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TARIEL KIGURADZE

ON SOLVABILITY OF ILL POSED INITIAL-BOUNDARY
VALUE PROBLEMS FOR HIGHER ORDER NONLINEAR
HYPERBOLIC EQUATIONS

Abstract. The necessary and sufficient conditions for unique solvability
of well posed initial-boundary value problems for higher order nonlinear
hyperbolic equations are studied.
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Let b > 0, I be a compact interval containing zero, Q@ = I x [0, b], m and
n be natural numbers, mg € {0,...,m — 1}, ppx € C([0,0]), pjr € C(R)
(j=mo+1,....m—1; k=0,...,n) and f: Q x Rmotl x Rmotlxn R
be a continuous function. In the rectangle Q for the nonlinear hyperbolic
equation

ulmm) = gpmk(y)u(m’k”r WX:I ipjk(xv y)ulF 4
k=0 j=mo+1k=0
+f (w, y,u®™ o ymon), Dm“’”fl[u]) (1)
consider the initial-boundary problem
uO0,y) = wily) (G =0,...,m0),
Py (™0 (2, N (2) = Yp(z)  (k=1,...,n).

(If mo = m — 1, then there is no double sum in equation (1).) Here for any
jand k

(2)

- I Hru(x,y) ,
(j:k) — Y mo,n—1 — (yU:k)
WM (a,y) = S5 Do l(ey) = (w0 )
;€ C™([0,b]), ¥ € C(I) and hy, : C"~1(]0,b]) — C(I) is a linear bounded
operator.
Throughout the paper the following notations will be used.

mo,n—1
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R is the set of real numbers; R™*™ is the space of real m x n matrices

Z11 e Z1n
Z = (211" =
Zm1l . Zmn
with the norm [|Z]| = 377", 3770 [24]-
C(I) and C(Q), respectively, are the Banach spaces of continuous func-
tions z: I — R and u : 0 — R, with the norms

Izllo) = max{lz(2)] : z € I}, [lullo) = max{|u(z, y)| - (z,y) € Q}.

C(I;R™*™) is the Banach space of continuous matrix functions Z : I —
R™>™ with the norm | z||¢(rrmxny = max{[|Z(z)|| : © € I}.

C*(I) is the Banach space of k-times continuously differentiable func-
tions z : I — R, with the norm

k
Izlexry = D122 lew.
=0

C™" () is the Banach space of functions u : 2 — R, having continuous

partial derivatives u*) (7 =0,...,m; k=0,...,n), with the norm

m n

"
lullgm.n ) = ZZ ||U(] )HC(Q)-
§=0 k=0
Let ¢ : @ — R (k = 1,...,n) be functions continuous and n-times

continuously differentiable with respect to the second argument such that
Gz, 7)., Gmlx, ) is the fundamental set of solutions of the ordinary dif-

ferential equation
n—1
200 = 37 prs()s® (3)
k=0

for an arbitrarily given value of the parameter € I. Introduce the matrix
function

H(@) = (hi(Ge @) (4)

1,1
The linear case of problem (1),(2), that is, the equation

n—1 m—1 n
u =3 pmk()u™ + 30> pjkle y)u +q(z,y) ()

with conditions (2) was studied in [2] and [3]. In [2] it was established that
problem (5), (2) is well-posed if and only if

det H(z) #0 for z€l, (6)

i.e., for any = € I equation (3) does not have a nontrivial solution satisfying
the boundary conditions

hp(z2)(x)=0 (k=1,...,n). (7)
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Criteria for so—called p—well-posedness of problem (5), (2) were proved

in [2] for the case in which condition (6) fails but u(x) 4 Jet H(z) £0.
In [5] it was proved that if (6) holds and f is Lipschitz continuous with
respect to the phase variables, then problem (1), (2) is locally well-posed.
In the present paper we study problem (1),(2) in the ill-posed case
det H(z) = 0. More precisely, we consider the case in which there ex-
ists ng € {1,...,n} such that for an arbitrary = € I problem (3),(7) has an
no—dimensional space of solutions, i.e.,

rank H(z) =ny for z €I, where n3 =n—no. (8)

In ill-posed case problem (5), (2) was studied in [3]. There was proved
that without loss of generality (if necessary, considering an equivalent prob-
lem) one may assume that the matrix function H(x) has the form

either H(z) = Oy n; or ng < n,
— 9710,710 6”07"1
H(z) = <®n1)n0 Ho(z) and det Ho(x) #0 for z €I,

where Oy, , is the zero n; x ni matrix, and E,, ,, is the unit n; x ny
matrix.

It turns out that, unlike to well-posed case, in ill-posed case for solv-
ability of problem (1), (2) (m — mg)ng compatibility conditions should be
satisfied. Furthermore, additional regularity of the righthand side of equa-
tion (1) and the boundary data is also needed.

By ¢(+,-) denote the Cauchy function of equation (3) and set:

s 0) = (#50 W)

6f(‘ray7207 o '72771072)
8zj

_ af(‘rawaOa" '72771072)

n 8ij

Pok(y) = fin (0, v o6 W), o (), B, (y))7

P W) = D5 (W) + P (W)Pmk(y) (G =0,...,mo; k=0,...,n—1);
Y

mo,n

fin(Z,9, 20,y Zmg, 4) =

fjk(xayuz(Ja"-uzmovZ)

)

n—1

M (y) = /C(yat) Zpgz(t)é,io’l)(o,t) dt (j=0,....,mo; k=1,...,n);
) 1=0

A, =ha(P)0) Gk =1,...,n), A= )1 (G=0,...,mo).

Let w € C"™™(£2) be an arbitrary function satisfying the initial conditions

u0/(0,y) = ¢;(y) (G=0,....m—1), ©)

fx,y, 20, -y Zmgs Z) be m — mo—times continuously differentiable with re-
spect to x, 2o,...,2m, and Z, and let w be a solution of the ordinary
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differential equation
m—1
j=mo+1
+ [y, ul® (@, y), O (@), DO  u(, y)]) (10)

satisfying the initial conditions

n—1
w?(0) = ¢ @) =Y PP W) (G =0,...,m—1). (11
k=0

(If mo = m — 1, then there is no sum in equation (10)). It is clear that
w € CCm=mo.0)(Q). Differentiating equation (10) m — 1 — mg times and
taking into account (9) and (11), one can easily see that that for any i €
{0,...,m—1—=mg} w™*50)(0, y) can be expressed in terms of the functions
©0, .-, Pm—1. More precisely,

w(m+i70)(05 ZJ) = Wi[</705 ceey <Pm71](y) (7' = 07 cee, M — 1- mo),
where W; (i =0,...,m — 1 —my) continuous nonlinear operators.
If h: C"~1(]0,b]) — CY(I), then for any i € {0,...,l} by h() denote the
operator defined by the equality
WO ()(w) = o () ().

Theorem 1. Let there exist mg € {0,...,m — 1} such that

Pik(T,Y) + Pjn (@, y)Pmr(y) =0

(j=mo+1,....m—1;k=0,....,n—1)," (12)
det A9, #0. (13)
Furthermore, let f(x,y, z0,...,2mg, Z) be m — mo—times continuously dif-

ferentiable with respect to x, zo,...,%m, and Z, pj € C™~™M00(Q) (j =
mo+1,....m—1, k =0,...,n), ¢vp € C™"™(I) (k = 1,...,n) and
hi : C"71([0,0]) — C™=™0(I) (k = 1,...,n) be linear bounded operators.
Then problem (1), (2) has a unique local solution if and only if the following
equalities hold

l

Z i!(ll;ii)!h,(g—i)(wi[gao, e Wi ))(0) = 77[}](;)(0)

1=

(k=1,...,n0; 1 =0,...,m —1—my). (14)

Remark 1. If hy, : C"71([0,b]) — R (k = 1,...,n) are bounded linear
functionals, then (14) receives the form

heOWVi@0, - s Wino1]) =0P(0) (k=1,...,n0; 1 =0,...,m—1—my).

* If mo = m — 1, then this condition is omitted.
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If mg = m — 1, then (14) has the form
heWolpos - -+ s Wina])(0) = ¥ (0) (k= 1,...,no),

where
/< 5o 0) F0,6 057 (0), s (), Doy (1)) d.

Remark 2. Let Q_ = ( )EQ:mSO},QJr:{(Ly)eQ:xZO},
mi =m—mg and «; (j =0,...,m1) are the natural numbers defined by
the identity

(z+1)(z+2)...(z4+mq) Zajzj

By Theorem 1 in [5], conditions (12),(13) ensure that that for an arbitrarily
small € # 0 the differential equation

m—1 n
7=0 k=0
m1 n—1
,k
ml' ;kzoaaf Pmok (@, y)uTOTIE) -

+f(x,y,w®™ L glmen) pmon=lpy) (1)

has a unique local solution . satisfying the initial-boundary conditions (2).
In fact we show that if along with the above mentioned conditions equalities
(14) hold, then

ue(z,y) — u(x,y) uniformly on Q4 as €] 0,
ue(x,y) — u(z,y) uniformly on Q_ as 10,
where u is a solution of problem (1), (2).
Set
pinlul (2, y) = i (9,00 (@, y), T (@), D () ),

piklul @) = Pl (. 9) + pin )2, )P (v)
(j=0,...,mg; k=0,...,n—1);

nik[ul(z,y) /Cynfx Zﬂgz [, )G (a, t) dt

(j=0,...,mp; k=1,...,n);
Ajin [u] (CL‘) = hi(njk[u](IJ ))('T) (Z, k=1,... >n)7
Aj [u] (CL‘) = ()‘jik[u](‘r))io{no (.7 =0,..., mo).
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Theorem 2. Let all of the conditions of Theorem 1 hold and ug :
Iy x [0,b] — R be a non—continuable solution of problem (1), (2) such that

det Ay, [ul(x) 0 for x € Io. (15)

Then Iy is an open set in I. Moreover, if a* = sup Iy & Iy, then

mo
mli)ng* sup{ Z Hu((f’o)(:v, Mlen o) = ¥ € [0, b]} — 400,

Jj=0

and if ax = inf Iy & Iy, then

mo
Tim sup {3 [[u§ (@, oo v € [0,8]} — +oo.
2

Remark 3. In Theorems 1 and 2 conditions (13) and (15) are sharp and
cannot be weakened. Indeed in the rectangle [0,mg!] x [0,b] consider the
initial-periodic problem

u(m,n) _ |u|2m+1u(mo,0) + u2m+1; (16)
u00,y)=¢; (j=0,...,m—1), an
w™F D (2, 0) = w™F D (2, 1) (k=1,...,n),

where ¢ = 1, ¢y = —1l and ¢; = 0 for j € {1,...,m — 1} \ {mo}. By
Theorem 1, problem (16),(17) has a unique local solution u, which is inde-
pendent of y (due to uniqueness). Therefore u is a solution to the initial
value problem ordinary differential equation

2mo) = _son(z); 29(0)=¢; (j=0,...,mo—1). (18)

But one can easily see that problem (18) has a unique non-continuable
solution

defined on [0, (mO!)mLO].

Corollary 1. Let all of the conditions of Theorem 1 hold, and let there
exist 6 > 0 such that

|det A, [v](2)] 26 for z €1
for any v € C™"(Q) and

mo
@120 2ma Z)] < 671 (14D Nl +1121)-
=0

Then problem (1), (2) has a unique solution in  if and only if (14) holds.
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Finally for the equation
a2 = gm0 4 f(g,y, Oyt pron=if]) (1)
consider the initial-Dirichlet and initial-periodic problems
u(jﬁo)(07y):<pj(y) (j:07~-~7m_1)>
u(m’o)(a:, 0) =0, u(m’o)(:c,w) =0

and
u990,9) = ;(y) (G =0,...,m—1),

21
W (2,0) = ™ 0,27) (k£ =0,1). .

Corollary 2. Let f(x,y,20,.--,2mq,Z) be continuously differentiable

with respect to x, zo,...,2m—1 and Z, and let
™
/ (P9, _10(t) = POy _15(t)) sin®t + p, 1 (t) costsint) dt # 0.
0

Then problem (19), (20) is locally uniquely solvable if and only if

/ FO, 057 (1), - o5 1 (), @ (1)) sint dt = 0,
0

Corollary 3. Let f(x,y,20,.-.,2mq, Z) be continuously differentiable
with respect to x, zg,...,2m—1 and Z, and let

Al A2
det 0
¢ ( Aot A ) 70,
where

2T

A1 = / ((p?n712(t) —pfn,u(t)) sin® ¢+ pl, 1 (t) costsint) dt,

(=)

27

A2 = / ((P-12(t) = P 5(1)) costsint — pl, _, (t) sin®t) dt,
0
27

Aoy = / (P9, _12(t) = PDy_15(t)) costsint + pl, 11 (t) cos® t) dt,

[}

27
Ag2 = / ((Pr—12(t) = Ph—12(t)) cos t — pi, 1 1(t) costsint) dt.

(=)
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Then problem (19), (21) is locally uniquely solvable if and only if

/fo £ @), ol (), By (1)) sint dt = 0,

/f0t7<p0 ),...,4,05:;)1() D,,_1(t)) costdt = 0.
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