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Abstract. The system of differential equations of steady state oscilla-
tions of anisotropic elasticity are considered. By the generalized Fourier
transform technique and with the help of the limiting absorbtion principle,
we construct maximally decaying at infinity matrices of fundamental solu-
tions explicitly. Their expressions contain surface integral over a certain
semi-sphere and a line integral along the edge boundary of the semi-sphere.
We investigate near field and far field properties of the fundamental matri-
ces and show that they satisfy the generalized Sommerfeld–Kupradze type
radiation conditions at infinity.
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îâäæñéâ. àŽêæýæèâĲŽ Žêæäëðîëìñèæ áîâçŽáëĲæï åâëîææï éáàîŽ-
áæ áîâçŽáæ îýâãâĲæï àŽêðëèâĲŽåŽ ïæïðâéŽ. àŽêäëàŽáâĲñèæ òñîæâï
àŽîáŽóéêæïŽ áŽ äôãîñèæ óîëĲæï ìîæêùæìæï àŽéëõâêâĲæå ùýŽáæ ïŽýæå
ŽàâĲñèæŽ òñêáŽéâêðñî ŽéëêŽýïêåŽ éŽðîæùŽ, îëéèæï âèâéâêðâĲæï ûŽî-
éëáàâêŽöæ öâáæï äâáŽìæîñèæ æêðâàîŽèæ âîåâñèëãŽê êŽýâãŽîïòâîëäâ
áŽ éîñáûæîñèæ æêðâàîŽèæ Žé êŽýâãŽîïòâîëï ïŽäôãŽîäâ, ýëèë ïŽæê-
ðâàîë òñêóùæâĲæ øŽûâîæèæŽ ùýŽáæ ïŽýæå âèâéâêðŽîñèæ òñêóùæâĲæå,
îëéèâĲæù áŽçŽãöæîâĲñèæŽ ïæéĲëèñî éŽðîæùŽïåŽê.

áŽáàâêæèæŽ òñêáŽéâêðñî ŽéëêŽýïêåŽ ŽïæéìðëðæçŽ. êŽøãâêâĲæŽ, îëé
òñêáŽéâêðñîæ ŽéëêŽýïêâĲæ ŽçéŽõëòæèâĲï äëéâîòâèá-çñìîŽúæï àŽêäë-
àŽáâĲñèæ ïŽýæï àŽéëïýæãâĲæï ìæîëĲâĲï.
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1. Introduction

Fundamental solutions play an important role in investigation of bound-
ary value problems for partial differential equations.

For isotropic bodies the matrix of fundamental solutions of steady state
oscillation equations satisfying the so-called Sommerfeld–Kupradze radia-
tion conditions at infinity is constructed in [5], where it is written explicitly
in terms of standard functions.

In the paper, using the generalized Fourier transform method and the
limiting absorbtion principle (see [1]), we represent the fundamental solu-
tion of steady state oscillation equations of anisotropic elasticity under the
assumption that the characteristic surfaces satisfy some specific restrictions.

The fundamental solution is constructed by means of surface and curvi-
linear integrals. In the surface integral the integration manifold is a hemi-
sphere, while in the curvilinear integral the integration line is a unit cir-
cumference. On the basis of these representations we define the generalized
Sommerfeld–Kupradze radiation conditions in anisotropic elasticity. Similar
results can be found in the references [2], [3], [6]–[9].

2. Representation of the Fundamental Solution

2.1. Equations. The homogeneous system of differential equations of
steady state oscillations of anisotropic elasticity reads as follows (see, e.g.,
[6], [7])

C(∂, ω)u := C(∂)u + ω2u = ckjpq∂j∂qup + ω2u = 0, (2.1)

where u = (u1, u2, u3)> is the displacement vector (amplitude), ω > 0 is
the oscillation (frequency) parameter,

C(∂, ω) := C(∂) + ω2I3 =
[
ckjpq∂j∂q + δkpω

2
]
3×3

,

C(∂) = [ckjpq∂j∂q]3×3 .

Here ∂j = ∂
∂xj

, I3 stands for the unit 3×3 matrix, δkp is the Kroneker delta,
the superscript (·)> denotes transposition, ckjpq are elastic constants

ckjpq = cjkpq = cpqkj , k, j, p, q = 1, 2, 3.

Let Fx→ξ and F−1
ξ→x denote the direct and inverse generalized Fourier

transform in the space of tempered distributions (Schwartz space S′(R3))
which for regular summable functions f and g read as follows

Fx→ξ[f ] =
∫

R3

f(x)eix·ξdx, F−1
ξ→x[g] =

1
(2π)3

∫

R3

g(ξ)e−ix·ξdξ,

where x = (x1, x2, x3), ξ = (ξ1, ξ2, ξ3) and x · ξ = xkξk. Note that for an
arbitrary multi-index α = (α1, α2, α3) and f ∈ S′(R3)

F [∂αf ] = (−iξ)αF [f ], F−1[ξαg] = (i∂)αF−1[g].
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Denote by Ψ(x.ω) the matrix of fundamental solutions of the operator
C(∂, ω)

C(∂, ω)Ψ(x, ω) = I3δ(x).
Here δ(·) is the Dirac’s delta distribution. By standard arguments we can
show that

Ψ(x, ω) = F−1[C−1(−iξ, ω)] = F−1

[
C∗(−iξ, ω)

H(ξ, ω)

]
=

= N(∂x, ω)F−1

[
1

H(ξ, ω)

]
= N(∂x, ω)Γ(x, ω), (2.2)

where C−1(−iξ, ω) is the inverse to the symbol matrix C(−iξ, ω), C∗(−iξ, ω)
is the corresponding matrix of cofactors, H(ξ, ω) := detC(−iξ, ω),
N(∂x, ω) = [Nkj(∂x, ω)]3×3 is the formally adjoint matrix to the matrix
C(∂, ω), i.e.,

N(∂x, ω)C(∂, ω) = C(∂, ω)N(∂x, ω) = H(x, ω)I3.

It is clear that Nkj is a nonhomogeneous differential operator of order 4
containing 0th, 2nd and 4th order differential operators.

Assume that for any η ∈ Σ1, where

Σ1 = {η ∈ R3 | |η| = 1},
the equation H(ξ, ω) = 0 written in spherical coordinates

ξ1 = ρ cosϕ sin θ,

ξ2 = ρ sin ϕ sin θ,

ξ3 = ρ cos θ, 0 ≤ θ ≤ π, 0 ≤ ϕ < 2π, ρ =
√

ξ2
1 + ξ2

2 + ξ2
3 = |ξ|,

has three different roots t1, t2, t3 with respect to t = ρ2

ω2 , so

H(ξ, ω) = −a(η)
3∏

j=1

(ρ2 − ω2µ2
j (η)),

where tj = µ2
j (η), j = 1, 2, 3, and

a(η) = [µ2
1(η)µ2

2(η)µ2
3(η)]−1, η ∈ Σ1; µj(−η) = µj(η), a(−η) = a(η).

It is clear that
C(−iξ, ω) = −C(ξ) + I3ω

2,

where C(ξ) = [ckjpqξkξj ]3×3 and C(ξ) is a positive definite matrix, which
means that there exists δ > 0 such that

C(ξ)a · a ≥ δ|a|2|ξ|2 for all a ∈ C3.

Note that a(η) = det C(η) ≥ δ1 > 0, η ∈ Σ1, and H(−ξ, ω) = H(ξ, ω).

Lemma 2.1. Let τ = ω + iε with ε 6= 0 and ω > 0. Then

H(ξ, τ) = det(−iξ, τ) 6= 0 for all ξ ∈ R3 \ {0}.
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Proof. Assume that H(ξ, τ) = 0 for some ξ ∈ R3 \ {0} and a complex τ .
There exists a0 ∈ C3, a0 6= 0, such that

C(−iξ, τ)a0 = −C(ξ)a0 + τ2a0 = 0.

Multiplying the last equation by a0 (in scalar sense) we have

τ2|a0|2 = C(ξ)a0 · a0,

or
τ2 =

1
|a0|2 C(ξ)a0 · a0 > 0

due to the positive definiteness of C(ξ). But τ is a complex number. This
contradiction completes the proof. ¤
2.2. Fundamental solution of pseudooscillation. First we consider the
situation of complex τ = ω + iε, ε 6= 0 instead of ω > 0 and construct the
fundamental solution of the corresponding system of pseudooscillation.

Theorem 2.2. The fundamental solution of (2.1) for a complex τ =
ω + iε have the following form:

Ψ(x, τ)
(ε > 0)

= N(∂x, τ)

[
− i

16π2τ3

∫

Σ1

{ 3∑
q=1

ei|(x·η)|τµqµq

3∏
j=1, j 6=q

(µ2
q − µ2

j )

}
dΣ1

a(η)

]
, (2.3)

or

Ψ(x, τ)
(ε < 0)

= N(∂x, τ)

[
i

16π2τ3

∫

Σ1

{ 3∑
q=1

e−i|(x·η)|τµqµq

3∏
j=1, j 6=q

(µ2
q − µ2

j )

}
dΣ1

a(η)

]
. (2.4)

Proof. Taking a complex τ = ω + iε, ε 6= 0, we have H(ξ, τ) 6= 0 due to
Lemma 2.1 and

Γ(x, τ) = F−1[H−1(ξ, τ)] =
1

(2π)3

∫

R3

e−ix·ξ

H(ξ, τ)
dξ (cf. (2.2)).

It is easy to check that

Γ(x, τ) =
1

(2π)3

∫

R3

e−ix·ξ

H(ξ, τ)
dξ =

1
(2π)3

∫

R3

eix·ξ

H(−ξ, τ)
dξ =

=
1

(2π)3

∫

R3

eix·ξ

H(ξ, τ)
dξ.

Taking into account that x · ξ = |x| · ρ cos γ = (x · η)ρ, cos γ =
(

x
|x| · η

)
=(

x
|x| · ξ

|ξ|
)
, we have

Γ(x, τ) = (2π)−3

∫

Σ1

∞∫

0

{
e−i|x|ρ cos γρ2dρ dΣ1

−a(η)
3∏

j=1

[ρ− τµj(η)][ρ + τµj(η)]

}
=
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= (2π)−3

∫

Σ1

∞∫

0

{
ei|x|ρ cos γρ2dρ dΣ1

−a(η)
3∏

j=1

[ρ− τµj(η)][ρ + τµj(η)]

}
=

= −(2π)−3

∫

Σ1

dΣ1

a(η)

{ ∞∫

0

e±i|x|ρ cos γ

3∏
j=1

[ρ− τµj(η)][ρ + τµj(η)]
ρ2 dρ

}
. (2.5)

From (2.5) we can write that

Γ(x, τ) = − 1
2(2π)3

∫

Σ1

dΣ1

a(η)

{ ∞∫

0

ei(x·η)ρ

3∏
j=1

[ρ2 − τ2µ2
j (η)]

ρ2 dρ+

+

∞∫

0

e−i(x·η)ρ

3∏
j=1

[ρ2 − τ2µ2
j (η)]

ρ2 dρ

}
. (2.6)

Taking into account

∞∫

0

e−i(x·η)ρ

3∏
j=1

[ρ2 − τ2µ2
j (η)]

ρ2 dρ =
[

ρ = −r
dρ = −dr

]
=

=

−∞∫

0

ei(x·η)r

3∏
j=1

[r2 − τ2µ2
j (η)]

r2 (−dr) =

0∫

−∞

ei(x·η)r

3∏
j=1

[r2 − τ2µ2
j (η)]

r2 dr,

(2.6) can be rewritten as

Γ(x, τ) = − 1
2(2π)3

∫

Σ1

dΣ1

a(η)

∞∫

−∞

ei(x·η)ρρ2 dρ
3∏

j=1

[ρ− τµj(η)][ρ + τµj(η)]
. (2.7)

Assume that ρ is a complex variable ρ = ρ′ + iρ′′, τµj(η) = ωµj(η) +
iεµj(η), ε 6= 0, j = 1, 2, 3.

In (2.7) the integrand is an analytic function with respect to ρ and (see
Fig. 2.1)

∞∫

−∞

{
ei(x·η)ρρ2

3∏
j=1

[ρ−τµj(η)][ρ+τµj(η)]

}
dρ =

∫

`ε

{
ei(x·η)ρρ2

3∏
j=1

[ρ−τµj(η)][ρ+τµj(η)]

}
dρ,
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Figure 2.1.

or

Γ(x, τ) = − 1
2(2π)3

∫

Σ1

dΣ1

a(η)

∫

`ε

ei(x·η)ρρ2 dρ
3∏

j=1

[ρ− τµj(η)][ρ + τµj(η)]
. (2.8)

Let us denote by C+
R and C−R the upper and the lower half-part of the

circumference with radius R À 1 on the plane 0ρ′ρ′′. If (x · η) ≥ 0, then
i(x · η)ρ = i(x · η)ρ′ − (x · η)ρ′′ and in this case Re{i(x · η)ρ} ≤ 0.

Clearly, for (x · η) ≥ 0
∫

C+
R

ei(x·η)ρρ2

3∏
j=1

[ρ2 − τ2µ2
j (η)]

dρ → 0 as R → +∞,

because the integrand is O(ρ−4).
Similarly, if (x · η) ≤ 0, then Re

{
i(x · η)ρ

}
ρ∈C−R

≤ 0 and

∫

C−R

ei(x·η)ρρ2

3∏
j=1

[ρ2 − τ2µ2
j (η)]

dρ → 0 as R → +∞.

We have the following situations:
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a) (x · η) ≥ 0, ε > 0; ∫

`3,R

+
∫

C+
R

+
∫

Cj,δ

= 0.

Figure 2.2.

Choosing δ > 0 sufficiently small and taking limit as R → +∞, we get
∫

`ε

ei(x·η)ρρ2

3∏
j=1

(ρ2 − τ2µ2
j )

dρ =
3∑

q=1

∫

Cq,δ(τµq)

ei(x·η)ρρ2

3∏
j=1

(ρ2 − τ2µ2
j )

dρ. (2.9)

b) (x · η) ≤ 0, ε > 0;

Figure 2.3.

∫

`ε

ei(x·η)ρρ2

3∏
j=1

(ρ2 − τ2µ2
j )

dρ = −
3∑

q=1

∫

Cq,δ(−τµq)

ei(x·η)ρρ2

3∏
j=1

(ρ2 − τ2µ2
j )

dρ. (2.10)

c) (x · η) ≥ 0, ε < 0;

∫

`ε

ei(x·η)ρρ2

3∏
j=1

(ρ2 − τ2µ2
j )

dρ =
3∑

q=1

∫

Cq,δ(−τµq)

ei(x·η)ρρ2

3∏
j=1

(ρ2 − τ2µ2
j )

dρ. (2.11)
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Figure 2.4.

d) (x · η) ≤ 0, ε < 0;

Figure 2.5.

∫

`ε

ei(x·η)ρρ2

3∏
j=1

(ρ2 − τ2µ2
j )

dρ = −
3∑

q=1

∫

Cq,δ(τµq)

ei(x·η)ρρ2

3∏
j=1

(ρ2 − τ2µ2
j )

dρ. (2.12)

In what follows, we use the following notation (see Fig. 2.6)

Σ+
x = {η ∈ Σ1 : (x · η) ≥ 0} ,

Σ−x = {η ∈ Σ1 : (x · η) ≤ 0} .

From the relations (2.9)–(2.12) and (2.8) we conclude that for ε > 0

Γ(x, τ) = − 1
2(2π)3

[ ∫

Σ+
x

{
3∑

q=1

∫

Cq,δ(τµq)

ei(x·η)ρρ2 dρ
3∏

j=1

(ρ2 − τ2µ2
j )

}
dΣ1

a(η)
−

−
∫

Σ−x

{
3∑

q=1

∫

Cq,δ(−τµq)

ei(x·η)ρρ2 dρ
3∏

j=1

(ρ2 − τ2µ2
j )

}
dΣ1

a(η)

]
, (2.13)
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Figure 2.6.

and for ε < 0

Γ(x, τ) = − 1
2(2π)3

[ ∫

Σ+
x

{
3∑

q=1

∫

Cq,δ(−τµq)

ei(x·η)ρρ2 dρ
3∏

j=1

(ρ2 − τ2µ2
j )

}
dΣ1

a(η)

]
. (2.14)

Using the Cauchy integral formula, we can write
∫

Cq,δ(τµq)

ei(x·η)ρρ2 dρ
3∏

j=1

(ρ2 − τ2µ2
j )

= 2πi
ei(x·η)τµqτ2 µ2

q

3∏
j=1

[τµq + τµj ]
3∏

j=1, j 6=q

[τµq − τµj ]
;

∫

Cq,δ(−τµq)

ei(x·η)ρρ2 dρ
3∏

j=1

(ρ2 − τ2µ2
j )

= 2πi
e−i(x·η)τµqτ2 µ2

q

3∏
j=1

[−τµq − τµj ]
3∏

j=1, j 6=q

[−τµq + τµj ]
.

Due to these relations, we can rewrite (2.13) and (2.14) as follows

Γ(x, τ)
ε > 0

= − i

8π2

[ ∫

Σ+
x

{
3∑

q=1

ei(x·η)τµq (τ2 µ2
q)

3∏
j=1

[µq + µj ]
3∏

j=1, j 6=q

[µq − µj ]τ5

}
dΣ1

a(η)
−

−
∫

Σ−x

{
3∑

q=1

e−i(x·η)τµq (τ2 µ2
q)

3∏
j=1

[−µq − µj ]
3∏

j=1, j 6=q

[−µq + µj ]τ5

}
dΣ1

a(η)

]
(2.15)

and

Γ(x, τ)
ε < 0

= − i

8π2

[ ∫

Σ+
x

{
3∑

q=1

e−i(x·η)τµq (τ2 µ2
q)

3∏
j=1

[−µq − µj ]
3∏

j=1, j 6=q

[−µq + µj ]τ5

}
dΣ1

a(η)
−
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−
∫

Σ−x

{
3∑

q=1

ei(x·η)τµq (τ2 µ2
q)

3∏
j=1

[µq + µj ]
3∏

j=1, j 6=q

[µq − µj ]τ5

}
dΣ1

a(η)

]
. (2.16)

Clearly, (2.15) and (2.16) decay at infinity faster than any negative power
of |x|.

Taking into account (2.15) and (2.16), we get

Γ(x, τ)
ε > 0

= − i

8π2

∫

Σ1

{
3∑

q=1

ei|(x·η)|τµq (τ2 µ2
q)

3∏
j=1

[µq + µj ]
3∏

j=1, j 6=q

[µq − µj ]τ5

}
dΣ1

a(η)
(2.17)

and

Γ(x, τ)
ε < 0

=
i

8π2

∫

Σ1

{
3∑

q=1

e−i|(x·η)|τµq (τ2 µ2
q)

3∏
j=1

[µq + µj ]
3∏

j=1, j 6=q

[µq − µj ]τ5

}
dΣ1

a(η)
. (2.18)

Finally, from (2.17) and (2.18) we obtain (2.3) and (2.4). ¤
2.3. Fundamental solution of steady state oscillation. Using Theo-
rem 2.2 and limiting procedure, we can prove

Theorem 2.3. The fundamental solution of (2.1) has the following form

Ψ(x, ω, 1) = N(∂x, ω)
∫

Σ+
x

3∑
q=1

Fq(η)ei(x·η)ρq(η)dΣ1, (2.19)

or

Ψ(x, ω, 2) = −N(∂x, ω)
∫

Σ+
x

3∑
q=1

Fq(η)e−i(x·η)ρq(η)dΣ1, (2.20)

where

Fq(η) = − i

8π2

ρq(η)
{ 3∏

j=1, j 6=q

[ρ2
q(η)− ρ2

j (η)]
}

a(η)
. (2.21)

Proof. Taking limit in (2.17) and (2.18) as |ε| → 0, we get

lim
ε→0+

Γ(x, τ) = − i

16π2ω3

∫

Σ1

3∑
q=1

ei|(x·η)|ωµq(η)µq(η)
3∏

j=1 j 6=q

[µ2
q(η)− µ2

j (η)]

dΣ1

a(η)
=

=: Γ(x, ω, 1); (2.22)

lim
ε→0−

Γ(x, τ) = − i

16π2ω3

∫

Σ1

3∑
q=1

e−i|(x·η)|ωµq(η)µq(η)
3∏

j=1, j 6=q

[µ2
q(η)− µ2

j (η)]

dΣ1

a(η)
=

=: Γ(x, ω, 2). (2.23)



130 I. Sigua and Z. Tediashvili

Clearly, Γ(x, ω, 2) = Γ(x, ω, 1).
(2.22) and (2.23) are the formulae similar to those in [4], but they are not

identical. Another difference is that (2.22) and (2.23) satisfy the radiation
conditions.

We can rewrite (2.22) as

Γ(x, ω, 1) = − i

16π2ω3

{ ∫

Σ+
x

3∑
q=1

ei(x·η)ωµq(η)µq(η)
3∏

j=1 j 6=q

[µ2
q(η)− µ2

j (η)]

dΣ1

a(η)
+

+
∫

Σ−x

3∑
q=1

e−i(x·η)ωµq(η)µq(η)
3∏

j=1 j 6=q

[µ2
q(η)− µ2

j (η)]

dΣ1

a(η)

}
. (2.24)

Using the substitution η = −η̃ in the second integral of (2.24), we obtain
(µq(−η) = µq(η), dΣ1η = dΣ1η̃, Σ−x → Σ+

x , a(−η) = a(η))

Γ(x, ω, 1) = − i

8π2ω3

∫

Σ+
x

3∑
q=1

ei(x·η)ωµq(η)µq(η)
3∏

j=1 j 6=q

[µ2
q(η)− µ2

j (η)]

dΣ1

a(η)
.

Γ(x, ω, 2) can be written in a similar form

Γ(x, ω, 2) =
i

8π2ω3

∫

Σ+
x

3∑
q=1

e−i(x·η)ωµq(η)µq(η)
3∏

j=1 j 6=q

[µ2
q(η)− µ2

j (η)]

dΣ1

a(η)
.

Taking into account the notation (2.21) and the fact that ρη(η) = ωµq(η),
q = 1, 2, 3, we get

Γ(x, ω, 1) =
∫

Σ+
x

3∑
q=1

Fq(η)ei(x·η)ρq dΣ1 (2.25)

and

Γ(x, ω, 2) =
∫

Σ+
x

3∑
q=1

(−Fq(η))e−i(x·η)ρq dΣ1. (2.26)

Evidently, (2.25) and (2.26) imply (2.19) and (2.20). ¤

Denote by Sq the characteristic surface given by the equation ρ = ρq(η),
η ∈ Σ1 (q = 1, 2, 3). We assume that Sq is a star-shaped surface with respect
to the origin and it is convex; it means that ξ ·η(ξ) ≥ 0 for all ξ ∈ Sq, where
n(ξ) is the outward unit normal vector at ξ ∈ Sq.

Note that ηρq(η) = ξ ∈ Sq and

ρ2
qdΣ1 =

(
ξ

|ξ| · n(ξ)
)

dSq =
1
ρq

(ξ · n(ξ))dSq.
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Figure 2.7.

Therefore we can rewrite (2.19) and (2.20) in the equivalent form

Ψ(x, ω, 1) = N(∂x, ω)
3∑

q=1

∫

S+
q (x̂)

Fq(η)ei(x·ξ)(ξ · n(ξ))
ρ3

q(η)
dSq;

Ψ(x, ω, 2) = −N(∂x, ω)
3∑

q=1

∫

S+
q (x̂)

Fq(η)e−i(x·ξ)(ξ · n(ξ))
ρ3

q(η)
dSq.

3. Asymptotics

3.1. Singularity in Vicinity of the Origin. Let S be a regular surface
in R3. Then

∂

∂Sk(ξ)
= ∂k(n,∇ξ) = [n×∇ξ]k, k = 1, 2, 3,

i.e.,

∂

∂S1(ξ)
= ∂1(n,∇ξ) = n2

∂

∂ξ3
− n3

∂

∂ξ2
,

∂

∂S2(ξ)
= ∂2(n,∇ξ) = n3

∂

∂ξ1
− n1

∂

∂ξ3
,

∂

∂S3(ξ)
= ∂3(n,∇ξ) = n1

∂

∂ξ2
− n2

∂

∂ξ1
,

where ∇ξ =
(

∂
∂ξ1

, ∂
∂ξ2

, ∂
∂ξ3

)
, n(ξ) is the outward unit normal vector at ξ ∈ S

and × denotes the vector product.
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If S is a closed regular surface and f , g are smooth functions, then by
the Stokes theorem∫

S

[∂k(n,∇ξ)f(ξ)] f(ξ) dS = −
∫

S

f(ξ) [∂k(n,∇ξ)g(ξ)] dS.

Let us consider a special type of the function ψ∗(ξ) = ψ
(

ξ
r

)
, where r = |ξ|

and ξ
r = η ∈ Σ1. We have

[∇ξψ∗(ξ)]j =
[
∇ξψ

(
ξ

r

)]

j

= [∇ξψ(η)]j =
∂

∂ξj
ψ∗(ξ) =

∂

ξj
ψ(η) =

=
3∑

p=1

∂ψ(η)
∂ηp

· ∂ηp

∂ξj
=

3∑
p=1

∂ψ(η)
∂ηp

∂

∂ξj

[
ξp

r

]
=

=
3∑

p=1

∂ψ(η)
∂ηp

[
δjp

r
− ξpξj

r3

]
=

1
r

[
∂ψ(η)
∂ηj

− ηj(η · ∇ηψ(η))
]

,

i.e.,

∇ξψ∗(ξ) = ∇ξψ(η) = ∇ξψ

(
ξ

r

)
=

1
r

[∇ηψ(η)− η(η · ∇ηψ(η))] . (3.1)

It follows from (3.1) that for the case of Σ1 (η = n)

∂k(n,∇ξ)ψ(η) = ∂k(n,∇ξ)ψ
(

ξ

r

)
= ∂k(η,∇ξ)ψ(η) =

=
1
r

[η ×∇ηψ(η)]k =
1
r

∂k(η,∇η)ψ(η),

or
[η ×∇ηψ(η)]k = ∂k(η,∇η)ψ(η).

Hence

∂1(η,∇η)η=




0
−η3

η2


 , ∂2(η,∇η)η=




η3

0
−η1


 , ∂3(η,∇η)η=



−η2

η1

0


 . (3.2)

Let us consider ψ(η) = eiλ(x̂·η)ρ(η) with x
|x| = x̂ ∈ Σ1, η ∈ Σ1, λ = const

and ρ(η) = ρk(η), k = 1, 2, 3. We easily derive

∂k(η,∇η)eiλ(x̂·η)ρ(η) =

= iλeiλ(x̂·η)ρ(η) [(x̂ · ∂k(η,∇η)η)ρ(η) + (x̂ · η)∂k(η,∇η)ρ(η)] . (3.3)

It is evident from (3.2) that

x̂ · ∂1(η,∇η)η =




x̂1

x̂2

x̂3


 ·




0
−η3

η2


 = x̂3η2 − x̂2η3 = [η × x̂]1,
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x̂ · ∂2(η,∇η)η =




x̂1

x̂2

x̂3


 ·




η3

0
−η1


 = x̂1η3 − x̂3η1 = [η × x̂]2,

x̂ · ∂3(η,∇η)η =




x̂1

x̂2

x̂3


 ·



−η2

η1

0


 = x̂2η1 − x̂1η2 = [η × x̂]3,

i.e.,
(x̂ · ∂k(η,∇η)η) = [η × x̂]k, k = 1, 2, 3. (3.4)

Denoting

Φk(x̂, η) = [η × x̂]kρ(η) + (x̂ · η)∂k(η,∇η)ρ(η) =

= η × (x̂ρ(η) + (x̂ · η)∇ηρ(η)), k = 1, 2, 3, (3.5)

we can rewrite (3.3) as

∂k(η,∇η)eiλ(x̂·η)ρ(η) = iλeiλ(x̂·η)ρ(η)Φk(x̂, η), k = 1, 2, 3. (3.6)

Lemma 3.1. The following conditions are equivalent:
i) Φ(x̂, η) = η × [x̂ρ(η) + (x̂ · η)∇ηρ(η)] 6= 0;
ii) x̂ρ(η) + (x̂ · η)∇ηρ(η) ∦ η;
iii) η × Φ(x̂, η) = −x̂ρ(η)− (x̂ · η)∇ηρ(η) 6= 0.

Proof. Since
3∑

k=1

ηk∂k(η,∇η) ≡ 0, from (3.5) and (3.6) we obtain

3∑

k=1

ηkΦk(x̂, η) ≡ 0, i.e., η · Φ(x̂, η) ≡ 0, η ∈ Σ1,

where Φ(x̂, η) = (Φ1(x̂, η), Φ2(x̂, η), Φ1(x̂, η)) and η = (η1, η2, η3).
If Φ(x̂, η) 6= 0, then this condition is equivalent to [η × Φ(x̂, η)] 6= 0.
On the other hand,

Φ(x̂, η) 6= 0 ⇐⇒ Φ(x̂, η) = η × (x̂ρ(η) + (x̂ · η)∇ηρ(η)) 6= 0,

i.e., the vector ρ(η)x̂ + (x̂ · η)∇2ρ(η) is not parallel to η. Thus, i)⇔ii).
In the particular case under consideration it is clear that

ρq(tη) = ωµq(tη) =
1
t

ωµq(η) =
1
t

ρq(η), t > 0.

The functions ρq(η), q = 1, 2, 3, are homogeneous functions of order (−1)
for η ∈ Σ1. Ttherefore

(η · ∇ηρ(η)) = −ρ(η). (3.7)

Taking into account (3.7) and the fact that for arbitrary vectors a, b and c,
a× [b× c] = b(a · c)− c(a · b), we have

η×Φ(x̂, η) = η × {η × (x̂ρ(η) + (x̂ · η)∇ηρ(η))} =

= η {(η · x̂)ρ(η) + (x̂ · η)(η · ∇ηρ(η))} − (x̂ρ(η) + (x̂ · η)∇ηρ(η)) =

= (η · x̂){ρ(η)− ρ(η)}η − {x̂ρ(η) + (x̂ · η)∇ηρ(η)} =
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= −x̂ρ(η)− (x̂ · η)∇ηρ(η),

hence
ηΦ(x̂, η) = −x̂ρ(η)− (x̂, η)∇ηρ(η).

Using (3.4), we conclude that i)⇔iii). ¤

Note that if (x̂ · η) = 0, then x̂ ⊥ η, |x̂× η| = 1 and

|Φ(x̂, η)| = |η × x̂|ρ(η) = ρ(η) > 0,

i.e., if (x̂ · η) = 0, then Φ(x̂, η) 6= 0.
From Lemma 3.1 we conclude that

Φ(x̂, η) = η × [x̂ρ(η) + (x̂ · η)∇ηρ(η)] = 0 ⇐⇒
⇐⇒ x̂ρ(η) + (x̂ · η)∇ηρ(η) = 0. (3.8)

Since

η · (x̂ρ(η) + (x̂ · η)∇ηρ(η)) = (η · x̂)ρ(η) + (x̂ · η)(η · ∇ηρ(η)) =

= (η · x̂)ρ(η)− (x̂ · η)ρ(η) = 0,

this means that {x̂ρ(η) + (x̂ · η)∇ηρ(η)} ⊥ η and

|Φ(x̂, η)| = |x̂ρ(η) + (x̂ · η)∇ηρ(η)|.
The points η ∈ Σ1 satisfying the equation (3.8) will be called critical

points on Σ1 corresponding to the direction x̂.
Denote by S̃ the surface defined by the equation ρ = ρ(η). Clearly,

ρ(η) : Σ1 → S̃.

Figure 3.1.

Lemma 3.2. η0 ∈ Σ1 is a critical point corresponding to the direction
x̂ ∈ Σ1 if and only if η(ξ0) = ±x̂, where ξ0 = ρ(η0)η0 ∈ S̃.
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Proof. Let us consider the function

F (ξ) = |ξ| − ρ

(
ξ

|ξ|
)

, ξ ∈ R3 \ {0},

where ρ(η) is a positive function defined on Σ1 as a function of η, is differ-
entiable with respect to η and homogeneous of order −1.

It is evident that F (ξ) = 0 is an equation for S̃, i.e., S̃ is a level surface
for the function F . Therefore ∇ξF (ξ) defines the field of outward normal

directions on S̃: n(ξ) =
∇ξF (ξ)
|∇ξF (ξ)|

∣∣∣∣
ξ∈S̃

is the outward unit normal vector to

S̃ at the point ξ ∈ S̃.
Elementary calculations show

∇ξF (ξ) =
ξ

|ξ| − ∇ξρ

(
ξ

|ξ|
)

=

=
ξ

|ξ| −
1
|ξ| [∇ξρ(η)− η(η · ∇ηρ(η))] = η − 1

|ξ| [∇ηρ(η) + ηρ(η)].

Therefore

∇ξF (ξ)
∣∣
ξ∈S̃

= η − 1
ρ(η)

[∇ηρ(η) + ηρ(η)] = − 1
ρ(η)

∇ηρ(η).

Note that the surface S̃ = Sq, q = 1, 2, 3, are star shape with respect to
the origin point 0, i.e., if n(ξ) is the outward unit normal vector to S̃ at
ξ ∈ S̃, then (η · n(ξ)) ≥ 0.

Since (η · n(ξ)) = − 1
∇ηρ(η)

(η · ∇ηρ(η)) =
ρ(η)

|∇ηρ(η)| > 0, we conclude

that

n(ξ) = − ∇ηρ(η)
|∇ηρ(η)| for ξ ∈ S̃ (3.9)

defines the outward unit normal vector.
If η0 ∈ Σ1 is a critical point corresponding to x̂ ∈ Σ1, then using (3.8)

and (3.9) we conclude that η(ξ0) = ±x̂, where ξ0 = ρ(η0)η0 ∈ S̃.
On the other hand, let n(ξ0)‖x̂, i.e., n(ξ0) = ±x̂, or due to (3.9) x̂ =

± ∇ηρ(η0)
|∇ηρ(η0)| .
Let us write (3.8) for η0

x̂ρ(η0) + (x̂ · η0)∇ηρ(η0) =

= ± 1
|∇ηρ(η0)| {(∇ηρ(η0))ρ(η0) + (∇ηρ(η0) · η0)∇ηρ(η0)} =

= ± 1
|∇ηρ(η0)| {ρ(η0)∇ηρ(η0)− ρ(η0)∇ηρ(η0)} = 0.

Therefore we get that Φ(x̂, η0) = 0, i.e., η0 is a critical point. ¤
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Remark 3.3. If the surface S̃ does not contain a plane two-dimensional
part (i.e., curvature of the surface S̃ does not vanish on a subset of S̃ of
positive 2-dimensional measure), then the set of critical points consists of
isolated points or lines on S̃.

Using Lemmas 3.1 and 3.2, one can easily prove the following

Theorem 3.4. i) If η0 ∈ Σ1 is not a critical point corresponding to the
direction x̂ ∈ Σ1, then

Φ(x̂, η) = η × [ρ(η)x̂ + (x̂ · η)∇ηρ(η)] 6= 0

and
|Φ(x̂, η)| = |ρ(η)x̂ + (x̂, η)∇ηρ(η)| > 0.

ii) If (x̂ · η) = 0, then |Φ(x̂, η)| = ρ(η) > 0.
iii) Φ(x̂, η) = 0 only at critical points.

From ii) of Theorem 3.4 it follows

Corollary 3.5. There exists a neighborhood U(δ, ∂Σ±x ) of the circumfer-
ence ∂Σ±x with |Φ(x̂, η)| ≥ δ > 0 for η ∈ U(δ, ∂Σ±x ).

Using the Stokes theorem for f ∈ C1(Σ1), we can write
∫

Σ∗

∂k(η,∇η)f(η) dΣ1 =
∫

γ

f(η)`k(η) dγ, (3.10)

where Σ∗ ⊂ Σ1, ∂Σ∗ = γ, n = η on Σ1 and ` = (`1, `2, `3) is the unit
tangent vector to γ.

Figure 3.2.

As a result, from (3.10) we have
∫

Σ∗

[∂k(η,∇η)f(η)]g(η) dΣ1 =

= −
∫

Σ∗

f(η)[∂k(η,∇η)g(η)] dΣ1 +
∫

γ

f(η)g(η)`k(η) dγ. (3.11)
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If either f |γ = 0 or g|γ = 0, then
∫

Σ∗

[∂k(η,∇η)f(η)]g(η) dΣ1 = −
∫

Σ∗

f(η)[∂k(η,∇η)g(η)] dΣ1.

Lemma 3.6. If η ∈ Σ1 is not a critical point corresponding to the direc-
tion x̂ ∈ Σ1, then

eiλ(x̂·η)ρ(η) =
1
iλ

3∑

k=1

Φk(x̂, η)
|Φk(x̂, η)|

[
∂k(η,∇η)eiλ(x̂·η)ρ(η)

]
. (3.12)

Proof. Multiplying both sides of the formula (3.6) by Φk(x̂, η) and summing,
we obtain the equation

3∑

k=1

Φk(x̂, η)
[
∂k(η,∇η)eiλ(x̂·η)ρ(η)

]
= iλeiλ(x̂·η)ρ(η)|Φ(x̂, η)|2 (3.13)

(for ρ(η) = ρq(η) we will use the notation Φ(q)
k (x̂, η) and Φ(q)(x̂, η)).

If η is not a critical point, then Φ(x̂, η) 6= 0, and (3.13) can be rewritten
in the form (3.12). ¤

In what follows, we essentially use the following

Lemma 3.7. If Φ(x) =
∫

Σ+
x

ϕ(x, η)dηΣ1 and ϕ(·, η) ∈ C1(R3), Σ+
x =

{η ∈ Σ1 : (x · η) ≥ 0}, then

∂Φ(x)
∂xk

=
∫

Σ+
x

∂ϕ(x, η)
∂xk

dηΣ1 +
1
|x|

∫

γx

ϕ(x, η)ηkdηγx, (3.14)

where γx = ∂Σ+
x .

Proof. First let us calculate the derivative of Φ(x) in the direction e0 =
(e01, e02, e03), |e0| = 1,

∂Φ(x)
∂e0

= lim
t→0

Φ(x + te0)− Φ(x)
t

.

It is clear that

Φ(x + te0)− Φ(x) =
∫

Σ+
x+te0

ϕ(x + te0, η)dηΣ1 −
∫

Σ+
x

ϕ(x, η)dηΣ1 =

=
∫

Σ+
x

[ϕ(x + te0, η)− ϕ(x, η)]dηΣ1 +
∫

Σ+
x+te0

ϕ(x + te0, η)dηΣ1−

−
∫

Σ+
x

ϕ(x + te0, η)dηΣ1 =
∫

Σ+
x

[ϕ(x + te0, η)− ϕ(x, η)]dηΣ1+
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Figure 3.3.

+
∫

Σ2(t)

ϕ(x + te0, η)dηΣ1 −
∫

Σ1(t)

ϕ(x + te0, η)dηΣ1. (3.15)

Figure 3.4.

e3 = − x̂× e0

|x̂× e0| =
e0 × x̂

|x̂× e0| ; e2 = x̂; e1 = −e3 × x̂ = e2 × e3.
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From (3.15) we get

1
t

[Φ(x + te0)− Φ(x)] =
∫

Σ+
x

ϕ(x + te0, η)− ϕ(x, η)
t

dηΣ1+

+
1
t

∫

Σ2(t)

ϕ(x + te0, η) dΣ1 − 1
t

∫

Σ1(t)

ϕ(x + te0, η) dΣ1 =

= Φ1(x, t) + Φ2(x, t) + Φ3(x, t), (3.16)

where

Φ1(x, t) =
∫

Σ+
x

ϕ(x + te0, η)− ϕ(x, t)
t

dηΣ1,

Φ2(x, t) =
1
t

∫

Σ2(t)

ϕ(x + te0, η) dΣ1, Φ3(x, t) = −1
t

∫

Σ1(t)

ϕ(x + te0, η) dΣ1.

Evidently,

lim
t→0

Φ1(x, t) =
∫

Σ+
x

∂ϕ(x, η)
∂e0(x)

dΣ1. (3.17)

Let us make an orthogonal transform of the initial system such that 0ξ1

coincides with e1, 0ξ2 with e2 and 0ξ3 with e3 (see Fig. 3.4). Denote by
B := B(x, e) the orthogonal matrix of this transform (Bξ = η)

B =




e11 e21 e31

e12 e22 e32

e13 e23 e33


 , ek =




ek1

ek2

ek3


 , k = 1, 2, 3.

Using the spherical coordinates, we have

Figure 3.5

ξ1 = |ξ| cosψ sin θ,

ξ2 = |ξ| sin ψ sin θ,

ξ3 = |ξ| cos θ,

0 ≤ θ ≤ π and
0 ≤ ψ < 2π.



140 I. Sigua and Z. Tediashvili

As it is seen from Fig. 3.4, 2π − ν(t) < ψ < 2π for Σ2(t) and π − ν(t) <
ψ < π for Σ1(t), i.e., for both surfaces 0 < θ < π. Let us estimate the angle
ν(t) (ν(t) ≥ 0 is sufficiently small)

cos ν(t) = x̂ · x + te0

|x + te0| =
x · (x + te0)
|x| |x + te0| =

=
|x|2 + t(e0 · x)
|x| |x + te0| = 1 +

|x|2 + t(e0 · x)− |x| |x + e0t|
|x| |x + e0t| =

= 1 +
|x|4 + 2t|x|2(e0 · x)2 + t2(e0 · x)2 − |x|2[|x|2 + 2t(e0 · x) + t2]

|x| |x + e0t|[|x|2 + t(e0 · x) + |x| |x + e0t|] =

= 1− t2[|x|2 − (e0 · x)2]
|x| |x + e0t|[|x|2 + t(e0 · x) + |x| |x + e0t|] ,

i.e.,

2 sin2 ν(t)
2

= t2
|x|2 − (e0 · x)2

|x| |x + e0t|[|x|2 + t(e0 · x) + |x| |x + e0t|] =

= t2
{ |x|2 − (e0 · x)2

2|x|4
}

+ O(t3).

Hence

lim
t→0

ν(t)
t

=

√
|x|2 − (e0 · x)2

|x|4 . (3.18)

If BΣ2(t) = Σ̃2(t), then

Φ2(x, t) =
1
t

∫

Σ2(t)

ϕ(x + te0, η) dΣ1 =
1
t

∫

Σ̃2(t)

ϕ(x + te0, Bξ) dΣ1 =

=
1
t

2π∫

2π−ν(t)

dψ

π∫

0

ϕ(x + te0, Bξ) sin θ dθ. (3.19)

Using the mean value theorem in (3.19), we obtain

Φ2(x, t) =
1
t

ν(t)

π∫

0

ϕ(x + te0, Bξ′) sin θ dθ, (3.20)

where
ξ′ = (ξ′1, ξ

′
2, ξ

′
3) : ξ′1 = cos ψ′ sin θ,

ξ′2 = sinψ′ sin θ,

ξ′3 = cos θ and

2π − ν(t) ≤ ψ′ < 2π.

(3.21)
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Similarly, if BΣ1(t) = Σ̃1(t), then

Φ1(x, t) = −1
t

∫

Σ1(t)

ϕ(x + te0, η) dΣ1 = −1
t

∫

Σ̃1(t)

ϕ(x + te0, Bξ) dΣ1 =

= −1
t

π∫

π−ν(t)

dψ

π∫

0

ϕ(x + te0, Bξ) sin θ dθ =

= −ν(t)
t

π∫

0

ϕ(x + te0, Bξ′′) sin θ dθ, (3.22)

where
ξ′′ = (ξ′′1 , ξ′′2 , ξ′′3 ) : ξ′′1 = cos ψ′′ sin θ,

ξ′′2 = sin ψ′′ sin θ,

ξ′′3 = cos θ,

2π − ν(t) ≤ ψ′′ < 2π.

(3.23)

Due to (3.18)–(3.23) we find

lim
t→0

Φ2(x, t) =

√
|x|2 − (x · e0)2

|x|2
π∫

0

ϕ(x,Bξ′0) sin θ dθ, (3.24)

where ξ′0 =




sin θ
0

cos θ


, and

lim
t→0

Φ3(x, t) = −
√
|x|2 − (x · e0)2

|x|2
π∫

0

ϕ(x,Bξ′′0 ) sin θ dθ, (3.25)

where ξ′′0 =



− sin θ

0
cos θ


.

The substitution θ = π − θ̃ in (3.25) leads to

π∫

0

ϕ(x,Bξ′′0 ) sin θ dθ = −
0∫

π

ϕ(x,B(−ξ′0)) sin θ dθ =

π∫

0

ϕ(x,Bξ′0) sin θ dθ.

If θ = θ̃−π, then sin θ = sin(θ̃−π) = − sin θ̃, cos θ = cos(θ̃−π) = − cos θ̃,
0 ≤ θ ≤ π, π ≤ θ̃ ≤ 2π,

−Bξ′0 = −B




sin θ
0

cos θ


 = B




sin θ
0

cos θ


 = Bξ′0



142 I. Sigua and Z. Tediashvili

and
π∫

0

ϕ(x,−Bξ′0) sin θ dθ =

2π∫

π

ϕ(x,−Bξ′0) sin θ dθ =

2π∫

π

ϕ(x, Bξ′0) sin θ dθ.

Hence from (3.24) and (3.25)

lim
t→0

Φ2(x, t) =

√
|x|2 − (x · e0)2

|x|2
π∫

0

ϕ


x,B




sin θ
0

cos θ





 sin θ dθ, (3.26)

lim
t→0

Φ3(x, t) = −
√
|x|2 − (x · e0)2

|x|2
π∫

0

ϕ


x,−B




sin θ
0

cos θ





 sin θ dθ =

=

√
|x|2 − (x · e0)2

|x|2
2π∫

π

ϕ


x, B




sin θ
0

cos θ





 sin θ dθ. (3.27)

Note that

B




sin θ
0

cos θ


 = e1 sin θ + e3 cos θ =




e11

e12

e13


 sin θ +




e31

e32

e33


 cos θ = ζ,

i.e., ζ = e1 sin θ + e3 cos θ.
Clearly, ζ ∈ γx = ∂Σ±x , and when θ varies from 0 to 2π, then ζ moves on

γx in positive direction. Moreover,

sin θ = (e1 · ζ). (3.28)

Figure 3.6.

Taking into account (3.26)–(3.28), we get

lim
t→0

Φ2(x, t) =

√
|x|2 − (x · e0)2

|x|2
π∫

0

ϕ(x, ζ)(e1 · ζ) dθ, (3.29)
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lim
t→0

Φ3(x, t) =

√
|x|2 − (x · e0)2

|x|2
2π∫

π

ϕ(x, ζ)(e1 · ζ) dθ. (3.30)

dθ = dγx on γx = ∂Σ±x (see Fig. 3.6), and hence

π∫

0

ϕ(x, ζ)(e1 · ζ) dθ =
∫

γ+
x

ϕ(x, ζ)(e1 · ζ) dζγx (3.31)

2π∫

π

ϕ(x, ζ)(e1 · ζ) dθ =
∫

γ−x

ϕ(x, ζ)(e1 · ζ) dζγx. (3.32)

Using (3.16), (3.17) and (3.29)–(3.32), we get

∂Φ
∂e0

= lim
t→0

1
t
[Φ(x + te0)− Φ(x)] =

∫

Σ+
x

∂ϕ(x, η)
∂e0

dηΣ1+

+

√
|x|2 − (x · e0)2

|x|2
∫

γ+
x

ϕ(x, ζ)(e1 · ζ) dζγx. (3.33)

Note that the vector e0 = (δ1k, δ2k, δ3k) corresponds to ∂
∂xk

:
I) If e0 = (1, 0, 0) ∼ ∂

∂x1
, then

[e0 × x̂] =

∣∣∣∣∣∣

i j k
1 0 0
x̂1 x̂2 x̂3

∣∣∣∣∣∣
= (0,−x̂3, x̂2)>, r1 =

√
x̂2

2 + x̂2
3,

e
(1)
2 = (x̂1, x̂2, x̂3), e

(1)
3 =

e0 × x̂

|e0 × x̂| = e
(1)
3 =

1
r1

(0,−x̂3, x̂2),

e
(1)
1 = [e(i)

2 × e
(1)
3 ] =

∣∣∣∣∣∣

i j k
x̂1 x̂2 x̂3

0 − x̂3
r1

− x̂2
r1

∣∣∣∣∣∣
=

(
r1,− x̂1x̂2

r1
,− x̂1x̂3

r1

)
=

=
1
r1

(x̂2
2 + x̂2

3 + x2
1 − x̂2

1;−x̂1x̂2,−x̂1x̂3)> =
1
r1
{(1, 0, 0)> − x̂1x̂};

II) If e0 = (0, 1, 0) ∼ ∂
∂x2

, then

[e0 × x̂] =

∣∣∣∣∣∣

i j k
0 1 0
x̂1 x̂2 x̂3

∣∣∣∣∣∣
= (x̂3, 0,−x̂2)>, r2 =

√
x̂2

1 + x̂2
3,

e
(2)
3 =

1
r2

(x̂3, 0,−x̂2)>, e
(2)
2 = x̂ and e

(2)
1 =

1
r2
{(0, 1, 0)> − x̂2x̂};
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III) If e0 = (0, 0, 1) ∼ ∂
∂x3

, then

[e0 × x̂] =

∣∣∣∣∣∣

i j k
0 1 1
x̂1 x̂2 x̂3

∣∣∣∣∣∣
= (−x̂2, x̂1, 0)>, r3 =

√
x̂2

1 + x̂2
2,

e
(3)
3 =

1
r3

(−x̂2, x̂1, 0)>, e
(3)
2 = x̂ and e

(3)
1 =

1
r3
{(0, 0, 1)> − x̂3x̂}.

The parametric equation of γx = ∂Σ±x is

ζ = e
(k)
1 sin θ + e

(k)
3 cos θ, k = 1, 2, 3.

Figure 3.7.

Here the coordinates of ζ = (ζ1, ζ2, ζ3) correspond to the initial system.
Applying (3.33), we have

∂Φ
∂xk

=
∫

Σ+
x

∂ϕ(x, η)
∂xk

dηΣ1 +

√
|x|2 − x2

k

|x|2
∫

γx

ϕ(x, ζ)(e(k)
1 · ζ)dζγx.

Clearly,
√
|x|2 − x2

k

|x|2 =
√

1− x̂2

|x| =
rk

|x| , ζ · x̂ = 0, and rk(e(k)
1 · ζ) = ζk,

so
∂Φ
∂xk

=
∫

Σ+
x

∂ϕ(x, η)
∂xk

dηΣ1 +
1
|x|

∫

γx

ϕ(x, ζ)ζkdζγx. (3.34)

We can write η and ηk instead of ζ and ζk in (3.34) to get (3.14). ¤

Now we can prove the following

Theorem 3.8. The fundamental solution Ψ(x, ω, 1) of the equation (2.1)
is represented as

Ψ(x, ω, 1) = Ψ(1)(x) + Ψ(0)(x), (3.35)
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where

Ψ(1)(x) =
∫

Σ+
x

3∑
q=1

Fq(η)N(iηρq, ω)ei(x·η)ρqdΣ1, (3.36)

Ψ(0)(x) = − 1
8π2|x|

∫

γx

C−1(η) dγ. (3.37)

Here C−1(η)is the inverse matrix of C(η) (see (2.1)), dγ = dηγx, Fq(η) is
defined by (2.21).

Moreover, if |x| → 0, then

∂

∂xk
[Ψ(1)(x)] = O(1);

∂2

∂xk∂xj
[Ψ(1)] = O

(
1
|x|

)
(3.38)

and

lim
t→0

Ψ(1)(x) =
∫

Σ+
x

3∑
q=1

Fq(η)N(iηρq, ω) dΣ1. (3.39)

Proof. Note that a(η) > 0 and ρq(η) > 0, η ∈ Σq, are even functions.
Therefore

Fq(−η) = Fq(η).

It is easy to check that

3∑
q=1

Fq(η)ρ±1
q (η) = 0. (3.40)

Due to Lemma 3.7, we have

∂

∂xk
Γ(x, ω, 1) =

∫

Σ+
x

3∑
q=1

Fq(η)ei(x·η)ρq(η)iηkρq(η) dΣ1+

+
1
|x|

∫

γx

3∑
q=1

Fq(η)ei(x·η)ρq(η)ηk dγ. (3.41)

We know that Fq(η) is an even function and (x · η) = 0 on γx. Therefore

∫

γx

3∑
q=1

Fq(η)ei(x·η)ρq(η)ηk dγ =
∫

γx

3∑
q=1

Fq(η)ηk dγ =

=
∫

γx

3∑
q=1

Fq(−η)(−ηk) dγ = −
∫

γx

3∑
q=1

Fq(η)ηk dγ = 0.
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Now we can rewrite (3.41) as

∂

∂xk
Γ(x, ω, 1) =

∫

Σ+
x

3∑
q=1

Fq(η)iηkρq(η)ei(x·η)ρq(η) dΣ1. (3.42)

With the help of (3.14) and (3.40) we have

∂2

∂xk∂xj
Γ(x, ω, 1) =

∫

Σ+
x

3∑
q=1

Fq(η)(iηk)(iηj)ρ2
q(η)ei(x·η)ρq(η) dΣ1+

+
1
|x|

∫

γx

3∑
q=1

Fq(η)iηkρq(η)ηj dγ =

=
∫

Σ+
x

3∑
q=1

Fq(η)i2ηkηjρ
2
q(η)ei(x·η)ρq(η) dΣ1. (3.43)

Similarly,

∂3

∂xk∂xj∂xm
Γ(x, ω, 1) =

∫

Σ+
x

3∑
q=1

Fq(η)i3ηkηjηmρ3
q(η)ei(x·η)ρq(η) dΣ1+

+
1
|x|

∫

γx

3∑
q=1

Fq(η)i2ηkηjρ
2
q(η)ηm dγ. (3.44)

The curvilinear integral in (3.44) vanishes since the integrand is an odd
function, i.e.

∂3

∂xk∂xj∂xm
Γ(x, ω, 1) =

∫

Σ+
x

3∑
q=1

Fq(η)i3ηkηjηmρ3
q(η)ei(x·η)ρq(η) dΣ1. (3.45)

Another use of (3.14) gives

∂4

∂xk∂xj∂xm∂xp
Γ(x, ω, 1)=

∫

Σ+
x

3∑
q=1

Fq(η)i4ηkηjηmηpρ
4
q(η)ei(x·η)ρq(η) dΣ1+

+
1
|x|

∫

γx

3∑
q=1

Fq(η)i3ηkηjηmρ3
q(η)ηp dγ =

= i4
∫

Σ+
x

3∑
q=1

Fq(η)ηkηjηmηpe
i(x·η)ρq(η) dΣ1+

+
i3

|x|
∫

γx

3∑
q=1

Fq(η)ηkηjηmρ3
q(η) dγ, (3.46)
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where the curvilinear integral does not vanish, it is a homogeneous function
of order −1. Clearly, the first integral in (3.46) is bounded in a vicinity of
the origin.

Using (3.42)–(3.46), we can write

Ψ(x, ω, 1) = N(∂x, ω)
∫

Σ+
x

3∑
q=1

Fq(η)ei(x·η)ρq(η)dΣ1 =

=
∫

Σ+
x

3∑
q=1

Fq(η)N(iηρq, ω)ei(x·η)ρq(η)dΣ1+

+
i3

|x|
∫

γx

3∑
q=1

Fq(η)ρ3
q(η)N0(η) dγ, (3.47)

where N0(η) is the principle part of the matrix N(η, ω).
Let us calculate
3∑

q=1

Fq(η)ρ3
q(η) = − i

8π2a(η)

{
ρ4
1

(ρ2
1 − ρ2

2)(ρ
2
1 − ρ2

3)
+

+
ρ4
2

(ρ2
2 − ρ2

1)(ρ
2
2 − ρ2

3)
+

ρ4
3

(ρ2
3 − ρ2

1)(ρ
2
3 − ρ2

2)

}
=

= − i

8π2a(η)

{
ρ4
1(ρ

2
2 − ρ2

3)− ρ4
2(ρ

2
1 − ρ2

3)− ρ4
3(ρ

2
1 − ρ2

3)
(ρ2

1 − ρ2
2)(ρ

2
1 − ρ2

3)(ρ
2
2 − ρ2

3)

}
= − i

8π2a(η)
.

Now we can rewrite (3.47) as

Ψ(x, ω, 1) =
∫

Σ+
x

Fq(η)N(iηρq, ω)ei(x·η)ρq(η)dΣ1 − 1
8π2|x|

∫

γx

C−1(η) dγ,

where C−1(η) =
1

a(η)
N0(η) is the matrix inverse to C(η).

Using the notation (3.36) and (3.37), we arrive to (3.35). Note that Ψ0(x)
is the fundamental solution of the static equation (ω = 0)

C(∂)Ψ(0)(x) = δ(x)I3.

We know that

N(∂x, ω) = [Nkj(∂x, ω)]3×3 and

Nkj(iηρq, ω) = N0
kj(η)i4ρ4

q −N1
kj(η)ρ2

qω
2 + ω4δkj ,

where N0
kj(η) is a 4th order polynomial with respect to η, N1

kl(η) is a second
order polynomial,

Ψ(1)(x) =
∫

Σ+
x

3∑
q=1

N0(η)Fq(η)ρ4
q(η)ei(x·η)ρq(η)dΣ1−
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−
∫

Σ+
x

3∑
q=1

N1(η)Fq(η)ρ2
q(η)ei(x·η)ρq(η)dΣ1+

+
∫

Σ+
x

3∑
q=1

I3Fq(η)ω4ei(x·η)ρq(η)dΣ1 =

=
∫

Σ+
x

3∑
q=1

ρ5
q(η)

3∏
j=1 j 6=q

[ρ2
q(η)− ρ2

j (η)]
N0(η)ei(x·η)ρq(η)dΣ1+

−
∫

Σ+
x

ω2
3∑

q=1

ρ3
q(η)

3∏
j=1 j 6=q

[ρ2
q(η)− ρ2

j (η)]
N1(η)ei(x·η)ρq(η)dΣ1+

+
∫

Σ+
x

ω4
3∑

q=1

ρq(η)
3∏

j=1 j 6=q

[ρ2
q(η)− ρ2

j (η)]
I3e

i(x·η)ρq(η)dΣ1

= O(ω) → 0 as ω → 0,

i.e., for any x ∈ R3 \ {0}
lim
ω→0

Ψ(x, ω, 1) = Ψ(0)(x)

uniformly for all |x| > δ > 0.
Clearly, Ψ0(x) = O(1) as |x| → 0,
Using (3.14) and the fact that Fq(−η) = Fq(η), we obtain

∂Ψ(1)(x)
∂xk

=
∫

Σ+
x

3∑
q=1

Fq(η)N(iηρq, ω)[iηkρq(η)]ei(x·η)ρq(η)dΣ1+

+
1
|x|

∫

γx

3∑
q=1

Fq(η)N(iηρq, ω)ηk dγ =

=
∫

Σ+
x

3∑
q=1

Fq(η)N(iηρq, ω)[iηkρq(η)]ei(x·η)ρq(η)dΣ1 = O(1)

and

∂2Ψ(1)(x)
∂xk∂xj

=
∫

Σ+
x

3∑
q=1

Fq(η)N(iηρq, ω)[i2ηkηj ]ρ2
q(η)ei(x·η)ρq(η)dΣ1+

+
1
|x|

∫

γx

3∑
q=1

Fq(η)N(iηρq, ω)iηkρq(η)ηj dγ = O

(
1
|x|

)
.
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Taking into account that Fq(η)N(iηρq, ω) is an even function, we derive
(3.39). ¤

3.2. Asymptotics at infinity and the radiation conditions. Using
Lemma 3.7, we can prove

Theorem 3.9. For |x| → +∞
∂5

∂xk∂xj∂xm∂xp∂xn
Γ(x, ω, 1) =

= i5
∫

Σ+
x

3∑
q=1

Fq(η)ηkηjηmηpηnρ5
q(η)ei(x·η)ρq(η)dΣ1 + O(|x|−2), (3.48)

∂4

∂xk∂xj∂xm∂xp
Γ(x, ω, 1) =

= i4
∫

Σ+
x

ψ1(η)
3∑

q=1

Fq(η)ηkηjηmηpe
i(x·η)ρq(η)dΣ1 + O(|x|−2), (3.49)

where ψ1 ∈ C∞(Σ1), ψ1(η) = 0 for η ∈ γx.

Proof. Due to (3.14) and (3.46), we get

∂5

∂xk∂xj∂xm∂xp∂xn
Γ(x, ω, 1) =

=
∫

Σ+
x

3∑
q=1

Fq(η)i5ηkηjηmηpηnρ5
q(η)ei(x·η)ρq(η)dΣ1+

+ i4
∫

γx

3∑
q=1

Fq(η)ρ4
q(η)ηkηjηmηpηndγ+

+
∂

∂xn

[
i3

|x|
∫

γx

3∑
q=1

Fq(η)ηkηjηmηpρ
3
q(η)dγ

]
. (3.50)

The second integral in(3.50) vanishes since the integrand is an odd func-
tion. The third integral in(3.50) is O(|x|−2) as |x| → ∞ (or |x| → 0), more
precisely, it is a homogeneous function of order −2. Hence we can rewrite
(3.50) as (3.48).

Let us consider the function

Φ(x) =
∫

Σ+
x

ϕ(η)ei(x·η)ρ(η)dΣ1, ϕ ∈ C1(Σ1). (3.51)

Due to Theorem 3.4 and Corollary 3.3, there exists ε > 0 such that there
is no critical point in Σ+

x (ε) (see Fig. 3.8).
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Figure 3.8.

Let us rewrite (3.51) as

Φ(x) =
∫

Σ+
x

(ψ0(η) + ψ1(η))ϕ(η)ei(x·η)ρ(η)dΣ1 = Φ∗(x) + Φ∗∗(x),

where

Φ∗(x) =
∫

Σ+
x

ψ0(η)ϕ(η)ei(x·η)ρ(η)dΣ1,

Φ∗∗(x) =
∫

Σ+
x

ψ1(η)ϕ(η)ei(x·η)ρ(η)dΣ1;

here ψ0(η) + ψ1(η) = 0, η ∈ Σ1, ψ0, ψ1 ∈ C∞(Σ1), ψ0 ≥ 0, ψ0(η) = 0 in
vicinity of γx, supp ψ0 ⊂ Σ+

x (ε), ψ1(η) = 1 − ψ0(η) vanishes on γx and in
Σ+

x (ε).
Applying (3.11) and (3.12), we have

Φ∗(x) =
∫

Σ+
x

ψ0(η)ϕ(η)ei|x|(x̂·η)ρ(η)dΣ1 =

=
∫

Σ+
x

ψ0(η)ϕ(η)
[

1
i|x|

3∑

k=1

Φk(x̂, η)
|Φ(x̂, η)|2 ∂k(η,∇η)ei|x|(x̂·η)ρ(η)

]
dΣ1 =

=
1

i|x|

{
−

∫

Σ+
x

( 3∑

k=1

∂k(η,∇η)
[
ψ0(η)ϕ(η)

Φk(x̂, η)
|Φ(x̂, η)|2

])
ei|x|(x̂·η)ρ(η)dΣ1+

+
∫

γx

ψ0(η)ϕ(η)
3∑

k=1

Φk(x̂, η)
|Φ(x̂, η)|2 `k(η)ei|x|(x̂·η)ρ(η)dγ

}
. (3.52)
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Applying the same procedure in the first integral of (3.52), we see that
it is O(|x|−2).

On the other hand, (x̂ · η) = 0, η ∈ γx,

Φ(x̂, η) = [η × x̂]ρ(η) = −`(η)ρ(η), Φk(x̂, η) = −ρ(η)`k(η)

(here `(η) is the tangent vector to γx), so

Φ∗(x) = − 1
i|x|

∫

γx

ϕ(η)
3∑

k=1

ρ(η)`k(η)
ρ2(η)

`k dγ + O(|x|−2) =

= − 1
i|x|

∫

γx

ϕ(η)
1

ρ(η)
dγ + O(|x|−2).

For x À 1

Φ(x) =
∫

Σ+
x

ϕ(η)ei(x̂·η)ρ(η)dΣ1 =

= − 1
i|x|

∫

γx

ϕ(η)
1

ρ(η)
dγ + Φ∗∗(x) + O(|x|−2). (3.53)

Using (3.53) in (3.46), we can write

∂4

∂xk∂xj∂xm∂xp
Γ(x, ω, 1) = − i4

i|x|
∫

γx

3∑
q=1

Fq(η)ρ4
q(η)ηkηjηmηp

1
ρq(η)

dγ+

+ O(|x|−2) +
i3

|x|
∫

γx

3∑
q=1

Fq(η)ρ3
q(η)ηkηjηmηp dγ+

+ i4
∫

Σ+
x

ψ1(η)
3∑

q=1

Fq(η)ηkηjηmηpρ
4
q(η)ei(x·η)ρq(η) dΣ1.

From this relation we obtain (3.49). ¤

Theorem 3.10. For |x| À 1

Ψ(x, ω, 1) =
3∑

q=1

(q)

Ψ(x, ω, 1),
(q)

Ψ(x, ω, 1) = O(|x|−1), (3.54)

∂
(q)

Ψ(x, ω, 1)
∂xk

− iξ
(q)
k

(q)

Ψ(x, ω, 1) = O(|x|−2), (3.55)

where ξ
(q)
k ∈ Sq and η(ξ(q)

k ) = x
|x| .

These conditions are called the generalized Sommerfeld–Kupradze type
radiation conditions.
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Proof. Taking into account the form of Nkj , we can write

Ψ(x, ω, 1) =
∫

Σ+
x

(ψ0(η) + ψ1(η))
3∑

q=1

Fq(η)[N0(η)i4ρ4
q(η)−

−N1(η)ρ2
q(η)ω2 + ω2I]ei(x·η)ρq(η)dΣ1 +

i3

|x|
∫

γx

3∑
q=1

Fq(η)ρ3
q(η)N0 dγ =

=
∫

Σ+
x

ψ1(η)
3∑

q=1

Fq(η)N(iηρq, ω)ei(x·η)ρq(η)dΣ1−

− 1
i|x|

∫

γx

3∑
q=1

[
Fq(η)i4ρ4

q(η)N0 1
ρ1(η)

−

− Fq(η)N1(η)ρ2
q(η)ω2 1

ρq(η)
+ Fq(η)ω2 1

ρq(η)

]
dγ+

+
i3

|x|
∫

γx

3∑
q=1

Fq(η)ρ3
q(η)N0dγ + O(|x|−2). (3.56)

Here ψ0 and ψ1 are the same as in the previous theorem.
Due to (3.40)

Ψ(x, ω, 1) =
∫

Σ+
x

ψ1(η)
3∑

q=1

Fq(η)N(iηρq, ω)ei(x·η)ρq(η)dΣ1+

+ O(|x|−2), |x| À 1. (3.57)

Let us calculate
∂Ψ(x, ω, 1)

∂xk
with the help of (3.46) and (3.35)–(3.37)

∂Ψ(x, ω, 1)
∂xk

=
∫

Σ+
x

3∑
q=1

Fq(η)N(iηρq, ω)[ηkρq(η)]ei(x·η)ρq(η)dΣ1+

+
1
|x|

∫

γx

3∑
q=1

Fq(η)N(iηρq, ω)ηk dγ +
∂

∂xk
Ψ(0)(x). (3.58)

The last term in (3.58) is O(|x|−2). If we apply (3.53) in (3.58), we have

∂Ψ(x, ω, 1)
∂xk

= − 1
i|x|

∫

γx

3∑
q=1

Fq(η)N(iηρq, ω)[ηkρq(η)]
1

ρq(η)
dγ+

+
∫

Σ+
x

ψ1(η)
3∑

q=1

Fq(η)N(iηρq, ω)[ηkρq(η)]ei(x·η)ρq(η)dΣ1 + O(|x|−2) =
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=
∫

Σ+
x

ψ1(η)
3∑

q=1

Fq(η)N(iηρq, ω)[ηkρq(η)]ei(x·η)ρq(η)dΣ1 + O(|x|−2). (3.59)

Note that

ρ2
qdΣ1 = cos γ dSq = (η · η(ξ)) dSq =

(
η · −∇ηρq(η)

|∇ηρq(η)|
)

dSq =
ρq(η)

|∇ηρq(η)| dSq,

so we can rewrite (3.57) as follows

Ψ(x, ω, 1) =
3∑

q=1

∫

S+
q (x)

ψ1(η)Fq(η)N(iξ, ω)ei(x·ξ) 1
ρq(η)|∇ηρq(η)| dSq+

+ O(|x|−2) =

=
3∑

q=1

{
− 1

8π2

∫

S+
q (x)

ψ1(η)
N(iξ, ω)

a(η)
3∏

j=1, j 6=q

[ρ2
q(η)− ρ2

j (η)]
· ei(x·ξ)

|∇ηρq(η)| dSq

}
+

+ O(|x|−2);

here η = ξ
|ξ| = ξ

ρq(η) .
Now we can apply the results obtained in [8] and [9] to get

Ψ(x, ω, 1) =
3∑

q=1

{
− i

8π2

N(iξ(q), ω)e−i π
4 · 2π

a(η(q))
3∏

j=1, j 6=q

[ρ2
q(η(q))− ρ2

j (η(q))]
×

× ei(x·ξ(q))

|∇ηρq(η(q))|
√

Kq(ξ(q))

}
+ O(|x|−2),

i.e.

Ψ(x, ω, 1) =
3∑

q=1

{
− 1

4π

N(iξ(q), ω)

a(η(q))
3∏

j=1, j 6=q

[ρ2
q(η(q))− ρ2

j (η(q))]
×

× ei(x·ξ(q))

|∇ηρq(η(q))|
√

kq(ξ(q))

}
+ O(|x|−2), (3.60)

where η(q) =
ξ(q)

|ξ(q)| , ηkρq(η(q)) = ξ
(q)
k and kq is the Gaussian curvature of Sq.

With the help of (3.60), (3.56) and (3.59) we obtain the radiation condi-
tions (3.54), (3.55). ¤
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