1; 2; i; k; l = 1; : : : ; n), (p

�ikl

)

n

k;l=1

2

L

�

[a; b]; R

n�n

; A

(�)

�

(� = 1; 2; i = 1; : : : ; n), q = (q

k

)

n

k=1

2 K

�

[a; b] �

R

+

; R

n

+

; A

�

is the vector-function nondecreasing in the second variable,

 2 C(R

+

; R

+

), c

il

(i 6= l; i; l = 1; : : : ; n) are the functions, nondecreasing

on [a; b] and continuous at the point t

i

, c

ii

2 BV

�

[a; b]; R

�

(i = 1; : : : ; n);

�

l

(l = 1; : : : ; n) are the functions nondecreasing on [a; b] and having not

more than a �nite number of discontinuity points, h

il

2 L

�

�

[a; b]; R

+

; �

l

�

(i; l = 1; : : : ; n), 1 � � � +1. Moreover, let the inequalities

�

�

'

i

(x

1

; : : : ; x

n

)

�

�

�

2

X

�=0

n

X

k=1

l

�ik

kx

k

k

�;s

�

(�

k

)

+ 

�

n

X

k=1

kx

k

k

S

�

(i = 1; : : : ; n) (1.16)

be ful�lled on BV

�

[a; b]; R

n

�

and the module of every characteristic value of
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the 3n� 3n-matrix H =

�

H

j+1;�+1

�

2

j;�=0

be less than 1, where

l

�ik

2 R

+

(� = 0; 1; 2; i; k = 1; : : : ; n);

1

�

+

2

�

= 1;

H

j+1;�+1

=

�

�

ij

l

�ik

+ �

k�ij

kh

ik

k

�;s

�

(�

i

)

�

n

i;k=1

(j; � = 0; 1; 2);

�

ij

=

�

s

j

(�

i

)(b)� s

j

(�

i

)(a)

�

1

�

(j = 0; 1; 2; i = 1; : : : ; n);

�

k0k0

= (2�

�1

)

2

�

�

2

k0

(k = 1; : : : ; n);

�

k�ij

= �

k�

�

ij

for �

2

+ j

2

+ (i� k)

2

> 0; �j = 0

(j; � = 0; 1; 2; i; k = 1; : : : ; n);

�

k�ij

=

�

1

4

�

�

k

�

�

�

k

��

i

j

sin

�2

�

4n

�

k

�

+ 2

�

1

�

(j; � = 1; 2; i; k = 1; : : : ; n):

If the problem (1:1), (1:2) has no more than one solution, then it is correct.

Let the inequalities (1:14) hold for i 6= l (i; l = 1; : : : ; n),

let there exist �, �

1

2 f1; 2g such that � + �

1

= 3, let the conditions (1:8),

(1:9),

(�1)

�

1

+1

f

k0

(t; x

1

; : : : ; x

n

) sign

�

(t� t

i

)x

i

�

�

n

X

l=1

�

il

jx

l

j+ q

k

�

t; kxk

�

for �

a

�

1

ik

-almost everywhere t 2 [a; b]nft

i

g (i; k = 1; : : : ; n);

�

(�1)

�

1

+j+1

f

k0

(t

i

; x

1

; : : : ; x

n

) signx

i

�

n

X

l=1

�

�

1

ikjl

jx

l

j �

�q

k

�

t

i

; kxk

�

�

d

j

a

�

1

ik

(t

i

) � 0 (j = 1; 2; k = 1; : : : ; n)

be ful�lled on R

n

and let the inequalities

�

�

'

i

(x

1

; : : : ; x

n

)

�

�

� c

i

�

�

x

i

(�

i

)

�

�

+ 

�

n

X

k=1

kx

k

k

s

�

(i = 1; : : : ; n) (1.17)

be ful�lled on BV

�

[a; b]; R

n

�

, where �

�ikjl

2 R and �

�

1

ikjl

2 R (j =

1; 2; i; k = 1; : : : ; n), (p

�ikl

)

n

k;l=1

2 L

�

[a; b]; R

n�n

+

; A

(�)

�

(i = 1; : : : ; n),

�

il

2 R

+

(i 6= l; i; l = 1; : : : ; n), �

ii

< 0 (i = 1; : : : ; n), a

�

1

ik

(i; k = 1; : : : ; n)

are the functions nondecreasing and continuous on every interval [a; t

i

[ and

]t

i

; b] and satisfying the condition

n

X

k=1

d

j

a

�

1

ik

(t

i

) � 0 (j = 1; 2; i = 1; : : : ; n); (1.18)

q = (q

k

)

n

k=1

2 K

�

[a; b] � R

+

; R

n

+

;A

0

�

is the vector-function nondecreasing

the second variable,  2 C(R

+

; R

+

) and the conditions (1:11) hold in c

i

2
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R

+

and �

i

2 [a; b], �

i

6= t

i

(i = 1; : : : ; n) are such that

c

i



ij

�

ij

< 1 if (�1)

j

(�

i

� t

i

) > 0 (j = 1; 2; i = 1; : : : ; n); (1.19)



ij

= 1 + �

ii

d

j

�

i

(t

i

) +

n

P

k=1

p

�iki

(t

i

)d

j

a

�ik

(t

i

), �

ij

= exp

�

�

ii

�

�

i

ji

(�

i

)

�

(j = 1; 2; i = 1; : : : ; n), �

i

(t) �

n

P

k=1

a

�

1

ik

(t) (i = 1; : : : ; n). Moreover,

let

g

iij

< 1 if (�1)

j

(�

i

� t

i

) > 0 (j = 1; 2; i = 1; : : : ; n) (1.20)

and the real part of every characteristic value of the matrix (�

il

)

n

i;l=1

be

negative, where

�

il

= �

il

�

�

il

+ (1� �

il

)h

ij

�

� �

ii

g

ilj

for (�1)

j

(�

i

� t

i

) > 0 (j = 1; 2; i; l = 1; : : : ; n);

g

ilj

= c

i



ij

(1� c

i



ij

�

ij

)

�1

�

�

il

ji

(�

i

) + max

�

�

�

il

1i

(a); �

�

il

2i

(b)

	

;

�

il

(t) �

n

X

k=1

t

Z

a

p

�ikl

(�)da

�ik

(�); h

ij

= 1 for c

i



ij

� 1 and

h

ij

= 1 + (c

i



ij

� 1)(1� c

i



ij

�

ij

)

�1

for c

i



ij

> 1:

If the problem (1:1), (1:2) has no more than one solution, then it is correct.

Let the conditions

(�1)

�+1

�

f

k0

(t; x

1

; : : : ; x

n

)� f

k0

(t; y

1

; : : : ; y

n

)

�

sign

�

(t� t

i

)(x

i

� y

i

)

�

�

�

n

X

l=1

p

�ikl

(t)jx

l

� y

l

j

for �

a

�

ik

-almost everywhere t 2 [a; b]nft

i

g (i; k = 1; : : : ; n); (1.21)

�

(�1)

�+j+1

�

f

k0

(t

i

; x

1

; : : : ; x

n

)� f

k0

(t

i

; y

1

; : : : ; y

n

)

�

sign(x

i

� y

i

)�

�

n

X

l=1

�

�ikjl

jx

l

� y

l

j

�

d

j

a

�ik

(t

i

) � 0 (j = 1; 2; i; k = 1; : : : ; n) (1.22)

be ful�lled on R

n

for every � 2 f1; 2g, and let the inequalities

�

�

'

i

(x

1

; : : : ; x

n

)� '

i

(y

1

; : : : ; y

n

)

�

�

�

� '

oi

�

jx

1

� y

1

j; : : : ; jx

n

� y

n

j

�

(i = 1; : : : ; n) (1.23)

be ful�lled on BV

�

[a; b]; R

n

�

, where �

�ikjl

2 R (j; � = 1; 2; i; k; l = 1; : : : ; n),

(p

�ikl

)

n

k;l=1

2 L

�

[a; b]; R

n�n

; A

(�)

�

(� = 1; 2; i = 1; : : : ; n). Moreover, let
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there exist a matrix-function (c

il

)

n

i;l=1

2 BV

�

[a; b]; R

n�n

�

such that the con-

ditions (1:12){(1:14) hold. Then the problem (1:1), (1:2) is correct.

Let the conditions (1:3), (1:13){(1:15) hold and let the con-

ditions (1:21) and (1:22) be ful�lled on R

n

for every � 2 f1; 2g, where

�

�ikjl

2 R (j; � = 1; 2; i; k; l = 1; : : : ; n), (p

�ikl

)

n

k;l=1

2 L

�

[a; b]; R

n�n

;

A

(�)

�

(� = 1; 2; i = 1; : : : ; n), c

il

(i 6= l; i; l = 1; : : : ; n) are the functions,

nondecreasing on [a; b] and continuous at the point t

i

; c

ii

2 BV

�

[a; b]; R

�

(i = 1; : : : ; n) �

l

(l = 1; : : : ; n) are the functions, nondecreasing on [a; b]

and having not more than a �nite number of discontinuity points, h

il

2

L

�

�

[a; b]; R

+

; �

l

�

(i; l = 1; : : : ; n), 1 � � � +1. Moreover, let the inequal-

ities

j'

i

(x

1

; : : : ; x

n

)� '

i

(y

1

; : : : ; y

n

)j �

�

2

X

�=0

n

X

k=1

l

�ik

kx

k

� y

k

k

�;s

�

(�

k

)

(i; k = 1; : : : ; n) (1.24)

be ful�lled on BV

�

[a; b]; R

n

�

, where l

�ik

2 R

+

(� = 0; 1; 2; i; k = 1; : : : ; n),

1

�

+

2

�

= 1 and the module of every characteristic value of the 3n�3n-matrix

H = (H

j+1;�+1

)

2

j;�=0

appearing in Corollary 1:1 be less than 1. Then the

problem (1:1), (1:2) is correct.

Let the inequalities (1:14) hold for i 6= l (i; l = 1; : : : ; n),

let there exist �; �

1

2 f1; 2g such that � + �

1

= 3, and let the conditions

(1:21), (1:22) and

(�1)

�

1

+1

�

f

k0

(t; x

1

; : : : ; x

n

)� f

k0

(t; y

1

; : : : ; y

n

)

�

sign

�

(t� t

i

)(x

i

� y

i

)

�

�

�

n

X

l=1

�

il

jx

l

� y

l

j

for �

a

�

1

ik

-almost everywhere t 2 [a; b]nft

i

g (i; k = 1; : : : ; n);

�

(�1)

�

1

+j+1

[f

k0

(t

i

; x

1

; : : : ; x

n

)� f

k0

(t

i

; y

1

; : : : ; y

n

)] sign(x

i

� y

i

)�

�

n

X

l=1

�

�

1

ikjl

jx

l

� y

l

j

	

d

j

a

�

1

ik

(t

i

) � (j = 1; 2; i; k = 1; : : : ; n)

be ful�lled on R

n

, where �

�ikjl

2 R and �

�

1

ikjl

2 R (j = 1; 2; i; k; l =

1; : : : ; n), (p

�ikl

)

n

k;l=1

2 L

�

[a; b]; R

n�n

+

; A

(�)

�

(i = 1; : : : ; n), �

il

2 R

+

(i 6=

l; i; l = 1; : : : ; n), �

ii

< 0 (i = 1; : : : ; n), a

�

1

ik

(i; k = 1; : : : ; n) are the

functions, nondecreasing and continuous on every interval [a; t

i

[ and ]t

i

; b]

and satisfying the condition (1:18). Moreover, let c

i

2 R

+

and �

i

2 [a; b],

�

i

6= t

i

(i = 1; : : : ; n) be such that the conditions (1:19), (1:20) hold and

the real part of every characteristic value of the matrix (�

il

)

n

i;l=1

is negative,

where 

ij

, �

ij

, �

il

, g

ilj

(j = 1; 2; i; l = 1; : : : ; n) and �

i

(t) (i = 1; : : : ; n) are
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respectively the numbers and the functions appearing in Corollary 1:2: Then

the problem (1:1),

x

i

(t

i

) = �

i

x

i

(�

i

) + 

i

(i = 1; : : : ; n) (1.25)

is correct for every �

i

2 [�c

i

; c

i

] and 

i

2 R (i = 1; : : : ; n).

Let the conditions of Theorem 1:2 be ful�lled and

d

j

c

ii

(t) < 1 for (�1)

j

(t� t

i

) < 0 (j = 1; 2; i = 1; : : : ; n): (1.26)

Then for every (x

i0

)

n

i=1

2 BV

�

[a; b]; R

n

�

, there exists a unique sequence

(x

im

)

n

i=1

2 BV

�

[a; b]; R

n

�

(m = 1; 2; : : : ) such that the vector-function

(x

im

)

n

i=1

is the solution of the problem (1:6), (1:7) for every natural m,

and

n

X

i=1

jx

i

(t)� x

im

(t)j � r

0

�

m

for t 2 [a; b] (m = 1; 2; : : : ); (1.27)

where (x

i

)

n

i=1

is the solution of the problem (1:1), (1:2), and r

0

> 0 and

� 2]0; 1[ are numbers independent of m.

Let the conditions of Corollary 1:3 and the condition (1:26)

hold. Then the conclusion of Theorem 1:3 is true.

Let the conditions of Corollary 1:4 hold and

j�

ii

jd

j

�

i

(t) + d

j

�

i

(t) < 1 for (�1)

j

(t� t

i

) < 0 (j = 1; 2; i = 1; : : : ; n);

moreover, let �

i

2 [�c

i

; c

i

] (i = 1; : : : ; n), 

i

2 R (i = 1; : : : ; n), where

�

ii

; c

i

and �

i

, �

i

are respectively the numbers and the functions appearing

in Corollary 1:2. Then for every (x

i0

)

n

i=1

2 BV

�

[a; b]R

n

�

, there exists a

unique sequence (x

im

)

n

i=1

2 BV

�

[a; b]; R

n

�

(m = 1; 2; : : : ) such that the

vector-function (x

im

)

n

i=1

is a solution of the system (1:6) satisfying the con-

dition

x

im

(t

i

) = �

i

x

im�1

(�

i

) + 

i

(i = 1; : : : ; n)

for every natural m, and the estimates (1:27) hold, where (x

i

)

n

i=1

is the so-

lution of the problem (1:1), (1:25), and r

0

> 0 and � 2]0; 1[ are the numbers

independent of m.

Remark 1.2. The 3n�3n-matrix H appearing in Corollaries 1.1, 1.3 and

1.5 may be replaced by the n� n-matrix

�

max

�

2

X

j=0

(�

ij

l

�ik

+ �

k�ij

kh

ik

k

�;s

�

(�

k

)

) : � = 0; 1; 2

	

�

n

i;k=1

:

Remark 1.3. The above-described process of construction of the solution

of the problem (1.1), (1.2) is stable in a de�nite sense (see Section 3 below).
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x

2. Auxiliary Propositions

If the problem (1:1), (1:2) has a solution x

0

which is strongly

isolated in the radius r > 0, then it is (x

0

; r)-correct.

Proof of this lemma is given in [10, Theorem 1.1].

Let the condition (1:12) hold. Then there exists a number

� 2]0; 1[ such that

�

ec

i;l

�

n

i;l=1

; (e'

0i

)

n

i=1

�

2 U(t

1

; : : : ; t

n

); (2.1)

where

ec

il

(t) =

1

�

c

il

(t) for i 6= l; ec

ii

(t) = c

ii

(t);

e'

0i

(y

1

; : : : ; y

n

) =

1

�

'

0i

(y

1

; : : : ; y

n

): (2.2)

Proof. According to Lemma 2.5 from [11], there exists a positive number

�

�

such that every solution of the problem

�

djx

i

(t)j � sign(t� t

i

)

�

n

X

l=1

jx

l

(t)jdc

il

(t) +

+du

i

(t)

�

�

sign(t� t

i

) � 0 (i = 1; : : : ; n); (2.3)

(�1)

j

d

j

jx

i

(t

i

)j � jx

i

(t

i

)jd

j

c

ii

(t

i

) + d

j

u

i

(t

i

) (j = 1; 2; i = 1; : : : ; n);

jx

i

(t

i

)j � '

0i

�

jx

1

j; : : : ; jx

n

j

�

+  (i = 1; : : : ; n) (2.4)

admits the estimate

n

X

i=1

kx

i

k

S

� �

�

�

 +

1

n

ku(�)� u(a)k

S

�

; (2.5)

where  2 R

+

and u = (u

i

)

n

i=1

2 BV

�

[a; b]; R

n

+

�

are an arbitrary number

and a vector-function, respectively.

Let

u

0i

(t) =

n

X

l6=i;l=1

�

c

il

(t)� c

il

(t

i

)

�

(i = 1; : : : ; n); 

0

=

n

X

k=1

'

ok

(1; : : : ; 1);

let � 2]0; 1[ be a number satisfying the inequality

1� �

�

�

�

�



0

+

1

n

n

X

i=1

�

u

0i

(b)� u

0i

(a)

�

�

<

1

2

; (2.6)

and let ec

il

and e'

0i

(i; l = 1; : : : ; n) be respectively the functions and the

functionals given by (2.2).
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Consider an arbitrary nonnegative solution (x

i

)

n

i=1

of the problem

�

dx

i

(t)� sign(t� t

i

)

n

X

l=1

x

l

(t)dec

il

(t)

�

sign(t� t

i

) � 0

(i = 1; : : : ; n);

(�1)

j

d

j

x

i

(t

i

) � x

i

(t

i

)d

j

ec

ii

(t

i

) (j = 1; 2; i = 1; : : : ; n); (2.7)

x

i

(t

i

) � e'

0i

(x

1

; : : : ; x

n

) (i = 1; : : : ; n): (2.8)

It is not di�cult to verify that (x

i

)

n

i=1

will be the solution of the problem

(2.3), (2.4), where

u

i

(t) =

1� �

�

u

0i

(t)

n

X

l=1

kx

l

k

S

(i = 1; : : : ; n);  =

1� �

�



o

n

X

l=1

kx

l

k

S

:

By our choice of �

�

, the estimate (2.5) holds which, in view of (2.6), implies

n

X

i=1

kx

i

k

S

�

1

2

n

X

i=1

kx

i

k

S

:

Consequently, x

i

(t) � 0 (i = 1; : : : ; n). The lemma is proved. �

Let the conditions (1:12) and (1:26) hold. Then there ex-

ist numbers � 2]0;+1[ and � 2]0; 1[ such that for an arbitrary (y

io

)

n

i=1

2

BV

�

[a; b]; R

n

+

�

and any sequences of numbers 

m

2 R

+

(m = 1; 2; : : : ),

the vector-functions (y

im

)

n

i=1

2 BV

�

[a; b]; R

n

+

�

(m = 1; 2; : : : ) and nonde-

creasing vector-functions u

m

= (u

im

)

n

i=1

2 BV

�

[a; b]; R

n

�

(m = 1; 2; : : : ),

satisfying the inequalities

�

dy

im

(t)� sign(t� t

i

)

�

y

im

(t)dc

ii

(t) +

n

X

l6=i;l=1

y

lm�1

(t)dc

il

(t) +

+du

im

(t)

�

�

sign(t� t

i

) � 0 (i = 1; : : : ; n);

(�1)

j

d

j

y

im

(t

i

) � y

im

(t

i

)d

j

c

ii

(t

i

) + d

j

u

im

(t

i

) (j = 1; 2; i = 1; : : : ; n);

(2.9)

y

im

(t

i

) � '

0i

(y

1m�1

; : : : ; y

nm�1

) + 

m

(i = 1; : : : ; n) (2.10)

for every natural m, the estimates

n

X

i=1

ky

im

k

S

� �

�

m

X

k=1

�

m�k

�



k

+

1

n

ku

k

(b)� u

k

(a)k

�

+

+�

m

n

X

i=1

ky

io

k

S

�

(m = 1; 2 : : : ) (2.11)

hold.
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Proof. By Lemma 2.2, there exists a number � 2]0; 1[ such that the functions

and the functionals ec

il

and e'

0i

respectively, (i; l = 1; : : : ; n), given by (2.2)

satisfy the condition (2.1).

On BV

�

[a; b]; R

n

+

�

we introduce the operator

h

i

(z

1

; : : : ; z

n

)(t) = q

i

(z

1

; : : : ; z

n

)(t) + e

i

(t)

�

e'

0i

(z

1

; : : : ; z

n

)�

�

t

Z

t

i

q

i

(z

1

; : : : ; z

n

)(�)de

�1

i

(�)

�

for every i 2 f1; : : : ; ng, where

q

i

(z

1

; : : : ; z

n

)(t) =

n

X

l6=i;l=1

�

�

�

�

t

Z

t

i

z

l

(�)dec

il

(�)

�

�

�

�

;

b

i

(t) = [c

ii

(t)� c

ii

(t

i

)] sign(t� t

i

)

and e

i

(t) is a solution of the problem

de

i

(t) = e

i

(t)db

i

(t); e

i

(t

i

) = 1:

By (1.3) and (1.26), the latter problem has the unique solution di�ering

from zero on whole [a; b] (see [8]). Owing to the variation of constants

formula (see [7, p. 120]), we have

h

i

(z

1

; : : : ; z

n

)(t) = e'

0i

(z

1

; : : : ; z

n

) + q

i

(z

1

; : : : ; z

n

)(t) +

+

t

Z

t

i

h

i

(z

1

; : : : ; z

n

)(�)db

i

(�)

for t 2 [a; b]; (z

k

)

n

k=1

2 BV

�

[a; b]; R

n

+

�

(i = 1; : : : ; n): (2.12)

Let

z

i0

(t) � 1 (i = 1; : : : ; n); � =

n

X

i=1

ke

i

k

S

(1 + nke

�1

i

k

S

)

and (z

im

)

n

i=1

(m = 1; 2; : : : ) be a sequence of vector-functions de�ned by

z

im

(t) = h

i

(z

1m�1

; : : : ; z

nm�1

)(t) + � (i = 1; : : : ; n): (2.13)
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It is easy to show that

h

i

(z

1

; : : : ; z

n

)(t) = e

i

(t)

�

e'

0i

(z

1

; : : : ; z

n

) +

+

n

X

l6=i;l=1

�

�

�

�

�

t

Z

t

i

e

�1

i

(�)z

l

(�)dec

il

(�)

�

�

�

�

+

+

X

�2(�

�i

(t);�

�

i

(t)]

e

�1

i

(��)z

l

(�)d

1

ec

il

(�) +

+

X

�2[�

�i

(t);�

�

i

(t))

e

�1

i

(�+)z

l

(�)d

2

ec

il

(�)

��

(i = 1; : : : ; n)

on [a; b]�BV

�

[a; b]; R

n

+

�

, where �

�i

(t) = minft

i

; tg. �

�

i

(t) = maxft

i

; tg (i =

1; : : : ; n). Clearly, the operator h

i

(�)(t) : BV

�

[a; b]; R

n

+

�

! BV

�

[a; b]; R

n

+

�

is nondecreasing for i 2 f1; : : : ; ng and t 2 [a; b]. Therefore

1 � z

im�1

(t) � z

im

(t) for t 2 [a; b] (i = 1; : : : ; n; m = 1; 2; : : : ):

Consequently,

�

m

=

n

X

i=1

kx

im

k

S

(m = 1; 2; : : : )

is a nondecreasing sequence of positive numbers. Let us show that

� = lim

m!1

�

m

< +1: (2.14)

Assuming on the contrary that �

m

! +1 as m! +1, put

x

im

(t) =

1

�

m

z

im

(t); x

im

(t) = h

i

(x

1m�1

; : : : ; x

nm�1

)(t);

�

m

=

�

�

m

(m = 1; 2 : : : ):

Then

lim

m!+1

�

m

= 0; (2.15)

n

X

i=1

kx

im

k

S

= 1 (m = 1; 2; : : : ): (2.16)

Taking into account Helly's choice theorem and Lemma 3 from [9], it is not

di�cult to verify that

lim

m!+1

supx

im

(t) = x

i

(t) uniformly on [a; b] (1; : : : ; n); (2.17)

where (x

i

)

n

i=1

is a vector-function from BV

�

[a; b]; R

n

+

�

. On the other hand,

from (2.13) we have

x

im

(t) � x

im

(t) + � for t 2 [a; b] (i = 1; : : : ; n; m = 1; 2; : : : )
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and

x

im

(t) � h

i

(x

1m�1

+ �

m�1

; : : : ; x

nm�1

+ �

m�1

)(t)

for t 2 [a; b] (i = 1; : : : ; n; m = 1; 2; : : : ):

By (2.15){(2.17), from the latter inequalities it follows that

n

X

i=1

kx

i

k

S

> 1

and

x

i

(t) � x

i

(t) for t 2 [a; b] (i = 1; : : : ; n);

where

x

i

(t) = h

i

(x

1

; : : : ; x

n

)(t) (i = 1; : : : ; n):

Therefore, using (2.12), we obtain

x

i

(t)� x

i

(s)�

n

X

l=1

t

Z

s

x

l

(�)dec

il

(�) =

=

1

�

n

X

l6=i;l=1

t

Z

s

�

x

l

(�) � x

l

(�)

�

dc

il

(�) � 0 for t

i

< s � t (i = 1; : : : ; n);

x

i

(t)� x

i

(s) +

n

X

l=1

t

Z

s

x

l

(�)dec

il

(�) =

= �

1

�

n

X

l6=i;l=1

t

Z

s

�

x

l

(�) � x

l

(�)

�

dc

il

(�) � 0 for s � t < t

i

(i = 1; : : : ; n);

(�1)

j

d

j

x

i

(t

i

) = x

i

(t

i

)d

j

ec

ii

(t

i

) (j = 1; 2; i = 1; : : : ; n)

and

x

i

(t

i

) = e'

0i

(x

1

; : : : ; x

n

) � e'

0i

(x

1

; : : : ; x

n

) (i = 1; : : : ; n):

Hence (x

i

)

n

i=1

is a nontrivial solution of the problem (2.7), (2.8). But this

contradicts the condition (2.1). The obtained contradiction proves the in-

equality (2.14).

Let

(y

io

)

n

i=1

2 BV

�

[a; b]; R

n

+

�

; �

o

=

n

X

i=1

ky

io

k

S

> 0
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and 

m

2 R

+

, (y

im

)

n

i=1

2 BV

�

[a; b]; R

n

+

�

, u

m

= (u

im

)

n

i=1

2 BV

�

[a; b]; R

n

�

(m = 1; 2; : : : ) be arbitrary sequences satisfying (2.9), (2.10) for every nat-

ural m. Put

�

m

=

m

X

k=1

�

m�k

�



k

+

1

n

ku

k

(b)� u

k

(a)k

�

+ �

m

n

X

i=1

ky

io

k

S

;

y

io

(t) � 1; y

im

(t) =

y

im

(t)

�

m

(i = 1; : : : ; n):

With regard to the inequalities

�

m

� ��

m�1

; �

m

> 

m

; �

m

>

1

n

ju

m

(b)� u

m

(a)k (m = 1; 2; : : : )

from (2.9) and (2.10), we discover that

�

dy

im

(t)� sign(t� t

i

)

�

y

im

(t)dc

ii

(t) +

n

X

l6=i;l=1

y

lm�1

(t)dec

il

(t) +

+du

im

(t)

�

�

sign(t� t

i

) � 0 (i = 1; : : : ; n);

(�1)

j

d

j

y

im

(t

i

) � y

im

(t

i

)d

j

c

ii

(t

i

) + d

j

u

im

(t

i

) (2.18)

(j = 1; 2; i = 1; : : : ; n);

y

im

(t

i

) � e'

0i

(y

1m�1

; : : : ; y

nm�1

) + 1 (i = 1; : : : ; n) (2.19)

for every natural m, where u

im

(t) =

1

�

m

u

im

(t). Let now

q

�

im

(t) = q

i

(y

1m�1

; : : : ; y

nm�1

)(t) + ju

im

(t)� u

im

(t

i

)j

for t 2 [a; b] (i = 1; : : : ; n; m = 1; 2; : : : )

and

y

�

im

(t) = y

im

(t)� q

�

im

(t) for t 2 [a; b] (i = 1; : : : ; n; m = 1; 2; : : : )

Then by (2.18), (2.19) and the equalities

d

j

b

i

(t

i

) = (�1)

j

d

j

c

ii

(t

i

); d

j

q

�

im

(t

i

) = (�1)

j

d

j

u

im

(t

i

)

(j = 1; 2; i = 1; : : : ; n)

we have

�

dy

�

im

(t)�

�

y

�

im

(t) + q

�

im

(t)

�

db

i

(t)

�

sign(t� t

i

) � 0 (i = 1; : : : ; n);

(�1)

j

�

d

j

y

�

im

(t

i

)�

�

y

�

im

(t

i

) + q

�

im

(t

i

)

�

d

j

b

i

(t

i

)

�

� 0 (j = 1; 2; i = 1; : : : ; n)

and

y

�

im

(t

i

) � c

io

(i = 1; : : : ; n)
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for every natural m, where

c

io

= e'

0i

(y

1m�1

; : : : y

nm�1

) + 1 (i = 1; : : : ; n; m = 1; 2; : : : ):

Therefore, according to Lemma 2.4 (see below),

y

�

im

(t) � x

�

im

(t) for t 2 [a; b] (i = 1; : : : ; n; m = 1; 2; : : : ); (2.20)

where x

�

im

(t) is the solution of the problem

dx

�

im

(t) =

�

x

�

im

(t) + q

�

im

(t)

�

db

i

(t);

x

�

im

(t

i

) = c

io

:

Owing to the condition (1.26), the latter problem has the unique solution

and it is given by the formula

x

�

im

(t) =

t

Z

t

i

q

�

im

(�)db

i

(�) + e

i

(t)

�

c

i0

�

�

t

Z

t

i

�

�

Z

t

i

q

�

im

(s)db

i

(s)

�

de

�1

i

(�)

�

for t 2 [a; b]

(see [7, Theorem III.2.22]). Using the variation of constants formula, the

latter equality implies

x

�

im

(t)=e

i

(t)

�

c

i0

+

t

Z

t

i

q

�

im

(�)e

�1

i

(�)db

i

(�) �

X

�2(t

i

;t]

q

�

im

(�)d

1

b

i

(�)d

1

e

�1

i

(�)+

+

X

�2[t

i

;t)

q

�

im

(�)d

2

b

i

(�)d

2

e

�1

i

(�)

�

= e

i

(t)

�

c

i0

+

t

Z

t

i

q

�

im

(�)d

�

e

�1

i

(�)b

i

(�) �

�

�

Z

t

i

b

i

(s)de

�1

i

(s) +

X

s2(t

i

;� ]

d

1

b

i

(s)d

1

e

�1

i

(s)�

X

s2[t

i

;�)

d

2

b

i

(s)d

2

e

�1

i

(s)

�

�

�

X

�2(t

i

;t]

q

�

im

(�)d

1

b

i

(�)d

1

e

�1

i

(�) +

X

�2[t

i

;t)

q

�

im

(�)d

2

b

i

(�)d

2

e

�1

i

(�)

�

=

= e

i

(t)c

i0

+

t

Z

t

i

q

�

im

(�)d

�

b

i

(�)e

�1

i

(�)

t

Z

t

i

b

i

(s)de

�1

i

(s)

�

for t > t

i

:

Consequently, by the equality

e

�1

i

(�) = 1� e

�1

i

(�)b

i

(�) +

t

Z

t

i

b

i

(s)d e

�1

i

(s) for � 2 [a; b]
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(see [7, Proposition III.2.15]) we have

x

�

im

(t) = e

i

(t)

�

c

io

�

t

Z

t

i

q

�

im

(�)de

�1

i

(�)

�

(i = 1; : : : ; n; m = 1; 2; : : : ) (2.21)

for t > t

i

.

The inequality (2.21) for t < t

i

can be veri�ed analogously.

By the de�nition of y

�

im

, q

�

im

, h

i

and �, from (2.20) and (2.21) it follows

that

y

im

(t) � q

�

im

(t) + e

i

(t)

�

c

io

�

t

Z

t

i

q

�

im

(�)d e

�1

i

(�)

�

=

= h

i

�

y

1m�1

; : : : ; y

nm�1

�

(t) + e

i

(t) + ju

im

(t)� u

im

(t

i

)j �

�e

i

(t)

t

Z

t

i

ju

im

(�) � u

im

(t

i

)jde

�1

i

(�) = h

i

�

y

1m�1

; : : : ; y

nm�1

�

(t) + e

i

(t) +

+e

i

(t)

�

�

�

�

�

t

Z

t

i

e

�1

i

d s

0

�

u

im

�

(�)

�

�

�

�

+

X

�2(�

�i

(t);�

�

i

(t)]

e

�1

i

(��)d

1

u

im

(�) +

+

X

�2[�

�i

(t);�

�

i

(t))

e

�1

i

(�+)d

2

u

im

(�)

�

� h

i

�

y

1m�1

; : : : ; y

nm�1

�

(t) +

+ke

i

k

S

+ ke

i

k

S

ke

�1

i

k

S

�

b

Z

a

d s

0

(u

im

)(�) +

X

�2(a;b]

d

1

u

im

(�) +

+

X

�2[a;b)

d

2

u

im

(�)

�

� h

i

(y

1m�1

; : : : ; y

nm�1

)(t) +

+ke

i

k

S

�

1 + ke

�1

i

k

S

[u

in

(b)� u

im

(a)]

�

for t 2 [a; b]:

Therefore

y

im

(t) � h

i

�

y

1m�1

; : : : ; y

nm�1

�

(t) + � for t 2 [a; b]

(i = 1; : : : ; n; m = 1; 2; : : : ):

This, according to (2.13), implies

y

im

(t) � z

im

(t) for t 2 [a; b] (i = 1; : : : ; n; m = 1; 2 : : : )

and

n

X

i=1

ky

im

k

S

�

n

X

i=1

kz

im

k

S

= �

m

� � (m = 1; 2; : : : ):
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Consequently, the estimates (2.11) are valid. Since � does not depend

on (y

i0

)

n

i=1

, these estimates will be valid in the case where y

i0

(t) � 0 (i =

1; : : : ; n), too. The lemma is proved. �

Let � 2 BV

�

[a; b]; R

�

, ' 2 K

�

[a; b] � R;R; �

�

, t

0

2 [a; b],

c

0

2 R and every solution of the problem

d x(t) = '(t; x(t))d�(t); (2.22)

x(t

0

) = c

0

(2.23)

is continuable on [a; b]. Moreover, let the function z 2 BV

�

[a; b]; R

�

be such

that

�

d z(t)� '

�

t; z(t)

�

d�(t)

�

sign(t� t

0

) � 0 for t 2 [a; b]; (2.24)

z(t) + (�1)

j

d

j

z(t) � x+ (�1)

j

'(t; x)d

j

�(t)

for (�1)

j

(t� t

0

) > 0; x � z(t) (j = 1; 2); (2.25)

(�1)

j

[d

j

z(t

0

)� '(t

0

; c

0

)d

j

�(t

0

)] � 0 (j = 1; 2) (2.26)

and

z(t

0

) � c

0

: (2.27)

Then the problem (2:22), (2:23) has a solution x satisfying the inequality

z(t) � x(t) for t 2 [a; b]: (2.28)

Proof. Put

�(t; x) =

(

x for x � z(t);

z(t) for x < z(t);

e'(t; x) = '

�

t; �(t; x)

�

:

Consider the equation

dx(t) = e'

�

t; x(t)

�

d�(t): (2.29)

The problem (2.29), (2.23) has a solution x de�ned on some interval

I

0

� [a; b], t

0

2 I

0

.

Assume

z(t

�

) > x(t

�

) (2.30)

for some t

�

2 [a; t

0

] \ I

0

and put

t

�

= sup

�

t : z(s) > x(s) for t

�

� s � t < t

0

�

:

If z(t

�

) > x(t

�

), then by (2.27) we have t

�

< t

0

and z(t

�

+) � x(t

�

+).

Hence

d

2

z(t

�

) < d

2

x(t

�

): (2.31)
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On the other hand, it follows from (2.24) and the de�nition of e' that

d

2

z(t

�

) � '(t

�

; z(t

�

))d

2

�(t

�

) = e'(t

�

; x(t

�

))d

2

�(t

�

) = d

2

x(t

�

):

But this contradicts (2.31). Therefore

z(t

�

) � x(t

�

): (2.32)

From the de�nition of the point t

�

there follows the inequality

z(t

�

�) � x(t

�

�):

Moreover, by (2.25) and (2.32) for t

�

< t

0

and by (2.26) and (2.27) for

t

�

= t

0

, we have

z(t

�

�) � x(t

�

)� '(t

�

; x(t

�

))d

1

�(t

�

) = x(t

�

�):

Consequently,

z(t

�

�) = x(t

�

�): (2.33)

Let now " be an arbitrarily small positive number. Then in view of (2.24)

and the de�nition of e' and �, we have

x(t

�

) = x(t

�

� ") +

t

�

Z

t

�

�"

'(s; z(s))d�(s) �

� x(t

�

� ") + z(t

�

)� z(t

�

� "):

Passing in the latter inequality to limit as "! 0, by (2.33) we get

x(t

�

) � z(t

�

):

The contradiction obtained by (2.30) shows that

z(t) � x(t) for t 2 [a; t] \ I

0

:

Analogously we can show the latter inequality for t 2 [a; b]. Therefore,

according to the de�nition of e', the function x : I

0

! R will be the solution

of the problem (2.22), (2.23) satisfying the condition (2.28) and, moreover,

I

0

= [a; b]. The lemma is proved. �

(Wirtinger's inequalities). Let � and � be nondecreasing

functions from [a; b] into R, and let the function � have not more than

a �nite number of discontinuity points. Then the estimates

b

Z

a

�

t

Z

t

0

v(�)d s

0

(�)(�)

�

2

d s

0

(�)(t) � 

0

b

Z

a

v

2

(t)d s

0

(�)(t) (2.34)
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and

b

Z

a

�

t

Z

t

0

v(�)d s

m

(�)(�)

�

2

d s

j

(�)(t) � 

mj

b

Z

a

v

2

(t)d s

m

(�)(t)

(j;m = 1; 2) (2.35)

hold for every v 2 BV

�

[a; b]; R

�

and t

0

2 [a; b], where



0

=

�

2

�

�

s

0

(�)(b)� s

0

(�)(a)

�

�

2

; 

mj

=

1

4

�

�m�j

sin

�2

�

4n

�m

+ 2

(j;m = 1; 2):

In addition, these estimates are unimprovable.

Proof. Obviously, it su�ces to verify the conditions (2.34) and (2.35) for

t

0

= a and t

0

= b. Assume t

0

= b. Let us show (2.34). Without loss of

generality we may assume that

s

0

(�)(t) < s

0

(�)(b) for a � t < b:

Put

u(t) �

t

Z

b

v(�)d s

0

(�)(�) and e�(t) �

1

p



0

�

s

0

(�)(t) � s

0

(�)(b)

�

:

Let " be a small positive number. It is easily seen that

t

0

�"

Z

a

�

u(t) ctg e�(t)�

p



0

v(t)

�

2

d s

0

(�)(t) = �

t

0

�"

Z

a

u

2

(t)d s

0

(�)(t) +

+

0

t

0

�"

Z

a

v

2

(t)d s

0

(�)(t) �

p



0

u

2

(t

0

� ") ctg e�(t

0

� "):

Consequently,

t

0

�"

Z

a

u

2

(t)d s

0

(�)(t) � 

0

t

0

�"

Z

a

v

2

(t)d s

0

(�)(t) �

p



0

u

2

(t

0

� ") ctg e�(t

0

� "):

Passing in the latter inequality to the limit as "!1, we obtain (2.34).
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Let us show (2.35). We have

b

Z

a

�

t

Z

b

v(�)d s

m

(�)(�)

�

2

d s

j

(�)(t) =

X

a�t�b

�

t

Z

b

v(�)d s

m

(�)(�)

�

2

d

j

�(t) =

=

n

�m

X

l=1

�

n

�m

X

k=l

v

�

t

�mk

�

d

m

�

�

t

�mk

�

�

2

�

d

j

�(t

�m;l+m�2

) +

+

X

t

�m;l�1

<t<t

�ml

d

j

�(t)

�

� �

�m�j

n

�m+1

X

l=1

!

2

m

(l) (j;m = 1; 2); (2.36)

where

!

m

(l) =

n

�m

X

k=l

v(t

�mk

)d

m

�(t

�mk

) (l = 1; : : : ; n

�m

);

W

m

(n

�m

+ 1) = 0 (m = 1; 2):

Moreover, according to the discrete analogue of Wirtinger's inequality [12,13],

we obtain

n

�m

+1

X

l=1

!

2

m

(l) �

1

4

sin

�2

�

4n

�m

+ 2

n

�m

+1

X

l=2

�

!

m

(l)� !

m

(l � 1)

�

2

�

�

1

4

sin

�2

�

4n

�m

+ 2

n

�m

+1

X

l=2

�

v(t

�m;l�1

)d

m

�(t

�m;l�1

)

�

2

�

�

1

4

�

�m

sin

�2

�

4n

�m

+ 2

b

Z

a

v

2

(t)d s

m

(�)(t) (m = 1; 2):

Using this, from (2.36) we deduce (2.35). The proof of (2.34) and (2.35) is

similar for t

0

= a.

Finally, it should be noted that the inequality (2.34) transforms into

the equality for t

0

= a and v(t) = 

�1

0

cos

�



0

�

s

0

(�)(t) � s

0

(�)(a)

��

. As

for the inequality (2.35), it transforms into the equality if a = t

0

= 0,

b = m, �(t) = �(t) = k � 1 for k � 1 � t < k (k = 1; : : : ;m), �(m) =

�(m) = m, v(k) = sin

�k

2m+1

� sin

�(k�1)

2m+1

(k = 1; : : : ;m) and v(t) = 0 for

t 2 [0;m]nf1; : : : ;mg. The lemma is proved. �

Let the conditions (1:3) and (1:15) hold, where c

il

(i 6= l; i; l =

1; : : : ; n) are functions nondecreasing on [a; b] and continuous at the point

t

i

, c

ii

2 BV

�

[a; b]; R

�

(i = 1; : : : ; n), �

l

(l = 1; : : : ; n) are functions nonde-

creasing on [a; b] and having not more than a �nite number of discontinuity

points, h

il

2 L

�

�

[a; b]; R

+

; �

l

�

(i; l = 1; : : : ; n), 1 � � � +1. Moreover,
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let

'

0i

(x

1

; : : : ; x

n

) =

2

X

�=0

n

X

k=1

l

�ik

kx

k

k

�;s

�

(�

k

)

; l

�ik

2 R

+

(� = 0; 1; 2; i; k = 1; : : : ; n);

1

�

+

2

�

= 1 and let the module of every characteristic value of the 3n� 3n-

matrix H = (H

j+1;�+1

)

2

j;�=0

appearing on Corollary 1:1 be less than 1. Then

the condition (1:12) holds.

Proof. Let (x

i

)

n

i=1

be an arbitrary nonnegative solution of the problem (1.4),

(1.5). By (1.15) and H�older's inequality, we have

x

i

(t) �

2

X

�=0

n

X

k=1

�

l

�ik

kx

k

k

�;s

�

(�

k

)

+ kh

ik

k

�;s

�

(�

k

)

�

�

t

Z

t

i

jx

k

(�)j

�

2

ds

�

(�

k

)(�)

�

�

2

�

�

for t 2 [a; b] (i = 1; : : : ; n): (2.37)

This, in view of Minkowski's inequality, implies

kx

i

k

�;s

j

(�

i

)

�

2

X

�=0

n

X

k=1

�

l

�ik

�

s

j

(�

i

)(b)� s

j

(�

i

)(a)

�

1

�

kx

k

k

�;s

�

(�

k

)

+

+kh

ik

k

�;s

�

(�

k

)

�

b

Z

a

�

�

�

�

t

Z

t

i

jx

k

(�)j

�

2

ds

�

(�

k

)(�)

�

�

�

�

2

ds

j

(�

i

)(t)

�

1

�

�

(j = 0; 1; 2; i = 1; : : : ; n): (2.38)

On the other hand, by virtue of H�older's inequality in the case �

2

+ j

2

+

(i� k)

2

> 0, j = 0 and by (2.34) and (2.35) in the other cases, we have

�

b

Z

a

�

�

�

�

t

Z

t

i

jx

k

(�)j

�

2

ds

�

(�

k

)(�)

�

�

�

�

2

ds

j

(�

i

)(t)

�

1

�

�

� �

k�ij

�

b

Z

a

�

�

x

k

(�)

�

�

�

ds

�

(�

k

)(�)

�

1

�

(j; � = 1; 2; i; k = 1; : : : ; n):

This and (2.38) yield

kx

i

k

�;s

j

(�

i

)

�

2

X

�=0

n

X

k=1

�

�

ij

l

�ik

+ �

k�ij

kh

ik

k

�;s

�(�

k

)

�

kx

k

k

�;s

�(�

k

)

(j = 0; 1; 2; i = 1; : : : ; n): (2.39)
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Therefore

�

I

3n

�H

�

r � 0; (2.40)

where r 2 R

3n

is the vector with the components

r

i+nj

= kx

i

k

�;s

j

(�

i

)

(j = 0; 1; 2; i = 1; : : : ; n):

From (2.40), we obtain that r = 0 since the module of characteristic val-

ues of the matrix H is less than 1. Using (2.37), we see that x

i

(t) � 0

(i = 1; : : : ; n). Consequently, the problem (1.4), (1.5) has no nontrivial

nonnegative solution. The lemma is proved. �

Let the conditions (1:3), (1:19),

'

0i

(x

1

; : : : ; x

n

) = c

i

x

i

(�

i

) (i = 1; : : : ; n);

c

il

(t)� c

il

(s) � �

il

�

�

i

(t)� �

i

(s)

�

+ �

il

(t)� �

il

(s)

for a � s < t < t

i

and t

i

< s � t � b (i; l = 1; : : : ; n) (2.41)

and

d

j

�

i

(t

i

) � 0 (j = 1; 2; i = 1 : : : ; n) (2.42)

hold, where �

il

2 R

+

(i 6= l; i; l = 1; : : : ; n), �

ii

< 0 (i = 1; : : : ; n), c

ii

2

BV ([a; b]; R) (i = 1; : : : ; n), �

il

(i 6= l) and �

i

(i; l = 1; : : : ; n) are functions

from [a; b] into R respectively nondecreasing and nondecreasing continuous;

on every interval [a; t

i

[ and ]t

i

; b], c

il

(i 6= l) and �

ii

(i; l = 1; : : : ; n) are

functions from [a; b] into R respectively nondecreasing continuous at the

point t

i

and nondecreasing, respectively; c

i

2 R

+

and �

i

2 [a; b], �

i

6= t

i

(i = 1; : : : ; n), 

ij

= 1 + �

ii

d

j

�

i

(t

i

) + d

j

�

ii

(t

i

), �

ij

= exp(�

ii

�

�

i

ji

(�

i

))

(j = 1; 2; i = 1; : : : ; n). Moreover, let the condition (1:20) hold and let the

real part of every characteristic value of the matrix (�

n

il

)

i;l=1

be negative,

where

�

il

= �

il

�

�

il

+ (1� �

il

)h

ij

�

� �

ii

g

ilj

for (�1)

j

(�

i

� t

i

) > 0 (j = 1; 2; i; l = 1; : : : ; n);

g

ilj

= c

i



ij

(1� c

i



ij

�

ij

)

�1

�

�

il

ji

(�

i

) + max

�

�

�

il

1i

(a); �

�

il

2i

(b)

	

;

h

ij

= 1 for c

i



ij

� 1 and h

ij

= 1+

�

c

i



ij

� 1

��

1� c

i



ij

�

ij

�

�1

for c

i



ij

> 1.

Then the condition (1:12) holds.

Proof. Let (x

i

)

n

i=1

be an arbitrary nonnegative solution of the problem (1.4),

(1.5). Let i 2 f1; : : : ; ng be �xed. By (2.41),

�

dz

i

(t)�

�

z

i

(t) + g

i

(t)

�

da

i

(t)

�

sign(t� t

i

) � 0 for t 2 [a; b]; (2.43)
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where

z

i

(t) = x

i

(t)� g

i

(t); a

i

(t) = �

i

�

�

i

(t)� �

i

(t

i

)

�

sign(t� t

i

);

g

i

(t) =

�

t

Z

t

i

x

i

(�)d�

ii

(�) +

n

X

l6=i;l=1

r

l

�

c

il

(t)� c

il

(t

i

)

�

�

sign(t� t

i

);

r

l

= sup

�

kx(t)k : t 2 [a; t

l

[[]t

l

; b]

	

(l = 1; : : : ; n):

Hence the function z

i

satis�es the condition (2.24), where '(t; z) � z+g

i

(t),

�(t) � a

i

(t), t

0

= t

i

. On the other hand, by (1.4), (1.5), (2.41){(2.43) it

is not di�cult to verify that z

i

satis�es the conditions (2.25){(2.27), where

c

0

= c

i

x

i

(�

i

), since a

i

is continuous on [a; t

i

[[]t

i

; b] and c

il

(i 6= l; l =

1; : : : ; n) are continuous at the point t

i

. Moreover, the Cauchy problem

dy(t) =

�

y(t) + g

i

(t)

�

da

i

(t); y(t

i

) = c

i

x

i

(�

i

)

has the unique solution

y

i

(t) =

t

Z

t

i

g

i

(s)da

i

(s) + �

i

(t)

�

c

i

x

i

(�

i

)�

�

t

Z

t

i

�

�

Z

t

i

g

i

(s)da

i

(s)

�

d�

�1

i

(�)

�

(2.44)

(see [7, p. 120]), where the function

�

i

(t) =

�

1 + (�1)

j

d

j

a

i

(t

i

)

�

exp

�

a

i

(t)� (�1)

j

d

j

a

i

(t

i

)

�

for (�1)

j

(t� t

i

) > 0 (j = 1; 2)

is the solution of the problem

d�(t) = �(t)da

i

(t); �(t

i

) = 1:

Therefore, according to Lemma 2.4 and the formula of integration by

parts (see [7, p. 48]), we have

x

i

(t) � g

i

(t) + c

i

�

i

(t)x

i

(�

i

) + �

i

(t)'

i

(t) for t 6= t

i

; t 2 [a; b]; (2.45)

where

'

i

(t) = lim

"!0+

t

Z

t

i

+" sign(t�t

i

)

�

�1

i

(s)g

i

(s)da

i

(s)

and

�

i

(t) = exp

�

a

i

(t)� (�1)

j

d

j

a

i

(t

i

)

�

for (�1)

j

(t� t

i

) > 0 (j = 1; 2):



31

By the de�nition of g

i

and the condition (1.19), it follows from (2.45)

that

x

i

(t) � c

i

�

�

i

(t) + �

i

(t)d

j

�

ii

(t)

�

x

i

(�

i

) + �

i

(t)'

i

(t)

for (�1)

j

(t� t

i

) > 0 (j = 1; 2); (2.46)

since �

ii

is a nondecreasing function. With regard to (1.19), this implies

x

i

(�

i

) � c

i



ij

�

i

(�

i

)'

i

(�

i

)

�

1� c

i



ij

�

i

(�

i

)

�

�1

for (�1)

j

(�

i

� t

i

) > 0 (j = 1; 2): (2.47)

On the other hand, taking into account (2.41), we have

'

i

(t) �

n

X

l6=i;l=1

r

l

�

il

j�

ii

j

�

�

�1

i

(t)� 1

�

+ lim

"!0+

n

X

l=1

r

l

�

�

�

�

t

Z

t

i

+" sign(t�t

i

)

�

�1

i

(s)d�

il

(s)

�

�

�

�

for t 6= t

i

; t 2 [a; b]: (2.48)

On the basis of (2.46){(2.48),

r

i

�

h

i

j�

ii

j

n

X

l6=i;l=1

�

il

r

l

+

n

X

l=1

g

ilj

r

l

for (�1)

j

(�

i

� t

i

) > 0 (j = 1; 2):

Hence, in view of (1.20),

r

i

�

n

X

l6=i;l=1

�

il

j�

ii

j

r

l

;

i.e., the vector r = (r

i

)

n

i=1

satis�es the inequality (2.40), where H = (h

�

il

)

n

i;l

,

h

�

ii

= 0 (i = 1; : : : ; n), h

�

il

=

�

il

j�

ii

j

(i 6= l; i; l = 1; : : : ; n). From the condi-

tions imposed upon the matrix (�

il

)

n

i;l=1

it follows that the module of every

characteristic value of the matrix H is less than 1. Therefore, by (2.43), we

have r = 0, i.e., x(t) = 0 for t 6= t

i

(i = 1; : : : ; n). Moreover, the inequalities

x

i

(t

i

) � c

i

x

i

(�

i

); �

i

6= t

i

(i = 1; : : : ; n)

imply that x

i

(t

i

) = 0 (i = 1; : : : ; n). The lemma is proved. �

x

3. Proof of Main Results

Proof of Theorem 1:1. Let the conditions of Theorem 1.1 be ful�lled and let

the problem (1.1), (1.2) have the unique solution x

0

= (x

0

i

)

n

i=1

. Consider

the auxiliary problem

dz(t) = dA

�

(t) � f

�

(t; z(t)); (3.1)

h

�

(z) = 0; (3.2)
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where

A

�

(t) =

�

A

0

(t); O

n

O

n

; B(t)

�

f

�

(t; z

1

; : : : ; z

2n

) = (f

�

i0

(t; z

1

; : : : ; z

2n

))

2n

i=1

on [a; b]�R

2n

;

h

�

(z) = (h

�

i

(z))

2n

i=1

for z 2 BV ([a; b]; R

2n

);

B(t) is a diagonal matrix-function with the diagonal elements

b

i

(t) = [s

0

(c

ii

)(t)� s

0

(c

ii

)(t

i

)] sign(t� t

i

) for t 2 [a; b] (i = 1; : : : ; n);

f

�

i0

(t; z

1

; : : : ; z

2n

) = f

i0

(t; z

1

+ z

n+1

; : : : ; z

n

+ z

2n

);

f

�

n+io

(t; z

1

; : : : ; z

2n

) = 0 on [a; b]�R

2n

(i = 1; : : : ; n);

h

�

i

(z

1

; : : : ; z

2n

) = z

i

(t

i

) + z

n+i

(t

i

)� '

i

(z

1

+ z

n+1

; : : : ; z

n

+ z

2n

);

h

�

n+i

(z

1

; : : : ; z

2n

) = z

n+i

(t

i

) on BV ([a; b]; R

2n

):

It is clear that the problem (3.1), (3.2) has the unique solution z

0

= (z

0

i

)

2n

i=1

,

where

z

0

i

= x

0

i

; z

0

n+i

= 0 (i = 1; : : : ; n):

Let us show that z

0

is strongly isolated in the arbitrary radius r > 0.

By Lemma 2.5 from [11], there exists �

�

2]0;+1[ such that

n

X

i=1

kx

i

k

S

� �

�

[ +

1

n

ku(�)� u(a)k

S

] (3.3)

for every solution (x

i

)

n

i=1

of the problem

�

d

j

jx

i

(t)j � sign(t� t

i

)

�

n

X

l=1

jx

l

(t)jdc

il

(t) + d u

i

(t)

��

sign(t� t

i

) � 0

(i = 1; : : : ; n);

(�1)

j

d

j

jx

i

(t

i

)j � jx

i

(t

i

)jd

j

c

ii

(t

i

) + d

j

u

i

(t

i

) (i = 1; : : : ; n); (3.4)

jx

i

(t

i

)j � '

oi

(jx

1

j; : : : ; jx

n

j) + � (i = 1; : : : ; n); (3.5)

where � 2 R

+

and u = (u

i

)

n

i=1

2 BV ([a; b]; R

n

) are the arbitrary number

and the vector-function, respectively. On the other hand, in view of (1.11)

there exists a number

�

0

> nr +

n

X

i=1

kx

0

i

k

S

such that

�

�

�

(�) +

1

n









b

Z

a

d(A

(1)

(t) +A

(2)

(t)) � q(t; �)









�

< � for � � �

0

: (3.6)



33

Let

�(s) =

8

>

>

<

>

>

:

1 for jsj � �

0

;

2�

jsj

�

0

for �

0

< jsj < 2�

0

;

0 for jsj � 2�

0

;

e'

i

(x

1

; : : : ; x

n

) = �

�

n

X

k=1

kx

k

k

S

�

'

i

(x

1

; : : : ; x

n

) (i = 1; : : : ; n)

and let l

�

;

e

l

�

and l

�

0

be the operators from BV ([a; b]; R

2n

) into R

2n

de�ned

by

l

�

(z

1

; : : : ; z

2n

) =

�

(z

i

(t

i

) + z

n+i

(t

i

))

n

i=1

(z

n+i

(t

i

))

n

i=1

�

;

e

l

�

(z

1

; : : : ; z

2n

) = �

�

(e'

i

(z

1

+ z

n+1

; : : : ; z

n

+ z

2n

))

n

i=1

0

�

;

l

�

0

(z

1

; : : : ; z

2n

) = 0:

It is not di�cult to see that

f

�

(t; z) = P

�

(t)z + q

�

(t; z) for t 2 [a; b]; kz � z

0

(t)k < r;

h

�

(z) = l

�

(z) +

e

l

�

(z) for z 2 BV ([a; b]; R

2n

);

�

�

(t; �) < +1 and �

�

(�) < +1 for t 2 [a; b]; � 2 R

+

;

where

P

�

(t) =

�

O

n

O

n

I

n

I

n

�

; q

�

(t; z) = �

�

n

X

k=1

jz

k

+ z

n+k

j

�

�

�

�

f

0

(t; z

1

+ z

n+1

; : : : ; z

n

+ z

2n

)

�(z

i

+ z

n+i

)

n

i=1

�

for t 2 [a; b]; z = (z

i

)

2n

i=1

2 R

2n

;

�

�

(t; �) = max

�

jq

�

(t; z)j : kzk � �

	

for t 2 [a; b]; � 2 R

+

and

�

�

(�) = sup

�

[j

e

l

�

(z)j � l

�

0

(z)]

+

: kzk

S

� �

	

for � 2 R

+

:

Consequently, the conditions (a) and (b) of De�nition 1.2 are ful�lled for

f

�

; P

�

; q

�

; h

�

; l

�

;

e

l

�

; l

�

0

; �

�

, and �

�

. Moreover, the matrix-function P

�

sat-

is�es the Opial condition with respect to the triplet (l

�

; l

�

0

;A) as B

�

is a

continuous matrix-function.

Let now z = (z

i

)

2n

i=1

be an arbitrary solution of the problem

dz(t) = dA

�

(t) � [P

�

(t)z

�

(t) + q

�

(t; z(t))]; (3.7)

l

�

(z) +

e

l

�

(z) = 0: (3.8)
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Then the function u(t) = (u

i

(t))

n

i=1

, u

i

(t) = z

i

(t) + z

n+i

(t) (i = 1; : : : ; n)

will be the solution of the problem

du(t) = dB(t) � u(t)

�

1� �

�

n

X

k=1

ju

k

(t)j

��

+

+dA(t) � �

�

n

X

k=1

ju

k

(t)j

�

f(t; u(t));

2

u

i

(t

i

) = e'

i

(u) (i = 1; : : : ; n):

But every solution of the latter problem is also a solution of the problem

(1.1), (1.2), and the estimate

n

X

m=1

ku

m

k

S

� �

0

(3.9)

is valid (see the proof of Theorem 1.1 from [11]). Consequently,

u(t) � x

0

(t); (3.10)

since the problem (1.1), (1.2) has the unique solution x

0

. On the other

hand, by (3.9), (3.10) and the de�nition of the function �, from (3.7), (3.8)

we have

z(t) � z

0

(t);

i.e., the problem (3.7), (3.8) has no solution di�ering from z

0

. Hence z

0

is

strongly isolated in the radius r > 0.

According to Lemma 2.1, the problem (3.1), (3.2) is (z

0

; r)-correct.

Let us show that the problem (1.1), (1.2) is (x

0

; r)-correct.

Let " 2]0; r[ and

�

(A

m

; f

m

; h

m

)

�

+1

m=1

2 W

r

�

A

0

; f

0

; h;x

0

�

:

For every natural m, we put

A

�

m

(t) =

�

A

m

(t); O

n

O

n

; B(t)

�

;

f

�

m

(t; z

1

; : : : ; z

2n

) = (f

�

im

(t; z

1

; : : : ; z

2n

))

2n

i=1

on [a; b]�R

2n

;

h

�

m

(z

1

; : : : ; z

2n

) = (h

�

im

(z

1

; : : : ; z

2n

))

2n

i=1

for z = (z

i

)

2n

i=1

2 BV ([a; b]; R

2n

);

and

!

�

m

(t; �) = (!

�

im

(t; �))

2n

i=1

on [a; b]�R

+

;

2

A vector-function from BV

�

[a; b]; R

n

�

is said to be a solution of this system if it

satis�es the corresponding integral equality.
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where

f

�

im

(t; z

1

; : : : ; z

2n

) = f

im

(t; z

1

+ z

n+1

; : : : ; z

n

+ z

2n

);

f

�

n+im

(t; z

1

; : : : ; z

2n

) = 0 (i = 1; : : : ; n);

h

�

im

(z

1

; : : : ; z

2n

) = h

im

(z

1

+ z

n+1

; : : : ; z

n

+ z

2n

);

h

�

n+im

(z

1

; : : : ; z

2n

) = z

n+i

(t

i

) (i = 1; : : : ; n);

!

�

im

(t; �) = !

im

(t; �); !

�

n+im

(t; �) = 0 (i = 1; : : : ; n)

and !

m

= (!

im

)

n

i=1

2 M

�

[a; b] � R

+

; R

n

+

;A

m

�

is the vector-function ap-

pearing in the de�nition of the set W

r

(A

0

; f

0

; h;x

0

).

We can easily conclude that

�

(A

�

m

; f

�

m

; h

�

m

)

�

+1

m=1

2 W

r

(A

�

; f

�

; h

�

; z

0

):

Consequently, by (z

0

; r)-correctness of the problem (3.1), (3.2) there exists

a natural number m

0

such that the problem

d z(t) = dA

�

m

(t) � f

�

m

(t; z(t)); (3:1

m

)

h

�

m

(z) = 0 (3:2

m

)

has at least one solution in U

2n

(z

0

; r) and every such solution belongs to

the ball U

2n

(z

0

; ") for any m � m

0

. On the other hand, if z = (z

i

)

2n

i=1

is a

solution of the problem(3.1

m

), (3.2

m

), then x = (z

i

)

n

i=1

will be the solution

of the problem (1.1

m

), (1.2

m

) and conversely, if x = (x

i

)

n

i=1

is a solution

of the problem (1.1

m

), (1.2

m

), then the vector-function z = (z

i

)

2n

i=1

, where

z

i

= x

i

, z

n+i

= 0 (i = 1; : : : ; n) will be a solution of the problem (3.1

m

),

(3.2

m

). Moreover,

kz � z

0

k

S

= kx� x

0

k

S

:

Therefore the problem (1.1), (1.2) is (x

0

; r)-correct for every r > 0, too. In

view of the arbitrariness of r and De�nition 1.4, the problem (1.1), (1.2) is

correct. Thus the theorem is proved. �

Proof of Theorem 1:2. This theorem immediately follows from Theorem

1.1 and from Theorem 1.2 in [11].

Proof of Theorem 1:3. According to Theorem 1.2, the problem (1.1), (1.2)

has the unique solution (x

i

)

n

i=1

.

Let us show that the Cauchy problem

d u(t) =

n

X

k=1

f

k0

(t; z

1

(t); : : : ; z

i

0

�1

(t); u(t);

z

i

0

+1

(t); : : : ; z

n

(t))d a

i

0

k0

(t); (3.11)

u(t

i

0

) = c

0

(3.12)
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has the unique solution de�ned on the whole [a; b] for every i

0

2 f1; : : : ; ng,

c

0

2 R and z

k

2 BV

�

[a; b]; R

�

(k 6= i

0

; k = 1; : : : ; n). In fact, the latter

problem may be written in the form

du(t) = dA

0

(t) � f

0

�

t; u(t)

�

; (3.13)

u

i

(t

i

) = '

i

(u) (i = 1; : : : ; n); (3.14)

where

u(t) =

�

u

i

(t)

�

n

i=1

; u

i

(t) = �

i

0

i

u(t) (i = 1; : : : ; n);

A

0

(t) =

�

a

ik0

(t)

�

n

i;k=1

; a

ik0

(t) = �

i

0

i

a

ik0

(t) (i; k = 1; : : : ; n);

f

0

(t; x

1

; : : : ; x

n

) =

�

f

k0

(t; x

1

; : : : ; x

n

)

�

n

k=1

;

f

k0

(t; x

1

; : : : ; x

n

) = f

k0

�

t; z

1

(t); : : : ; z

i

0

�1

(t); x

i

0

; z

i

0

+1

(t); : : : ; z

n

(t)

�

(k = 1; : : : ; n);

'

i

(u) = �

i

0

i

c

0

(i = 1; : : : ; n):

It is easily seen that A

0

, f

0

and '

i

(i = 1; : : : ; n) satisfy conditions of

Theorem 1.2. Therefore, by this theorem the problem (3.13), (3.14) has

the unique solution. This in its turn implies that the Cauchy problem

(3.11), (3.12) has the unique solution de�ned on [a; b]. Consequently, for

every (x

i0

)

n

i=1

2 BV

�

[a; b]; R

n

�

there exists the unique sequence (x

im

)

n

i=1

2

BV

�

[a; b]; R

n

�

(m = 1; 2; : : : ) such that x

im

is the solution of the problem

(1.6), (1.7) for every natural m and i 2 f1; : : : ; ng. By virtue of Lemma 2.2

from [11] and (1.13), (1.14), (1.21){(1.23), the functions

y

im

(t) =

�

�

x

i

(t)� x

im

(t)

�

�

(i = 1; : : : ; n)

satisfy inequalities (2.9) and (2.10), where u

im

(t) � 0 and 

m

= 0 for every

m. Therefore, according to Lemma 2.3, the estimates (1.27) are valid, where

r

0

2]0;+1[ and � 2]0; 1[ are numbers independent of m. Thus the theorem

is proved. �

The Corollaries 1.1{1.6 follow immediately from Theorems 1.1{1.3 with

regard to Lemmas 2.6 and 2.7. It should only be noted that we take the

following functions as c

il

(i; l = 1; : : : ; n):

c

il

(t

i

) = 0 (i; l = 1; : : : ; n);

c

il

(t) = j�

il

j

�

�

i

(t)� �

i

(t

i

)� (�1)

j

d

j

�

i

(t

i

)

�

+ �

il

(t)�

��

il

(t

i

)� (�1)

j

d

j

�

il

(t

i

) +

+�

il

2

X

�=1

n

X

k=1

�

�

�

�ikjl

d

j

a

�ik

(t

i

)

�

�

for (�1)

j

(t� t

i

) > 0 (j = 1; 2; i; l = 1; : : : ; n)

in Corollaries 1.2, 1.4 and 1.6.
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Let us consider Remark 1.3. Let the conditions of Theorem 1.3 be ful-

�lled. Then for every (x

i0

)

n

i=1

2 BV

�

[a; b]; R

n

�

, (u

im

)

n

i=1

2 BV

�

[a; b]; R

n

�

(m = 1; 2; : : : ) and (

im

)

n

i=1

2 R

n

(m = 1; 2; : : : ) there exists a unique

sequence of vector-functions (x

im

)

n

i=1

2 BV

�

[a; b]; R

n

�

(m = 1; 2; : : : ) such

that the vector-function (x

im

)

n

i=1

is a solution of the following Cauchy prob-

lem

dx

im

(t) =

n

X

k=1

f

k0

�

t; x

1m�1

(t); : : : ; x

i�1m�1

(t); x

im

(t); x

i+1m�1

(t);

: : : ; x

nm�1

(t)

�

da

ik0

(t) + du

im

(t) (i = 1; : : : ; n);

x

im

(t

i

) = '

i

�

x

1m�1

; : : : ; x

nm�1

�

+ 

im

(i = 1; : : : ; n)

for every naturalm. On the other hand, by Lemma 2.2 from [11] and (1.13),

(1.14), (1.21){(1.23) the functions

y

im

(t) =

�

�

x

im

(t)� x

im

(t)

�

�

(i = 1; : : : ; n)

satisfy the inequalities (2.9) and (2.10), where

u

im

(t) =

t

_

a

(u

im

) (i = 1; : : : ; n); 

m

=

n

X

i=1

j

im

j

for every m. Therefore, according to Lemma 2.3,

n

X

i=1

kx

im

� x

im

k

S

� �

n

X

k=0

�

k

�

m�k

(m = 1; 2; : : : ); (3.15)

where (x

im

)

n

i=1

(m = 1; 2; : : : ) is the sequence appearing in Theorem 1.3,

�

0

=

n

X

i=1

kx

i0

� x

i0

k

S

; �

m

=

n

X

i=1

�

j

im

j+

1

n

b

_

a

(u

im

)

�

(m = 1; 2; : : : )

and � 2]0;+1[ and � 2]0; 1[ are numbers independent of m, u

im

and 

im

.

Presuppose now that

lim

m!+1

�

m

= 0:

Then for every positive number " there exists a natural number m

"

such

that

�

m

< " and �

m

< " for m � m

"

:

This implies

m

X

k=0

�

k

�

m�k

=

m

"

X

k=0

�

k

�

m�k

+

m

X

k=m

"

+1

�

k

�

m�k

< �

0

m

"

X

k=0

�

m�k

+

+"

m

X

k=m

"

+1

�

m�k

� "

�

0

+ 1

1� �

for m > 2m

"

;
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where �

0

is a number such that

�

k

< �

0

(k = 1; 2; : : : ):

Consequently, by (3.15)

lim

m!+1

kx

im

� x

im

k

S

= 0 (i = 1; : : : ; n):

x

4. On the Numerical Solution of the Multipoint Boundary

Value Problem for a System of Ordinary Differential

Equations

Let E

�

N

m

; R

n

�

and E

�

e

N

m

; R

n

�

be the spaces of all vector-functions

y : N

m

! R

n

and y :

e

N

m

! R

n

with the norms

kyk

m

= max

�

ky(k)k : k 2 N

m

	

and

kyk

em

= max

�

ky(k)k : k 2

e

N

m

	

;

respectively, where N

m

= f1; : : : ;mg,

e

N

m

= f0; : : : ;mg (m = 1; 2; : : : ).

E

�

e

N

m

; R

n

+

�

=

�

y 2 E(

e

N

m

; R

n

) : y(k) 2 R

n

+

for k 2

e

N

m

	

:

Let �

1

and �

2

be the �rst order di�erence operator de�ned by the

equalities

�

1

y(k) = y(k)� y(k � 1) for y 2 E

�

e

N

m

; R

n

�

(k = 1; : : : ;m)

and

�

2

y(k) = y(k + 1)� y(k) for y 2 E

�

e

N

m

; R

n

�

(k = 0; : : : ;m� 1);

respectively.

By M

�

N

m

�R

+

; R

n

+

�

we denote the set of all vector-functions ! : N

m

�

R

+

! R

n

+

such that !(k; �) is a continuous nondecreasing vector-function,

and !(k; 0) = 0 for k 2 N

m

.

Let

e

C

�

[a; b]; R

n�m

�

be the set of all matrix-functions X : [a; b]! R

n�m

with absolutely continuous components.

For system of ordinary di�erential equations

dx

i

(t)

dt

= f

i

(t; x

1

(t); : : : ; x

n

(t)) (i = 1; : : : ; n) (4.1)

consider the multipoint boundary value problem

x

i

(t

i

) = '

i

(x

1

; : : : ; x

n

) (i = 1; : : : ; n); (4.2)

where t

1

; : : : ; t

n

2 [a; b], f = (f

i

)

n

i=1

2 K

�

[a; b]�R

n

; R

n

�

and '

i

: BV

S

�

[a; b],

R

n

�

! R (i = 1; : : : ; n) are continuous functionals, in general, nonlinear.

The system (4.1) is a special case of the system (1.1), when A

(2)

(t) � 0

and A

(1)

(t) is the diagonal matrix-function whose every diagonal element

equals t

0

t.
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It is clear that a vector-function x

0

2 BV

�

[a; b]; R

n

�

is a solution of

the system (4.1) in the sense described in Section 1 if and only if x

0

2

e

C

�

[a; b]; R

n

�

and satis�es the system (4.1) for almost every t 2 [a; b].

Along with the problem (4.1), (4.2) consider the di�erence scheme

�

j

y

i

(k) =

1

m

g

jim

�

k; y

1

(k); : : : ; y

n

(k)

�

(k + j � 1 2 N

m

; i 2 N

jm

; j = 1; 2); (4:1

m

)

y

i

(k

im

) =  

im

(y

1

; : : : ; y

n

) (i = 1; : : : ; n) (4:2

m

)

(m = 2; 3; : : : ), where k

im

2

e

N

m

(i = 1; : : : ; n), N

1m

[ N

2m

= N

n

,

N

1m

\ N

2m

= ?, g

jim

(k; �) : R

n

! R (k 2

e

N

m

; i 2 N

jm

; j = 1; 2) and

 

im

: E

�

e

N

m

; R

n

�

! R (i = 1; : : : ; n) are continuous functionals, in general,

nonlinear.

Let A

m

= (a

ilm

)

n

i;l=1

: [a; b] ! R

n�n

(m = 2; 3; : : : ), f

m

= (f

im

)

n

i=1

:

[a; b] � R

n

! R

n

(m = 2; 3; : : : ), t

im

2 [a; b] (i = 1; : : : ; n; m = 2; 3; : : : )

and '

im

: BV

S

�

[a; b]; R

n

�

! R (i = 1; : : : ; n; m = 2; 3; : : : ) be the matrix-

functions, the vector-functions, the points and the functionals, respectively,

de�ned by the equalities

a

ilm

(t) = 0 for t 2 [a; b] (i 6= l; i; l = 1; : : : ; n);

a

iim

(t) = k for t 2 I

jkm

\ [a; b]

(k = 0; : : : ;m; i = 1; : : : ; n; j = 1; 2); (4.3)

f

im

(t; x) =

8

>

>

<

>

>

:

0 for t 2 I

10m

\ [a; b]; x 2 R

n

(i 2 N

1m

);

0 for t 2 I

2mm

\ [a; b]; x 2 R

n

(i 2 N

2m

);

1

m

g

jim

(k; x) for t 2 I

jkm

\ [a; b]; x 2 R

n

(4.4)

(k + j � 1 2 N

m

; i 2 N

jm

; j = 1; 2);

t

im

= �

k

im

m

(i = 1; : : : ; n); (4.5)

'

im

(x

1

; : : : ; x

n

) =  

im

(y

1

; : : : ; y

n

) for (x

l

)

n

l=1

2 BV

�

[a; b]; R

n

�

(i = 1; : : : ; n); (4.6)

where I

1km

=

�

�

km

�

�

m

2

, �

km

+

�

m

2

�

(k = 0; : : : ;m), I

2km

=

�

�

km

�

�

m

2

,

�

km

+

�

m

2

�

(k = 0; : : : ;m), �

km

= a+ k�

m

(k = 0; : : : ;m), �

m

=

b� a

m

and

y

i

(k) = x

i

(�

km

) for (x

l

)

n

l=1

2 BV

�

[a; b]; R

n

�

(k = 0; : : : ;m; i = 1; : : : ; n): (4.7)

The following lemma is evident.
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Letm 2 f2; 3; : : :g be �xed and let a vector-function (y

i

)

n

i=1

2

E

�

e

N

m

; R

n

�

be a solution of the problem (4:1

m

), (4:2

m

). Then the vector-

function x = (x

i

)

n

i=1

: [a; b]! R

n

de�ned by the equalities

x

i

(t) = y

i

(k) for t 2 I

jkm

\ [a; b] (k + j � 1 2 N

m

; i 2 N

jm

; j = 1; 2);

will be a solution of the problem (1:1

m

), (1:2

m

), where the matrix-function

A

m

= (a

ilm

)

n

i;l=1

: [a; b] ! R

n�n

, the vector-function f

m

= (f

im

)

n

i=1

:

[a; b] � R

n

! R

n

, the points t

im

(i = 1; : : : ; n) and the functionals '

im

:

BV

S

�

[a; b]; R

n

�

! R (i = 1; : : : ; n) are de�ned by the equalities (4:3){(4:6),

respectively. On the contrary, if a vector-function x = (x

i

)

n

i=1

is a solution

of the problem (1:1

m

), (1:2

m

), then the vector-function (y

i

)

n

i=1

de�ned by

(4:7) will be a solution of the problem (4:1), (4:2), where

g

jim

(k; x) = mf

im

(�

km

; x) for k + j � 1 2 N

m

; x 2 R

n

(i 2 N

jm

; j = 1; 2):

Will give the following de�nition from [2].

We will say that the pair

�

(q

il

)

n

i;l=1

; ('

0i

)

n

i=1

�

consisting

of a matrix-function (q

il

)

n

i;l=1

2 L

�

[a; b]; R

n�n

�

and of a positively ho-

mogeneous operator ('

0i

)

n

i=1

: BV

S

�

[a; b]; R

n

+

�

! R

n

+

belongs to the set

e

U(t

1

; : : : ; t

n

) if

q

il

(t) � 0 for t 2 [a; b] (i 6= l; i; l = 1; : : : ; n)

and the problem

x

0

i

(t) sign(t� t

i

) �

n

X

l=1

q

il

(t)x

l

(t) (i = 1; : : : ; n);

x

i

(t

i

) � '

0i

�

jx

1

j; : : : ; jx

n

j

�

(i = 1; : : : ; n)

has no nontrivial nonnegative absolutely continuous solution.

It is evident that if (c

il

)

n

i;l=1

2

e

C

�

[a; b], R

n�n

�

, then the condition (1.12)

is ful�lled if and only if

�

(q

il

)

n

i;l=1

; ('

0i

)

n

i=1

�

2

e

U(t

1

; : : : ; t

n

); (4.8)

where

q

il

(t) � c

0

il

(t) (i; l = 1; : : : ; n):

Let x

0

2

e

C

�

[a; b]; R

n

�

and r 2]0;+1[ be arbitrary. By y

m

(x

0

; r) we

denote the set of all solutions y = (y

i

)

n

i=1

of the problem (4:1

m

), (4:2

m

)

such that

max

�

ky(k)� x

0

(�

km

)k : k 2

e

N

m

	

< r

for every m 2 f2; 3; : : :g.
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The di�erence scheme (4:1

m

), (4:2

m

) (m = 2; 3; : : : ) is

said to be converging to the vector-function x

0

2

e

C

�

[a; b]; R

n

�

in the radius

r if for every " 2]0; r[ there exists a natural number m

0

such that

Y

m

(x

0

; r) 6= ?

and

Y

m

(x

0

; r) � Y

m

(x

0

; ")

for every m � m

0

.

The di�erence scheme (4:1

m

), (4:2

m

) (m = 2; 3; : : : ) is

said to be converging to the solution of the problem (4:1), (4:2) if the latter

problem has the unique solution x

0

and this di�erence scheme converges to

x

0

in every radius r > 0.

Let h(x) =

�

h

i

(x)

�

n

i=1

, h

i

(x) = x

i

(t

i

)�'

i

(x) (i = 1; : : : ; n) and h

m

(x) =

�

h

im

(x)

�

n

i=1

, h

im

(x) = x

i

(�

k

im

m

) �  

im

(y

1

; : : : ; y

n

) (i = 1; : : : ; n; m =

2; 3; : : : ) for x = (x

l

)

n

l=1

2 BV

�

[a; b]; R

n

�

, where y

l

:

e

N

m

! R (l = 1; : : : ; n)

are de�ned by (4.7). Let g

m

= (g

im

)

n

i=1

:

e

N

m

�R

n

! R

n

(m = 2; 3; : : : ) be

a vector-function such that

g

im

(k; x) = g

jim

(k; x) for k 2

e

N

m

; x 2 R

n

(i 2 N

jm

; j = 1; 2):

By W (f; h) we denote the set of all sequences (g

m

; h

m

)

+1

m=2

such that

a)

lim

m!+1

max

�

�

�

�

�

1

m

k

X

l=�+1

g

jim

(l; x)�

�

km

Z

�

�m

f

i

(�; x)d�

�

�

�

�

: � < k;

� + j � 1; k + j � 1 2 N

m

�

= 0 for every x 2 R

n

(i 2 N

jm

; j = 1; 2);

b) lim

m!+1

h

im

(x) = h

i

(x) uniformly on U

n

(0; r) (i = 1; : : : ; n) for every

r > 0;

c) there exist sequences (!

jim

)

n

i=1

2M

�

N

m

�R

+

; R

n

+

�

(m = 2; 3; : : : ; j =

1; 2) such that

sup

�

1

m

m�j+1

X

k=2�j

!

jim

(k; r) : m = 2; 3; : : :

�

< +1 for r > 0 (j = 1; 2);

lim

s!0+

sup

�

1

m

m�j+1

X

k=2�j

!

jim

(k; s) : m = 2; 3; : : :

�

= 0 (j = 1; 2)

and

�

�

g

jim

(k; x)� g

jim

(k; y)

�

�

� !

jim

(k; kx� yk) for k + j � 1 2 N

m

and x; y 2 R

n

(j = 1; 2; i = 1; : : : ; n; m = 2; 3; : : : ):



42

Theorems 4:1, 4:2 and 4:2

0

and Corollaries 4:1{4:4, 4:1

0

and 4:3

0

below

follow immediately from Theorems 1:1, 1:2 and from Corollaries 1:1{1:4 if

we use Lemma 4:1.

Let the inequalities

f

i

(t; x

1

; : : : ; x

n

) sign

�

(t� t

i

)x

i

�

�

n

X

l=1

p

il

(t)jx

l

j+ q

i

�

t; kxk

�

;

(i = 1; : : : ; n) (4.9)

and (1:10) be ful�lled on [a; b]�R

n

and BV

�

[a; b]; R

n

�

, respectively and let,

t

Z

s

p

il

(�)d� � c

il

(t)� c

il

(s) for a � s � t � b (i; l = 1; : : : ; n);

(4.10)

where p

il

2 L

�

[a; b]; R

�

(i; l = 1; : : : ; n), q

i

2 K

�

[a; b] � R

+

; R

+

�

(i =

1; : : : ; n) are functions nondecreasing in the second variable,  2 C(R

+

; R

+

),

lim

�!+1

1

�

b

Z

a

q

i

(t; �)dt = 0 (i = 1; : : : ; n); lim

�!+1

(�)

�

= 0 (4.11)

and the matrix-function (c

il

)

n

i;l=1

2 BV

�

[a; b]; R

n�n

�

is such that the con-

dition (1:12) holds. Moreover,let

(g

m

; h

m

)

+1

m=2

2W (f; h): (4.12)

If the problem (4:1), (4:2) has no more than one solution, then the di�er-

ence scheme (4:1

m

), (4:2

m

) (m = 2; 3; : : : ) converges to the solution of the

problem (4:1), (4:2).

4:1

0

: Let the inequalities (4:9) and (1:10) be ful�lled on [a; b]�R

n

and BV

�

[a; b]; R

n

�

, respectively, and let the conditions (4:11), (4:12) and

p

il

(t) � q

il

(t) for t 2 [a; b] (i; l = 1; : : : ; n) (4.13)

hold, where p

il

2 L

�

[a; b]; R

�

(i; l = 1; : : : ; n), q

i

2 K

�

[a; b] � R

+

; R

+

�

(i = 1; : : : ; n) are functions nondecreasing in the second variable,  2

C(R

+

; R

+

), q

il

and '

0i

(i; l = 1; : : : ; n) satisfy the condition (4:8). If

the problem (4:1), (4:2) has no more than one solution, then the di�er-

ence scheme (4:1

m

) (4:2

m

) (m = 2; 3; : : : ) converges to the solution of the

problem (4:1), (4:2).

Let the inequalities (4:9) and (1:16) be ful�lled on [a; b]�R

n

and BV

�

[a; b]; R

n

�

, respectively, and let the conditions (1:3), (1:15), (4:10){

(4:12) hold, where p

il

2 L

�

[a; b]; R

�

(i; l = 1; : : : ; n), q

i

2 K

�

[a; b]�R

+

; R

+

�

(i = 1; : : : ; n) are functions nondecreasing in the second variable, l

�ik

2
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R

+

(� = 0; 1; 2; i; k = 1; : : : ; n),  2 C(R

+

; R

+

), c

il

(i 6= l; i; l = 1; : : : ; n)

are functions nondecreasing on [a; b] and continuous at the point t

i

, c

ii

2

BV

�

[a; b]; R

�

(i = 1; : : : ; n); �

l

(l = 1; : : : ; n) are functions nondecreasing

on [a; b] and having not more than a �nite number of discontinuity points;

h

il

2 L

�

�

[a; b]; R

+

; �

l

�

(i; l = 1; : : : ; n), 1 � � � +1,

1

�

+

2

�

= 1. Moreover,

let the module of every characteristic value of the 3n � 3n- matrix H =

�

H

j+1;�+1

�

2

j;�=0

appearing in Corollary 1:1 or of the n�n-matrix appearing

in Remark 1:2 be less than 1. Then the conclusion of Theorem 4:1 is true.

If �

l

(t) � t (l = 1; : : : ; n), then Corollary 4.1 has the following form.

4:1

0

: Let the inequalities (4:9) and

�

�

'

i

(x

1

; : : : ; x

n

)

�

�

�

n

X

k=1

l

ik

kx

k

k

L

�

+ 

�

n

X

k=1

kx

k

k

S

�

(i = 1; : : : ; n)

3

be ful�lled on [a; b]� R

n

and BV

�

[a; b]; R

n

�

, respectively, and let the con-

ditions (4:11) and (4:12) hold, where p

il

2 L

�

�

[a; b];R

+

�

(i; l = 1; : : : ; n),

l

ik

2 R

+

(i; k = 1; : : : ; n), 1 � � � +1,

1

�

+

2

�

= 1, q

i

2 K

�

[a; b]�R

+

; R

+

�

(i = 1; : : : ; n) are the functions nondecreasing with respect to the second

variable,  2 C(R

+

; R

+

). Moreover, let the module of every characteristic

value of the matrix

�

(b� a)

1

�

l

ik

+

�

2(b� a)

�

�

2

�

kp

ik

k

L

�

�

n

i;k=1

(4.14)

be less than 1. Then the conclusion of Theorem 4:1 is true.

Let the inequalities

f

i

(t; x

1

; : : : ; x

n

) sign

�

(t� t

i

)x

i

�

�

n

X

l=1

�

il

jx

l

j+ q

i

�

t; kxk

�

;

(i = 1; : : : ; n) (4.15)

and (1:17) be ful�lled on [a; b]�R

n

and BV

�

[a; b]; R

n

�

, respectively, and let

the conditions (4:11), (4:12) and

c

i

exp

�

(�1)

j

(�

i

� t

i

)�

ii

�

< 1 if (�1)

j

(�

i

� t

i

) > 0

(j = 1; 2; i = 1; : : : ; n); (4.16)

hold, where �

il

2 R

+

(i 6= l; i; l = 1; : : : ; n), �

ii

< 0 (i = 1; : : : ; n),

q

i

2 K

�

[a; b] � R

+

; R

+

�

are functions nondecreasing in the second vari-

able,  2 C(R

+

; R

+

), c

i

2 R

+

(i = 1; : : : ; n), �

i

2 [a; b] and �

i

6= t

i

3

Here kx

k

k

L

�

=

�

R

b

a

jx

k

(t)j

�

dt

�

1

�

(k = 1; : : : ; n):
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(i = 1; : : : ; n). Moreover, let the real part of every characteristic value of

the matrix (�

il

)

n

i;l=1

be negative, where

�

il

= �

il

�

�

il

+ (1� �

il

)h

ij

�

for (�1)

j

(�

i

� t

i

) > 0

(j = 1; 2; i; l = 1; : : : ; n);

h

ij

=

8

>

<

>

:

1 for c

i

� 1;

1 + (c

i

� 1)

�

1� c

i

exp

�

(�1)

j

(�

i

� t

i

)�

ii

�

�

�1

for c

i

> 1

(j = 1; 2; i = 1; : : : ; n):

Then the conclusion of Theorem 4:1. is true.

Let the inequalities

�

f

i

(t; x

1

; : : : ; x

n

)� f

i

(t; y

1

; : : : ; y

n

)

�

sign

�

(t� t

i

)(x

i

� y

i

)

�

�

�

n

X

l=1

p

il

(t)jx

l

� y

l

j (i = 1; : : : ; n) (4.17)

and (1:23) be ful�lled on [a; b] � R

n

and BV

�

[a; b]; R

n

�

, respectively, and

let the conditions (1:12), (4:10) and (4:12) hold, where p

il

2 L

�

[a; b]; R

�

(i; l = 1; : : : ; n). Then the di�erence scheme (4:1

m

), (4:2

m

) (m = 2; 3; : : : )

converges to the solution of the problem (4:1), (4:2).

4:2

0

: Let the inequalities (4:17) and (1:23) be ful�lled on [a; b]�

R

n

and BV

�

[a; b]; R

n

�

, respectively, and let the conditions (4:12) and (4:13)

hold, where p

il

2 L

�

[a; b]; R

�

(i; l = 1; : : : ; n), q

il

and '

0i

(i; l = 1; : : : ; n)

satisfy the condition (4:8). Then the di�erence scheme (4:1

m

), (4:2

m

) (m =

2; 3; : : : ) converges to the solution of the problem (4:1), (4:2).

Let the inequalities (4:17) and (1:24) be ful�lled on [a; b]�

R

n

and BV

�

[a; b]; R

n

�

, respectively, and let the conditions (1:3), (1:15),

(4:10) and (4:12) hold, where p

il

2 L

�

[a; b]; R

�

(i; l = 1; : : : ; n), l

�ik

2 R

+

(� = 0; 1; 2; i; k = 1; : : : ; n), c

il

(i 6= l; i; l = 1; : : : ; n) are functions non-

decreasing on [a; b] and continuous at the point t

i

; c

ii

2 BV

�

[a; b]; R

�

(i =

1; : : : ; n), �

l

(l = 1; : : : ; n) are functions nondecreasing on [a; b] and having

not more than a �nite number of discontinuity points, h

il

2 L

�

�

[a; b]; R

+

;�

l

�

(i; l = 1; : : : ; n), 1 � � � +1,

1

�

+

2

�

= 1. Moreover, let the module of every

characteristic value of the 3n� 3n -matrix H = (H

j+1;�+1

)

2

j;�=0

appearing

in Corollary 1:1 or of the n�n-matrix appearing in Remark 1:2 be less than

1. Then the conclusion of Theorem 4:2 is true.
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4:3

0

Let the inequalities (4:17) and

�

�

'

i

(x

1

; : : : ; x

n

)� '

i

(y

1

; : : : ; y

n

)

�

�

�

n

X

k=1

l

ik

kx

k

� y

k

k

L

�

(i = 1; : : : ; n)

be ful�lled on [a; b] � R

n

and BV

�

[a; b]; R

n

�

, respectively, and let the con-

dition (4:12) hold, where p

il

2 L

�

([a; b];R

+

) (i; l = 1; : : : ; n), l

ik

2 R

+

(i; k = 1; : : : ; n), 1 � � � +1,

1

�

+

2

�

= 1. Moreover, let the module

of every characteristic value of the matrix (4:14) be less than 1. Then the

conclusion of Theorem 4:2 is true.

Let the inequalities

�

f

i

(t; x

1

; : : : ; x

n

)� f

i

(t; y

1

; : : : ; y

n

)

�

sign

�

(t� t

i

)(x

i

� y

i

)

�

�

�

n

X

l=1

�

il

jx

l

� y

l

j (i = 1; : : : ; n)

be ful�lled on [a; b] � R

n

, and let the conditions (4:12) and (4:16) hold,

where �

il

2 R

+

(i 6= l; i; l = 1; : : : ; n), �

ii

< 0 (i = 1; : : : ; n), c

i

2 R

+

(i =

1; : : : ; n), �

i

2 [a; b] and �

i

6= t

i

(i = 1; : : : ; n). Moreover, let the real part

of every characteristic value of the matrix (�

il

)

n

i;l=1

appearing in Corollary

4:2 be negative. Then the di�erence scheme (4:1

m

), (4:2

m

) (m = 2; 3; : : : )

converges to the solution of the problem (4:1), (1:25) for every �

i

2 [�c

i

; c

i

]

and 

i

2 R (i = 1; : : : ; n).

We give the following notation from [16].

Let I be a set obtained by rejection of not more than a �nite number

of points from [a; b]. Then by C

�

(I; R) we denote the set of all functions

u 2 C(I; R) such that

ju(t)j � v

u

(t) for t 2 I;

where v

u

: I ! R

+

is a continuous, Riemann integrable in improper sense,

function monotone in su�ciently small left and right neighborhood of every

point of the set [a; b]nI . Let C

�

(I�R

n

; R

n

) be the set of all f = (f

i

)

n

i=1

2 C

(I �R

n

; R

n

) such that

max

�

�

�

f

i

(�; x)

�

�

: kxk � r

�

2 C

�

(I; R) (i = 1; : : : ; n)

for every r > 0.

Remark 4.1. Analogously, as in the proof of Lemma 1:1 from [16], we can

show that if (f

i

)

n

i=1

2 K

�

[a; b]�R

n

; R

n

�

and

g

jim

(k; x) = m

�

km

Z

�

k�1m

f

i

(�; x)d� for k + j � 1 2 N

m

; x 2 R

n

(i 2 N

jm

; j = 1; 2; m = 2; 3; : : : )
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or (f

i

)

n

i=1

2 C

�

(I �R

n

; R

n

) and

g

jim

(k; x) =

(

0 for �

km

2 T

m

; x 2 R

n

;

f

i

(�

km

; x) for �

km

2 InT

m

; x 2 R

n

(k + j � 1 2 N

m

; i 2 N

jm

; j = 1; 2; m = 2; 3; : : : );

where I is a set, obtained by rejection of not more than a �nite number of

points from [a; b],

T

m

= [

t2[a;b]nI

]t� �

m

; t+ �

m

[;

then the sequences (g

jim

)

+1

m=2

(i 2 N

jm

; j = 1; 2) satisfy the conditions (a)

and (c) given in the de�nition of the setW (f; h). In particular, it is evident

that the Euler and the Runge{Kutta schemes [17] satisfy these conditions.

x

5. On the Stability of Solutions of the Multipoint Boundary

Value Problem for a System of Difference Equations

In this section we intend to consider the results connected with the mul-

tipoint boundary value problem for system of di�erence equations which

have been given in Section 1.

Let m

0

� 2 be a �xed natural number. For system of di�erence equations

y

i

(k)� y

i

(k � 1) = g

i

�

k; y

1

(k); : : : ; y

n

(k); y

1

(k � 1); : : : ; y

n

(k � 1)

�

for k 2 N

m

0

(i = 1; : : : ; n) (5.1)

consider the multipoint boundary value problem

y

i

(k

i

) =  

i

(y

1

; : : : ; y

n

) (i = 1; : : : ; n); (5.2)

where k

i

2

e

N

m

0

(i = 1; : : : ; n), g

i

(k; �) : R

2n

! R (k = 1; : : : ;m

0

; i =

1; : : : ; n) and  

i

: E(

e

N

m

0

; R

n

) ! R (i = 1; : : : ; n) are continuous function-

als, in general nonlinear.

Consider along with the problem (5.1), (5.2) a sequence of problems

y

i

(k)� y

i

(k � 1) = g

im

�

k; y

1

(k); : : : ; y

n

(k); y

1

(k � 1); : : : ; y

n

(k � 1)

�

for k 2 N

m

0

(i = 1; : : : ; n); (5:1

m

)

y

i

(k

im

) =  

im

(y

1

; : : : ; y

n

) (i = 1; : : : ; n) (5:2

m

)

(m = 1; 2; : : : ), where k

im

2

e

N

m

0

(i = 1; : : : ; n), g

im

(k; �) : R

2n

! R

(k = 1; : : : ;m

0

; i = 1; : : : ; n) and  

im

: E(

e

N

m

0

; R

n

) ! R (i = 1; : : : ; n) are

continuous functionals, in general nonlinear.

We will rewrite every of the problems (5.1), (5.2) and (5:1

m

), (5:2

m

)

(m = 1; 2; : : : ) in the form of the problems (1.1), (1.2) and (1:1

m

), (1:2

m

)

(m = 1; 2; : : : ), respectively.

Consider the problem (5.1), (5.2). Let y = (y

i

)

n

i=1

2 E(

e

N

m

0

; R

n

) be a

solution of this problem. Assume

y

i

(�1) = 0 (i = 1; : : : ; n)
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and

y

n+i

(k) = y

i

(k � 1) for k 2

e

N

m

0

(i = 1; : : : ; n):

Then the problem (5.1), (5.2) is equivalent to the following 2n�2n di�erence

problem

y

i

(k)� y

i

(k � 1) = g

i

�

k; y

1

(k); : : : ; y

2n

(k)

�

for k 2 N

m

0

(i = 1; : : : ; n);

y

n+i

(k)� y

n+i

(k � 1) = y

i

(k � 1)� y

n+i

(k � 1) for k 2 N

m

0

(i = 1; : : : ; n);

y

i

(k

i

) =  

i

(y

1

; : : : ; y

n

) (i = 1; : : : ; n);

y

n+i

(k

n+i

) =  

i

(y

1

; : : : ; y

n

) (i = 1; : : : ; n);

where

k

n+i

= k

i

+ 1 (i = 1; : : : ; n):

Therefore the vector-function x = (x

i

)

n

i=1

2 BV

�

[0;m

0

]; R

n

�

,

x

i

(t) = y

i

(k) for t 2 I

jkm

0

\ [0;m

0

]

(k + j � 1 2 N

m

0

; i 2 N

jm

0

; j = 1; 2); (5.3)

where I

1km

0

=

�

�

km

0

�

�

m

0

2

; �

km

0

+

�

m

0

2

�

(k 2

e

N

m

0

), I

2km

0

=]�

km

0

�

�

�

m

0

2

; �

km

0

+

�

m

0

2

] (k 2

e

N

m

0

), �

km

0

= k�

m

0

, �

m

0

=

b� a

m

0

, N

1m

0

=

f1; : : : ; ng, N

2m

0

= fn + 1; : : : ; 2ng, is a solution of the 2n � 2n problem

(1.1), (1.2), with a = 0, b = m

0

, A

0

(t) =

�

a

il

(t)

�

2n

i;l=1

,

a

il

(t) � 0 (i 6= l; i; l = 1; : : : ; 2n);

a

ii

(t) = k for t 2 I

jkm

0

\ [a; b]

(k 2

e

N

m

0

; i 2 N

jm

0

; j = 1; 2);

(5.4)

f

0

(t; x) =

�

f

i0

(t; x)

�

2n

i=1

;

f

i0

(t; x) =

(

0 for t 2 I

10m

0

\ [a; b]; x 2 R

2n

;

g

i

(k; x) for t 2 I

1km

0

\ [a; b]; x 2 R

2n

; k 2 N

m

0

(i = 1; : : : ; n);

f

n+io

(t; x

1

; : : : ; x

2n

) = x

i

� x

n+i

for t 2 [a; b]; (x

l

)

2n

l=1

2 R

2n

(5.5)

(i = 1; : : : ; n);

t

i

= k

i

(i = 1; : : : ; 2n); (5.6)

'

i

(x

1

; : : : ; x

2n

) = '

n+i

(x

1

; : : : ; x

2n

) =  

i

(y

1

; : : : ; y

n

)

for (x

l

)

2n

l=1

2 BV

�

[a; b]; R

2n

�

(i = 1; : : : ; n); (5.7)

where

y

i

(k) = x

i

(�

km

0

) (k = 0; : : : ;m

0

; i = 1; : : : ; n): (5.8)
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Analogously we can see that if y = (y

i

)

n

i=1

2 E(

e

N

m

0

; R

n

) is a solu-

tion of the problem (5:1

m

), (5:2

m

), then the vector-function x = (x

i

)

n

i=1

2

BV

�

[0;m

0

]; R

n

�

de�ned by (5.3) is a solution of the problem (1.1

m

), (1.2

m

),

where a = 0, b = m

0

,

A

m

(t) � A

0

(t); (5.9)

A

0

(t) is de�ned by (5.4);

f

m

(t; x) =

�

f

im

(t; x)

�

2n

i=1

;

f

im

(t; x) =

(

0 for t 2 I

10m

0

\ [a; b]; x 2 R

2n

;

g

im

(k; x) for t 2 I

1km

0

\ [a; b]; x 2 R

2n

; k 2 N

m

0

(i = 1; : : : ; n);

f

n+im

(t; x

1

; : : : ; x

2n

) = x

i

� x

n+i

for t 2 [a; b]; (x

l

)

2n

l=1

2 R

2n

(5.10)

(i = 1; : : : ; n)

t

im

= k

im

(i = 1; : : : ; 2n); k

n+im

= k

im

+ 1 (i = 1; : : : ; n); (5.11)

'

im

(x

1

; : : : ; x

2n

) = '

n+im

(x

1

; : : : ; 2n) =  

im

(y

1

; : : : ; y

n

)

for (x

l

)

2n

l=1

2 BV

�

[a; b]; R

2n

�

(i = 1; : : : ; n); (5.12)

where y

l

:

e

N

m

0

! R (l = 1; : : : ; n) are de�ned by (5.8) for every natural m.

Therefore we have proved the following

Let m be a �xed natural number. Let (y

i

)

n

i=1

2 E(

e

N

m

0

; R

n

)

be a solution of the problem (5:1), (5:2) (of the problem (5:1

m

), (5:2

m

)).

Then the vector-function (x

i

)

n

i=1

2 BV

�

[a; b]; R

n

�

de�ned by (5:3) will be

a solution of the 2n � 2n problem (1:1), (1:2) (of the 2n � 2n problem

(1:1

m

), (1:2

m

)), where a = 0, b = m

0

, A

0

= (a

il0

)

2n

i;l=1

, f

0

= (f

i0

)

2n

i=1

,

t

1

; : : : ; t

2n

and '

1

; : : : ; '

2n

�

A

m

= (a

ilm

)

2n

i;l=1

, f

m

= (f

im

)

n

i=1

, t

1m

; : : : ; t

2nm

and '

1m

; : : : ; '

2nm

�

are de�ned by (5:4){(5:7) (by (5:4), (5:9){(5:12)), re-

spectively. On the contrary, if the vector-function (x

i

)

2n

i=1

2 BV

�

[a; b]; R

2n

�

is a solution of the 2n � 2n problem (1:1), (1:2) (of the 2n � 2n prob-

lem (1:1

m

), (1:2

m

)) circumscribed above, then the vector-function (y

i

)

n

i=1

2

E(

e

N

m

0

; R

n

) de�ned by (5:8) will be a solution of the problem (5:1), (5:2)

( of the problem (5:1

m

), (5:2

m

)), where

g

i

(k; x) = f

i0

(�

km

0

; x)

�

g

im

(k; x) = f

im

(�

km

0

; x)

�

for k 2 N

m

0

; x 2 R

2n

(i = 1; : : : ; n):

Basing on the above facts, we can give the following

We will say that the pair

�

(q

il

)

2n

i;l=1

; ( 

0i

)

2n

i=1

�

consisting

of a matrix-function (q

il

)

2n

i;l=1

: N

m

0

! R

2n�2n

and a positive homogeneous
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operator ( 

0i

)

2n

i=1

: E(

e

N

m

0

; R

2n

+

)! R

2n

+

belongs to the set U

m

0

(k

1

; : : : ; k

2n

)

if the problem

�

y

i

(k)� y

i

(k � 1)

�

sign

�

k � k

i

�

1

2

�

�

n

X

l=1

�

q

il

(k)y

l

(k) +

+q

in+l

(k)y

n+l

(k)

�

(k = 1; : : : ;m

0

; i = 1; : : : ; n);

�

y

n+i

(k + 1)� y

n+i

(k)

�

sign

�

k � k

i

�

1

2

�

�

n

X

l=1

q

n+il

(k + 1)y

l

(k)

(k = 0; : : : ;m

0

� 1; i = 1; : : : ; n);

(5.13)

y

i

(k

i

) �  

0i

�

jy

1

j; : : : ; jy

2n

j

�

(i = 1; : : : ; 2n) (5.14)

has no nontrivial nonnegative solution.

Let y

0

= (y

0

i

)

n

i=1

2 E(

e

N

m

0

; R

n

) and r 2]0;+1[. By Z

m

(y

0

; r) we denote

the set of all solutions y = (y

i

)

n

i=1

of the problem (5.1

m

), (5:2

m

) such that

ky � y

0

k

em

0

< r

for every natural m. D

m

0

n

(y

0

;R) is the set of all x 2 R

n

satisfying the

inequality

min

�

kx� y

0

(k)k : k 2

e

N

m

0

	

< r:

U

m

0

n

(y

0

; r) =

�

y 2 E(

e

N

m

0

; R

n

) : kx� y

0

k

em

0

< r

	

:

Let

g = (g

i

)

n

i=1

; g

m

= (g

im

)

n

i=1

(m = 1; 2; : : : )

and let h; h

m

(m = 1; 2; : : : ) be the operator from E(

e

N

m

0

; R

2n

) into R

2n

de�ned by the equalities

h(h

1

; : : : ; y

2n

) =

�

h

i

(y

1

; : : : ; y

2n

)

�

2n

i=1

for (y

l

)

2n

l=1

2 E(

e

N

m

0

; R

2n

);

h

i

(y

1

; : : : ; y

2n

) = y

i

(k

i

)�  

i�(j�1)n

(y

1

; : : : ; y

2n

)

(i 2 N

jm

0

; j = 1; 2);

h

m

(y

1

; : : : ; y

2n

) =

�

h

im

(y

1

; : : : ; y

2n

)

�

2n

i=1

for (y

l

)

2n

l=1

2 E(

e

N

m

0

; R

2n

) (m = 1; 2; : : : );

h

im

(y

1

; : : : ; y

2n

) = y

i

(k

i

)�  

i�(j�1)n;m

(y

1

; : : : ; y

2n

)

(i 2 N

jm

0

; j = 1; 2):

By W

r

(g; h; y

0

) we denote the set of all sequences (g

m

; h

m

)

+1

m=1

such that

a) lim

n!+1

g

m

(k; x; y) = g(k; x; y) for k 2 N

m

0

; x; y 2 D

m

0

n

(y

0

; r);

b) lim

m!+1

h

m

(x; y) = h(x; y) uniformly for x; y 2 U

m

0

n

(y

0

; r);
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c) there exists a sequence !

m

2M

�

N

m

0

�R

+

; R

n

+

�

(m = 1; 2; : : : )

4

such

that

sup

�

k!

m

(k; r)k : m = 1; 2; : : :

	

< +1 (k 2 N

m

0

);

lim

s!0+

sup

�

k!

m

(k; s)k : m = 1; 2; : : :

	

= 0 (k 2 N

m

0

);

�

�

g

m

(k; x)� g

m

(k; y)

�

�

� !

m

�

k; kx� yk

�

on N

m

0

�D

m

0

n

(y

0

; r)

(m = 1; 2; : : : ):

Let now y

0

be a solution of the problem (5:1), (5:2).

The problem (5:1) (5:2) is said to be (y

0

; r) -correct if for

every " 2]0; r[ and (g

m

; h

m

)

+1

m=1

2 W

r

(g; h; y

0

) there exists a natural m

0

such that

Z

m

(y

0

; r) 6= ?

and

Z

m

(y

0

; r) � Z

m

(y

0

; ")

for every m � m

0

.

The problem (5:1), (5:2) is said to be correct if it has a

unique solution y

0

, and it is (y

0

; r)-correct for every r > 0.

Theorems and Corollaries below follow immediately from those given in

Section 1 if we use Lemma 5:1.

Let the conditions

g

i

(k; x

1

; : : : ; x

2n

) sign

��

k � k

i

�

1

2

�

x

i

�

�

�

2n

X

l=1

p

il

(k)jx

l

j+ q

i

�

k; kxk

�

(k = 1; : : : ;m

0

; i = 1; : : : ; n); (5.15)

(x

i

� x

n+i

) sign

�

�

k � k

i

�

1

2

�

x

n+i

�

� p

n+ii

(k)jx

i

j+

+p

n+in+i

(k)jx

n+i

j+ q

n+i

�

k; kxk

�

(k = 0; : : : ;m

0

� 1; i = 1; : : : ; n) (5.16)

be ful�lled on R

2n

, and let the inequalities

�

�

 

i

(y

1

; : : : ; y

n

)

�

�

�  

0i

�

jy

1

j; : : : ; jy

n

j

�

+ 

�

n

X

k=1

ky

k

k

em

0

�

(i = 1; : : : ; n); (5.17)

be ful�lled on E(

e

N

m

0

; R

n

), where P

il

2 E(

e

N

m

0

; R) (i = 1; : : : ; n; l =

1; : : : ; 2n), P

n+il

2 E(

e

N

m

0

; R) (i = 1; : : : ; n; l = i; n + i), q

i

(k; �) (i =

4

We take here the n-vector-function, since the (n + i)-th (i = 1; : : : ; n) components

of !

m

(k; s) (k 2 N

m

0

;m = 1; 2; : : : ) are assumed to be equal to s.
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1; : : : ; 2n; k = 1; : : : ;m

0

) and  2 C(R

+

; R

+

) are nondecreasing functions

satisfying the conditions

lim

�!+1

q

i

(k; �)

�

= 0 (k = 1; : : : ;m

0

; i = 1; : : : ; 2n);

lim

�!+1

(�)

�

= 0;

(5.18)

 

0i

: E(

e

N

m

0

; R

n

+

) ! R

+

(i = 1; : : : ; n) are positively homogeneous nonde-

creasing functionals. Moreover, let there exist a matrix-function (q

il

)

2n

i;l=1

:

N

m

0

! R

2n

+

such that

�

(q

il

)

2n

i;l=1

; ( 

0i

)

2n

i=1

�

2 U

m

0

(k

1

; : : : ; k

2n

); (5.19)

and

p

il

(k) � q

il

(k) (k = 1; : : : ;m

0

; i = 1; : : : ; n; l = 1; : : : ; 2n);

p

n+il

(k � 1) � q

n+il

(k) (k = 1; : : : ;m

0

; i = 1; : : : ; n; l = i; n+ i);

(5.20)

where

 

0i

(y

1

; : : : ; y

2n

) =  

on+i

(y

1

; : : : ; y

2n

) =  

0i

(y

1

; : : : ; y

n

) (i = 1; : : : ; n)

for (y

l

)

2n

l=1

2 E(

e

N

m

0

; R

2n

+

), k

n+i

= k

i

+ 1 (i = 1; : : : ; n). If the problem

(5:1), (5:2) has no more than one solution, then it is correct.

Let the conditions (5:18), (5:20) hold, and let the inequal-

ities (5:15), (5:16) and

�

�

 

i

(y

1

; : : : ; y

n

)

�

�

�

n

X

k=1

l

ik

ky

k

k

�;m

0

+ 

�

n

X

k=1

ky

k

k

em

0

�

(i = 1; : : : ; n)

5

be ful�lled on R

2n

and E(

e

N

m

0

; R

n

), respectively, where p

il

; q

il

2 E(

e

N

m

0

; R)

(i = 1; : : : ; n; l = 1; : : : ; 2n), p

n+il

; q

n+il

2 E(

e

N

m

0

; R) (i = 1; : : : ; n; l =

i; n + i); q

i

(k; �) (i = 1; : : : ; 2n; k = 1; : : : ;m

0

) and  2 C(R

+

; R

+

) are

nondecreasing functions, l

ik

2 R

+

(i; k = 1; : : : ; n), 1 � � � +1,

1

�

+

2

�

= 1.

Moreover, let the module of every characteristic value of the 2n�2n-matrix

H = (h

ik

)

2n

i;k=1

be less than 1, where

h

ik

= m

1

�

0

l

ik

+

�

1

2

sin

�1

�

4m

0

+ 2

�

2

�

kq

ik

k

�;m

0

(i = 1; : : : ; n; k = 1; : : : ; 2n);

h

n+ik

= m

1

�

0

l

ik

+

�

1

2

sin

�1

�

4m

0

+ 2

�

2

�

kq

ik

k

�;m

0

e�1

5

Here we assume that kyk

�;m

0

=

�

P

m

0

l=1

ky(l)k

�

�

1

�

and kyk

�;em

0

=

�

P

m

0

l=0

jy(l)j

�

�

1

�

if 1 � � < +1 and kyk

+1;m

0

= kyk

m

0

, kyk

+1;em

0

= kyk

em

0

:
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(i = 1; : : : ; n; k = i; n+ i);

h

n+ik

= 0 (i = 1; : : : ; n; k 6= i; k 6= n+ i; k = 1; : : : ; 2n):

Then the conclusion of Theorem 5:1 is true.

Let the inequalities

g

i

(k; x

1

; : : : ; x

2n

) sign

��

k � k

i

�

1

2

�

x

i

�

�

2n

X

l=1

�

il

jx

l

j+ q

i

�

k; kxk

�

(k = 1; : : : ;m

0

; i = 1; : : : ; n);

(x

i

� x

n+i

) sign

��

k � k

i

�

1

2

�

x

n+i

�

� �

n+ii

jx

i

j+

+�

n+in+i

jx

n+i

j+ q

n+i

�

k; kxk

�

(k = 0; : : : ;m

0

� 1; i = 1; : : : ; n)

be ful�lled on R

2n

, and let the inequalities

�

�

 

i

(y

1

; : : : ; y

n

)

�

�

� c

i

�

�

y

i

(m

i

)

�

�

+ 

�

n

X

k=1

ky

k

k

em

0

�

(i = 1; : : : ; n)

be ful�lled on E

�

N

em

0

; R

n

�

, where �

il

2 R

+

; �

n+ii

2 R

+

(i 6= l; i = 1; : : : ; n;

l = 1; : : : ; 2n), �

ii

< 0 (i = 1; : : : ; 2n), q

i

(k; �) (i = 1; : : : ; 2n; k = 1; : : : ;m

0

)

and  2 C(R

+

; R

+

) are nondecreasing functions satisfying the conditions

(5:18), c

i

2 R

+

and m

i

2

e

N

m

0

are such that

c

i

�

ij

< 1 if (�1)

j

(m

i

� k

i

) > 0 (j = 1; 2; i = 1; : : : ; n); (5.21)

�

ij

= exp

�

(�1)

j

(m

i

� k

i

)�

ii

�

(j = 1; 2; i = 1; : : : ; n). Moreover, let the real

part of every characteristic value of the matrix (�

il

)

n

i;l=1

be negative, where

�

il

= �

il

�

�

il

+ (1� �

il

)h

ij

�

for (�1)

j

(m

i

� k

i

) > 0

(j = 1; 2; i; l = 1; : : : ; n);

6

h

ij

=

(

1 for c

i

� 1;

1 + (c

i

� 1)(1� c

i

�

ij

)

�1

for c

i

> 1

(j = 1; 2; i = 1; : : : ; n):

Then the conclusion of Theorem 5:1 is true.

Let the conditions

�

g

i

(k; x

1

; : : : ; x

2n

)� g

i

(k; y

1

; : : : ; y

2n

)

�

sign

�

�

k �

�k

i

�

1

2

�

(x

i

� y

i

)

�

�

6

Here �

il

is the Kroneker symbol.
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�

2n

X

l=1

p

il

(k)jx

l

� y

l

j (k = 1; : : : ;m

0

; i = 1; : : : ; n); (5.22)

(x

i

� y

i

� x

n+i

+ y

n+i

) sign

��

k � k

i

�

1

2

�

(x

n+i

� y

n+i

)

�

�

� p

n+ii

(k)jx

i

� y

i

j+ p

n+in+i

jx

n+i

� y

n+i

j

(k = 0; : : : ;m

0

� 1; i = 1; : : : ; n) (5.23)

be ful�lled on R

2n

and let the inequalities

�

�

 

i

(x

1

; : : : ; x

n

)�  

i

(y

1

; : : : ; y

n

)

�

�

�  

0i

�

jx

1

� y

1

j; : : : ; jx

n

� y

n

j

�

(i = 1; : : : ; n)

be ful�lled on E

�

e

N

m

0

; R

n

�

, where p

il

2 E(

e

N

m

0

; R) (i = 1; : : : ; n; l =

1; : : : ; 2n); p

n+il

2 E

�

e

N

m

0

; R

�

(i=1; : : : ; n; l= i; n+i),  

0i

: E(

e

N

m

0

; R

n

)!

R

+

(i = 1; : : : ; n) are positively homogeneous nondecreasing functionals.

Moreover, let there exist a matrix-function (q

il

)

2n

i;l=1

: N

m

0

! R

2n

+

such that

the conditions (5:19) and (5:20) hold, where

 

0i

(y

1

; : : : ; y

2n

) =  

on+i

(y

1

; : : : ; y

2n

) =  

0i

(y

1

; : : : ; y

n

)

for (y

l

)

2n

l=1

2 E

�

e

N

m

0

; R

2n

+

�

, k

n+i

= k

i

(i = 1; : : : ; n). Then the problem

(5:1), (5:2) is correct.

Let the condition (5:20) hold, and let the inequalities (5:22),

(5:23) and

�

�

 

i

(x

1

; : : : ; x

n

)�  

i

(y

1

; : : : ; y

n

)

�

�

�

n

X

k=1

l

ik

ky

k

k

m

0

;�

be ful�lled on R

2n

and E

�

e

N

m

0

; R

n

�

, respectively, where p

il

; q

il

2 E(

e

N

m

0

; R)

(i = 1; : : : ; n; l = 1; : : : ; 2n), p

n+il

; q

n+il

2 E(

e

N

m

0

; R) (i = 1; : : : ; n; l =

i; n+ i), l

ik

2 R

+

(i; k = 1; : : : ; n), 1 � � � +1,

1

�

+

2

�

=1. Moreover, let

the module of every characteristic value of the 2n�2n-matrix H = (h

ik

)

2n

i;k=1

appearing in Corollary 5:1 be less than 1. Then the problem (5:1), (5:2) is

correct.

Let the inequalities

�

g

i

(k; x

1

; : : : ; x

2n

)� g

i

�

k; y

1

; : : : ; y

2n

��

sign

��

k � k

i

�

1

2

�

(x

i

� y

i

)

�

�

�

2n

X

l=1

�

il

jx

l

� y

l

j (k = 1; : : : ;m

0

; i = 1; : : : ; n);

(x

i

� y

i

� x

n+i

+ y

n+i

) sign

��

k � k

i

�

1

2

�

(x

n+i

� y

n+i

)

�

�

� �

n+ii

jx

i

� y

i

j+ �

n+in+i

jx

n+i

� y

n+i

j
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(k = 0; : : : ;m

0

; i = 1; : : : ; n)

be ful�lled on R

2n

, where �

il

2 R

+

; �

n+ii

2 R

+

(i 6= l; i = 1; : : : ; n; l =

1; : : : ; 2n), �

ii

< 0 (i = 1; : : : ; 2n). Moreover, let c

i

2 R

+

and m

i

2

e

N

m

0

,

m

i

6= k

i

(i = 1; : : : ; n) be such that the condition (5:21) holds and the real

part of every characteristic value of the matrix (�

il

)

n

i;l=1

is negative, where

�

ij

and �

il

(i; j; l = 1; : : : ; n) are the numbers appearing in Corollary 5:2.

Then the problem (5:1),

y

i

(k

i

) = �

i

y

i

(m

i

) + 

i

(i = 1; : : : ; n)

is correct for every �

i

2 [c

i

; c

i

] and 

i

2 R (i = 1; : : : ; n).

Finally, let us consider a method of construction of the solution of the

problem (5:1), (5:2). We take an arbitrary vector-function (y

i0

)

n

i=1

2

E(

e

N

m

0

; R

n

) as the zero approximation of the solution of the problem (5:1),

(5:2). If the (m � 1)-th approximation is constructed, then as the m-th

approximation we take a vector-function (y

im

)

n

i=1

2 E(

e

N

m

0

; R) whose i-th

component is the solution of the Cauchy problem

y

im

(k)� y

im

(k � 1) = g

i

�

k; y

1m�1

(k); : : : ; y

i�1m�1

(k); y

im

(k);

y

i+1m�1

(k); : : : ; y

nm�1

(k); y

1m�1

(k � 1); : : : ; y

i�1m�1

(k � 1);

y

im

(k � 1); y

i+1m�1

(k � 1); : : : ; y

nm�1

(k � 1)

�

for k 2 N

m

0

(i = 1; : : : ; n); (5.24)

y

im

(k

i

) =  

i0

(y

1m�1

; : : : ; y

nm�1

) (i = 1; : : : ; n): (5.25)

Let the conditions of Theorem 5:2 be ful�lled and

q

ii

(k) < 1 for k = k

i

+ 1; : : : ;m

0

(i = 1; : : : ; n);

q

n+in+i

(k) < 1 for k = 1; : : : ; k

i

(i = 1; : : : ; n):

(5.26)

Then for every (y

i0

)

n

i=1

2 E(

e

N

m

0

; R

n

) there exists a unique sequence

(y

im

)

n

i=1

2 E(

e

N

m

0

; R

n

) (m = 1; 2; : : : ) such that the vector-function (y

im

)

n

i=1

is a solution of the problem (5:24), (5:25) for every natural m and

n

X

i=1

�

�

y

i

(k)� y

im

(k)

�

�

� r

0

�

m

for k 2

e

N

m

0

(m = 1; 2; : : : ); (5.27)

where (y

i

)

n

i=1

is the solution of the problem (5:1), (5:2), and r

0

> 0 and

� 2]0; 1[ are numbers independent of m.

Let the conditions of Corollary 5:3 and the conditions (5:26)

hold. Then the conclusion of Theorem 5:3 is true.
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Let the conditions of Corollary 5:4 hold and

�1 < �

ii

< 0 (i = 1; : : : ; n):

Moreover, let c

i

2 R

+

and natural m

i

(i = 1; : : : ; n) be the numbers ap-

pearing in Corollary 5:4, �

i

2 [�c

i

; c

i

] and 

i

2 R (i = 1; : : : ; n). Then

for every (y

i0

)

n

i=1

2 E(

e

N

m

0

; R

n

) there exists a unique sequence (y

im

)

n

i=1

2

E

�

e

N

m

0

; R

n

�

(m = 1; 2; : : : ) such that the vector-function (y

im

)

n

i=1

is a so-

lution of the system (5:24), satisfying the condition

y

im

(k

i

) = �

i

y

im�1

(m

i

) + 

i

(i = 1; : : : ; n)

for every natural m, and the estimates (5:27) hold, where (y

i

)

n

i=1

is the

solution of the problem (5:1), (5:2), and r

0

> 0 and � 2]0; 1[ are numbers

independent of m.

Remark 5.1. The process of construction of the solution of the problem

(5:1), (5:2) under consideration is stable in the following sense: let the

conditions of Theorem 5:3 (of Corollaries 5:5 and 5:6) be ful�lled. Then

for every (y

i0

)

n

i=1

2 E

�

e

N

m

0

; R

n

�

, (u

im

)

n

i=1

2 E

�

e

N

m

0

; R

n

�

(m = 1; 2; : : : )

and

�



im

�

n

i=1

2 R

n

(m = 1; 2; : : : ) there exists a unique sequence of vector-

functions

�

y

im

�

n

i=1

2 E

�

e

N

m

0

; R

n

�

(m = 1; 2; : : : ) such that the vector-

function

�

y

im

�

n

i=1

is a solution of the Cauchy problem

y

im

(k)� y

im

(k � 1) = g

i

�

k; y

1m�1

(k); : : : ; y

i�1m�1

(k); y

im

(k);

y

i+1m�1

(k); : : : ; y

nm�1

(k); y

1m�1

(k � 1); : : : ; y

i�1m�1

(k � 1);

y

im

(k � 1); y

i+1m�1

(k � 1); : : : ; y

nm�1

(k � 1)

�

+

+u

im

(k)� u

im

(k � 1) for k 2

e

N

m

0

(i = 1; : : : ; n);

y

im

(k

i

) =  

i0

(y

1m�1

; : : : ; y

nm�1

) (i = 1; : : : ; n)

for every natural m. Let

�

m

=

n

X

i=1

�

�

�



im

�

�

+

1

n

m

0

X

k=1

�

�

u

im

(k)� u

im

(k � 1)

�

�

�

for every natural m. Then the condition

lim

m!+1

�

m

= 0

guarantees the condition

lim

m!+1

ky

im

� y

im

k

em

0

= 0 (i = 1; : : : ; n):

In conclusion it should be noted that using the results given above, we can

obtain su�cient conditions guaranteeing stability of the di�erence schemes,

provided we de�ne their stability properly.
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