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POSITIVE SOLUTIONS OF NONLOCAL PROBLEMS FOR
NONLINEAR SINGULAR DIFFERENTIAL SYSTEMS

Abstract. For nonlinear differential systems with singularities with re-
spect to phase variables, sufficient conditions for the existence of positive
solutions of nonlocal problems are established.

îâäæñéâ. ŽîŽûîòæãæ áæòâîâêùæŽèñîæ ïæïðâéâĲæïŽåãæï ïæêàñèŽîë-
ĲâĲæå òŽäñîæ ùãèŽáâĲæï éæéŽîå áŽáàâêæèæŽ ŽîŽèëçŽèñîæ ŽéëùŽêâ-
Ĳæï áŽáâĲæåæ ŽéëêŽýïêâĲæï ŽîïâĲëĲæï ïŽçéŽîæïæ ìæîëĲâĲæ.
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Let −∞ < a < b < +∞, Rn
+ be the set of n-dimensional real vectors

(xi)n
i=1 with nonnegative components x1, . . . , xn,

Rn
0+ =

{
(xi)n

i=1 : x1 > 0, . . . , xn > 0
}
,

and let C([a, b];Rn
+) be the set of continuous vector functions (ui)n

i=1 :
[a, b] → Rn

+. Consider the nonlocal problem

dui

dt
= fi(t, u1, . . . , un) (i = 1, . . . , n), (1)

ui(ti) = ϕi(u1, . . . , un) (i = 1, . . . , n), (2)

where fi : ]a, b[×Rn
0+ → R are functions satisfying the local Carathéodory

conditions, a ≤ ti ≤ b (i = 1, . . . , n), and ϕk : C([a, b];Rn
+) → R+

(k = 1, . . . , n) are continuous and bounded on every bounded subset of
C([a, b];Rn

+) functionals.
In the case where the functions fi (i = 1, . . . , n) have no singularities with

respect to phase variables, boundary value problems of the type (1), (2) have
been studied in [1]–[4].

The present paper deals with the case not investigated yet, when fi

(i = 1, . . . , n) have singularities with respect to the phase variables, that is
the case, where

lim
xk→0

∣∣fi(t, x1, . . . , xn)
∣∣ = +∞ (i, k = 1, . . . , n).

Throughout the paper, along with the above-introduced we will use the
following notations.

(xik)n
i,k=1 is the matrix with components xik (i, k = 1, . . . , n).

r(X) is the spectral radius of the n× n matrix X.
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If u : [a, b] → R is a continuous function, then

‖u‖C = max
{‖u(t)‖ : a ≤ t ≤ b}.

If δk : [a, b] → [0, +∞[ (k = 1, . . . , n) are continuous functions satisfying
the conditions

δk(t) > 0 for almost all t ∈ [a, b] (k = 1, . . . , n),

and ρ > 0, then

f∗(δ1, . . . , δn, ρ)(t) = sup
{ n∑

i=1

∣∣fi(t, x1, . . . , xn)
∣∣ :

δ1(t) < x1 < δ1(t) + ρ, . . . , δn(t) < xn < δn(t) + ρ
}

.

Along with (1), (2), we consider the auxiliary problem

dui

dt
= λfi(t, u1, . . . , un) + (1− λ)δi(t) (i = 1, . . . , n), (3)

ui(ti) = λϕi(u1, . . . , un) (i = 1, . . . , n), (4)

ui(t) ≥ δi(t) for a ≤ t ≤ b, (5)

depending on the parameter λ ∈ ]0, 1] and on absolutely continuous func-
tions δi : [a, b] → [0, +∞[ (i = 1, . . . , n).

An absolutely continuous vector function (ui)n
i=1 : [a, b] → Rn

+ is said
to be a positive solution of the system (1) (of the system (3)) if it almost
everywhere on [a, b] satisfies this system and

ui(t) > 0 for almost all t ∈ [a, b] (i = 1, . . . , n).

A positive solution (ui)n
i=1 of the system (1) (of the system (3)), satisfying

the conditions (2) (the conditions (4) and (5)), is called a positive solution
of the problem (1), (2) (a solution of the problem (3), (4), (5)).

The following theorem is valid.

Theorem 1 (The Principle of a Priori Boundedness). Let for any i ∈
{1, . . . , n} on the set

{
(t, x1, . . . , xn) : t ∈ [a, b] \ I0, xk > δk(t) for k 6= i, xi = δi(t)

}

the inequality
[
fi(t, x1, . . . , xn)− δ′i(t)

]
sgn(t− ti) ≥ 0

hold, where I0 is a set of zero measure, and δk : [a, b] → [0,+∞[ (k =
1, . . . , n) are absolutely continuous functions such that

δi(t) > 0 for t ∈ [a, b] \ I0 (i = 1, . . . , n),

ϕi(u1, . . . , un) ≥ δi(ti) for (uk)n
k=1 ∈ C([a, b];Rn

+) (i = 1, . . . , n).
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Let, moreover,
b∫

a

f∗(δ1, . . . , δn; ρ)(t) dt < +∞ for ρ > 0

and there exist a positive constant ρ0 such that for any λ ∈ ]0, 1] every
solution of the problem (3), (4), (5) admits the estimate

n∑

i=1

‖ui‖C ≤ ρ0.

Then the problem (1), (2) has at least one positive solution.

The operator (ϕ0i)n
i=1 : C([a, b];Rn

+) → Rn
+ is said to be positively ho-

mogeneous if for any i ∈ {1, . . . , n}, λ > 0 and (uk)n
k=1 ∈ C([a, b];Rn

+) the
equality

ϕ0i(λu1, . . . , λun) = λϕ0i(u1, . . . , un)
is satisfied.

Following [1], we introduce

Definition 1. We say that the pair ((pik)n
i,k=1; (ϕ0i)n

i=1), consisting of
the matrix function (pik)n

i,k=1 with the Lebesgue integrable components pik :
[a, b] → R+ (i, k = 1, . . . , n) and the positively homogeneous nondecreasing
operator (ϕ0i)n

i=1 : C([a, b];Rn
+) → Rn

+ belongs to the set U(t1, . . . , tn) if the
problem

u′i(t) sgn(t− ti) ≤
n∑

k=1

pik(t)uk(t) (i = 1, . . . , n),

ui(ti) ≤ ϕ0i(u1, . . . , un) (i = 1, . . . , n)

has no a nonzero, nonnegative solution.

On the basis of Theorem 1, the following theorem can be proved.

Theorem 2. Let

ϕi(u1, . . . , un) ≤ ϕ0i

(
u1, . . . , un

)
+ γ for (uk)n

k=1 ∈ C([a, b];Rn
+)

(i = 1, . . . , n)

and

0 ≤ (
fi(t, x1, . . . , xn)− pi(t)xλi

i

)
sgn(t− ti) ≤

≤
n∑

k=1

pik(t)xk for t ∈ [a, b] \ I0, (xk)n
k=1 ∈ Rn

0+ (i = 1, . . . , n), (6)

where I0 is a set of zero measure, γ is a nonnegative constant, λi < 1
(i = 1, . . . , n), pi : [a, b] → R0+ (i = 1, . . . , n) are the Lebesgue integrable
functions and (

(pik)n
i,k=1; (ϕ0i)n

i=1

) ∈ U(t1, . . . , tn).
Then the problem (1), (2) has at least one positive solution.
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The above Theorem 2 and Lemma 5.4 of [1] result in

Corollary 1. Let

ϕi(u1, . . . , un) ≤
n∑

k=1

`ik‖uk‖C + γ for (uk)n
k=1 ∈ C([a, b];R+)

(i = 1, . . . , n),

and the inequalities (6) be fulfilled, where I0 is a set of zero measure, `ik

(i, k = 1, . . . , n) and γ are nonnegative constants, λi < 1 (i = 1, . . . , n),
pi : [a, b] → R0+ and pik : [a, b] → R+ (i = 1, . . . , n) are the Lebesgue
integrable functions. If, moreover,

r(Λ) < 1, where Λ =
(

`ik +

b∫

a

pik(t) dt

)n

i,k=1

,

then the problem (1), (2) has at least one positive solution.
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