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ON A TWO-POINT SINGULAR
BOUNDARY VALUE PROBLEM FOR SYSTEMS

OF NONLINEAR GENERALIZED
ORDINARY DIFFERENTIAL EQUATIONS

Abstract. The two-point boundary value problem is considered for the
system of nonlinear generalized ordinary differential equations with singu-
larities on a non-closed interval. Singularity is understood in a sense of
the vector-function corresponding to the system which belongs to the local
Carathéodory class with respect to the matrix-function corresponding to
the system.

The general sufficient conditions are established for the unique solvabil-
ity of this problem. Relying on these results, the effective conditions are
established for the unique solvability of the problem.

îâäæñéâ. ïæêàñèŽîëĲâĲæŽê àŽêäëàŽáëâĲñè øãâñèâĲîæã áæòâîâê-
ùæŽèñî àŽêðëèâĲŽåŽ ïæïðâéæïŽåãæï àŽêýæèñèæŽ ëîûâðæèëãŽêæ
ïŽïŽäôãîë ŽéëùŽêŽ ŽîŽøŽçâðæè æêðâîãŽèäâ. ïæêàñèŽîëĲŽ àŽæàâĲŽ
æé Žäîæå, îëé ïæïðâéæï öâïŽĲŽéæïæ ãâóðëîñèæ òñêóùæŽ éæâçñåãêâĲŽ
èëçŽèñî çŽîŽåâëáëîæï çèŽïï ïæïðâéæï öâïŽĲŽéæïæ éŽðîæùñèæ òñê-
óùææï éæéŽîå.

éæôâĲñèæŽ Žé ŽéëùŽêæï ùŽèéýîæãŽá ŽéëýïêŽáëĲæï äëàŽáæ ïŽçéŽîæïæ
ìæîëĲâĲæ. Žé öâáâàâĲäâ áŽõîáêëĲæå áŽáàâêæèæŽ ùŽèïŽýŽá ŽéëýïêŽ-
áëĲæï âòâóðñîæ ïŽçéŽîæïæ ìæîëĲâĲæ.
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1. Statement of the Problem and Basic Notation

In the present paper, for a system of linear generalized ordinary differ-
ential equations with singularities

dxi = fi(t, x1, . . . , xn)dai(t) for t ∈ [a, b] (i = 1, . . . , n) (1.1)

we consider the two-point boundary value problem

xi(a+) = 0 (i = 1, . . . , n0), xi(b−) = 0 (i = n0 + 1, . . . , n), (1.2)
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where −∞ < a < b < +∞, n0 ∈ {1, . . . , n}, x1, . . . , xn are the components
of a desired solution x, ai : [a, b] → R (i = 1, . . . , n) are nondecreasing
functions, and fi : ]a, b[×Rn → R is a function belonging to the local Cara-
théodory class Carloc(]a, b[×Rn,R; ai) corresponding to the function ai for
every i ∈ {1, . . . , n}.

We investigate the question of solvability of the problem (1.1), (1.2), when
the system (1.1) has singularities. Singularity is understood in a sense that
the components of the vector-function f may have non-integrable compo-
nents at the boundary points a and b, in general. We present a general
theorem for the solvability of this problem. On the basis of this theorem we
obtain the effective criteria for the solvability of the problem.

Analogous and related questions are investigated in [13]–[18] (see also re-
ferences therein) for the singular two-point and multipoint boundary value
problems for linear and nonlinear systems of ordinary differential equations,
and in [1]–[7] (see also references therein) for regular two-point and multi-
point boundary value problems for systems of linear and nonlinear gener-
alized differential equations. As for the two-point and multipoint singular
boundary value problems for generalized differential systems, they are little
studied and, despite some results given in [8–10] for two-point and mul-
tipoint singular boundary value problem, their theory is rather far from
completion even in the linear case. Therefore, the problem under consider-
ation is actual.

To a considerable extent, the interest in the theory of generalized ordi-
nary differential equations has been motivated by the fact that this theory
enables one to investigate ordinary differential, impulsive and difference
equations from a unified point of view (see e.g. [1]–[12], [19]–[22] and refer-
ences therein).

Throughout the paper, the use will be made of the following notation
and definitions.
R = ] −∞, +∞[ ; R+ = [0,+∞[ ; [a, b], ]a, b[ and ]a, b], [a, b[ are, respec-

tively, closed, open and half-open intervals.
Rn×m is the space of all real n×m-matrices X = (xil)

n,m
i,l=1 with the norm

‖X‖ =
n,m∑

i,l=1

|xil|.

Rn×n
+ =

{
(xil)

n,m
i,l=1 : xil ≥ 0 (i = 1, . . . , n; l = 1, . . . , m)

}
.

On×m (or O) is the zero n×m matrix.
If X = (xil)

n,m
i,l=1 ∈ Rn×m, then |X| = (|xil|)n,m

i,l=1.
Rn = Rn×1 is the space of all real column n-vectors x = (xi)n

i=1; Rn
+ =

Rn×1
+ .
If X ∈ Rn×n, then X−1, det X and r(X) are, respectively, the matrix

inverse to X, the determinant of X and the spectral radius of X; In is the
identity n× n-matrix.
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d∨
c

(X), where a < c < d < b, is the variation of the matrix-function

X : ]a, b[→ Rn×m on the closed interval [c, d], i.e., the sum of total vari-
ations of the latter components xil (i = 1, . . . , n; l = 1, . . . , m) on this

interval; if d < c, then
d∨
c

(X) = −
c∨
d

(X); V (X)(t) = (v(xil)(t))
n,m
i,l=1, where

v(xil)(c0)= 0, v(xil)(t) =
t∨
c0

(xil) for a < t < b, and c0 = (a + b)/2.

X(t−) and X(t+) are the left and the right limits of the matrix-function
X : ]a, b[→ Rn×m at the point t ∈ ]a, b[ (we assume X(t) = X(a+) for t ≤ a
and X(t) = X(b−) for t ≥ b, if necessary).

d1X(t) = X(t)−X(t−), d2X(t) = X(t+)−X(t).
BV([a, b],Rn×m) is the set of all matrix-functions of bounded variation

X : [a, b] → Rn×m (i.e., such that
b∨
a

(X) < +∞).

BVloc(]a, b[ ,Rn×m) is the set of all matrix-functions X : ]a, b[→ Rn×m

such that
d∨
c

(X) < +∞ for every a < c < d < b.

If X ∈ BVloc(]a, b[ ,Rn×n), det(In + (−1)jdjX(t)) 6= 0 for t ∈ ]a, b[ (j =
1, 2), and Y ∈ BVloc(]a, b[ ,Rn×m), then A(X, Y )(t) ≡ B(X, Y )(c0, t), where
B is the operator defined as follows:

B(X,Y )(t, t) = On×m for t ∈ ]a, b[ ,

B(X, Y )(s, t) = Y (t)− Y (s) +
∑

s<τ≤t

d1X(τ) · (In − d1X(τ)
)−1

d1Y (τ)−

−
∑

s≤τ<t

d2X(τ) · (In+d2X(τ)
)−1

d2Y (τ) for a<s<t<b

and

B(X, Y )(s, t) = −B(X, Y )(t, s) for a < t < s < b.

A matrix-function is said to be continuous, nondecreasing, integrable,
etc., if each of its components is such.

If α : [a, b] → R is a nondecreasing function, then Dα = {t ∈ [a, b] :
d1α(t) + d2α(t) 6= 0}.

If α ∈ BV([a, b],R) has no more than a finite number of points of discon-
tinuity, and m ∈ {1, 2}, then Dαm = {tαm1, . . . , tαmnαm} (tαm1 < · · · <
tαmnαm) is the set of all points from [a, b] for which dmα(t) 6= 0, and
µαm = max{dmα(t) : t ∈ Dαm} (m = 1, 2).

If β ∈ BV([a, b],R), then

ναmβj = max
{

djβ(tαml) +
∑

tαm l+1−m<τ<tαm l+2−m

djβ(τ) : l = 1, . . . , nαm

}

(j, m = 1, 2); here tα20 = a− 1, tα1nα1+1 = b + 1.
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s1, s2, sc : BV([a, b],R) → BV([a, b],R) (j = 0, 1, 2) are the operators
defined, respectively, by

s1(x)(a) = s2(x)(a) = 0,

s1(x)(t) =
∑

a<τ≤t

d1x(τ) and s2(x)(t) =
∑

a≤τ<t

d2x(τ) for a < t ≤ b,

and
sc(x)(t) = x(t)− s1(x)(t)− s2(x)(t) for t ∈ [a, b].

If g : [a, b] → R is a nondecreasing function, x : [a, b] → R and a ≤ s <
t ≤ b, then

t∫

s

x(τ) dg(τ) =
∫

]s,t[

x(τ) ds0(g)(τ) +
∑

s<τ≤t

x(τ)d1g(τ) +
∑

s≤τ<t

x(τ)d2g(τ),

where
∫

]s,t[

x(τ) ds0(g)(τ) is the Lebesgue–Stieltjes integral over the open

interval ]s, t[ with respect to the measure µ0(s0(g)) corresponding to the

function s0(g); if a = b, then we assume
b∫

a

x(t) dg(t) = 0; thus,
t∫
s

x(τ) dg(τ)

is the Kurzweil–Stieltjes integral (see [19], [20], [22]). Moreover, we put
t∫

s+

x(τ) dg(τ) = lim
ε→0, ε>0

t∫

s+ε

x(τ) dg(τ)

and
t−∫

s

x(τ) dg(τ) = lim
ε→0, ε>0

t−ε∫

s

x(τ) dg(τ).

Lp([a, b],R; g) (1 ≤ p < +∞) is the space of all functions x : [a, b] → R
measurable and integrable with respect to the measure µ(gc(g)) for which

∑

a<τ≤b

|x(t)|µd1g(τ) +
∑

a≤τ<b

|x(t)|µd2g(t) < +∞,

with the norm

‖x‖p,g =
( b∫

a

|x(t)|p dg(t)
) 1

p

.

L+∞([a, b],R; g) is the space of all µ(s0(g))-measurable and µ(s0(g))-
essentially bounded functions x : [a, b] → R such that sup{|x(t)| : t ∈
Dα} < +∞, with the norm

‖x‖+∞,g = inf
{

r > 0 : |x(t)| ≤ r

for µ(s0(g))-almost all t ∈ [a, b] and for t ∈ Dα

}
.



115

If g(t) ≡ g1(t)− g2(t), where g1 and g2 are nondecreasing functions, then
t∫

s

x(τ) dg(τ) =

t∫

s

x(τ) dg1(τ)−
t∫

s

x(τ) dg2(τ) for s ≤ t.

If G = (gik)l,n
i,k=1 : [a, b] → Rl×n is a nondecreasing matrix-function

and D ⊂ Rn×m, then L([a, b], D; G) is the set of all matrix-functions X =
(xkj)

n,m
k,j=1 : [a, b] → D such that xkj ∈ L([a, b], R; gik) (i = 1, . . . , l; k =

1, . . . , n; j = 1, . . . ,m);
t∫

s

dG(τ) ·X(τ) =
( n∑

k=1

t∫

s

xkj(τ) dgik(τ)
)l,m

i,j=1

for a ≤ s ≤ t ≤ b,

Sj(G)(t) ≡ (
sj(gik)(t)

)l,n

i,k=1
(j = 0, 1, 2).

The inequalities between the vectors and between the matrices are un-
derstood componentwise.

If D1 ⊂ Rn and D2 ⊂ R, then Car([a, b]×D1, D2; g) is the Carathéodory
class, i.e., the set of all mappings f : [a, b]×D1 → D2 such that:

(i) the function f(· , x) : [a, b] → D2 is µ(g)-measurable for every x ∈
D1;

(ii) the function f(t, ·) : D1 → D2 is continuous for µ(g)-almost all
t ∈ [a, b], and

sup
{|f(· , x)| : x ∈ D0

} ∈ L([a, b], R; g)

for every compact D0 ⊂ D1.
Carloc(]a, b[×D1, D2; g) is the set of all mappings f : ]a, b[×D1 → D2

the restriction of which on every closed interval [c, d] of ]a, b[ belongs to
Car([c, d] × D1, D2; g). Analogously are defined the sets Carloc(]a, b] ×
D1, D2; G) and Carloc([a, b[×D1, D2;G).

We assume that ai : [a, b] → R (i = 1, . . . , n) are nondecreasing func-
tions and fi ∈ Car(]a, b[×Rn,Rn; ai) (i = 1, . . . , n). A vector-function
x = (xi)n

i=1 is said to be a solution of the system (1.1) if xi ∈ BVloc(]a, b],R)
(i = 1, . . . , n0), xi ∈ BVloc([a, b[ ,R) (i = n0 + 1, . . . , n) and

xi(t) = xi(s) +
n∑

l=1

t∫

s

fl(τ, x1(τ), . . . , xn(τ)) dail(τ)

for a<s≤ t≤b if i∈{1, . . . , n0} and for a≤s<t<b if i∈{n0+1, . . . , n}.
Under the solution of the problem (1.1), (1.2) we mean a solution x(t) =

(xi(t))n
i=1 of the system (1.1) such that the one-sided limits xi(a+) (i =

1, . . . , n0) and xi(b−) (i = n0 + 1, . . . , n) exist and the equalities (1.2) are
fulfilled. We assume xi(a) = 0 (i = 1, . . . , n0) and xi(b) = 0 (i = n0 +
1, . . . , n), if necessary.



116

A vector-function x = (xi)n
i=1, x ∈ BV(]a, b[ ,R), is said to be a solution

of the system of generalized differential inequalities

dxi(t) ≤
n∑

l=1

xl(t) dbil(t) (≥) for t ∈ ]a, b[ (i = 1, . . . , n),

where bil : [a, b] → R (i, l = 1, . . . , n) are nondecreasing functions, if

xi(t)− xi(s) ≤
n∑

l=1

t∫

s

xl(τ) dbil(τ) (≥) for a < s ≤ t < b (i = 1, . . . , n).

Without loss of generality, we assume that ai(a) = On×n (i = 1, . . . , n).
Moreover, we assume

det
(
In + (−1)jdjai(t)

) 6= 0 for t ∈ ]a, b[ (j = 1, 2; i = 1, . . . , n). (1.3)

The above inequalities guarantee the unique solvability of the Cauchy
problem for the corresponding system (see [22, Theorem III.1.4]).

If s ∈ ]a, b[ and α ∈ BVloc(]a, b[ ,R) are such that

1 + (−1)jdjβ(t) 6= 0 for (−1)j(t− s) < 0 (j = 1, 2),

then by γβ(· , s) we denote the unique solution of the Cauchy problem

dγ(t) = γ(t)dβ(t), γ(s) = 1.

It is known (see [11], [12]) that

γα(t, s) =





exp
(
s0(β)(t)− s0(β)(s)

)×
×

∏

s<τ≤t

(1−d1α(τ))−1
∏

s≤τ<t

(1+d2β(τ)) for t > s,

exp
(
s0(β(t)− s0(β(s)

)×
×

∏

t<τ≤s

(1−d1β(τ))
∏

t≤τ<s

(1+d2β(τ))−1 for t < s,

1 for t = s.

(1.4)

It is evident that if the last inequalities are fulfilled on the whole interval
[a, b], then γ−1

α (t) exists for every t ∈ [a, b].

Definition 1.1. Let ai : [a, b] → R (i = 1, . . . , n) be nondecreasing func-
tions and n0 ∈ {1, . . . , n}. We say that the matrix-function C = (cil)n

i,l=1 ∈
BV([a, b],Rn×n

+ ) belongs to the set U(a+, b−; a1, . . . , an; n0), if the system

sgn
(
n0 +

1
2
− i

)
dxi(t) ≤

≤
n∑

l=1

cil(t)xl(t) dai(t) for t ∈ [a, b] (i = 1, . . . , n) (1.5)

has no nontrivial nonnegative solution satisfying the condition (1.2).
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Definition 1.2. We say that a vector-function g : [a, b] × Rn → Rn,
g(t, x) = (gi(t, x1, . . . , xn))n

i=1, is nondecreasing outside of the diagonal
elements (or quasi-nondecreasing) with respect to nondecreasing vector-
function α = (αi)n

i=1 if from the condition

x1 ≤ y1, . . . , xi−1 ≤ yi−1, xi+1 ≤ yi+1, . . . , xn ≤ yn

follows

gi(t, x1, . . . , xi−1, xi, . . . , xn) ≤ gi(t, y1, . . . , yi−1, xi, yi+1, . . . , yn)

for µ(ai)-almost all t (i = 1, . . . , n).

Definition 1.3. Let ai : [a, b] → R (i = 1, . . . , n) be nondecreasing
functions and n0 ∈ {1, . . . , n}. We say that a vector-function g(t, x) =
(gi(t, x1, . . . , xn))n

i=1, gi ∈ Car([a, b] × Rn,R; ai) (i = 1, . . . , n), belongs to
the set U0(a+, b−; a1, . . . , an; n0) if it is nonnegative, quasi-nondecreasing
and there exists a positive number r ∈ R+ such that

0 ≤ x(t) ≤ r for t ∈ [a, b]

for every nonnegative solution x = (xi)n
i=1 of the system

sgn
(
n0 +

1
2
− i

)
dxi(t) ≤

≤ gi(t, x1, . . . , xn(t))dai(t) for t ∈ [a, b] (i = 1, . . . , n) (1.6)

under the boundary condition (1.2).

The similar definition of the sets U0 and U has been introduced by I. Ki-
guradze for ordinary differential equations (see [13]–[15]).

Theorem 1.1. Let the functions fi ∈ Carloc(]a, b[×Rn,Rn; ai) (i =
1, . . . , n) be such that

fi(t, x1, . . . , xn) sgn
((

n0 +
1
2
− i

)
xi

)
≤ −bi(t)|xi|+ gi(t, |x1|, . . . , |xn|)

for µ(sc(ai))-almost all t ∈ [a, b] and for every t ∈ Dai ,

(xk)n
k=1 ∈ Rn (i = 1, . . . , n),

fi(t, x1, . . . , xn)d2ai(t) sgn
(
xi + fi(t, x1, . . . , xn)d2ai(t)

) ≤
≤ −bi(t)|xi|+ gi

(
t, |x1|, . . . , |xn|

)

for t ∈ [a, b] and (xk)n
k=1 ∈ Rn (i = 1, . . . , n0)

and

fi(t, x1, . . . , xn)d1ai(t) sgn
(
xi − fi(t, x1, . . . , xn)d1ai(t)

) ≥
≥ bi(t)|xi| − gi(t, |x1|, . . . , |xn|)

for t ∈ [a, b] and (xk)n
k=1 ∈ Rn (i = n0 + 1, . . . , n),
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where gi ∈ Car([a, b] × Rn,R+; ai) (i = 1, . . . , n), the functions bi ∈
Lloc(]a, b],R; ai) for (i = 1, . . . , n0) and bi ∈ Lloc([a, b[ ,R; ai) for (i =
n0 + 1, . . . , n) are nonnegative. Let, moreover,

g = (gi)n
i=1 ∈ U0(a+, b−; a1, . . . , an; n0),

lim
t→a+

bi(t)d2ai(t) < 1 (i = 1, . . . , n0),

lim
t→b−

bi(t)d1ai(t) < 1 (i = n0 + 1, . . . , n)
(1.7)

and
lim

t→a+
lim

k→∞
sup γαi

(t, a + 1/k) = 0 (i = 1, . . . , n0),

lim
t→b−

lim
k→∞

sup γαi
(t, b− 1/k) = 0 (i = n0 + 1, . . . , n),

(1.8)

where αi(t) ≡
t∫

c0

bi(τ) dai(τ) (i = 1, . . . , n), c0 = (a + b)/2, and γαi (i =

1, . . . , n) are the functions defined according to (1.4). Then the problem
(1.1), (1.2) is solvable.

Theorem 1.2. Let the functions fi ∈ Carloc(]a, b[×Rn,Rn; ai) (i =
1, . . . , n) be such that

fi(t, x1, . . . , xn) sgn
((

n0 +
1
2
− i

)
xi

)
≤

≤ −bi(t)|xi|+
n∑

l=1

ηil(t)|xl|+ qi

(
t,

n∑

l=1

|xl|
)

for µ(sc(ai))-almost all t ∈ [a, b] and for every t ∈ Dai ,

(xk)n
k=1 ∈ Rn (i = 1, . . . , n), (1.9)

fi(t, x1, . . . , xn)d2ai(t) sgn
(
xi + fi(t, x1, . . . , xn)d2ai(t)

) ≤

≤−bi(t)|xi|+
n∑

l=1

ηil(t)|xl|+qi

(
t,

n∑

l=1

|xl|
)

for t∈ [a, b] (i=1, . . . , n0) (1.10)

and

fi(t, x1, . . . , xn)d1ai(t) sgn
(
xi − fi(t, x1, . . . , xn)d1ai(t)

) ≥

≥bi(t)|xi|−
n∑

l=1

ηil(t)|xl|−qi

(
t,

n∑

l=1

|xl|
)

for t∈[a, b] (i=n0+1, . . . , n) (1.11)

where ηil∈L([a, b],R; ai) (i, l=1, . . . , n), the functions bi∈Lloc(]a, b],R; ai)
(i = 1, . . . , n0) and bi ∈ Lloc([a, b[,R; ai) (i = n0+1, . . . , n) are nonnegative,
and qi ∈ Car([a, b]× R+,R+; ai) (i = 1, . . . , n) are nondecreasing functions
in the second variable. Let, moreover, the conditions (1.7), (1.8),

C = (cil)n
i,l=1 ∈ U(a+, b−; a1, . . . , an; n0),
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and

lim
ρ→+∞

1
ρ

b∫

a

qi(t, ρ) dai(t) = 0 (i = 1, . . . , n) (1.12)

be valid, where αi(t) ≡
t∫

c0

bi(τ) dai(τ) (i = 1, . . . , n), c0 = (a + b)/2, cil(t) ≡
t∫

a

ηil(τ) dai(τ) (i, l = 1, . . . , n), and γαi
(i = 1, . . . , n) are the functions

defined according to (1.4). Then the problem (1.1), (1.2) is solvable.

Corollary 1.1. Let the functions fi ∈ Carloc(]a, b[×Rn,Rn; ai) (i =
1, . . . , n) be such that the conditions (1.9)–(1.12) hold, where the functions
ai (i = 1, . . . , n) have not more than a finite number of points of dis-
continuity, the functions bi ∈ Lloc(]a, b],R; ai) (i = 1, . . . , n0) and bi ∈
Lloc([a, b[ ,R; ai) (i = n0 + 1, . . . , n) are nonnegative, qi ∈ Car([a, b] ×
R+,R+; ai) (i = 1, . . . , n) are nondecreasing functions in the second vari-

able, αi(t) ≡
t∫

c0

bi(τ) dai(τ) (i = 1, . . . , n), c0 = (a + b)/2, γαi (i = 1, . . . , n)

are the functions defined according to (1.4),

t∫

a

ηil(τ) dai(τ) ≡
t∫

c

hil(τ)dβl(τ) (i, l = 1, . . . , n),

βl (l=1, . . . , n) are the functions nondecreasing on [a, b], hii∈Lµ([a, b],R;βi),
hil ∈ Lµ([a, b],R+;βl) (i 6= l; i, l = 1, . . . , n), 1 ≤ µ ≤ +∞. Let, moreover,

r(H) < 1, (1.13)

where the 3n× 3n-matrix H = (Hj+1 m+1)2j,m=0 is defined by

Hj+1 m+1 =
(
λkmij‖hik‖µ,sm(βi)

)n

i,k=1
(j, m = 0, 1, 2),

ξij =
(
sj(βi)(b)− sj(βi)(a)

) 1
ν (j = 0, 1, 2, ; i = 1, . . . , n);

λk0i0 =





( 4
π2

) 1
ν

ξ2
k0 if s0(βi)(t) ≡ s0(βk)(t),

ξk0ξi0 if s0(βi)(t) 6≡ s0(βk)(t) (i, k = 1, . . . , n);

λkmij =ξkmξij if m2+j2 >0, mj =0 (j, m=0, 1, 2; i, k=1, . . . , n),

λkmij =
(1

4
µαkmναkmαij sin−2 π

4nαkm+2

) 1
ν

(j, m=1, 2; i, k=1, . . . , n),

and 1
µ + 2

ν = 1. Then the problem (1.1), (1.2) is solvable.
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Remark 1.1. The 3n × 3n-matrix H, appearing in Corollary 1.1 can be
replaced by the n× n-matrix

(
max

{ 2∑

j=0

λkmij‖hik‖µ,Sm(αk) : m = 0, 1, 2
})n

i,k=1

.

Remark 1.2. If ai(t) ≡ a0(t) (i = 1, . . . , n), where the function a0 has not
more than a finite number of points of discontinuity, then we can assume
that hil(t) ≡ ηil(t) and βl(t) ≡ a0(t) (i, l = 1, . . . , n).

By Remark 1.1, Corollary 1.1 has the following form for ai(t) ≡ a0(t),
bi(t) ≡ b0(t), ηil(t) ≡ ηil = const, qi(t, x) ≡ q(t, x) (i, l = 1, . . . , n) and
µ = +∞ since, by the choice of hil(t) ≡ ηil(t) = ηil (i, l = 1, . . . , n), we
have βl(t) ≡ a0(t) (l = 1, . . . , n) in this case.

Corollary 1.2. Let the functions fi ∈ Carloc(]a, b[×Rn,Rn; a0) be such
that the conditions (1.12),

fi(t, x1, . . . , xn) sgn
((

n0 +
1
2
− i

)
xi

)
≤

≤ −b0(t)|xi|+
n∑

l=1

ηil|xl|+ qi

(
t,

n∑

l=1

|xl|
)

for µ(sc(a0))-almost all t ∈ [a, b] and for every t ∈ Da,

(xk)n
k=1 ∈ Rn (i = 1, . . . , n),

fi(t, x1, . . . , xn)d2ai(t) sgn
(
xi + fi(t, x1, . . . , xn)d2ai(t)

) ≤

≤ −b0(t)|xi|+
n∑

l=1

ηil|xl|+ qi

(
t,

n∑

l=1

|xl|
)

for t ∈ [a, b] (i = 1, . . . , n0),

fi(t, x1, . . . , xn)d1ai(t) sgn
(
xi − fi(t, x1, . . . , xn)d1ai(t)

) ≥

≥ b0(t)|xi| −
n∑

l=1

ηil|xl| − qi

(
t,

n∑

l=1

|xl|
)

for t ∈ [a, b] (i = n0 + 1, . . . , n)

and

lim
ρ→+∞

1
ρ

b∫

a

q(t, ρ) da0(t) = 0

hold, where a0 is a nondecreasing function on [a, b] having no more than a fi-
nite number of points of discontinuity, b0 ∈ L([a, b],R+; a0), q ∈ Car([a, b]×
R+,R+; a0) is a nondecreasing function in the second variable, the function

α(t) ≡
t∫

c0

b(τ) da(τ), c0 = (a + b)/2, satisfies the conditions (1.7) and (1.8),

γα is the function defined according to (1.4), ηii ∈ R, ηil ∈ R+ (i 6= l;
i, l = 1, . . . , n). Let, moreover,

ρ0 r(H) < 1,
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where

H = (ηik)n
i,k=1, ρ0 = max

{ 2∑

j=0

λmj : m = 0, 1, 2
}

,

λ00 =
2
π

(
s0(a0)(b)− s0(a0)(a)

)
,

λ0j = λj0 =
(
s0(a0)(b)− s0(a0)(a)

) 1
2
(
sj(a0(b)− sj(a0(a)

) 1
2 (j = 1, 2),

λmj =
1
2

(
µαmναmαj

) 1
2 sin−1 π

4nαm + 2
(m, j = 1, 2).

Then the problem (1.1), (1.2) is solvable.

Theorem 1.3. Let the functions fi ∈ Carloc(]a, b[×Rn,Rn; ai) (i =
1, . . . , n) be such that the conditions (1.7)–(1.12),

d2βi(a) ≤ 0 and 0 ≤ d1βi(t) < |ηi|−1 for a < t ≤ b (i = 1, . . . , n0),

d1βi(b) ≤ 0 and 0 ≤ d2βi(t) < |ηi|−1 for a ≤ t < b (i = n0 + 1, . . . , n)

and
t∫

c

ηil(τ) da(τ) = hilβi(t) + βil(t) for t ∈ [q, b] (i, l = 1, . . . , n)

are fulfilled, where ηil ∈ L([a, b],R; ai) (i, l = 1, . . . , n), the functions bi ∈
Lloc(]a, b],R; ai) (i = 1, . . . , n0) and bi ∈ Lloc([a, b[,R; ai) (i = n0 +1, . . . , n)
are nonnegative, and qi ∈ Car([a, b] × R+,R+; ai) (i = 1, . . . , n) are non-

decreasing functions in the second variable, αi(t) ≡
t∫

c0

bi(τ) dai(τ) (i =

1, . . . , n), c0 = (a + b)/2, and γαi (i = 1, . . . , n) are the functions defined
according to (1.4), hii < 0, hil ≥ 0, ηi < 0 (i 6= l; i, l = 1, . . . , n), βii

(i = 1, . . . , n) are the functions nondecreasing on [a, b]; βil, βi ∈ BV([a, b],R)
(i 6= l; i, l = 1, . . . , n) are the functions nondecreasing on the interval ]a, b]
for i ∈ {1, . . . , n0} and on the interval [a, b[ for i ∈ {n0 + 1, . . . , n}. Let,
moreover, the condition (1.16) hold, where H = (ξil)n

i,l=1,

ξii = λi, ξil =
hil

|hii| (i 6= l; i, l = 1, . . . , n),

λi = V
(A(ζi, γi)

)
(b)− V

(A(ζi, γi)
)
(a+) for i ∈ {1, . . . , n0},

λi = V
(A(ζi, γi)

)
(b−)− V

(A(ζi, γi)
)
(a) for i ∈ {n0 + 1, . . . , n};

ζi(t) ≡
n∑

k=l

βil(t) (i = 1, . . . , n);

and

γi(t) ≡
(
βi(t)− βi(a+)

)
hii for a < t ≤ b (i = 1, . . . , n0),

γi(t) ≡
(
βi(b−)− βi(t)

)
hii for a ≤ t < b (i = n0 + 1, . . . , n).
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Then the problem (1.1), (1.2) is solvable.

Remark 1.3. If
λi < 1 (i = 1, . . . , n), (1.14)

then, in Theorem 1.2, we can assume that

ξii = 0, ξil =
hil

(1− λi)|hii| (i 6= l; i, l = 1, . . . , n). (1.15)
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