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Abstract. For higher-order strongly singular differential equations with
deviating arguments, the estimates for solutions of two-point conjugated
and right-focal boundary value problems are established.
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îâäæñéâ. éŽôŽèæ îæàæï úèæâîŽá ïæêàñèŽîñèæ àŽáŽýîæèŽîàñéâêðâ-
ĲæŽêæ áæòâîâêùæŽèñîæ àŽêðëèâĲâĲæïŽåãæï áŽáàâêæèæŽ ëîûâîðæèëãŽêæ öâ-
ñôèâĲñèæ áŽ éŽîþãêæã òëçŽèñîæ ïŽïŽäôãîë ŽéëùŽêâĲæï ŽéëêŽýïêåŽ öâ-
òŽïâĲâĲæ.
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1. Statement of the Main Results

Consider the differential equation with deviating arguments

u(n)(t) =
m∑

j=1

pj(t)u(j−1)(τj(t)) + q(t) for a < t < b (1.1)

with the two-point conjugated and right-focal boundary conditions

u(i−1)(a) = 0 (i = 1, . . . , m), u(j−1)(b) = 0 (j = 1, . . . , n−m), (1.2)

and

u(i−1)(a) = 0 (i = 1, . . . , m), u(j−1)(b) = 0 (j = m + 1, . . . , n). (1.3)

Here n ≥ 2, m is the integer part of n/2, −∞ < a < b < +∞, pj , q ∈
Lloc(]a, b[) (j = 1, . . . , m), and τj : ]a, b[→ ]a, b[ are measurable functions.
By u(j−1)(a) (u(j−1)(b)) we mean the right (the left) limit of the function
u(j−1) at the point a (at the point b).

Following R. P. Agarwal and I. Kiguradze [1], we say that the equation
(1.1) is strongly singular if

∫ b

a
P (s)ds = +∞, where

P (t) = (t−a)n−1(b−t)n−1
[
(−1)n−mp1(t)

]
+

+
m∑

i=2

(t−a)n−i(b−t)n−i|pi(t)|.

If the equation (1.1) is strongly singular, then we say that the problem
(1.1), (1.2) (the problem (1.1), (1.3)) is also strongly singular.

In the case, where τj(t) ≡ t (j = 1, . . . , m), the strongly singular prob-
lems (1.1), (1.2) and (1.1), (1.3) are investigated in detail by I. Kiguradze and
R. P. Agarwal [1], [2]. In particular, unimprovable in a certain sense condi-
tions are established by them for the unique solvability of those problems in
the spaces C̃n−1,m(]a, b[) and C̃n−1,m(]a, b]). For τj(t) 6≡ t (j = 1, . . . ,m),
the analogous results are obtained in [5], [6]. In the present paper, on the
basis of the results of [6], the estimates for solutions of the strongly singular
problems (1.1), (1.2) and (1.1), (1.3) are established.

Throughout the paper we use the following notations.
R+ = [0, +∞[ ;
[x]+ is the positive part of a number x, i.e., [x]+ = x+|x|

2 ;
Lloc(]a, b[) (Lloc(]a, b])) is the space of functions y : ]a, b[→ R, which are

integrable on [a + ε, b− ε] ([a + ε, b]) for an arbitrarily small ε > 0;
Lα,β(]a, b[) (L2

α,β(]a, b[)) is the space of integrable (square integrable)
with the weight (t− a)α(b− t)β functions y : ]a, b[→ R, with the norm

‖y‖Lα,β
=

b∫

a

(s− a)α(b− s)β |y(s)| ds

(
‖y‖L2

α,β
=

( b∫

a

(s− a)α(b− s)βy2(s) ds

)1/2 )
;
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L([a, b]) = L0,0(]a, b[), L2([a, b]) = L2
0,0(]a, b[);

M(]a, b[) is the set of measurable functions τ : ]a, b[→ ]a, b[ ;
L̃2

α,β(]a, b[) (L̃2
α(]a, b]) is the Banach space of functions y ∈ Lloc(]a, b[)

(Lloc(]a, b])) such that

µ1 ≡ max
{[ t∫

a

(s− a)α
( t∫

s

y(ξ) dξ
)2

ds

]1/2

: a ≤ t ≤ a + b

2

}
+

+ max
{[ b∫

t

(b−s)β
( s∫

t

y(ξ) dξ
)2

ds

]1/2

:
a + b

2
≤ t ≤ b

}
<+∞,

µ2 ≡ max
{[ t∫

a

(s− a)α
( t∫

s

y(ξ) dξ
)2

ds

]1/2

: a ≤ t ≤ b

}
< +∞.

Norms in this spaces are defined by the equalities ‖·‖L̃2
α,β

= µ1 (‖·‖L̃2
α

= µ2).

C̃n−1,m(]a, b[) (C̃n−1,m(]a, b])) is the space of functions y ∈ C̃n−1
loc (]a, b[)

(y ∈ C̃n−1
loc (]a, b])) such that

b∫

a

|u(m)(s)|2 ds < +∞. (1.4)

When the problem (1.1), (1.2) is discussed, we assume that for n = 2m
the conditions

pj ∈ Lloc(]a, b[) (j = 1, . . . ,m) (1.5)
are fulfilled, and for n = 2m + 1, along with (1.5), the condition

lim sup
t→b

∣∣∣∣(b− t)2m−1

t∫

t1

p1(s) ds

∣∣∣∣ < +∞
(
t1 =

a + b

2

)
(1.6)

is fulfilled. The problem (1.1), (1.3) is discussed under the assumptions

pj ∈ Lloc(]a, b]) (j = 1, . . . , m). (1.7)

A solution of the problem (1.1), (1.2) ((1.1), (1.3)) is sought in the space
C̃n−1,m(]a, b[) (C̃n−1,m(]a, b])).

By hj : ]a, b[× ]a, b[→ R+ and fj : R × M(]a, b[) → Cloc(]a, b[× ]a, b[)
(j = 1, . . . ,m) we denote, respectively, functions and operators defined by
the equalities

h1(t, s) =
∣∣∣∣

t∫

s

(ξ − a)n−2m
[
(−1)n−mp1(ξ)

]
+

dξ

∣∣∣∣,

hj(t, s) =
∣∣∣∣

t∫

s

(ξ − a)n−2mpj(ξ) dξ

∣∣∣∣ (j = 2, . . . ,m),

(1.8)
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and

fj(c, τj)(t, s) =
∣∣∣∣

t∫

s

(ξ − a)n−2m|pj(ξ)|
∣∣∣

τj(ξ)∫

ξ

(ξ1 − c)2(m−j) dξ1

∣∣∣
1/2

dξ

∣∣∣∣. (1.9)

Suppose also that

m!! =

{
1 for m ≤ 0
1 · 3 · 5 · · ·m for m ≥ 1

,

if m = 2k + 1.
In [6] (see, Theorems 1.4 and 1.5), the following two theorems are proved.

Theorem 1.1. Let there exist numbers t∗ ∈ ]a, b[ , `kj > 0, lkj ≥ 0, and
γkj > 0 (k = 0, 1; j = 1, . . . , m) such that along with

B0 ≡
m∑

j=1

(
(2m− j)22m−j+1l0j

(2m− 1)!!(2m− 2j + 1)!!
+

+
22m−j−1(t∗ − a)γ0j l0j

(2m− 2j − 1)!!(2m− 3)!!
√

2γ0j

)
<

1
2
, (1.10)

B1 ≡
m∑

j=1

(
(2m− j)22m−j+1l1j

(2m− 1)!!(2m− 2j + 1)!!
+

+
22m−j−1(b− t∗)γ0j l1j

(2m− 2j − 1)!!(2m− 3)!!
√

2γ1j

)
<

1
2
, (1.11)

the conditions

(t− a)2m−jhj(t, s) ≤ l0j , (t− a)m−γ0j−1/2fj(a, τj)(t, s) ≤ l0j (1.12)

for a < t ≤ s ≤ t∗,

(b− t)2m−jhj(t, s) ≤ l1j , (b− t)m−γ1j−1/2fj(b, τj)(t, s) ≤ l1j (1.13)

for t∗ ≤ s ≤ t < b

hold. Then for every q ∈ L̃2
2n−2m−2,2m−2(]a, b[) the problem (1.1), (1.2) is

uniquely solvable in the space C̃n−1,m(]a, b[).

Theorem 1.2. Let there exist numbers t∗ ∈ ]a, b[ , `0j > 0, `0j ≥ 0, and
γ0j > 0 (j = 1, . . . , m) such that the conditions

(t− a)2m−jhj(t, s) ≤ l0j , (t− a)m−γ0j−1/2fj(a, τj)(t, s) ≤ l0j (1.14)
for a < t ≤ s ≤ b,
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and

B3 ≡
m∑

j=1

(
(2m− j)22m−j+1l0j

(2m− 1)!!(2m− 2j + 1)!!
+

+
22m−j−1(t∗ − a)γ0j l0j

(2m− 2j − 1)!!(2m− 3)!!
√

2γ0j

)
< 1 (1.15)

hold. Then for every q ∈ L̃2
2n−2m−2(]a, b]), the problem (1.1), (1.3) is uniquely

solvable in the space C̃n−1,m(]a, b]).

In the paper, we prove the following two theorems on the estimates of
solutions of the problems (1.1), (1.2) and (1.1), (1.3), the existence of which
is guaranteed by Theorems 1.1 and 1.2.

Theorem 1.3. Let all the conditions of Theorem 1.1 be satisfied. Then
the unique solution u of the problem (1.1), (1.2) for every q ∈
L̃2

2n−2m−2,2m−2(]a, b[) admits the estimate

‖u(m)‖L2 ≤ r‖q‖L̃2
2n−2m−2,2m−2

, (1.16)

where

r =
(1 + b− a)(2n− 2m− 1)2m

(νn − 2max{B0, B1})(2m− 1)!!
, ν2m = 1, ν2m+1 =

2m + 1
2

,

and thus the constant r > 0 depends only on the numbers lkj, lkj, γkj

(k = 1, 2; j = 1, . . . ,m), and a, b, t∗, n.

Theorem 1.4. Let all the conditions of Theorem 1.2 be satisfied. Then
the unique solution u of the problem (1.1), (1.3) for every q ∈ L̃2

2n−2m−2(]a, b])
admits the estimate

‖u(m)‖L2 ≤ r‖q‖L̃2
2n−2m−2

, (1.17)

where

r =
2m−1(2n− 2m− 1)
(νn −B3)(2m− 1)!!

, ν2m = 1, ν2m+1 =
2m + 1

2
,

end thus the constant r > 0 depends only on the numbers l0j, l0j, γ0j

(j = 1, . . . , m), and a, b, n.

2. Auxiliary Propositions

To prove Theorems 1.3 and 1.4, we need Lemmas 2.1–2.6 below.

Lemma 2.1. Let ∈ C̃m−1
loc (]t0, t1[) and

u(j−1)(t0) = 0 (j = 1, . . . , m),

t1∫

t0

|u(m)(s)|2 ds < +∞. (2.1)
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Then
t∫

t0

(u(j−1)(s))2

(s− t0)2m−2j+2
ds ≤

≤
( 2m−j+1

(2m− 2j + 1)!!

)2
t∫

t0

|u(m)(s)|2 ds for t0 ≤ t ≤ t1. (2.2)

Lemma 2.2. Let u ∈ C̃m−1
loc (]t0, t1[), and

u(j−1)(t1) = 0 (j = 1, . . . , m),

t1∫

t0

|u(m)(s)|2 ds < +∞. (2.3)

Then
t1∫

t

(u(j−1)(s))2

(t1 − s)2m−2j+2
ds ≤

≤
( 2m−j+1

(2m− 2j + 1)!!

)2
t1∫

t

|u(m)(s)|2 ds for t0 ≤ t ≤ t1. (2.4)

Let t0, t1 ∈ ]a, b[ , u ∈ C̃m−1
loc (]t0, t1[), and τj ∈ M(]a, b[) (j = 1, . . . ,m).

Then we define the functions µj : [a, (a+b)/2]× [(a+b)/2, b]× [a, b] → [a, b],
ρk : [t0, t1] → R+ (k = 0, 1), λj : [a, b]× ]a, (a+b)/2]× [(a+b)/2, b[× ]a, b[→
R+ by the equalities

µj(t0, t1, t) =





τj(t) for τj(t) ∈ [t0, t1]
t0 for τj(t) < t0

t1 for τj(t) > t1

,

ρk(t) =
∣∣∣∣

tk∫

t

|u(m)(s)|2 ds

∣∣∣∣,

λj(c, t0, t1, t) =
∣∣∣∣

µj(t0,t1,t)∫

t

(s− c)2(m−j) ds

∣∣∣∣
1/2

.

(2.5)

Moreover, we define the functions αj : R3
+ × [0, 1[→ R+ and βj ∈ R+ ×

[0, 1[→ R+ (j = 1, . . . , m) as follows

αj(x, y, z, γ) = x +
2m−jyzγ

(2m− 2j − 1)!!
,

βj(y, γ) =
22m−j−1

(2m− 2j − 1)!!(2m− 3)!!
yγ

√
2γ

.

(2.6)
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Lemma 2.3. Let a0 ∈ ]a, b[ , t0 ∈ ]a, a0[ , t1 ∈ ]a0, b[ , and a function u ∈
C̃m−1

loc (]t0, t1[) be such that the conditions (2.1) hold. Moreover, let constants
l0j > 0, l0j ≥ 0, γ0j > 0, and functions pj ∈ Lloc(]t0, t1[), τj ∈ M(]a, b[) be
such that the inequalities

(t− t0)2m−1

a0∫

t

[
p1(s)

]
+

ds ≤ l01, (2.7)

(t− t0)2m−j
∣∣∣

a0∫

t

pj(s) ds
∣∣∣ ≤ l0j (j = 2, . . . , m), (2.8)

(t− t0)m− 1
2−γ0j

∣∣∣∣
a0∫

t

pj(s)λj(t0, t0, t1, s) ds

∣∣∣∣ ≤ l0j (j = 1, . . . ,m), (2.9)

hold for t0 < t ≤ a0. Then

a0∫

t

pj(s)u(s)u(j−1)(µj(t0, t1, s)) ds ≤

≤αj(l0j , l0j , a0−a, γ0j)ρ
1/2
0 (τ∗)ρ1/2

0 (t)+l0jβj(a0−a, γ0j)ρ
1/2
0 (τ∗)ρ1/2

0 (a0)+

+ l0j
(2m− j)22m−j+1

(2m− 1)!!(2m− 2j + 1)!!
ρ0(a0) for t0 < t ≤ a0, (2.10)

where τ∗ = sup
{
µj(t0, t1, t) : t0 ≤ t ≤ a0, j = 1, . . . ,m

} ≤ t1.

Lemma 2.4. Let b0 ∈ ]a, b[ , t1 ∈ ]b0, b[ , t0 ∈ ]a, b0[ , and a function u ∈
C̃m−1

loc (]t0, t1[) be such that the conditions (2.3) hold. Moreover, let constants
l1j > 0, l1j ≥ 0, γ1j > 0, and functions pj ∈ Lloc(]t0, t1[), τj ∈ M(]a, b[) be
such that the inequalities

(t1 − t)2m−1

t∫

b0

[
p1(s)

]
+

ds ≤ l11, (2.11)

(t1 − t)2m−j

∣∣∣∣
t∫

b0

pj(s) ds

∣∣∣∣ ≤ l1j (j = 2, . . . , m), (2.12)

(t1 − t)m− 1
2−γ1j

∣∣∣∣
t∫

b0

pj(s)λj(t1, t0, t1, s) ds

∣∣∣∣ ≤ l1j (j = 1, . . . , m) (2.13)
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hold for b0 < t ≤ t1. Then

t∫

b0

pj(s)u(s)u(j−1)(µj(t0, t1, s)) ds ≤

≤αj(l1j , l1j , b−b0, γ1j)ρ
1/2
1 (τ∗)ρ

1/2
1 (t)+l1jβj(b−b0, γ1j)ρ

1/2
1 (τ∗)ρ

1/2
1 (b0)+

+ l1j
(2m− j)22m−j+1

(2m− 1)!!(2m− 2j + 1)!!
ρ1(b0) for b0 ≤ t < t1, (2.14)

where τ∗ = inf
{
µj(t0, t1, t) : b0 ≤ t ≤ t1, j = 1, . . . , m

} ≥ t0.

Lemma 2.5. If u ∈ Cn−1
loc (]a, b[), then for any s, t ∈ ]a, b[ the equality

(−1)n−m

t∫

s

(ξ − a)n−2mu(n)(ξ)u(ξ) dξ =

= wn(t)− wn(s) + νn

t∫

s

|u(m)(ξ)|2 dξ (2.15)

is valid, where

ν2m = 1, ν2m+1 =
2m + 1

2
, w2m(t) =

m∑

j=1

(−1)m+j−1u(2m−j)(t)u(t),

w2m+1(t) =
m∑

j=1

(−1)m+j
[
(t− a)u(2m+1−j)(t)− ju(2m−j)(t)

]
u(j−1)(t)−

− t− a

2
|u(m)(t)|2.

Lemma 2.6. Let

w(t) =
n−m∑

i=1

n−m∑

k=i

cik(t)u(n−k)(t)u(i−1)(t),

where C̃n−1,m(]a, b[), and each cik : [a, b] → R is an (n−k−i+1)-times con-
tinuously differentiable function. If, moreover, u(i−1)(a) = 0 (i = 1, . . . ,m),

lim sup
t→a

|cii(t)|
(t− a)n−2m

< +∞ (i = 1, . . . , n−m),

then lim inf
t→a

|w(t)| = 0, and if u(i−1)(b) = 0 (i = 1, . . . , n − m), then

lim inf
t→b

|w(t)| = 0.

Lemmas 2.1, 2.2 are proved in [1], Lemmas 2.3, 2.4 are proved in [6]. The
proof of Lemma 2.6 can be found in [4]. As for Lemma 2.5, it is a particular
case of Lemma 4.1 from [3].
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3. Proofs

Proof of Theorem 1.3. Let u be a solution of the problem (1.1), (1.2). Then
in view of Theorem 1.1, the inclusion u ∈ C̃n m−1(]a, b[) holds, i.e.,

ρ =

b∫

a

|u(m)(s)|2 ds < +∞. (3.1)

Multiplying the equation (1.1) by (−1)n−m(t − a)n−2mu(t) and then inte-
grating from t0 to t1, by Lemma 2.5 we obtain

wn(t)−wn(s)+νn

t∫

s

|u(m)(ξ)|2 dξ=(−1)n−m

t∫

s

(s−a)n−2mq(s)u(s) ds+

+(−1)n−m
m∑

j=1

t∫

s

(ξ − a)n−2mpj(ξ)u(j−1)(τj(ξ))u(ξ) dξ (3.2)

for a < s ≤ t < b. Hence by Lemma 2.6 it is evident that

lim inf
s→a

|wn(s)| = 0, lim inf
t→b

|wn(t)| = 0. (3.3)

Moreover, due to the conditions (1.10) and (1.11), a number ν ∈ ]0, 1[ can
be chosen so that the inequalities

B0 ≡
m∑

j=1

(
l0j

(2m− j)22m−j+1

(2m− 1)!!(2m− 2j + 1)!!
+ l0jβj(t∗ − a, γ0j)

)
<

< (νn − ν)/2,

B1 ≡
m∑

j=1

(
l1j

(2m− j)22m−j+1

(2m− 1)!!(2m− 2j + 1)!!
+ l1jβj(b− t∗, γ1j)

)
<

< (νn − ν)/2,

(3.4)

would be satisfied, and then

0 < ν < νn − 2max{B0, B1}. (3.5)

It is obvious that the maximum of ν depends only on the numbers lkj , lkj ,
γkj (k = 1, 2; j = 1, . . . ,m), and a, b, t∗, n. Now, if we put c = (a + b)/2,
then by virtue of Lemmas 2.1, 2.2, and Young’s inequality we get

∣∣∣∣
t∫

s

(ψ − a)n−2mq(ψ)u(ψ) dψ

∣∣∣∣ ≤

≤
∣∣∣∣

c∫

s

(ψ − a)n−2mq(ψ)u(ψ) dψ

∣∣∣∣ +
∣∣∣∣

t∫

c

(ψ − a)n−2mq(ψ)u(ψ) dψ

∣∣∣∣ =
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=
∣∣∣∣

c∫

s

[
(n− 2m)u(ψ) + (ψ − a)n−2mu′(ψ)

]( c∫

ψ

q(ξ) dξ
)

dψ

∣∣∣∣+

+
∣∣∣∣

t∫

c

[
(n− 2m)u(ψ) + (ψ − a)n−2mu′(ψ)

]( ψ∫

c

q(ξ) dξ
)

dψ

∣∣∣∣ ≤

≤
[
(n− 2m)

( c∫

s

u2(ψ)
(ψ − a)2m

dψ
)1/2

+
( c∫

s

u′2(ψ)
(ψ − a)2m−2

dψ
)1/2

]
×

×
( c∫

s

(ψ − a)2n−2m−2
( c∫

ψ

q(ξ) dξ
)2

dψ

)1/2

+

+(1+b−a)
[
(n−2m)

( t∫

c

u2(ψ)
(b−ψ)2m

dψ
)1/2

+
( t∫

c

u′2(ψ)
(b−ψ)2m−2

dψ
)1/2

]
×

×
( t∫

c

(b− ψ)2m−2
( ψ∫

c

q(ξ) dξ
)2

dψ

)1/2

≤

≤ (1 + b− a)(2n− 2m− 1)2m−1

(2m− 1)!!
‖q‖L̃2

2n−2m−2,2m−2
×

×
[( c∫

a

|u(m)(s)|2 ds
)1/2

+
( b∫

c

|u(m)(s)|2 ds
)1/2

]
≤ ν

2

b∫

a

|u(m)(s)|2 ds+

+
1
2ν

( (1 + b− a)(2n− 2m− 1)2m

(2m− 1)!!

)2

‖q‖2
L̃2

2n−2m−2,2m−2
(3.6)

for a < s ≤ t∗ ≤ t < b. Due to Lemmas 2.3 and 2.4 with a0 = t∗, t0 = a,
b0 = t∗, t1 = b, pj(t) = (t−a)n−2m(−1)n−mpj(t), and the equalities ρ0(a) =
ρ1(b) = 0, µj(a, b, t) = τj(t), we have

(−1)n−m

t∫

s

(ξ − a)n−2mpj(ξ)u(j−1)(τj(ξ))u(ξ) dξ ≤

≤ l0jβj(t∗ − a, γ0j)ρ
1/2
0 (b)ρ1/2

0 (t∗)+

+ l0j
(2m−j)22m−j+1

(2m−1)!!(2m−2j+1)!!
ρ0(t∗)+l1jβj(b−t∗, γ1j)ρ

1/2
1 (a)ρ1/2

1 (t∗)+

+ l1j
(2m− j)22m−j+1

(2m− 1)!!(2m− 2j + 1)!!
ρ1(t∗) (3.7)
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for a < s ≤ t∗ ≤ t < b. Thus according to (3.3)–(3.7), and the inequalities
ρ
1/2
0 (b)ρ1/2

0 (t∗) ≤ ρ, ρ
1/2
1 (a)ρ1/2

1 (t∗) ≤ ρ, we have the estimate

νnρ ≤ (νn − ν)ρ +
ν

2
ρ+

+
1
2ν

( (1 + b− a)(2n− 2m− 1)2m

(2m− 1)!!

)2

‖q‖2
L̃2

2n−2m−2,2m−2
. (3.8)

From (3.5) and (3.8) it immediately follows that

‖u(m)‖L2 ≤ rν‖q‖L̃2
2n−2m−2,2m−2

for 0 < ν < νn − 2max{B0, B1}, (3.9)

where rν = [(1 + b− a)(2n− 2m− 1)2m]/[ν(2m− 1)!!]. Thus from (3.9) we
obtain

‖u(m)‖L2 ≤ r‖q‖L̃2
2n−2m−2,2m−2

, (3.10)

where

r =
(1 + b− a)(2n− 2m− 1)2m

(νn − 2max{B0, B1})(2m− 1)!!
.

Hence, by the definition of the numbers νn, B0, B1, it is clear that r depends
only on the numbers lkj , lkj , γkj (k = 1, 2; j = 1, . . . , m), and a, b, t∗, n. ¤

The proof of Theorem 1.4 is analogous to that of Theorem 1.3. The only
difference is that instead of Theorem 1.1, Theorem 1.2 is applied, and we
put t = c = b.
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