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Abstract. We carry out spectral analysis of a class of integral oper-
ators associated with fractional order differential equations arising in me-
chanics. We establish a connection between the eigenvalues of these op-
erators and the zeros of Mittag—Leffler type functions. We give sufficient
conditions for complete nonselfadjointness and completeness of the systems
of the eigenfunctions. We prove the existence and uniqueness of solutions
for several kinds of two-point boundary value problems for fractional differ-
ential equations with Caputo or Riemann—Liouville derivatives, and design
single shooting methods to solve them numerically.
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CHAPTER 1

Boundary Value Problems for Differential
Equations of Fractional Order

1. The Basic Concepts

The spectral analysis of operators of the form

T 1

ALYO‘ﬁ]u(J:) =c, /(x _ t)éflu(t) dt + cg.4 /x%fl(l — t)%*lu(t) dt
0 0

was carried out in [1] (similar operators were considered by G. M. Gubreev
in the paper [2]). Here a, 3, v, ¢a, ¢, are real numbers, and «, 3, v are
positive. These operators arise in the study of boundary value problems
for differential equations of fractional order (see [3] and references therein,
where the corresponding Green functions are constructed).

The present paper is devoted to studying boundary value problems
for differential equations of fractional order and the accompanying integral
operators of the form A7),

In order to state the problems in concern we must mention some con-
cepts from fractional calculus.

Let f(z) € L1(0,1). Then the function

= L [ e
0= / (e = 077 (1) dt € L(0,1)

is called the fractional integral of order a > 0 with starting point x = 0,
and the function

1

T f@) = o [ 2 e L)

d1—2)—<= """ = T(a) * 1
is called the fractional integral of order o > 0 with ending point = 1 (refer
to [6]). Here I'(«) is Euler’s Gamma-function. It is clear that when o = 0,
we identify both fractional integrals with the function f(z). As we know
(see [6]), the function g(z) € L1(0,1) is called the fractional derivative of
the function f(z) € L1(0,1) of order o > 0 with starting point z = 0 if

d—

f(‘r) - dr— g(x)'

23
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Then denoting
o) = (@),

in the future we will mean by

da

dze
the fractional integral when a < 0 and the fractional derivative when o > 0.
The fractional derivative

da

d(l —x)e

of order @ > 0 of a function f(x) € L1(0,1) , with ending point z = 1 is
defined in the similar way.

Let {7 }§ be any set of real numbers satisfying the condition 0 < v; <1
(0 < j <n). We denote

k k
or=> -1 m=ox+1=3 v (0<k<n),
7=0

j=0
and we assume that

1 n
- = g vj—1l=0, =p,—1>0.
P —0

Following M. M. Dzhrbashyan (see [6]), we consider the integro-differential
operators

(00) d—1=70)
oo —
DI f(2) = T (a),
d—0=") g
(01) = -
D f(x) - d;p_(l_’)’l) dxo (Z‘),
d—1=72) gm g
(02) =
D f (@) = dz—=(=72) dgm dzo ’
d—0="m) g do
(on) = .
D f(x) - dx_(l_')’n) da’j’)’nfl da’:'YO f(x)
Here we note that if yg =, = --- ==, = 1, then obviously

D) f(x) = f®N(z) (k=0,1,2,...,n).

The objects of our investigation are boundary value problems for the fol-
lowing equations:

Do)y — A+ q(@)]u=0, 0<o0, < o0, (1.1)
v + D§u+qr)u=Au, 0<a<l. (1.2)
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We will consider various versions of the equation (1.1). For vy = 71 = 1,
Y3 =74 =+ =y, =0, the equation (1.1) turns into the equation
x

. u”(t) - T)ulr) =
r(1_72)0/(x_t)72 dt — [ + q(z)]u(z) = 0, (1.3)

which is called a fractional oscillating equation [5], and the operator D(o2)
is called the operator of fractional differentiation in Caputo sense [5]. For
Yo=72=1 v =9 = =9, =0, the equation (1.1) turns into the
equation

1 d
I'(l—m) dm x—t

— A+ q(x)]u(z) = 0. (1.4)

The equation (1.4) has been investigated as a model equation of fractional
order 1 < o < 2 (see [3] and references therein). Further, if g =72 =--- =
Yn = 1, then the equation (1.1) will be written as

o). 1 ar—t d(t) - ,
D = dxnfl/(xit)% dt— M+ g(@u(@) =0. (1)

0

The two-point boundary value problem of Dirichlet u(0) = 0, u(1) = 0
for the fractional oscillatory equation was studied by one of the authors
of this paper in [5]. Therein for the first time Green’s function for similar
boundary value problems has been constructed. In particular, it was proved
that the two-point problem of Dirichlet «(0) = 0, u(1) = 0 for the fractional
oscillatory equation with ¢(x) = 0 is equivalent to the equation

u(z) = M{Zu—t)lw(t) dt—o/la;lwu—t)lwu(t) dt}

The same problem for the model fractional differential equation of order
1 < 0 < 2 is equivalent to the equation [3]

u(z) = mi%) {Zu Ay u(e) db— O/lxu () dt}

The operator A inverse to the operator B induced by the differential ex-
pression (1’) and natural boundary conditions

u(0) =0; Du| _ =0,...,D 2| _ =0, u(l)=0
looks like (see [3] and [6])

x

AF()[/ oy / -
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Thus we will note that if vy =, = --- = 7, = 1, then the operator B will
look like

e
Bu = ’
uw(0) =0, w(0)=0,...,u20)=0, u(l)=0

and Green’s function H(x,s) of the corresponding inverse operator will be
rewritten as
(1—s)ntgn=t — (x — )"t
n—1)! ’
(1- s)"_la(c”_l )
(n—1)!
It was also stated in [3] that
z 1
Au = /(x—t)u(t) dt - /x(l ~ tult) dt.

0 0

0<xr<s<1,
H(x,s) =

In a certain sense, the disturbance of the operator can be expressed as

T 1

/ (@ — )= () di — / 2(1 — 1) u(t) di

0 0

1

Au=——
“TTr2re)

It has been proved that the eigenvalues of the operator A. are simple.

In [3] the expression for disturbance of the operator A has not been
given explicitly. In the present work, the corresponding formula is obtained
and it seems to the authors that this work contributes to including the
theory of differential equations of fractional order in the general frame of
the theory of disturbance.

2. Expression and Properties of Green’s Function

Let’s consider the operator

T 1

_# _ %71 - %,1 _ %71 1

AU_P(pfl) [/(x t)eu(t)dt /ac (1—t)7 tu(t) dt], O<p<2
0 0

in L5(0,1). It is known [1] that the number A is an eigenvalue of the operator
A, only if ;! is a zero of the function E,()\;p~!) and the corresponding
eigenfunctions look like ¢f (x) = xiilEp()\flml/”;p_l). Let A2 be the n-
th eigenvalue of the operator A,, U, be a bounded area with a rectifiable
boundary dU, such that A, € U, and (o(A4,)\2)NU, = @.
Let )
Py (Ap) = “omi / Ra(4,) dA
au,

be the Riesz projector for operator the A, corresponding to the eigen-
value A\?.
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Theorem 1.1. The projector Py» continuously depends on the param-
eter p.

Proof. The operators A, are sums of special one-dimensional operators
and operators of fractional integration. It is known that the operators of
fractional integration form in Lp(0,1), P > 1, a semigroup continuous in
the uniform topology for all & > 0 and strongly continuous for all « = 0. As
A, is continuous in the uniform (operator) topology (i.e. |4, — A,|| — 0
for p — po), we have |[Pys — Pyso|| as p — po, which proves the theorem.

|

Corollary 1.1. Let 0 < p < 1/2. Then
dim Pyy (A,)L2(0,1) = 1.

Proof. Since
lim [|A, — A, =0,

pP—pPo
for p and pg close enough, we have
HPAZ (Ap) — Pxﬁo(Apo)H <1l

Therefore, according to Theorem 2.1, it follows that the spaces
Pyp(Ap)L2(0,1) and Pyp0(A,)L2(0,1) have the same dimension. Since
dimP,1/2(A1/2)L2(0,1) = 1, the function dimPys (A,)L2(0,1) = 1 for all
p € (0,1). It follows from Corollary 2.1 that the eigenvalues of the operator
A, are simple, and so are all the zero points of the function E,(\; p~'). By
the way, for the case 1/2 < p < 2 this result was already stated in [3]. O

3. The Basic Oscillatory Properties of the Operator A
(0<p<1/2)
Theorem 1.2. We have the representation
Au=A4eA +? Ay + - Fe"Ap+ -, >0, (1.5)

where

xT

Au= [ (x —t)u(t)dt — [ x(1 —t)u(t) dt,
[

T 1
1
Apu = — [/(x —t)In"(z —t)dt — /x(l —t)In"(z —t)dt
n!
0 0
are operators with special kernels.
Proof. Let’s rewrite the operator as

A.u = M.u+ N.u,
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where
M. = / K. (2, t)u(t) dt, (1.6)
0
(x —t)ite, t<a,
K = 1
(1) {O’ o (1)

x1+5(1 _ t)l+€7 t ?é 17
0, t=1.

Considering the disturbance of the operator A., we write
(A—A)u= (M — M,)u— (N — N.)u.

First, we deal with (M — M, )u. Clearly,

(M — M.yu = / (K (2, t) — K. (. 8)] u(t) dt.
0

Since
(z—=t)[1—(zx—1¢)F], t<z
K(x,t) — K (z,t) = =
(2,1) =(z,1) {0’ t>
In(x—t) In®(z—t) o In"(x—t)
_ (x—t)[a T +e2 ot te TJF} t <z,
0, t >,
we have

Thus
1 1

1
M.u :/K(x,t)u(t) dt—e/Kl(x,t)u(t) dt—-- -—En/Kn(x,t)u(t) dt—---

0 0
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Similarly,
1 1 1
Now = /f((x,t)u(t) dt—e /f(l(x Du(t)dt—---—e" /Kn(x,t)u(t) b+
0 0 0
where
z(1—¢)In"(z — xt)
Rolz,t) = ol i<l
0, t=1,
which proves Theorem 1.2. O

Theorem 1.3. All eigenvalues A\, (g) of the operator A(e) are real.

Proof. We have

An(€) =mnl4+ e+ Ao+, (1.9)
on(e) =sinnz +ep; +e%po + -+, (1.10)
where
Ap = Z(Akgpn_k,sinnx), (1.11)
k=1
on=R> (A= Ap)on- (1.12)
k=1

Here R is the resolvent of the operator A, corresponding to the eigenvalue
7n?. This resolvent is an integral operator with the kernel

S(z,y)=| — % cos ny sin nx+ sin ny cos nsc—&—% sinnysinnz|, y<x
(if y > x it is necessary to interchange y and x in the right part of this
formula).

Clearly R transforms Hy (Hy is the orthogonal complement of the func-
tion sin 7nz) into itself and cancels sin Tnz.

From (1.11) it follows that Ay = (A; sinnz,sinz). As the kernel of the
operator A; assumes real values, we have sin A\; = 0. From (1.12) it follows
that o1 = R(nk® — A;)sinnz and since the kernels of the operators R and
Aj assume real values, we have Im 3 = 0. So, successively it is possible to
establish that all A; are real. Since ¢ is real, Au(e) is real too. O

Theorem 1.4. For the eigenvalues A\, (€) and eigenfunctions ¢ (g) of
the operator A(e) there hold the estimates

2| < m(2n —1)

1
[An(e) —mn 5 , |en(e) —sinnzx| < 3
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Proof. From (1.11) and (1.12), assuming that

- 1 1
[ Anull < " Hullull + b Aoull}, m = [[Aoll; 5 =B, | < =,

where
8 b b
c:max{w,&?—&-éla—i_m }7
we obtain the simple formulas [8]
d
IME) = Ao — A — - — ™A, | < 5(\5\0)”“, (1.13)
1
|o(e) = po — or =+ — €"n| < 5 (|ele)" ™ (1.14)

Let’s calculate the values of the parameters a, b, ¢, d, m. First we find m,
m = ||A|| = sup A, where sup A is the spectral radius of the operator A.
As supA = 77!, we have m = 7~ !. Further, d = dist (mn?;¥") (d is an
isolating distance), where X" is the spectrum of the operator A~! with the
excluded point 7n?. Clearly d = 7(2n — 1). To find other parameters a, b,
¢, we will obtain an estimate of the norm of the operator A,:

1 1
lAnelzion < / / \Ko(z,0)] [(t)] dt do.
0 0

Here K, (x,t) is the kernel of the operator A,

/1 Ko (2, 1)] - o |dtd$—/1/x‘($_t)lzj($_t)‘<p(t)|dtdm:
0 0

1
z|1n”z| 1 n
:/|<p(t)| / 0 dzdt < a/zﬂn zldz - |||z, 0,1)-
0 0 0

Let’s calculate the integral [ zInz" dz.

/zlnz”dz =

o _

_ 2 (Ilnz)" an(lnx)”fl_F n (- 1n(n—1)(n—2)---2 (:LQ i)
2 22 2n—1 2 22/
Hence [|A,|| < 52+ . Now we will take a = 1/4, p =1/2, and b = 0. Since
b b
c:max{Saer +8p+4a+dm },

we have

ax {5 4+ 1} PR

¢ = max -t = - =
d d

Then
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Thus we have found |¢. — ¢o| < 1/2, and proved Theorem 1.4. O
Theorem 1.5. Let ug(z),ui(x),...,un(x),... be the eigenfunctions
of the operator A,, and Ao, A1,...,An,... be the corresponding eigenval-

ues. Then the least frequency self-oscillation, i.e. o(x), has no units, i.e.
up(z) #0, 0 <z < 1.

Proof. Let A\g be the least eigenvalue of the operator A,. Then

1 )\0.13
AoT; =
uo(z) = Eyp(=Aoxs; p Z;)F "’Pk)

Show that the function ug(x) has no zero in the interval (0,1). Suppose
that the function ug(z) in a point z¢ € (0, 1) equals to zero, that is,

—Xozo)*

uo(wo) = Ep(—Aozo;p™ ) = Z T i+p) =0.
k=0

That’s to say, the number —\gx( is a zero point of Ep(z,pfl). However,
—Xozo < Ag as xg € (0,1) while we have assumed that the least zero is Ag.
The obtained contradiction proves Theorem 1.5. O

Remark 1. Tt is also possible to show analogously that ui(x) in the
interval has exactly one zero, etc.

Theorem of existence of the basis made of root spaces of the operator
A, (0 < p < 1/2) is connected with the problem of completeness of systems
of eigenfunctions of the operator induced by the differential expression

Ly 40
(D), = T(1—91) dan—! / (x—t)m dt — (A +q(@))u,

0
u(0) =0, D%l _ =0,...,D%2u| _ =0, u(l)=0

which is studied in case where ¢(z) is a semi-function (see [3] and references
therein). If completeness of system of eigenfunctions bounded is proved,
then the question is: is it possible to make basis with the eigenfunctions of
this operator. Let us give an answer to this question.

Lemma 1.1. The operator A is dissipative

Proof. We will consider the operator

T

1
Au = / (2 — 1) u(t) dt — / P18 (e dt.

0
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Denote

v(t):j(x )eu /la?H'E ) e u(t) dt.
0 0

From this expression it follows that u(x) = Dv € L3(0,1). Consider again
the product

(Au, u)[j(m—t)1+€u(t) dt—/lx1+€(1 — ) et )dt]u( )=
- /1 [ / () di — / x1+6(1—t)1+€u(t)dt]u(x) do =

1 1

/v D,vdt = 0/ v(x) % <0/ (xvftz)s dt) dx =

0

x

- 0/ v(x)( 0/ (x”g)g dt> da
— (@) 0/1 v(x)( / (m”/_(tg)e dt) (]

(1) 0/ <0/ (;Etz)e dt)v’(x)dx:
— _/1 (/ (xvﬁtz)s dt)v’(t)dm?

as v(0) = v(1) = 0. Define v'(z) = z(x). Then (Au,u) = —(J¢z,Z). Now,
by virtue of a theorem of Matsaev—Polant, it follows that the values of the
form (J°2,%) lay in the angle |argz| < %7, which proves Lemma 1.1. a

In papers [1] and [23], the dissipativity of the operator {(D) is proved.
4. The Basis Problem for Systems of Eigenfunctions

Theorem 1.6. The system of eigenfunctions of the operator A forms
a basis of the closed linear hull.

Proof. Remind that the system of vectors {u1,ua, ..., Uy, ...} forms a basis
of the closed linear hull G C H if the inequality

n n 2 n
mY el < | Yo ens?| < MY el
k=1 k=1 k=1

holds, where m, M are positive constants independent of ¢y, ca,c3,...,¢n
(n=1,2,3,...). Any vector f (f € G) in that case uniquely expands into
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(oo} o0
a series f = Y cpup (Y |ex]? < 00). It is known that if the spectrum of
n=1 n=1

a dissipative operator with completely continuous imaginary component “is
pressed enough” to the real axis, then it is possible to form a basis of the
linear closed hull of eigenvectors of this operator.

We need a theorem of Glazman.

Theorem of Glazman. Let A be a linear bounded dissipative operator
with completely continuous imaginary component, possessing an infinite
system of eigenvectors {uk}|211, normalized by the condition (ug,u,) =1
(k=1,2,3,...), and {)\k}‘:il be the corresponding sequence of different
eigenvalues. If the condition

Im A;Im A
SR
IAj = Akl

is satisfied, then the system {@k}‘iozl is a Bari-Riesz’s basis of the closed
linear hull. Since for 0 < p < 1/2 all eigenvalues of the operator A, are real,
due to theorem of Glazman the proof of Theorem 1.6 follows. Analogously,
it is possible to prove similar statements for more general problems. (Il

5. Partial Problem of Eigenvalues for the Operator A,
0<p<1/2)

In [1], [3], there have been determined areas in the complex plane where
there are no eigenvalues of the operator A, for any p. Here, as above, we
will assume that 0 < p < 1/2. In applied problems the greatest interest
represents usually determination of first eigenvalues, therefore we will solve
this problem for eigenvalues of the operator A,,.

Let’s consider the operator

1

1 x
A:_1|:‘/(£L' tl/pu dt /Z’l/p 1]. tl/p 1 ()dt :A0u+A1u.

L(p~1)

0 0
As 0 < p < 1/p, the operator Ay and A; are invertible. Therefore sp(A) =
spAg + spAi.
Clearly
1

SpA() = 0, SpAl = m .

Therefore the determinant

oo
1
j=1 k
is meaningful.
Earlier it has been established that the number A is an eigenvalue of the

operator A only if A™! is a zero of the function E,(\; p~!). Since the entire
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functions D, (A) and E,(X; p~!) are of genus zero, we will notice that
Da(X) = cE,(X;2),

where ¢ is a constant unknown as yet. Consider the logarithmic derivative

[lnDA()\]/_giEi; Zl—)\)\ ZZ RN (A < AT,

k=1j=1

that is,

;DY
[InDA(N)] :D;‘E/\; = —sp(A(J = AA)7") == X, A%

where x, = spA™.

Let Da(A) = Z ap\* be the representation by Taylor’s series of the

function D 4(A). Estabhsh the interrelation between x, and aj. As

k
Da(N) =E,(\ip™) =) m ’

we have a, = Further, since

1
T T +hp 1)
DN _ X (nanA™)
= - _ A"
DA()\) Zan)\n ZXw,+1 b

we obtain the recurrent formula

Xns1 t Zasxnﬂﬂ =—(n+ Dany1,

(-1 (1"

s == Dn-s—non= | = S 5 4 g |
1

NeEsynl
2

X3 = Z3G§X3,57 X3 = G201 + a1(2a2 - a%) - 3a2~
s=1

As 1/x, <A1 < X,/Xs, We have

X1 = 20/2 + a1X; = — X2y X2 =™ G/% - 20/2,

1 2
/= < _—.
I'(2+1/p) I'(2+1/p)

Let the set {70, 71,72} consist of three numbers 0 <~v; > 1 (j =0,1,2).
Following M. M. Dzhrbashyan [9], we denote

A<

k k
k= %1 pr=ok+1=>  (k=0,1,2).
: P

Assume that

1 2
*:Z’}/j—IZTQZ/J/Q—1>O.
P j=0
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Since 1 < 09 < 2, we have 1 < % < 2,i.e. 1/2 < p < 1. The last assumption
is very important.
Introduce into consideration the differential operators [5]

lip =05 +1= zk:%_j (k=0,1,2),
7=0
m@ﬂwzduf;jimfu»
DI () =~ s T o),
Dg‘%)f(a:) _ d—(1=0) dn dre

d(1—x)=1=) d(1 — )7 d(1 —7)r F(@).
Now the problem (A) may be formulated as follows. In the class Lo (0, 1)
(or L1(0,1)), find a nontrivial solution of the equation
D2z — (A +q(z)}z=0, z€l0,1),
satisfying the boundary conditions

Dg‘%)z cosoH—Dga)z

x=0

sina =0,
=0

sin 3 = 0.
0

Dga’)z cosﬁ—&—Dga)z

=0

o=

The associated problem gives essentially new results, in the case where
the order of the fractional differential equation is less than one. We will
devote a separate paper to this case. To show how to transfer the obtained
results to the case of the differential equations of order higher than two, we
consider the following problem.

6. Operators of Transformation
V. A. Marchenko [7] when solving a reverse problem for the equation
y' —qx)y+dy=0 (0<z<1) (1.15)

builds an operator of transformation, transforming a solution of the equation
(1.15) into a solution of the equation

y" + Ay = 0. (1.16)
By means of Green’s function, with the initial data y(0) = 0, (1.16) corre-
sponds to the differential operator
(y) =y" —alx)y
and the integral operator

x

Ay=/G®£w@M£®SwS1%

0
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where
d
G(z,z) =0, — G(:v,g)‘ =1
dx -
From Marchenko’s results it follows that the operator A is linearly equivalent
to the operator of repeated integration [9]

x

Py = [@-ouede
0
where y(&) € L2[0,1].

In the present paper, similar results we will be obtained for the differ-
ential equations of the fractional order o (1 < o < 2). In what follows, we
will use the operators of fractional differentiation of M. M. Dzhrbashyan [9],
which are defined as follows.

Consider a problem of Cauchy type

J{y; 70, 71,72} = D72y — {A +q(x)}y =0, =€ (0,1], (1.17)
d d
£ poo| = = po — 1.1
dr =0 Co, dx =0 Cr, (1.18)

where ¢(z) € C[0, 1].

Note that some results of this paper have been published earlier in [1],
[7]. In those works, operator of transformation translating a solution of
the equation (1.18) to a solution of the equation D72y — Ay = 0 has been
constructed. Let y(z, A) be a solution of a problem of Cauchy type. Then
it is known [2] that the identity

y(@;A) = Coxto ™ By (Ax/P; o) + Cratt T By (At )+
1/p 1/p. 1 .
+ [@=n""E,(Az - 7) ,;)q(r)y(r, Ndr (1.19)
0

holds, where
E,(z,p) = Z i (1.20)

k=0 F(,u, + p)
is a function of Mittag—Leffler type.
In what follows, we will consider the case where Co =0, C; =1, A = iz,
Imz=0, u1 =1, |g(x)] < 1. As u; = 1, we have

|E,(\et/?; puy)| < Ca~ VP (1 <z < o0)
(see [5]). In [7],
y(x;A) = 2 E, (AP )+

€T

p— p. 1 .
+ O/(:c -7 E, (A - )Y ,;)q(f)y(T,A) dr, (1.21)
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From the general Volterra theory it follows that the equation (1.21) can be
solved by a method of iterations. Since the function ¢(x) is continuous, we
have

y(x,\) = E;(Ae?; 1) + o1\ 1) + (N 2) + - (1.22)

@n(A,x):/d7'1~-~ / d7'1---q(Tn)Ep()\(x—Tl)l/p;u1)~-~><

(=)
(e}

X Ep(A(Ta-1 = )73 1) E, (AT 75 ).
Obviously the series (1.22) converges in regular intervals in each interval
(0;1), I < 1.
Theorem 1.7. There is an operator of transformation V , transforming

a solution E,(A\x'/?; 11y) of the equation (1.19) into a solution y(x;\) of the
equation (1.17).

Lemma 1.2. The equality

(J = AJY/P)=1 = E,(\z'/?:1) (1.23)

(=Y
holds.

Proof. Let f(x) € L1(0,1), p > 0 and A be any complex parameter. Then
the integral equation

u(z) = / (. — )Y Pu(t) dt (1.24)
0
has a unique solution

u(z) +A/ Hl/r-1p ()\(x—t)l/p; E)f(t)dt (1.25)

p

belonging to the class L1(0,1).

In (1.24), let f(z) = p,=ry - We obtain

u(z) = + = /(ac — t)u(t) dt. (1.26)

Due to (1.25) and (1.26), we have

x

w(@) = 4 O/(x—t)l/P—lEp(A(x—t)l/P;”p”)dt. (1.27)

Using the known formula of M. M. Dzhrbashyan
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]' 1 1 —
— — )T B, (MY )t dt =
0

= lE Y it a) (w>0, a>0),

we calculate the integral

L'(p~

From (1.27) and (1.28), it follows that

1 ) _#H\1/p—1 /e T —\1/p 1/p. l
1)0/(3: 0 Ep<)\(x 0 ,p)dt—)\x E,,(/\x ,1+p). (1.28)

1 1
u(z) = m + )\;z:l/pEp()\Il/p; 1+ ;) = Ep()\xl/p; 1).

Thus Lemma 1.2 is proved. (I

Lemma 1.3. Let y(z,\) be a solution of a problem of Cauchy type
(1.17)~(1.18). Then

y(x,\) = (J+NKA™f,

where

x

Au = /(x _ Ve lu()dt, K = (] + Aq(x)), f=1.
0

Proof. Obviously the solution of the equation
D7y +q(z)y — Ay =0,
_D‘TOy‘w:O = 0’
Doly’z:o =-1
coincides with the solution of the equation
y+ A q(x)y + ANy = f.
Denote K = (J + A~ 'q(x)). Then we will obtain
y=(J+ A7),

which proves Lemma 1.3. |
Lemma 1.4. The operator B is linearly equivalent to the operator J'/°.

Proof. From Theorem 1.7 and Lemma 1.3 it follows that
VE,(\z'/?;1) = (I + \KA™YH) 71 f. (1.29)
From (1.23) and (1.29) it follows that

(J+AB) ' f=V(J+ IV 4 ) (1.30)
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Dividing both parts of the equality (1.30) successively by degrees of A, we
obtain

1 1
Nf=XvV_——— Kf=vJl'r .
L(p~) L(p~)
From these equalities it follows that K = V.J'/PV~! which proves Lem-
ma 1.4. O

Theorem 1.8. The operator B is a monocell Volterra operator.
Proof. As the operator J'/? is monocell, then by virtue of a Lemma 1.4,
the operator B is monocell too. O

Theorem 1.8 can be used for solution of inverse problems for the differ-
ential equations of the fractional order.



CHAPTER 2

The Sturm-—Liouville Problems for a Second
Order Ordinary Differential Equation with
Fractional Derivatives in the Lower Terms

1. On Some Problems from the Theory of Equations of Mixed
Type Leading to Boundary Problems for the Differential
Equations of the Second Order with Fractional Derivatives
Consider the equation

m

u" + ag(z)u + Z ai(2) Dggwi(@)u + tms1 (z)u = f(z),
i=1

=1 (2.1)
u(0) cos a + v/ (0) sinw = 0,
u(1)cos B+ u/(1)sin 3 =0,

where 0 < ay,, < --- < a1 < 1, D? is the operator of fractional differentia-

tion of order o

1 d [ u®)
pru=—— [ My 1.
" F(l—oz)dx/(a:—t)” y 0<o<

0

Many direct and inverse problems associated with a degenerating hy-
perbolic equation and equation of the mixed hyperbolic-parabolic type are
reduced to equations of the type (2.1). In [3] it is shown that to a problem
(2.1) reduces an analogue of a problem of Tricomi type for the hyperbolic-
parabolic equation with Gellerstendt operator in the body.

On Euclid planes with the cartesian orthogonal coordinates x and y
we will consider the model equation in partial derivatives of the mixed
(parabolic-hyperbolic) type

)@ B GIHH(=v)y,

™Y 25 = S
922~ Gy

(2.2)

where m = const > 0, H(y) is the Heavyside function, u = u(z,y). The
equation (2.1) in the upper half-plane coincides with Fourier’s equation

o _on
ozx2 Oy

40

(2.3)
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and in the lower half-plane it coincides with
m O Ou
(—v) 92 @
which for y = 0 transforms to an equation of parabolic type.
Let © be an area bounded by the segments of straight lines

AAO L= O,
AoBy : Yy = yo,
ByB: x=m,
and the characteristics
2 m2
AC: 22— —(—y) 2 =0
T 5 (=)
and 5
m—42
BC': —(—y) 2 =
() =

of the equation (2.4); QF = {(z,y) : 0 <2z <7, 0 <y < yo} be the
parabolic part of the mixed area €2; 2~ be the part of the area €2, laying in
the lower half-plane y < 0 and bounded by the characteristics AC, 0 < x <
5, BO, § <2 <r and the segment AB; ]0,7[= {(2,0): 0 <z <71}

— U+(I,y)7 V(x,y)anL’
o {“wy% V(ry) €, (2.5)

where D} is the operator of fractional integrodifferention of Sturm-Liouville
of order |I| starting at the point 0.

Consider a problem of Tricomi type for the equation (2.1) in Q, with
nonlocal condition of linear conjugation.

Problem 1. Find a regular solution of the equation (2.1) in the areas
QF, Q~, with the following properties

ut e C(Q )mCl(mu] rl), uwweCc@ )ynct(QUo,r), (2.6)

u ( 0) =u" (z,0) = ADg u (t,0), 0 <z <w, (2.7)
a(“Jray“)y_ozo, O<z<r (2.8)
ut(0,9) = @o(y),u” (ry) = ¢r(y), 0<y <o, (2.9)
u*‘AC —9(0), 0<z<r (2.10)

where Q) is the closure of Q, A is the spectral parameter, o(y) and ¢, (y)
are given functions of the class C''[0, r], and

Y(z) =u [g, _ (mTHm) 2/(m+2)]

is a given function of the class C3[0,r].
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Nonlocal condition of conjugation set by the equation (2.5), and local
boundary conditions (2.6), (2.7) coincide with Tricomi conditions. For A =
0, the problem (2.1) is an analogue of Tricomi type problem.

From (2.5) and (2.8) for z = 0 and (2.7) for y = 0, it follows that
the equality po(0) = ¥(0) is a necessary condition for the consistency of
boundary data.

We have the following lemma

Lemma 2.1. Let (2.3) be a solution of Problem 1

=u (x viz) = 8117_ = x_ﬁu x r
7(x) = u” (2,0), v(r) i |, 0; (z) € L[0,r].
Then
7 (z) = A (2) = v(2), 2.11)
L(20) Dy, 7 (t) = [Bmv(@) + 27 Dy, P (1) T(B), (2.12)
0 =900 1)~ A (-0 d=p0), (213
0

where T'(2) is Eulers gamma-function, and
m T2 - 23

_m_ _ 28T 2P g 4p5)28-
2m +4’ ﬁm_l“(l—ﬁ)(z B

8=

In fact, as u = u™ (z,y) is a solution of the problem (2.1) in the area QF,
from (2.2) by (2.4) we have u*" (,0) = v(z). On the other hand, according
to the nonlocal condition of conjunction (2.5) ut” (x,0) = ' (z) — M ().
From this equality the equality (2.10) follows between 7(z) and v(z). The
equation (2.11) represents another form of the known equation of theories
of the relation between 7(x) and v(x) known from the theory of mixed type
equations, brought from the area (2~ to the line of parabolic degeneration
for Cellersted’s equations. The condition (2.13) is a consequence of (2.5)

and (2.7).
Excluding from the system (2.10)—(2.11), we have
Lﬁf(m) (CC) = AT+ w,@(l‘), (2.14)
where
Lgr(a) (@) = 7"(2) — gDy, (1), (2.15)
s 1 _
o= goage Vr == DL ) (2.16)

Hence, due to the condition of Lemma 2.1 the function 7(x) = v~ («,0)
should be a solution of the following nonlocal problem.

Problem 2. Find a solution 7(z) of the equation (2.13) of class
C?10,r[NC[0, r[, satisfying the condition (2.12).



Boundary Value Problems for Differential Equations of Fractional Order 43

Passing to investigation of structural and qualitative properties of the
solution of the Problem 2, we will notice that any solution of the equation
(2.13) of the class C?]0,r[NC[0,r[N]0, 7] will be a solution of the equation

7(x) = 7(0)2+7(0) + 13Dy Doy “*7(€) + ADg, 7 () + Doy *up(t). (2.17)

The equation (2.16) is deduced from the equality (2.13) after application
of the operator Dé;w to both its parts.
It is easy to see that

o rooa o L
DOQI,’?D(l)t 267’(5):/(95—75)& DOth(f) dt:D0x1D0t25T(§):D0x1D0t2ﬁT(t)'
0

In view of the latter from (2.16) by virtue of (2.12) we have

#r(0) = 0(0) = rr'(0) + gDy, 7(t) + Dy s(2). (2.18)
Substituting the value of 7/(0) (2.17) into the equation (2.16), we have
7(x) = ug Dy, 7(t) + a1x Dy, () + ADy27(t) + fo(), (2.19)

where a; = =22 a=1+28=2(m+1)/(m +2),

fa(x) = Dogu(t) + ¢o(0) + % [£0(0) = 90(0) — Dg;"vs(t)].  (2:20)

The equation (2.18) is an integral Fredholm’s equation of the second
kind and it is equivalent to Problem 1.

2. Formulas for Calculation of Eigenvalues of a Boundary Value
Problem

Introduce some formulas from the theory of disturbance which we need
in the further. Let T'(x, &) be a linear operator bunch,

T(x,e) =T+ xT" +T",

where T is a complete self-adjoined operator all eigenvalues of which are
isolated and have multiplicity equal to 1; 7" and T" are defined in the same
Hilbert space as T'; T' is bounded.

T(x.e) —¢=T—C+xXT' +eT" = [J+ (xT' +T")R((T)|(T - ¢)
if ¢ is not anigenvalue of T'(x, ). Then, the resolvent
R(G,w,2) = R(C.T)[J - (XT' = <T")R(¢,T)]
exists if the term
[J = (T = eT")R(C,T)] ™
may be determined as a Neumann’s series

oo

[J— (T’ = TR T)] =3 [~ (KT = TR D),

n=0
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i.e. the operator A, inverse to the operator [J + (xT” + 5T”)R(§,T)]_1,
exists and equals to

> [- &I +eT")RE D))",
and for this a sufficient condition is the condition
[IXT" +eT"|| < |R(C,T)]|. (%)
So, if the equality (x) is fulfilled, then

R(¢,T)[J + (XT' +eT")R((,T)] ' =

=R(C.T)) (- (XT'+T")R(,T))" = R(¢,x.e).  (2.21)
p=0

Let X be an eigenvalue of the operator T' = T'(0, 0) of multiplicity m = 1,
I" be a closed positively oriented contour contained in the resolvent set and
containing only eigenvalues A of T'. Consider the projector

P(X7€) = _% R(CvXae)'
T

Assertion 2.1.
dim P(x,e) = dim P(0,0) = 1.
Proof of Assertion 2.1 follows from Lemma 1.4.10 [16].

Assertion 2.2. Let A be an eigenvalue of the operator T(x,e) corres-
ponding to the eigenvalue A\ of the operator T. Then

A €) = tr(T(x,e)P(x,€)) = A+ tr(T(x, €) = A) P(x,¢).
Proof of this assertion follows from the definition and from
trP(x,e) = dim P(x,¢) = 1.
This formula gives a complete solution of the eigenvalues problem.

Assertion 2.3.

Axae) = ———tr / (C = NR(C,y, &) dC. (2.22)

0w
r
In fact,

(T(x:€) = A R(¢xe) = (T(xe) = C+C)R(C x.€) =

Integrating both parts of the last inequality over ¢, we obtain

1 1 1
= [ B = 5 [dc- o [e- MR 2
T r r
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[ Bcxadc=rPoca), [ a0
I

r
Assertion 2.3 is proved.

As

Assertion 2.4. The following equality holds

A(x,€) = ——/log (XT" +T")|R(¢,T) dC.

Proof. From the formula (2.22) we have
d
A(xe) — A = / Z (=N L [= (T +=T")R(C, T))" d.
 2r d
Substitution of (2.21) instead of the resolvent R(C, x,€) gives us

A(e) — A= — tr/<< C MR x2)dC =

2im
r
_ ! log (1 T TR, T)|) d
— 5i [ ToB (L4 [T + TG D] .
r

Until now we have considered various power series of xy and € and did not
specify explicitly a condition of their convergence. Now we investigate such
conditions.

The series (2.21) obviously converges if the equality

(T +eT")|| < 1
holds and this condition takes place if

Xl <35 (IIT' CDI)s lel <5 (IIT”IIR(C 7).

Denote by ro(x) and r1(¢) the values of x and g, respectively for which we
have

(TR D)™ =2xl, (IT"REDN) ™" = 2.

Clearly the series (2.21) converges in regular intervals on ¢ € T if

< ;o — m el < ry = mi . 2.93
x| < ro rcnelgro(é) lel < Iglel;lﬁ(@ (2.23)

Hence it is clear that the radia of convergence rg and r; depend on the
contour I'. O

Assertion 2.5. Let p = max r1|¢ — A|. Then
€

p
|/\(Xa€) - /\‘ < E .
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In fact, from (2.22) we have

Ax2) = A= [T )P )] =~ tr (€ = VRIG 10 2) .

21
r
Then
1
A8 = Al = g tr (€= R e <
T
p o
< f-tr [ RGxe)d = L trP(xe),
27 2T
T
Since p
9 trP(x,e) = dim P(x,¢) = 1,
we have

AGxe) = Al < pl2m) L. (2.24)
A simple analysis of the formula (2.24) shows that the less is p, the closer

gets A(x, ) to X as expected. Moreover, the less are x, &, the less should be
Ix|, |e] in general, for A(y, ) to get within T

Assertion 2.6. Let T'R((,T) € Gp :
[(XT" +eT")R(C, T)|| <1, (2.25)
{T'R(,T) + T"R((, T) fv = X[ak(vigi) i + b (vigi)thi] (2.26)
where (pip;) =0, (pivi) = 1, (pith;) = 0. Then
(T'R+ TR = (T'R)™ ) + (TR,
(T'R + T"R)*>*™* = (T'R)*>™* + T(T")** R*"+1.

Proof. Consider the double power series
14+ (=XT'R(¢, T)) +(—xT'R(C, T)) +(—XT'R(¢, T))*+ (—XT'R((, T))*+
+t (= eT"R(C,T)) + (= XT'R(C,T)) (— eT"R(C, T)) +
+(—eT"R(C.T)) (— XT'R(, T))+

4o (= XT"R(C,T)) + (— eT"R(C,T))" + -+

The general member of this series can be rewritten as
[(XT" +eT")(R(C, )]

Rewrite the formula (2.26):

(XT'R((,T) + eT"R((, T)|v* =
— {[\T'R(¢, 1)) + XeT' R T)T"R(C,T) + xeT"R(C TYT'R(C, T) o =

_ {x2 [T'R(¢, T)]*Xxe[T"R(¢, T)T'R(C, T)]fu},
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[XT'R(¢, T) + eT"R(¢, T)]*"v = [\*"(T'R)*" + ex>"~'T" R(T' R)*" '],
(T'R(¢,T) + T"R(¢,T)) v =
— (T'R(¢, T) + T"R(C, T))* (T'R(¢, T) + T"R((, T) v =
= [(T'R)® + T"R(T'R)*]v,
[T'R+T"R)* v = [(T'R)* + T"(T')*(R(¢, T))*"*']v

which proves Assertion 2.6. |

As a consequence, we note the following interesting fact.

Corollary 2.1. Let T(z) = xT'+ T, A\ (z) be the eigenvalues of T(x),
An be the eigenvalues of T, where T'R(¢,T) and R(¢,T) are completely
continuous operators, x be a complex parameter, and

R(¢,T)T' =T'R(¢,T).

Then
where [16]

1
Pu= g [ BCDC
I,

Proof. From the equality

700~ = 5 [r( 3 ) ac

p!
T

considering

dn+1

et (R(¢,T)) =nlR(¢,T)
and

n![T'R(¢,T)]" = [R(¢,T)]"nl(T")",
we obtain
B 1 (7X)n o dn+1
Aulw) = = gty = (0" G RGT) e

Calculate the integrals

/d%(R(C»T))dCZ/d(R(C,T))zo, n> 1.
1% ry

Therefore

1
M) = A = =g tr [ XTREGT)dC = x0T,
s
I'n

Corollary 2.1 is proved. O
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If T coincides with a projector, the statement of Corollary 2.1 is obvious
without planimetric integration. As

M) = n = = [ #r[(¢ = MR x.9)] .
Cn
we have
1 ' 1" p1
Ml@) = An = 5= [ (D2 [T+ R D)) ;) d =
rn

- % / tr[XT'R(C,T) + €T R(C,T) + x3(T')A(R(C T))*+
Tn

+xeT'R(¢, T)T" R(C, THxeT " R(C, T)T'R(¢, THe*(T" R(¢, T)) %+ - ] dc.

Theorem 2.1. Let the operator T’ be permutable with the operator
T, and the operator T"R({,T) be a nilpotent operator with parameter of
nilpotence equal to 2, T'R, T"R € Gr. Then

)\n(x) —Ap = XSpT/Pn + ESpT”Pn,

where Py, is a Riesz’s projector of the operator T corresponding to Ay, :

1
I'n

Proof. From (2.27),

/\n(X7€) —Ap = Z megn/)\\nma
m=0n=0

where

N 71 m+n+1
/\nm = ( )

/anmtr(T’R(C,T))m(T”R((,T))" dg.

'y

2

As the operator T” R(¢,T) is nilpotent, we have

~ -1 m+1

AOTIL = ( 23/]]_ C,,knk /(T,)m(R(C,T))m,
T'n

N (_1)m+2 m 1\ N pm

S = g C [ @R DT R
Ty

~ -1 m—+1

Ao = S [ agm (T RG TR

I'n
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We obtain XOm = xtrT'P,. Now as in proof of Corollary 2.1 we have
An (X, €) = XAom + EA1m. For calculation of Ay, we will use

/aﬁ«w»:a
Thus
ié—fmm/rmxjmr%@Jnaz

/RC, T'TR(C,T) d¢ = 0.,

Taking into account that

(&) .1y = ni[REC T (n=1,2.3....),

d¢
we obtain
T'P,, k=0,
/T’T”Rk+1(<, T) dC — v
0, k #0.
Tn
Thus XOm = xtrT'P,, le = etrT" P,,, which proves Theorem 2.1. a

Now using Theorem 2.1 we will calculate the eigenvalues of the problem

" +eD'V U+ du =0, u(0)=0, u(r)=0, 0<a<l, (2.28)
where D'~ is the operator of fractional order 1 — o in Weil sense, i.e.
1 2
l-a,, . — _ -«
D ™% = 5 I u(x — )~ (¢) dt,

0

1—a = kt—(1—a)m/2
v (t)z?I;COS[ e,

Suppose first that c(z) = const. Represent the operator D'~“R((,T) as
the sum

D'™*R((,T) = xT'R(¢, T) +T"R(¢, T)
so that 7" and T" satisfy the conditions of Theorem 2.1. Since the operator

Tu= {U(O) —0, u(r)=0,

is a full self-adjoined operator,

o0
2 ( v sin kx .
— sin kx.

:]

k=1
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Thus

2 =2 kx)
Dl_aR(g,T)v _ 7D1_a( 2 (v, sin kx
T

s —

) sin kx.
k=1

As
DY %sinkz = i [leo‘ sin kx}
dzx

dr _, . %
= — |n %sin(nz — —

)} =pl—® [cos NI CoS an + sin an sinnx}
Cdx 2 /1 2 2 ’
we obtain
DeR(C.T) 2 o= nt (v, sin kx) [ L ar om]
V= — E ———~ |coskxrcos — +sin — | =
’ ™= k 2

i k
) coska+ 2 Smizklam

k=1 ¢
Thus B B
D' “R(¢,T)v = AR(¢, T)v + BR((, T)v,
where
Av = sin % Z(v, sin kx) sin kx,
k=1
Bv = cos % Z(v, sin kx) cos kx.
k=1
Indeed,
- k
AR((,T)v =— sin — Zkl O‘[Z v, sin kz) sin jx sin kx] sin kx =
=1
_ 2 (v, sinkz)
T oan kl «@
2 gin® Z 2,
2 > (v, sin x)
BR({, T)v == cos —Zkl O‘(Z ] 5inja:,sinja:) coskr =
o k=1 k=1
_2 cos XX
o 2’

[AR+BR]27H-1 [(AR)2n+1 + BAQnR2n+1]

The fact that the operators A, R(¢,T) are permutable, is checked directly:

9 .
AR, T)v = p cos X 5 Zkl Q(Z W sinj:z:,sink:;z:> sinkzx =
k=1 Jj=1
2 T o= 1_,, (v,sin kz)
— 2 gn -0 kl a \Yy P vl
22Ty

5 sin kx,
k=1 k* =<
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2 am i (Av, sinnx)

R(C,T)Av:; €08 —- e sinnx =
n=1
5 oo Z ~*(v, sin kx) sin nz
= ; 7; =1 W2 sinnx =
2 sinam o= n'~%(v, sin kx)
=— Z sinnx =
g n=1
= (C, T)v,

i.e.,
AR(¢,T)v = R(¢,T)Av
Now show the nilpotence of the operator BR((,T'):

[BR(¢,T)]*v = BR(¢, T)BR(¢, T)v =

2 ar i pla (BR(¢, T)v, sin kx)

= cos 2 ¢ coskxr =
5 s (% cos9F Z (“Lnjcx)cosyx sin kz)
am
:;cos7z ¢ coskx =
k=1
(vsin jz) cos 7 in k ) k
= jx,sin kx) cos kx
2 amr12 & = J2=C¢
_ |2 an klfoc = =0.
Lr ST } Z k2 —¢
k=1

According to Theorem 1.4.1 [16], for the eigenvalues of the problem we have
Hi = n? + XOm + le.
Calculate A, = trAp,. As P, = ﬁ | R(¢,T)d¢, py is an integral opera-
tor with the kernel 5 Fn
P, (z,y) = - sin nx sin ny,
ie.

™
2 2
Py = f/sin nx sinnyv(y) dy = (11 sin nx) sin nx.
T
0

We obtain
2
Appv = — sin E k'~ (v, sin nx)(sin nz, sin kx) sin kx =
T

2

am
= = sin — (v, sinnz)n' =% sinnz.

0 2
Find the eigenvalues of the operator AP,. AP,v = \v, that is,
2 . am

— sin—- n'~%(v,sinnz) = vA.
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Thus \y =n'~* 2 gin 2% then 4P, = \; = 2 n'~%*sin &€ . Further
T 2 T 2
2 am

BP, = — sin -5 Z(pnv, sinnz) sinne =

oo
. —af2 . . .
= — sin — E nl (f (v, sin kx) sin kx, sin nx) cosnT =
™

k=1
7r

2 am 2 am
= — sin — (v,sinkx) cosnx = — sin — cos nx/v(t) sin nt dt,
s 2 s 2

0

ie.,
s
2 «
BP,v = — sin % cos n:c/v(t) sin nt dt.
™
0
Calculate the trace of the operator BP,

BP, =Y A\(BP,).

To find the eigenvalues of the operator BP,, we will solve the equation

BP,v = v,
that is,
2 . am .
— sin—- cosnz v(t) sinnt dt = Av(t).
™
0

Clearly P, = 0. Thus

. T
i =12+ n' asm7.

For solution of the problem (2.28) in case c¢(x) = const we use the following
theorem being certainly of an independent interest as well.

3. Estimation of Eigenvalues

Theorem 2.2. Let the eigenvalues of the self-adjoint operator Ag with
discrete spectrum be )\%0) =n?(n=1,2,3,...,q), the normed eigenvectors
be ¢,, and let B be a closed Ay-bounded operator with

Da, € Dp, |[|Ben| = O(n?)
Then for the eigenvalues A, of the operator A = Ag + B we have
An —n? = 0(n”).

Proof. Let I',, be the circle with radius 1 and with the center at the point
n?. Let n be so enough that inside of I';, there are no eigennumbers except
An. Let the operator A be defined by the formula A = Ag + B. We need
the following known result. O
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Lemma 2.2. Let Ag be an operator with compact resolvent R((, Ao),
operator B be compact with respect to Ag. If A is a bounded area with
rectifiable boundary T and (Ao +tB)NT = & for all t € [0,1], then the
operator A also has a compact resolvent and

N(A, Ay + B) = N(A, Ay),

where N(A) is the number of eigenvalues of the operator laying inside the
area.

Proof. Let R(C, Ap) be the resolvent of the operator Ag. Then

R(Ag,Q) = Z (Ué;pn)?n :
n=1

By Lemma 2.1 it follows that if || BR((, Ao)||r,, < 1, then o(Ag+tB)NI' = &
for all t € [0,1] and

V, Pn)Pn
IBR(C. Ao)r, = HZ Bei

—¢
<Z‘

Further,

n

”( ) Pn @n“

v Qpn ‘Pn
B < —" E

; kP — (n1—1/3)

n® = kP
_; o (nd—1/3) P —ni11/3 +k§+1 (i —1/3)
The last sum will be less than 1 if by means of finite disturbance the operator
Ay is replaced by the operator Agv = Agv — 3n” (v, ©p)Pn. O

Theorem 2.3 essentially strengthens and generalizes a known result of
M. K. Gavurin.

Theorem of Gavurin. Let the eigenvalues of a self-adjoint operator
with discrete spectrum be A = pa (n=1,2,3,...; ¢ > 1), the normed
eigenfunctions @, and B be a closed symmetric operator with

Da, C Dp, ||Benll =0O(n").

Then, for the eigenvalues of the operator Av = Agv + Bv we have

(Bok, on)|(Bek, on)|? Kgn

q

)\ =N +Z |kq,nq|2 1+ Z ‘Bwk7W7L)I +
k#n “TRa—nal?

k#n
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(Bek,pn)(Ben, 1)
k%ﬂ (ha—na) (17 —n1)
+= B~ T O0"):
1 + Z ‘kqi,nqﬂiQ
k#n

Here we will note that from Theorem 2.2 follows the known formula of
I. M. Lifshits, having greater applications in quantum statistics.

Theorem of I. M. Lifshits. Let H be a self-adjoint hypermazimal
operator, T be a self-adjoint finite operator. Then

> _(n = An) = spT,
where p, are the eigenvalues of the operator H+ T, A\, = A\, (H).
From Theorem 2.2 it follows a theorem generalizing Lifshits’s theorem.

Theorem 2.4. Under the conditions of Theorem 2.2 the formula

o0

> (Anlx:€) = An) = espT’ + xspT”

n=1

holds.
Now in the case c(x) # const from Theorem 2.2 follows

Theorem 2.5. For the eigenvalues A, of the problem the following
estimates hold

Proof of this theorem follows from the proof of Theorem 2.3 for ¢ =2. 0O

4. Cauchy Problem for Differential Equations with Fractional

Derivatives
Consider the problem
—u" + D§u+ Au =0, (2.29)
u(0) =0, «'(0)=1. (2.30)

We know [63] that the problem (2.29)-(2.30) has a unique solution u(z, \)
for any A. For the further it will be important to know whether the function
u(x, \) will be an entire function of genus zero.

Theorem 2.6. The solution u(x, \) of the problem (2.29)—(2.30) is an
entire function of genus zero of the parameter .

Proof. Assume that ug = = and

xT

Un (2, A) = uo(z, A) + / {(m — ) % (8, N) + M — ) un_1 (8, )\)} dt.
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Let |[A\| < N. Then

‘ul (2, \) — ug(x, )\)’ <

For n > 2 we have

lua (2, \) — ug(z, A)| <

x

< / [ =)' u(t) + M = s (1) — (2 = 1)~ = Az — 1)t } .
0
Hence

|uQx)\—u1m)\‘

$3_a m3—0¢
Sm+N§+N( ) (N+1) [7}

and in general

|t (@, A) = 1 (2, M) < (N+M)”[(2 [ Erpeey ey )
Hence the series
u(z, A) = ug(2,A) + Y {un(z,A) = un_1(2,))} (2.31)

converges in regular intervals of A, for |A\] < N and for 0 < z < 1. As for
any n > 2
u;l(x, )‘) - U;Lfl(x’ )‘) =

- / L@ = )7 (1 (£.3) = (8. 0) Mot (8,3) = (X)) }

0
U (2, X) = upy (2, A) = { D, + A} (un—1(2,A) = tn_2(2, 1)),

we have that the series obtained by once and twice differentiation of the
series (2.31) also converge in regular intervals of . Thus

= Z {ux(l’,/\) - u%_l(x,/\)} =
n=1
= (2, \) = ug (2, A) + Y {ul(@,N) —ul_(z,\)} =

= {Dg, + AHuo(z, N} + > {un(@, ) — 1 (2,0} =

n=2

= {Dgl + A}{UO(J}, A)} + A1”'0(337 A)a

and u(z, \) satisfies the equation (2.29). Clearly u(z, A) satisfies the condi-
tions (2.30).
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Now, along with the problem (2.29)—(2.30), we will consider the follow-
ing problem
v — ' (x) = Av(z), v(0)=0, v'(0)=1.

It is known that the solution v(x, A) of this problem is an entire function of
genus zero. Take a vo(x, \) and let

(2, A) = vo(z, A) + / {1+ Xz —t)vp_1(t, A) } dt.
0

Write u,(z, A) and v, (z, ) as
un(x, A) = ap(z) + Aay(z) + -+ - + A\a, (x),
(2, N) = bo(x) + Aby(x) + -+ + A"by, ().

Clearly |a;(z)| < b;(z), = € (0,1). Then, from the theorem of Hadamard
follows that u(x, A) is an entire function of genus zero. O
5. On a Method of Estimation of First Eigenvalues

Consider the problem
—u" + D§u+ du =0, (2.32)
u(0) =0, o/(0)=1. (2.33)

Let u(x, A) be a solution of the problem (2.32)—(2.33). We have already
established that u(x,\) is an entire function of genus zero. Hence it is
possible to represent it as an infinite product

u(x, \) cﬁ (1;;),

where c is a constant unknown as yet, A; are zeros of the function u(1,\).
Since the zeros of the function u(1,\) coincide with the eigenvalues of the
problem (2.32)—(2.33)

—u" 4+ D§,u = Au, (2.32)
u(0) =0, wu(l)=0, (2.33)

the investigation of the eigenvalues of the problem (2.32')—(2.33') is reduced
to the investigation of the zeros of the function u(1, A). First of all we need
the following interesting statement.

Lemma 2.3. All eigenvalues of the problem (2.32')—(2.33') are positive.
Proof. For proof of the given statement we will consider the following prob-
lem

—u" + D§u = Au, u(0)=0, u(0)=0.
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This problem is equivalent to the equation

x

u(z) =+ / [(z =)' = Xz —t)]u(t) dt. (2.34)
0

Denote
[(z—t)17°], 0<t<a<],
0, r<t<lI.

Kl(l',t) = {

We will define the further sequence of kernels { K, (z,t)}7° by means of the
recurrent, equalities

Kor(2,1) = / Ko (2,02 Ko (2, 1) .
t

Elementary calculations show that

Fr1l-a)l'(2-a)

Ky(z,t) = — )32
o(rt) = A =g g ()
rere - o) 3_ 1 3
—2) )T+ — (x—t
Td—a) @0 45—t
Using induction in n we obtain
Kppi(z,t) = KDy (2,8) = AK )y (@,8) + AKZy(z,t) + -+, o>t

Elementary calculations show that K7 (z,t) > 0 for z > ¢ for any n. From
here for the resolvent of the equation (2.34) we have the formula

R(z, A\ t) = Z Kpi1(z,t,A) = ap(z, t) — Aag(z,t) + )\2a2(x7t) + -

n=0
where a;(z,t) > 0 for x > t. Since the solution (2.34) is represented as
u(z) =z + /R(ac,knﬁ)tdt7
0

we have

1
u(1,\)1 + /R(l,)\,t)tdt =30 — Aay + N2ay — Nag + -,
0

where ag,ay,...,a,,... are nonnegative numbers. Thus X is an eigenvalue
of the problem (2.32)—(2.33), iff A is a zero of the function w(A) = u(1,\) =
ap — Aa1 + A%ay — -+ . But it is obvious that w()\) hasn’t negative zeros.

From the estimates obtained in (2.32) it follows that the eigenvalues

Jj=1
{A;} of the problem satisfy the equality > )\;1 < 0. Therefore for the
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operator A induced by the differential equation (2.32") and the boundary
conditions (2.33") we can introduce the determinant

HkM A)).

Clearly D,(\) = u(1, A). Further, as in [3], we will consider the logarithmic
derivative of the function

[In(Da(N)] = D/ me , (2.35)

where x, = spurA™. By virtue of the equality (2.35) we have
w'(A 1)
=— E A"
’LL()\, 1) Xn+1

Let Taylor’s series u(x, \) look like

=) Sa(x)A

n=0
where u(z, A) is the solution of the problem (2.32')—(2.33’). Then

/\nl
R s

From this equality we have

Xnt1 + Z Sm(]‘)Xnn{»lf'nL = —(’I’L + 1))\71

These equalities form a system of non-homogeneous linear equations for x
So()xy + 0% x, + 0%, +--- + 0% x, =51,
Sl(l)X1 +SOX2 +O*Xs ++O*Xn :SQa

n+1

Sp-1(1)X; + Sn-2X, + -+ So(1)x, = —nSn.

Hence for determining x, we have the recurrent formulas

X, = — [nSn(l) T nz_:l 5,,_1(1)Xn_p] . (2.36)

From (2.36) it follows that for determining x, (n = 1,2,3,...) it is
enough to know that S,(1) (n =1,2,3,...). We know that the problem
—u" 4+ DSu=Au, u(0)=0, u(l)=1

is equivalent to the equation

—x—i-/{a?—t Az —t)} dt. (2.37)
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Since the solution (2.37) is an entire function of the parameter A, we have
u(z, ) = Sn(z)An. (2.38)
n=0

Substituting (2.38) in (2.37) we have
So(x) + XSy (2) + A2Sp(z) + -+ =

=z+ / (=)' = Mo — )] [So(t) + -+ + A"Sp(t) + -] dt. (2.39)
0
From (2.39) it follows

T

So(z) =z + [ (xz —t)' " u(t)dt, (2.40)
/
Si(x)=— [ (@ —t)So(t)dt + [ (x—1)' =S, (x)dt, (2.41)
/ /
So(x) = [ (x —t)' " *Sy(x)dt + [ (x — )78 (x)dt, (2.42)
/ /

Solving the equation (2.40), we obtain
So(z) = xE,(z'/*;2); Sp(1) = 1.

For solution of the equation (2.41) we will calculate

x x

/(x —1)So(t) dt = /tEp(tl/p; 2)(x —t)dt = 2 E,(x'/7;4).
0 0
Then

’ 1
ao(a:):x3Ep(m1/’);4)+/(x — M8, (e —0) 7 D) OB (1 4) dt =
p
0

1
=—c (xSEp(xl/p; 4)+copxTi/e {Ep (ml/p; 3+7) -
p

(3+;)Ep<z1/p;4+;>}>.

It is likewise possible to show that
BB (1P 5+1/p 1p.r L
as(x) = —ca”E,(z/*;6) + cpx Ep<:1: ,5—&—7)—
p

1 1
_ C,O<5 + ;)x5+1/pEp (ml/p; 6+ ;)_
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5+1/p 1/p. 1 1 5+1/p 1/p. 1
—c|pz Ep(gc ,5+;)—p<5+*)$ E,,(:E ,6—1—;) +
1
n Cp{px2/9+5E ( e, 5 4 p) 2/ ( .64 ;>_

1 1 2 1
- cp(5 + ;) [xz/p+5Ep(x1/p;6 + 7> - (5 + ;)Ep(xl/”;fi + ;)xz/p+5+

Zx<k+2/p5 iC K2 )}}

+6+
Now note that from (2.36) it follows that
1
Si(1) = =xi, S(1) =5 (]~ xa)-

As all eigenvalues of the problem (2.27')—(2.28) are positive, obviously

1 1
A >— =—=.
' X1 Sl(l)
The estimate from below for A; looks like A1 < x, /x,- ]

Now taking into account that it is possible to calculate S; and Ss to
within 1072, we will obtain

Theorem 2.7. For the first eigenvalue A1 of the problem (2.32")~(2.33")
we have the relation

(1.85)71 < A\, < 3.86.

Note that it is likewise possible to find estimates for the eigenvalues of
the problem

—u" + D§°u + Dilu = A,
u(0) =0, wu(l)=0.

6. Mutually Adjoint Problems and Problem of Completeness of

Eigenfunctions
For the equation
u' + Zal 2)D3iw;i(z)u = M, 0< a; <1, (2.43)
consider the problem
u(0) =0, wu(l)=0. (2.44)

Along with the problem (2.43)—(2.44), we consider the problem
2"+ Zw] (Dgi) aiz + Az =0, (2.45)

z(O) =0, z(1)=0. (2.46)
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Here (Dg;)* is the adjoint operator to the operator Dg i.e.

e 1 d [ )

x

in a certain sense associated with the problem (2.43)—(2.44). We will call
these problems mutually adjoint.

Let {v,(x)}22, be a system of eigenfunctions of the problem (2.43)-
(2.44), and {z,(x)}52; be a system of eigenfunctions of the problem (2.45)—
(2.46).

We will establish that the systems of functions {v, (z)}52, {zn(2)}52,
are biorthogonal on [0, 1].

Theorem 2.8. The system of eigenfunctions {v, ()}, is complete
m L2 (0, ].)

Proof. Introduce the operator

Mu = {u(0)7: 0, wu(l)=0.

Then the problem (2.43)-(2.44) is equivalent to the equation
u+ M~ {Zal YDgiwi( )u} —AMlu=0
i=1

i.e., the problem is reduced to investigation of operators of Keldysh type,
where

t(x—1), t<ux,

1
M1 :/G HDudt, Gr(z,t) =
" r(z, thu r(@,?) {x(tl), t>1.
0

Clearly M~! is a complete self-adjoint operator,

(Zal x)Dyiw;(z )u)EGl7

M~ is a kernel operator. Then, from a theorem of Keldysh [3], it fol-
lows the corresponding completeness. Denote by n(r) the exact number of
eigenvalues of the problem (2.43)—(2.44) laying in the circle |A| < 7.
Problems on distribution of eigenvalues consist in studying asymptotic
properties of n(r) as r — oo. O

Theorem 2.9. The following equality holds
lim n(r)/r1/2 =1.
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Proof. Studying the spectrum of the problem is reduced to studying the
spectrum of the linear operator bunch

L) =J+ M*l{ Zn: ai(:r)Dg;wi} —AML

=1

Clearly,
M ( Z ai(x)DS‘;wi(x)u) € Gi.
i=1

M~! is a positive operator. If for the function of distribution rn(r) it is
possible choose a nondecreasing function ¢(r) (0 < r < 0o) possessing the
properties

1. lim ¢(r) = o0, o(r) T (r — o0);

/
2. lim [In(e(r)]" = lim ?'(r) < 00;
Jim [In(p(r)] = lim o(r)
3 gm0
r—oc ()

then by theorem of Keldysh,
n(r)

lim ————— =1.

r—oo n(r, Mﬁl)

As ¢(r), in our case, obviously it is possible to take the function p(r) =
r1/2. This proves Theorem 2.9. |

Consider the differential expression
Ly = —y" + Dg,y

on the finite interval [0, 1].

Let T be an operator defined in the Hilbert space H = Ls(0,1) by
the operator L with boundary conditions y(0) = y(1) = 0. Certainly, the
operator T is a weak disturbance of the operator

. {u
w(0) =0, u(1)=0.

Formulate a theorem which is quite important in studying the operators
of the type T.

Theorem 2.10. The operator T is dissipative.

Proof.
d2 (e} o
(Ty,y) = (— el y,y) + (DG2y:v)s (Dogy,y) = 0.

Thus the operator T is dissipative. O
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7. Construction of a Biorthogonal System

Consider the Sturm—Liouville problem for a fractional differential equa-
tion

u//

u(

u

(

+ am(z)u' + a;(z) Dgiw;(x)u + Au = 0,

0) cos(a) 4+ v/(0) sin(ar) = 0, (2.47)

1) cos(B) + /(1) sin(B8) =0

and the problem
z — lam(z)2(z)] — wi(z)D5ia;i(t)z(t) + Az = 0,
2(0) cos(a) + 2’(0) sin(a) = 0, (2.48)
z(1) cos(B) + 2'(1) sin(B) = 0.

We will call the problems (2.47) and (2.48) mutually adjoint.

Following M. M. Dzhrbashyan [10], we introduce the functions

w(A) = u(1,\) +u/(1,\) sin(3),

w(A*) = 2(0,\*) + 2/(0, \*) sin(«),

where u(z, A) is a solution of the following Cauchy problem

u” + am(z)u + a;(z) D§iw;(z)u + Au = 0, (2.49)
u(0) = sin(a), «'(0) = — cos(a) (2.50)
and z(x, \*) is a solution of the problem
2'(x) + am(2)2' (z) + wi(z)Dyia;(z)z + N2 =0, (2.51)
z(1) =sin(B), 2’ = —cos(p). (2.52)

The existence and uniqueness of solutions of mutually adjoint problems
(2.47) and (2.48) are already proved [3].

Clearly if u(z, ) is a solution of the problem (2.49)—(2.50), then a
necessary and sufficient condition for it to be also a solution of the problem
(2.47) is

w(A) = u(1, ) cos(B) + u'(1, A) sin(B3).
There is a similar statement for the solutions of the problems (2.51)—(2.52).

For construction of an orthogonal system of eigenfunctions and associ-
ated functions of mutually adjoint problems by method of M. M. Dzhrba-
shyan we need the following

Theorem 2.11. Let 6, (0) = a,,(1) = 0. Then for any values of the
parameters A\, A\* the identity

(A= ") /u(a:, N A7) da = w()) — w3 (2.53)
0

holds.
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Proof. Due to the definition of the functions u(z, A) and z(x, A*) as solutions
of problems of Cauchy type, we have (2.49)-(2.50) and

2" (z, A%) [am2(z, )\”)]/ +wi(x)Dgiai(x) + Xz =0,
2(L,\) =sin g3, 2'(1,\*) = —cosf.

Multiplying both parts of the first equation of (2.47) by z(x, \*) and
integrating it from 0 to 1, we have

/z(x,)\*)u"(%)\) dm+/am(x)z(x,)\*)u’(x7)\) dr+
0

0
T

—|—/ai(a:)z(a:,/\*)D§;u(a:,/\) dm+//\u(m,/\)z(x,/\*)da:=
0

x

=w(}) *&(A*)/ (2, \)2"(z,\) d / am (z)z(x /\*)] u(z, \)+
0 0

+/ () Dyia;(t)z(x, AN )ulx, X) dx+)\/u(x,)\)z(:v,)\*)dx. (2.54)
0 0

At the same time, we multiply both parts of the first equation of (2.48) by
u(x, ) and integrate it from 0 up to 1. We have

z(x, \*)u z(x )\*)} u(z, ) de+

[t [t

—|—/wi(;v)Dgliai(t)z(x,)\*)u(x,)\) dx + )\/u(x,)\)z(x, A*)dx =0. (2.55)
0 0

Subtracting (2.55) from (2.56), we obtain
1

oy W) —w(y)
/z(x,/\ )dx = S
0

So we obtain an analogue of identity of M. M. Dzhrbashyan. O

Theorem 2.12. The formula
w(A) =w(N) (2.56)
holds if A = \*.

The equality (2.56) follows from the identity (2.53).
We needed to construct a biorthogonal system of eigenfunctions and
associated functions of mutually adjoint problems (2.47).
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Let {\,} be a sequence of all eigenvalues of the problem (2.47) arranged
in the non-decreasing order of moduli 0 < [Aq| < [Ag] < -+ < A, < -+
Note that a same eigenvalue may appear repeatedly in the above sequence.

According to M. M. Dzhrbashyan [1], for each natural number n > 1,
we denote by p, the multiplicity of occurrence of the number A, in the
sequence {)\1, [Aals ooy | Anl,s - }

Let {u,(x)}52, {zn(x)}52; be sequences of eigenfunctions of the prob-
lems (2.47) and (2.48), respectively. As in [7] we prove that the systems of
functions {un (2)}52 1, {ul (2)}52, are continuous on [0, 1), and the systems
of functions {z,(x)}5% 4, {z ()}, are continuous on (0, 1].

We will call a system of functions {u, (z)};Z; a normal system of eigen-
functions and associated functions of problem (2.47), and system of func-
tions {2, (2)}52; a normal system of eigenfunctions and associated functions
of problem (2.48).

Then we have the following important theorem of biorthogonality of
these constructed systems.

Theorem 2.13. The system of functions {u,(x), z,(x)} is biorthogonal
on [0,1] i.e.
1

/Un(:z:)zn(m) de = jzn(x)un(a:) do — {5mnl, for n #m,
0

0, for n=m.
0

Proof of this theorem is bulky and mainly does not differ from the proof of
the corresponding theorem of M. M. Dzhrbashyan [1] if there is the identity

1
w(A) —w(\)
/un(x)zn(x) dx = e
0
Systems of eigenfunctions and associated functions (3.19)—(3.22) are

constructed only on the basis of the identity (3.23) without reference to
the problem (2.47). Naturally from the identity it is possible to obtain the
sufficient information on the spectrum of the problem (2.47).



CHAPTER 3

Solving Two-Point Boundary Value Problems
for Fractional Differential Equations (FBVPs)

1. The Basic Concepts

In [8] and [33], the existence and uniqueness of solutions, and numerical
methods for FBVPs with Caputo’s derivatives and with Riemann—Liouville
derivatives are studied, respectively.

FBVPs with Caputo’s derivatives:

CDYy(t) + f(t,y(t) =0, a<t<b 1<y<2 (3.1)
y(a) =a, y(b)=5
and

CDYy(t) + g (t,y(t),S Dly(t)) =0, a <t <b, (3.3)
yla)=a, yb)=p, 1<~vy<2 0<6<1, (3.4)
where y : [a, 0] — R, f: [a,b] xR — R, g: [a,b] x R xR — R are continuous

and satisfy Lipschitz conditions

[f(t,2) = f(t,y)| < Kyle —yl,

|g(t, za,y2) — g(t, 21, 91)| < Kglaa — 1] + Lglya — v1 (3.6)

with Lipschitz constants Ky, K, Ly > 0.
FBVPs with Riemann-Liouville derivatives:

RLDYy(t) + f (t,y(t)) =0, a<t<b, 1<y<2, (3.7)
y(a) =0, y(b) =45, (3.8)
and
aRLD?y(t) +g (t, y(t), fLny(t)) =0, a<t<hb, (3.9)
yla)=0, yb)=p, 1<y<2, 0<0<y—1, (3.10)

where y : [a,b] — R, f:[a,b] xR — R, g: [a,b] x R xR — R are continuous
and satisfy Lipschitz conditions (3.5) and (3.6), respectively.

In order to state the problems in concern, we introduce the definitions
and properties of Caputo’s derivatives and Riemann-Liouville fractional
integrals in [8].

Definition 3.1 (see [29]). Let v > 0, n—1 < v < n and let C"[a, b] :=
{y(t) : [a,b] — R; y(t) has a continuous n-th derivative}.

66
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(1) The operator #L' D} defined by

t

] /(t — T)"fvfly(T) dr (3.11)

L(n—~

d"” 1
JEDYy(t) = g

for ¢ € [a,b] and y(t) € C"[a,b], is called the Riemann-Liouville differential
operator of order ~.
(2) The operator ¢ D] defined by

SDYy(t) = ﬁ /(t - 7')”_'7_1(%>ny(7) dr (3.12)

a

for t € [a,b] and y(t) € C"[a, b], is called the Caputo differential operator of
order 7.

Definition 3.2 (see [29]). Provided v > 0, the operator J, defined
on L4]a,b] by

¢
1
F—/ (t — 1) ty(r)dr (3.13)
for t € [a,b], is called the Riemann—Liouville fractional integral operator of

order 7, where L1 [a, 0] := {y(¢t) : [a,b] — R; y(t) is measurable on [a, b] and

f|y |dt<oo}

Lemma 3.1 (see [31]). (1) Let v > 0. Then, for every f € L1[a,b],
SEDLIf = f (3.14)

almost everywhere.
(2) Let v >0 and n — 1 <y < n. Assume that f is such that J}~7f €
A™[a,b]. Then,

SRL 1y - t_a’y k—1 ) dn—k—l ey
JIRED] f(t) Z 7= Mmoo 0T GR) (315)
k=0
(3) Let v > 0 > 0 and f be continuous. Then
GV =1 GDLILf =TI (3.16)
(4) Let v >0, n— 1<~y <n and f € A"[a,b]. Then
n—1
Dk
7010 = 1) - 3 2 1 a (3.17)
= kK

where A™[a,b] is the set of functions with absolutely continuous derivative
of order n — 1.
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Let S be a Banach space, 7 : S — S be a mapping, and || - || denote the
norm of S.

Definition 3.3 (see [25]). If there exists a constant p (0 < p < 1)
such that
[Tz =Tyl < pllz -yl (3.18)

for any x, y € S, then 7 is said to be a contractive mapping of S.

Lemma 3.2 (Contractive Mapping Principle) (see [25]). If T is
a contractive mapping of a Banach space S, then there exists a unique fized
point y € S satisfying y = Ty.

2. Existence and Uniqueness of the Solutions for FBVPs

In this section, the existence and uniqueness of the solutions for FBVPs
(3.7)-(3.8), (3.9)—(3.10), (3.1)—(3.2) and (3.3)—(3.4) are studied. Without
loss of generality, only the case of homogeneous boundary conditions o =
[ =0 in the above four kinds of FBVPs are considered.

Lemma 3.3. (1) FBVP (3.1)—(3.2) is equivalent to

b
1) = [ Glt.s)(svus)) ds, (319)

where G(t, s) is called the fractional Green function defined as follows:

_ _ g1 _ g1
(t—a)(b—2s) _(t s) a<s<t<b

§) — (b—a)I'(y) INCOR
o (t— )b a<t<s<b 20
(b—a)l'(y) B
(2) FBVP (3.7)—(3.8) is equivalent to
b
) = [ Glt9)(s.u(s) ds, (3.21)

where @(t, s) is the fractional Green function defined as follows:

(ol bosyrmt (= o<y
Gts) =4 (T (2 - 2)71 o (322)
I'(v) (b—a) ’ ast<s<b
(3) FBVP (3.3)—(3.4) is equivalent to
b
(1) = [ Glt.5)g (5,305, € DE(s) s, (3.23)

a

where G(t, s) is the fractional Green function defined in (3.20).
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(4) FBVP (3.9)—(3.10) is equivalent to
b
(1) = [ G(t.5)g (5,906 F#Dly() s, (3.24)

where é(t, s) is the fractional Green function defined in (3.22).

Proof. We only give the proof for (1). The case for (3) is similar to that for
(1). The proofs of (2) and (4) are referred to [33].

According to Lemma 3.1(4), applying the operator J to both sides of
the equation in (3.1) yields

y(t) = y(a) = y'(a)(t — a) + J7 f(t, y(t)) = 0. (3.25)
Since y(a) = y(b) = 0, from (3.25) one easily obtains

b
oy = [ L= s,9(s))ds
(o) = [ s s uls)ds. (3.26)

a

and then
y(t) =y (a)(t —a) — I f(t,y(t)) =

b
I B G [ () LY B Gt L
= [E O e as - [ Fls,y(s) ds =

b
_ /G(t,s)f(s,y(s)) ds.

Conversely, applying the operator ¢ D} to both sides of (3.19) yields

b
S0 = D] [ Gt.s)(s,u(s) ds =

/ (b—S)Vfl c le}
= / (7f(8,y(8)) dsa D?(t - CL) T a Dzjgf(tay(t)) =

J G=ar0)
= —f(t,y(1),
and the homogeneous boundary condition is verified easily. (I
Let
P = C°a,b],
P = C'[a,b] := {y(t) : y(t), y'(t) € C°[a, 0]},

{
P, = C%[a, b] := {y(t) . y(t) € COla,b], BEDOy(t) € (Co[a,b]}.
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where C°[a,b] denotes the space of all continuous functions on [a,b]. We
define the norms ||- || ¢, ||+ |lg, || - |7 and the operator 7y, 7, 74, 7, as follows:

lylly == Ky a%lggbly(t)l,

b
Try(t) == / Git,5) (s, y(s)) ds,
b

Try(t) = / Gt 5)f(s,y(s)) ds, Vy(t) € P

a

Iyl += mavx [K,ly(t)] + Lyl S Dy0)]

b
Tou(t) = / G(t,5)g (5,9(s), CDy(s)) ds, Vy(t) € Py,

a

lylly = max [K,ly(®)] + L2 DEy(0)],

b
Ty(t) = / G(t, 5)g (5. u(s), FEDy(s)) ds, Vy(t) € Py,

Obviously, P, P1, Py are complete normed spaces with respect to || - ||,
|- llg and || - ||, respectively. The operators Ty, 7y, 7y, 7, are continuous.

Now (3.19) and (3.21) can be rewritten as y = 7y and y = ’?fy, for y € P;
(3.23), (3.24) can be rewritten as y = Tyy and y = ’]A'gy, respectively. Ac-
cording to the contractive mapping principle, “finding a sufficient condition
for existence and uniqueness of the solution for FBVP (3.1)—(3.2) (or (3.7)-
(3.8) or (3.3)-(3.4) or (3.9)—(3.10))” is equivalent to “finding a sufficient
condition under which 7} (or ’]A'f or T or ’]A'g) is a contractive mapping of
P(or Py or P)”. Then, the following theorems are true.

Theorem 3.1. (1) Let f be a continuous function on [a,b] X R and
satisfy the Lipschitz condition (3.5).

(1.1) If
QKf (b - Cl)’y
Ly +1)
then there exists a unique solution for FBVP (3.1)—(3.2) in P.
(1.2) If

<1, (3.27)

(y=1)""'(b—a)
VT +1)
then there exists a unique solution for FBVP (3.7)—~(3.8) in the space P.

(2) Let g be a continuous function on [a,b] x R x R and satisfy the
Lipschitz condition (3.6).

f <1, (3.28)
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(2.1) If
2(b—a) (b—a)"" (b—a)r—?
T+ Tl T2 —0) TT 1= 9)} Lo (329
then there exists a unique solution for FBVP (3.3)~(3.4) in P;.
(2.2) If
RSl ) O ) L) U A

Y T(v+1) STy —0+1)
then there exists a unique solution for FBVP (3.9)~(3.10) in the space Ps.
Proof. The proof for (1.1): For u(t), v(t) € P, and (¢,s) € [a,b] x [a,b],

according to the definition for the operator “7;”, we have

| Tyu(t) = Tro()] < [ |G(t,8)] - |f(s,u(s)) — f(s,v(s))| ds <

t

(t —a)(b—s)11 ds_i_/WdS} <

D\@ Q\@

< fu- v|f{

(b—a)l'(y) I'(v)
2(b—a)Y
< — — .
S CES) llu—wlly
Thus
2K¢(b—a)”
HTfU — IZ}‘UHf = arg?%(be‘Tfu(t) — va(t)| S ﬁ ||'LL - U”f

Considering (3.27), we finish the proof according to Lemma 3.2.
The proof for (2.1): On one hand, we have

2(b—a)”
I'(v+1)
for u(t), v(t) € Py, and (¢, s) € [a,b] X [a,b], which is similar to (1.1). On

the other hand, according to Lemma 3.1, we have

o DiTyu(t) =

[ Tyut) — Tyo(t)] < Jou — ollg

b
B (tfa)l*‘9 (b—s)71
- T(2-9) /F(V)(b—a)

a

g(s, u(s), aCDf,u(s)) ds— J;Y*eg(t, u(t), aCDfu(t)) .

Then

(b—ap™® . (b—a)’ }
re-0rH+1) TH-60+1)1"
Combined with the definition of | - ||, and Lemma 3.2, (3.29) holds.

The proof for (1.2) and (2.2) are referred to [33]. O

D{ Ty~ §D{ Ty < Jlu—vll, - |
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3. Shooting Methods for FBVPs

In this section, single shooting methods are applied to solve the FBVPs
(3.1)—(3.2), (3.3)—(3.4), (3.7)—(3.8) and (3.9)—(3.10) numerically.

According to the idea of the shooting method, a FBVP is turned into a
fractional initial value problem (FIVP) which can be solved by some suitable
numerical method (see [26]-[28], [31]). We write down the corresponding
procedure for FBVPs.

Denote the corresponding initial value conditions of FBVPs (3.1)—(3.2)
and (3.3)—(3.4) as

y(a) = ap, v'(a)=a1, ag,a; €R. (3.31)

Then FBVPs (3.1)—(3.2) and (3.3)—(3.4) can turn into FIVPs (3.1), (3.31)
and (3.3), (3.31), respectively.

Usually, not all a;, (k = 0, 1) are equal to zero, in other words, the initial

value conditions (3.31) are inhomogeneous. Setting
2(t) = y(t) — ap — a1 (t — a), (3.32)

(3.1), (3.31) and (3.3)—(3.31) can be transformed into another FIVPs with
homogeneous initial value conditions.

For a given equispaced mesh a =ty < t; < --- <t = b with stepsize
h = (b—a)/N, we give a fractional backward difference scheme of order one
(refer to [31]) to solve FIVPs (3.1) and (3.3) with homogeneous initial value
conditions y(a) =0, y'(a) = 0:

Zm = —h f(tm, 2m) — Zwkzm_k, (3.33)
k=1
and
1 m m
Zm = _h’yg (tm; Zmy ﬁ Z&izm—i) - Z WEkZm—k; (334)
=0 k=1
where
1
wo=1, wy— (k%)wk_l, k=1,2,...,N, (3.35)
0+1
Go=1, & = (ki)@i_l, i=1,2,...,N. (3.36)

The case for (3.7)—(3.8) and (3.9)—(3.10) is similar. The reader should
note that the initial values take the following form

RLpDY1y(a) = by € R, [Jim, T2 y(t) = by € R. (3.37)
It is easy to check that
by = lim, T2 y(t) = 0. (3.38)
Usually, b1 # 0 and let
bi(t —a)!

(3.39)
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in (3.7), (3.37) and (3.9), (3.37). Then they are transformed into FIVPs
with homogeneous initial conditions. (3.33) or (3.34) is also employed to
simulate them.

3.1. Shooting method for linear problems. The linear case of frac-
tional two-point boundary value problem (3.1) with homogeneous boundary
value conditions

CDYy(t) + c(t)y(t) +d(t) =0, a<t<b 1<vy<2, (3.40)
y(a) =0, y(b) =0 (3.41)
where c(t), d(t) € C°[a, b].
According to Theorem 3.1, if
L(y+ 1)/~
b—a< [(;Kf)]
with Ky = max |e(t)], then there exists a unique solution for (3.40)—(3.41).

In order to apply the shooting method, we choose an initial value &, & for
y' (denote the initial value of the exact solution y/(a) = £*), respectively:

y(a) =0, y'(a) =& (3.42)
y(a) =0, y'(a)=&. (3.43)
Then FIVP (3.40), (3.42) and FIVP (3.40), (3.43) have unique solution,
denoted by y(t;&1), y(t;&2). Usually, & # & # €7, y(bi&) # y(b;&2) # 0,
thus y(¢;€1) # y and y(t;&2) # y. Suppose that y(b; 1) # y(b; &), and let
) - yb&)
Coy(i&n) —y(bs &)

and
y(8) = Ay(t:60) + (1= Ny (t; €2). (3.44)
It is easy to show that (3.44) is a solution of FBVP (3.40)—(3.41).
In [8], the error estimates for the linear case are also considered.
For a given equispaced mesh a =ty < t; < --- <t = b with stepsize
h = (b—a)/N, we denote the numerical solution of FIVPs (3.40), (3.42) and
FIVPs (3.40), (3.43) by {yn(&1)}Y_, and {y.(&2)}0,, respectively. Then,

n=0
3o y(b) —yn(&2)
yn (&) —yn(§2)

and the numerical solution
Un = M (&) + (1 = Nyn(&2), n=0,1,2,...,N. (3.45)

Generally, we suppose that the scheme solving FIVPs (3.40), (3.42) have
the convergence order O(h"), i.e.

R [Yn (€1) — y(tn; &1) (5.46)

Jmax [Yn(§2) — y(tn; &2)
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Due to (3.44)—(3.45), we consider {|y(t,) — yn|}2_o. Then we get

s [y(tn) —al = O, (3.47)
As to the linear case of (3.7)—(3.8), we only need to replace (3.42) and
(3.43) with the initial value conditions

BTy =g, dim 20 =0, (3.48)

§LD1?_1Z/(75)‘ =&, ; tEI,?Jf T2 y(t) = 0. (3.49)

t=a
Again, the shooting procedures for linear FBVPs (3.3)—(3.4) and (3.9)-
(3.10) are similar to that of (3.1)—(3.2) and (3.7)—(3.8), respectively.

3.2. Shooting method for nonlinear problems. For nonlinear
FBVP (3.1) and (3.7) with homogeneous boundary value conditions (3.41),
we consider the following FIVP:

EDYy(t) + f(t,y(t) =0, a<t<b 1<y<2, (3.50)
y(a) =0, y'(a)=¢, (3.51)

The FIVPs (3.50) is corresponding to FBVP (3.1), (3.41) with analytic
solutions denoted as y(t;£). In general, y(b;&) # 0. Once a zero point &*
of ¢(&) := y(b; £) is found, one obtains y(t; £*), the solution of FBVP (3.1),
(3.41). When y(t;£), and hence ¢(&) are continuously differentiable with
respect to £, Newton’s method can be employed to determine £*. Starting
with an initial approximation £(?), one gets £() as follows:

(k)

(k41) _ k) ™)
€ = ¢ - Do (3.52)
On one hand, y(b; £), hence ¢(€) can be determined by solving FIVP (3.50)
numerically. On the other hand, it is easy to check that w(¢; §) := %’gf) is

a solution of the following FIVP (refer to [30]):
af(t, y(t;€))

Ay

w(a;€) =0, w(a;€)=1, a<t<b 1<y<2 (3.54)

DJw(t; €) + w(t; €) =0, (3.53)

So we can compute w(b; §), i.e., ¢'(£) by solving FIVPs (3.53) numerically.

Af(t,y(t;€))
Oy

However, considering the computation complexity for in practice,

we usually calculate the difference quotient
H(E™ + ALW) — o(6™)
NEE)
instead of the derivative ¢ (£(%)) itself, where A¢() is a sufficiently small
number. And the formula (3.52) is replaced by

Ag(e™) =

clkrt) _ gty _OE™) (3.55)

AP(ER) -
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In short, the procedure of solving FBVP (3.1), (3.41) by shooting
method is displayed as follows:

step 1. choose a starting value £(© and an iterative precision e for New-
ton’s method; then for £k =0,1,2,...;

step 2. obtain y(b;£(®)) by solving FIVP (3.50) with y/(a) = &) and
compute (£HF);

step 3. choose a sufficiently small number A&*) £ 0 and determine
y(b; €*) + AER)) by solving the FIVP (3.50) with ¢/(a) = ¢ 4
AE®) | and then compute ¢(£F) + A£R));

step 4. compute A@(E®) and determine €51 by the formula (3.55);
repeat steps 2-4 until |€*+D) — ¢()| < ¢ and denote the final
R by €7

step 5. finally, we obtain the numerical solution of FBVP (3.1), (3.41) by
solving FIVP (3.50) with ¢/(a) = &*.

Next, we want to give the error analysis of shooting method for nonlin-
ear FBVP (3.1), (3.7). The error consists of two parts. One is from the error
between |£* — §~| By shooting method, we can only get the approximation
gof the exact initial value £*(= y’(a)). That is to say, we solve FIVP

IDgy(t) + f(t,y(t)) =0,
{y<a> —0, y(a)=¢ (3.56)
instead of FIVP
IDgy(t) + f(t,y(t)) =0,
{y<a> —0, y(a) =€ (8.57)

which is an initial perturbation problem in fact. Denote the exact solutions

of (3.56) and (3.57) as y(¢;£) and y(t; £*), respectively.

Lemma 3.4 (see [32]). Suppose a > 0, A(t) is a nonnegative function
locally integrable on [a,b] and B(t) is a nonnegative, nondecreasing contin-
uous function defined on [a,b], and suppose ¥(t) is nonnegative and locally
integrable on [a,b] with

¢
Y(t) < A(t) + B(t) /(t —7)* () dr, t € [a,b] (3.58)

on this interval. Then
P(t) < At)Ea (BT ()(t — a)®), (3.59)
where Ey is the Mittag—Leffler function defined by

E,(z) = k; Tt 1) (3.60)
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According to the above lemma, we get the error estimate

ly(t:€) — y(t;€)| <
< |6" = €l(t - a) Ba (K (t — a)*) < C1€" = €], ¢ € [a,b], (3.61)
where C := tren[aug (t—a)Eo(Kf(t —a)).

)

Another part of the error is from numerical solving procedure of FIVP
(3.50) by scheme (3.33), (3.35). Suppose that the scheme of FIVP converges

with order r, and denote the approximate solution of y(t,; &) as yn(£). We
get 3C5 > 0, s.t.

Jmax |y (1 &) — yn(6)] < Ca" (3.62)

To sum up, we have

|y(tn§§*) - yn(g){ = |y(tn;£*) - y(tn;g) + y(tn;g) - yn(£)| <
< }y(trdg*) - y(trug){ + |y(tnvg) - yn(g)‘

that is,
(X, [Y(tn; €) — yn(©)] < C11€" — €] + Cah”. (3.63)
As to (3.7), (3.41), we turn it into its corresponding FIVP
& Dly(t) + f (ty(t) =0, a<t<b 1<y<2 (3.64)

BLDY Yy(t)

=& lm TPy =0, (3.65)

The numerical procedure of simulating (3.7), (3.41) is completely similar to
that of (3.1), (3.41).

Again, the procedures of shooting method for (3.2) and (3.8) with ho-
mogenous boundary conditions (3.41) are similar to the case of (3.1), (3.41)
and (3.7), (3.41), respectively.

4. Numerical Experiments for Solving FBVPs

In this section, two numerical examples are given to show the feasibility
and validity of single shooting methods for the FBVPs.

First, let us introduce the parameters. a = 0=ty <t; < --- <t, =b
is a given equispaced mesh with stepsize h = (b — a)/n, n = 100, v = 1.5,
6 = 0.5. For the linear cases in Examples 1, the two “initial speeds” & = 0.5,
& = 1.5. For the nonlinear cases in Examples 2, e = 10712, €0 = 0,
AER) =108,

Example 3.1. Consider the following linear FBVP

1 1
§DI%y(t) + gu(t) + 36 Dy(t) = (1), 0<t<1,

y(0) =0, y(1)=0,
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error

FI1GURE 1. The shooting error for Example 3.1

0.35

O numerical solution
—— analytical solution

0.3 4

0.2 q

y@®

01r i

0.051 q

F1GURE 2. The true solution and numerical solution of Example 3.1

where
7t0'5 t 2t1'5 t2

ovr 3 3vm 3

r(t) =
Since

1 1
’g(t,UQ,’UQ) - g(tvulvvl)} é g |U2 - U1| + Z |’l)2 - ’U1|7

1 1
50 Ly=7, a=0b=1 7=15 0=05

K, = 1
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2(b—a)” (b—a)r—? (b—a)r—?

1T+ TR+ 1) T -6+ 1)
there exists a unique solution for this FBVP according to Theorem 3.1. In
fact, one can easily check that y(t) = ¢(1 —t) is the analytical solution. The
errors between the numerical solution (obtained by using shooting method
mentioned above) and the analytical solution at mesh points are plotted in
Figure 1. The true solution (denoted by real line) and numerical solution
(denoted by O) on equispaced mesh are plotted in Figure 2.

} ~0.96 < 1,

Example 3.2. Consider the following nonlinear FBVP
REDISy(t) +sin(y) +r(t) =0, —1 <t <1,
y(—-1)=0, y(1)=0,

where
r(t) = sin(Cy41(2,2m)) + Cy41(0.5, 2m),
o~ (1) (w(t —a)¥
C —a ) = (t— o B .
i—a(a,w) = (t — a) Zzg Ttz D)
F1GURE 3. the shooting error for Example 3.2
Since

| f(tu2) — f(t,ur)| = | sin(ug) — sin(uy)] < |ug — ual,
K;=1, a=-1, b=1, y=15,
(y=1)""H(b—a)
VT(y+1)

~082<1,
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there exists a unique solution for this FBVP according to Theorem 3.1. In
fact, one can easily check that y(t) = Ci11(2,27) is the analytical solu-
tion. The errors between the numerical solution (obtained by using shoot-
ing method mentioned above) and the analytical solution (approximated
by summarizing the first 21 terms of the infinite series Cyy1(2,27) because

of (13&);; ~ 6.02 x 1072%) at different points are plotted in Figure 3. The
analytical solution (denoted by real line) and numerical solution (denoted

by O) on equispaced mesh are plotted in Figure 4.

0.06

T
O numerical solution
—— analytical solution
".'-l-_

0.04

0.031

¥

~0.01 L L L L L L I I I

FIGURE 4. the true solution and numerical solution of Ex-
ample 3.2

TABLE 1
stepsize h = 1/n max. ly(t:) — yn(t;)| | rates of convergence
1/16 2.46e — 2
1/32 1.06e — 2 1.2198
1/64 4.9e — 3 1.1013
1/128 2.34e — 3 1.0740
1/256 1.31e — 3 1.0471

The rates of convergence and maximum errors for Example 3.2 between
the numerical solution and the analytical solution are given in Table 1.
Table 1 shows that the shooting method is of order one, which is in good



agreement with the fact that (3.33), (3.35) or (3.34), (3.36) is a method of
order one.

The above numerical results indicate that the single shooting method

is a successful tool to solve fractional boundary value problems (3.1), (3.2),
(3.3),(3.4). The numerical experiments for FBVPs (3.7),(3.8) and (3.9),
(3.10) can be referred to [33]. The results are very similar.
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