Memoirs on Differential Equations and Mathematical Physics
VOLUME 57, 2012, 163-176

Hiroyuki Usami and Takuro Yoshimi

THE EXISTENCE OF SOLUTIONS

OF INTEGRAL EQUATIONS RELATED

TO INVERSE PROBLEMS OF QUASILINEAR
ORDINARY DIFFERENTIAL EQUATIONS

Dedicated to Professor T. Kusano
on the occasion of his 80-th birthday anniversary



Abstract. We consider nonlinear integral equations related to inverse
problems for quasilinear ordinary differential equations. We establish a
global existence of solutions for them by means of the method of successive
approximations and fractional calculus. Our results give a generalization of
the recent result in [3].

2010 Mathematics Subject Classification. 34A55, 45G05.
Key words and phrases. Inverse problem, nonlinear integral equation,
fractional calculus.

&79bo73dg. gobborymmos 330bo{fEg03 BygmmgdEes megg@gbzoomme aob-
2E0rmE0 20bmmrgdgde.  dodw3embdomo Joobremgbdol djmmmobs o fo-
OETE0 ©@Go(3b30b 10dmyIbidom ©OIE) Jo(330mmes Jomo gmmborym&o odm-
blbbomdo.



The Existence of Solutions of Integral Equations ... 165

1. INTRODUCTION

In the present paper we will establish a global existence theorem of so-
lutions to integral equations of the form

P

1/(m+1) dv

T(p) = 2(—— ,0<p<R, (L1
(m—i— 1) 0/ (fpf(U) du)1/(m+1)

v

where m, R > 0 are constants, T(p) is a given positive function. We seek
for a solution f, that is of the class C[0, R] and f(u) > 0 on (0, R]. If we

set F(u ff )d€, then (1.1) is rewritten as

T(p) = 2<mLH>1/(m+1)/(F(p) _F(U))—l/(m+1) dv, 0<p<R. (12)
0

Though equation (1.1) has a complicated appearance, it arises naturally
from the following inverse problem for quasilinear ordinary differential equa-
tions:

Problem 1.1. Let T'(p) be a given positive function on [0, R]. Determine
a nonlinearity f(u) of an ordinary differential equation

(/™) + f(u) =0 (1.3)

so that, for each p € (0, R], the solution u(t) = u(t;p) of the equation with
the stationary (maximal) value p has a half-period T'(p). (Note that when
f(0) = 0and f(u) is extended to the interval [—R, R] as an odd function,
every solution of (1.3) oscillates and is periodic.)

In fact, we will explain how Problem 1.1 relates to equation (1.1). Let

p € [0, R], and u = u(t; p) be the solution of (1.3) satisfying the constraints
in Problem 1.1, that is,

( /‘m 1

u!) + f(u) =0 on [0.7(p)),
u(0) = u(T(p)) = 0.

nd u(t) >0 in (0,7(p)),

and

max u = u(T(p)/2) =p and ' (T(p)/2) = 0.
[0,7(p)]
Here, the symmetry of w on [0, T(p)] has been employed. It is easy to see
that
P

T(p) = 2/ (1/(0)erl - L—HF(U))il/(mH) dv.

m
0
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Since u/(0)™*! = (m + 1)F(p)/m, we can get
P
T(6) = Bo [ (F(p) - () ", (1.4
0
where

30:2( m )1/(m+1).

m+1
Accordingly, (1.2) has been obtained.

We transform equation (1.4) further to the form which is easy to analyze.
By the change of variables s = F(v), t = F(p), that is, p = p(t) = F~1(t),
this equation is transformed to

t

76() = By [ =S

0

ds, 0<t<F(R).

By using the Riemann-Liouville integral operator, which will be defined
later in the next section, this is rewritten as
m
T(p(t)) = Bl (- ) 1"/ "+ (1),
(p(®)) = Bol'( =+ p'(t)
Here, " denotes the Gamma function. Applying the Riemann-Liouville
integral operator I'/("+1) to the both sides, we have

DT () (1) = Bol (2 (),
that is,
1 m
p(t) = Wﬁﬂ 1D (p)(t), (1.5)

or equivalently,

i (551) [ Tl(s))
p(t) = 7By / (t — s)1=1/(m+1) ds. (1.6)
0
(Here we have employed the property (2.2) appearing in the next section.)
When m = 1 and T is Lipschitzian, it is shown conversely [1], [3] that a
solution p(t) of (1.5) (with m = 1) is necessarily differentiable and satisfies
(1.1) (with m = 1). Thus solving of equation (1.1) (as well as of Problem
1.1) is equivalent to finding a solution of (1.5) if m = 1.
In the paper we will show that such a result still holds for equation (1.5)
with m > 0. This is the main objective of the paper. In fact, we can establish
the following result:

Theorem 1.2. Let T(r) be a Lipschitz continuous positive function de-
fined on [0,R]. Then there exists a (unique) solution f of (1.1) that is
continuous on [0, R] and positive on (0, R)].

When m = 1, this theorem reduces to [3, Theorem 1.2].
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The paper is organized as follows. In Section 2 we construct a solution of
equation (1.5) by the method of successive approximations as a preliminary
result. The proof of Theorem 1.2 is given in Section 3. Other related results
can be found in [2], [4], [6].

Though the arguments in the paper are based essentially on those in [3],
the fact that m # 1 causes some difficulties, in particular, in the proof of
Proposition 3.2.

2. PRELIMINARY RESULTS

As a first step, we must introduce the Riemann—Liouville integral oper-
ators. Let § > 0 be a constant. We define the integral operator I° by

t

Po(t) = r(la)/(t f(j))l_é ds (2.1)
0

for ¢ € C|0, R], where T is the Gamma function. We can show by inter-
change of the order of integration that

I°17% = [%+%2 on C[0, R] (2.2)

for 41,02 > 0. See, for example, [2], [5]. Note that this property has been
already used in the Introduction.

Let us construct a continuous solution of integral equation (1.5), namely
(1.6), by successive approximation.

Proposition 2.1. Suppose that T(r) is Lipschitz continuous on [0, R],
and T(r) > 0 there. Then there exists a positive number ¢ and a continuous
function p(t) such that

(i) p(t) satisfies equation (1.5) on [0,q];
(ii) p(0) =0 and p(q) = R;
(i) 0 < p(t) < R fort € (0,q).
Proof. Let L be a constant satisfying
|T(r1) = T(ra)| < Llry — 12 (2.3)
for r, 72 € [0, R]. Put

T* =maxT(r), T. =minT(r), and R= T*R/T..
[0,R] [0,R]
We extend T'(r) (defined on [0, R]) to the continuous function on [0, R] so
that T'(r) = T(R) on [R, R]. (In what follows, we may denote the extension
by the same symbol T for simplicity.) Then T still satisfies (2.3) for r1,79 €
[0,R], and T, < T(r) < T* on [0, R]. Furthermore, we set
(m+1)sin (=2=) ; ( R >m+1

A — m+1
’/TBO AT*
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and
p(t) = AT/ 0 5(t) = AT/ M+ on [0, 7).
= p(t) and

Let us define the sequence {p,(t)}52, inductively by po(t)
1
pt) = 5= TV IT(p, )(1), n=1,2,.... (2.4)
Bol'(5:%7)

We will show that p,,(t), n =1,2,..., are well-defined, and

p(t) < pa(t) < p(t) on [0,t], (2.5)

forn=0,1,2,..., and hence 0 < p,(t) < R.
For po(t), inequalities (2.5) are obviously true. Let p,_1(¢) satisfy them.
Since T'(p,,—1(t)) < T*, we have
T*

BOP(n:il )

pn(t) < Il/(m+1)(1) =

t
B T / ds B
Bl (ET () | (=)D

_ (m+1)T

5 _ tl/(m+1) — AT*tl/(m+1) —
Osin(n/(m+1))
—B(t) < R

Thus p,(t) is well-defined and satisfies p,, (¢) < p(t). Similarly, we can show
that p,(t) > p(t). We therefore find that (2.5) is true for alln = 0,1,2, ... .
It follows from (2.4) that

1 m
[Pt (0 = pe()] < oy TV IT () = T (9) <
m—+1
L
< T D () <
= Bor(m) Ipk — pr—11(t) <
L

2
< (—— 2D, |t
S (Bor(mnil)) \pk: 1~ Pk 2|()

for k =2,3,.... Repeating this procedure, we can get
L k
IPrs(8) — pr(t)] < (W) D |~ ol (8).
m—+1

Putting M = max |p; — po|, we find that
[0,t]

(m+1)M( L
KT (7)) \Bol' ()

By the Stirling’s formula T'(z) = V27 e %2> 1/2(1 + O(1/2)), as |z| — oo,
we find that cx41/cx — 0 as k — oo.

)kfk/(m+1) = Ck.

max [pr4+1 — Pr| <
[0,t]

s
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Consequently, the sequence {p,(t)} converges to a limit function p(t) €
C'[0,¢] uniformly on [0,¢]. Moreover, by (2.5) we know that

p(t) < p(t) < p(t) on [0,t].

In particular, p(t) > p(t) = R. So, there is a ¢ € (0,t) such that p(t) < R
on [0,¢) and p(q) = R. We define a function p(t) by the restriction of p(t)
on [0,q] : p(t) = p| 0.d] (t). Then p(t) satisfies the desired properties (i)—(iii).
This completes the proof. O

3. PROOF OF THEOREM 1.2

To see Theorem 1.2, we first prove that the solution p(t) constructed
in Proposition 2.1 is differentiable and p’(¢t) > 0 on (0, ¢]. The discussion
is based on the fractional calculus associated with the Riemann-Liouville
integral operators introduced in the Introduction by (2.1) and corresponding
differential operators D° defined by D? = (d/dt)I'~° = DI*=%, D = d/dt.

Below, we introduce the weighted Holder spaces. Let 0 < b < o0, 0 <
a <1, and n € R. We put for ¢ € C(0,b]

|6l = Sup te(t)]

s

and

t*Mp(t) — s (s
b= sp LT =5 06t5)
t,s€(0,b], t#s | Sl
and define the Banach space (C*(0,b],, [ - |la,n) by
(0,6 = {6 € C0,8]| Bllan = [8ly + 6l < o0 }-

It is easy to prove that C*1[0,b),, D C*?[0,b),, if a1 < ap and m < 7.
Note that if > 0, then ¢ € C%(0, b],, is a continuous function and ¢(0) = 0.

)

Lemma 3.1. Let n > —1.

(i) Let 0 < o < a+ 3 < 1. Then I° : C%(0,b],, — CF9(0,b],45 is a
bounded operator.

(ii) Let 0 < a < a+ 8 < 1. Then D? : C**9(0,b],+5 — C(0,b], is
a bounded operator. For ¢ € C"‘+5(O,b]n+5, the derivative D% is
expressed as

1 ot F o) — (s
Do =g (G5 40 [ T o)
0

The proof of this lemma can be found in [3]; and related results in [2].

Since equation (1.5) has somewhat complicated appearance, we will con-
sider equation (3.1) below instead of equation (1.5) without loss of genera-
lity.
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Proposition 3.2. Let 7 be a Lipschitz continuous function defined on
an interval containing 0 and assume that 7(0) > 0. Suppose, furthermore,
that a continuous function x(t) defined on [0,b], 0 < b < oo, satisfies x(t) =
TVm+) (1o g)(t), 0 <t < b, that is,

2(t) = — )/( @) g o<i<n (3.1)

= t— )i 1/(mt1)

Then x(t) is differentiable and x'(t) > 0 on (0, b].
The following simple lemma is employed in proving Proposition 3.2:
Lemma 3.3. Let k,I > 0 be constants satisfying k& +{ < 1. Then,
st — sy < (t— )M, t>s>0.
Proof of Proposition 3.2. In the sequel, we denote a Lipschitz constant of 7

by L. We may assume that m > 1, because the case where 0 < m <1 can
be treated similarly. The proof is divided into several steps.

Step 1. We show that
e CHFMED O b, forany B, 0<B<1/(m+1).  (3.2)

To see this we first note that 7 oz € C°(0,b]p. So the fact that z =
1Y+ (1 0 2) and Lemma 3.1-(i) imply that 2 € CY™FD(0,b](n41).-
Since the Lipschitz continuity implies that

|7(2(t) = 7(x(s))| < Lla(t) — 2(s)] <

< LIz|1 j(met1),1/(mey [t — 8] < Oyt — 5[/ OmHD

for some constant C; > 0, it follows that
11/ (a(t)) — 1 (a(s)) | <
< D r(a(0) = 7(0(3))] + [r(a(@)] - [ — D) <
< bl/(m+1)01|t—s|1/(m+l)+(I%1a)]<|rox|)|t—s|1/(m+l) < Cg|t—8|1/(m+l)
0,b
for some constant Cy > 0. Thus, Tox € Cl/(m“)(O, blo, and hence, Toz €

CP(0,b)p for any 8, 0 < § < 1/(m + 1). Noting z(t) = I/ (1 0 z)(t),
we can show (3.2) by Lemma 3.1-(i).

Step 2. We show that
7(2(t)) = 7(x(0)) € P MED(0,b], /(1 41y for any B, 0<B<1/(m+1).
In fact, by Step 1, we know that for some C3 > 0,
lz(t)] < Cgtt/(m+D)] (3.3)

and
‘tﬂx(t) - sﬁm(s)’ < Oyt — s|fHL/(m+D) (3.4)
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for any 8, 0 < 8 < 1/(m + 1). By the Lipschitz continuity of 7 and (3.3),
we find that

|7(2(t) = 7(2(0))| < Llz(t) — 2(0)| = Llz(t)| < Cyt"/ ™+ (3.5)

for some Cy > 0. On the other hand, by the Lipschitz continuity of 7, (3.4),
and (3.5), we find that

1 {r(@(t) = (@ (0)} — 5* {r(a(s)) ~ (@(0))}] =
= [t {r(@(t) ~ 7(@(s)} — (¥ = ) {r(w(s) ~ r(@(O))}| <
< LiP|a(t) — x(s)| + LC3s™ M+ 1h — 5P| =
- L‘{t’%(t) — 5Pa(s)} — (1 — 5P)a(s)| + LCss™ (MHD B — 6| <
< L(03|t _ s|BHYmED) 4 oyl — s|5sl/<m+1>) + LO3sV/ M+ 8 _ 6| =
= 2LCst — s|PHY(MFD) | [Ogst/ (MmAD B 68|
Employing Lemma 3.3, we can get

1 {r(w(t) = (@ (0)} — 5* {r(a(s)) — 7(2(0))}| < BLCft — s|+1/ 0D,

Step 3. We show that
S C6+1/(m+1) (07 b]l/(7n+1) fOl" a’ny /67 0 S ﬂ < ]‘ - 1/(m + ]')' (3'6)

Since the constant 7(x(0)) is of the class CA+/(m+1)(0,b]y and
CPHYMED(0,b]; /(1) C CPH/mTD(0, 8], we find by Step 2 that Toz €
CAHY/m+1)(0,b]5,0 < B < 1/(m + 1). Thus, by Lemma 3.1-(i) again,

xr = Il/(erl)(T o x) S Cﬁl+2/(m+1)(0, b]l/(m+1),

m—-1 1 (3.7)
m+1’ m7+1}
So, if 1 < m < 2, then we have established (3.6).

Below, we suppose that m > 2. Then from (3.7), we get z €
CPAY M (0,b]1 /sy, 0 < B2 < 2/(m + 1). By the argument devel-
oped in Step 2, we find that 7(z(¢)) — 7(x(0)) € Cﬁ2+1/(m+1)(0,b]1/(m+1),
0 < B2 < 2/(m + 1); and hence 7(x(t)) € CPTY/ M0 by, 0 < 2 <
2/(m 4+ 1). Again, applying Lemma 3-(i), we have

0§61<min{

x =TV (1 02) € CP 2D (0,0]) sy,
m—1 2 }
m+1"m+1J"
So, if 2 < m < 3, then we have established (3.6). If m > 3, then z €
CPHYMED(0,b]1 ) (t1), 0 < B3 < 3/(m+1).

O§ﬁ2<min{
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Continuing this procedure, we finally reach to the relation

B+1/(m+1 > [m]
xecﬁ+ / +)(07b]1/(m+1)7 0S6<m+1a
that is,
Fi ~ -1
CB+1/(m+1) (g p 0< m
T e ( ’ ]1/(m+1)7 _5<m+17

where [m] denotes the largest integer, not exceeding m, as usual. Then, one
more application of the argument in Step 2 and Lemma 3.1-(i) show that
(3.6) is valid.

Step 4. We show that z(t) is differentiable on (0, b], and
7(0)
F(L)

Therefore, 2'(t) > 0 near +0.
To see this, we notice by Step 3 and the observation in Step 2 that

Tox(t)—Tox(0) € COTYMED(0,b], i1y, 0<B<1-1/(m+1), (3.9)

and accordingly, 7 o x € CA+Y/(m+1)(0 b]y. Then, by Lemma 3.1-(ii),
DA (r o x) = DIVt (r o 1) is well-defined; and so,
z' = DIV (1 0 2) is well-defined, and

@' = DI (16 ) =

= Dm/(m—&-l)(T ° LU) c Cﬁ—(m—l)/(m-‘rl)(o’ b]fm/(erl)-

Therefore, we obtain
/ANyl — 1o g e CPFY MY (0, p),, (3.10)
and

2'(t) = D™D ((7 0 ) (t) = (10 2)(0)) + D™/ (7 0 2)(0)) =

_ Dm/(m+1)((7_ ° J))(t) _ (7_ ° x)(O)) + T(?) t—m/(m—O—l)’
I'(77)
by Lemma 3.1-(ii). Since
D™D (7 0 2)(1) — (0 2)(0)) € CA~mD/mED g,
by (3.9), we have
D™/ (1o x)(t) — (T 02)(0)) = O(1) as ¢t — +0.
This implies the validity of (3.8).

Step 5. Finally, we show that 2/(¢) > 0 on (0, b].
The proof of this step is essentially the same as that of [3, Step 2 of the
proof of Proposition 3.2]. To see this, let 0 < & < 1/(m + 1) and choose
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8 € (0,1 —1/(m+ 1)), so that 1 —1/(m + 1) — 8 < e. (For example,
B=1—-1/(m+1)—¢e/2.) We get from (3.10) that
DY(m+h=ey! — Dl1=¢(r o g). (3.11)
By Lemma 3.1-(ii), the left-hand side of (3.11) can be rewritten as
D= () =

¢
1 x'(t) 1 ' (t)—2'(s)
r oy (e + (o) [ s %)
0

To see z'(t) > 0 on (0,b] by contradiction, we assume the contrary. Since
2’(t) > 0 near the origin, there is an a € (0,b] such that 2’(t) > 0 on (0,a)
and z’(a) = 0. Noting that

f 2/(s)
/ (a — s)i+1/(m+D—= ds >
0

< ailil/(m+1)+5/$/(8)ds = g1 m) o),
0

we can find a constant p > 0 independent of € such that

‘t a

Dl/(m+1)—s ’

1/(m+1)—¢
C T(- i +e) / (a—s) 1+1/(m+1) cds < —p. (3.12)

0

On the other hand, the right-hand side of (3.11) with ¢ = a can be rewrit-
ten as

ey - L [T@@) [ ra) - rla) |\ _
D (roa)(a) = i { T + e)o/ s}

I(e) | al—¢ (a—s)?==
{0 oo [}

a—e

o ds T r(als))
(1-¢) =(1—-¢e)r(z(a)) o — (1—¢) a2 ds =
0/ / (a—s) O/ (a—s)

We observe that

[}
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so we get

T () N E R R (200
A T R J<a—@%fd+

+1—ejrwmw—ﬂﬂﬁhi_

I@ J -9 T
= Jl(E) — JQ(E) + J3(€),

where J;(¢), i = 1,2, 3, are defined naturally by the last equality. Below we
will estimate each J;(¢) separately.
It is easy to see that

56

=1

T(z(a)) — 7(x(a)) as € — 0.

By the change of variables, the term Js(g) is expressed as

ale
(1 —¢)e® [ 7(x(a—ev)) (1—-e)
Ja(e) = I'e+1) / v2-e dv = I'e+1) /h
1

where

) r(z(a—ev)) /P if 1<wv<ale,
he(’U) - {O § v > a/g_

Since |he(v)] < Cv=2 on [1,00) for some constant C' > 0, and lin+10 he(v) =
E—
7(x(a))/v?, the dominated convergence theorem implies that
Ja(e) — / r(@(a) dv=7(z(a)) as € — +0.

02
1

Finally, let us examine Js(¢). Recall that '€ CP=(m=1/(m+D(Q b] _ /(1)
for any 5, 0< 3 <1—1/(m+1). Hence

£/ (1)) < Oy
and
{81/ (m) (g 5ﬁ+1/(m+1)x/(8)’ < Cylt — s]P—(m=D/(m+1)
for some constant Cy > 0. Therefore, for ¢y > 0, we have
|2'(t) — 2/(s)| < fﬁﬂ/(mﬂ)‘tﬁﬂ/(mﬂ)x/(t) O

+ =AY D 13 (5)] - |t — s|PFY D) < O(to) |t — sIP, t,s € [to,b],
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where C(tg) > 0 is a constant depending on ty. Thus for s < a near a, we
have

|7(x(a)) — 7(2(s))] < Llz(a) — 2(s)] <

a

< L/a |2’ (v) — 2/ (a)| dv < LCs /(a —v)Pdv =

S

LCs

e )ﬁﬂ

(a—s

for some C5 > 0. Consequently,

(1—e)LCs [ g
\J3(5)|§m /(a—s)5+ ds —

(1—-¢e)LCs B+1+4e
(B+1D)(B+e)(e+1)
Hence 1i15_10 D'=¢(roz)(t)|,_, = 0. By (3.11) this contradicts (3.12). So,
[Shad -

2'(t) > 0 on (0, b].
The proof of Proposition 3.2 is complete. d

— 0 as € — +0.

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Let p(t) be the solution of equation (1.5) constructed
in Proposition 2.1. By Proposition 3.2 we know that p(t) is differentiable,
p'(t) > 0on (0,q], p' € C(0,q], and p(t) satisfies the asymptotic formula

t™ I (1) = Co + O™ ™YY as t — 40

for some constant Cy > 0. Applying I™/(™+1) to the both sides of (1.5), we
get

m

P8 = Bl (7

¢
)Im/(erl)p(t) = By /(t — 5) "M p(s) ds.
0

By the integration by parts, we have

1)) = TER [y ey ) ds
0

Differentiating this, we conclude that
t
P'(s)
T'(p(t)) = Bo m ds, 0<t<gq (3.13)
0

holds. Since p’(t) > 0 on (0, ¢], p = p(t) has the inverse function defined on
[0, R], which we denote by t = F(p). Then F is differentiable on [0, R] and
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satisfies F'(u) = 1/p/'(F(u)). By putting ¢ = F(p) and s = F(v) in (3.13),
we have
P

T(p) = Bo / (F(p) — F(0)) ™™V, 0<p< R
0

This means that F satisfies (1.2). So, the function f given by f(u) =
1/p'(F(w)) on [0, R] gives the solution of integral equation (1.1). This com-
pletes the proof. O
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