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Abstract. On the interval [a, b], we consider the boundary value prob-
lems
u’(t) = Lu)(t) +q(t);  u(a)=0, u(b)=0
and
u'(t) = L)) +qt);  ula)=0, u'(b)=0,
where £ : C([a,b];R) — L([a,b];R) and ¢ € L([a, b]; R).
The existence and uniqueness of nonnegative solutions of these problems
are studied.
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LARGE INTRODUCTION

The following notation is used throughout the paper.

N is the set of all natural numbers.

R is the set of all real numbers. Ry = [0, 4+o00].

If z € R, then [z]4 = 1(|z] + 2).

C(Ja, b];R) is the Banach space of continuous functions « : [a,b] — R
with the norm |lu|l¢ = max{|u(t)| : t € [a,b]}.

C(la,b;Ry) ={u € C([a,b];R) : u(t) > 0 for ¢ € [a,b]}.

Cio([a,b);Ry) = {v € C([a,b];R4) : v(ty) = 0}, where ¢y € [a, b].

C([a, b); R) is the set of absolutely continuous functions u : [a,b] — R.

C'(Ja,b];R) is the set of functions u € C([a,b];R), such that v/ €

R

D;R), where D C R, is the set of functions v € 5(D;R) such that
(o, 8] ) for every [a, 3] C D.

L([a,b];R) is the Banach space of Lebesgue integrable functions p :

b
[a,b] — R with the norm ||p||z = [ |p(s)|ds.
a

L([a,b];Ry) = {p € L([a,b];R) : p(t) > 0 for ¢ € [a, b]}.

Mgy is the set of measurable functions f : [a,b] — [a, b].

Lap is the set of linear bounded operators ¢ : C([a,b]; R) — L([a, b]; R).

Pap is the set of linear operators ¢ € L, transforming the set C([a, b]; Ry)
into the set L([a, b]; R4).

We will say that £ € L4 is a to—Volterra operator, where tg € [a,b], if
for every ay € [a,to], b1 € [to,b], a1 # b1 and v € C([a, b]; R) satisfying the
condition

’U(t) =0 forte [al,bl],
we have

L)(t) =0 fort e [a1,b].

By a solution of the equation
u”(t) = £(u)(t) +q(t), (0.1)

where £ € Lq; and ¢ € L([a, b]; R), we understand a function u € C’([a, b]; R)
satisfying equality (0.1) almost everywhere in [a, b].

Consider the problem on the existence and uniqueness of a solution of
equation (0.1) satisfying one of the following boundary conditions

u(a) =c1, u(b) = cq, (0.2)
u(a) =c1, u'(b) = cq, (0.3)

where ¢, co € R. Along with problems (0.1), (0.2) and (0.1), (0.3), consider
the corresponding homogeneous problems

u’(t) = 0(u)(¢), (0.1p)
u(a) =0, wu(b) =0, (0.29)
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uw(a) =0, u'(b)=0. (0.30)

The following result is well-known from the general theory of boundary value
problems for functional differential equations (see e.g. [1, 2, 3, 11, 16]).

Theorem 0.1. The problem (0.1), (0.2) (resp. (0.1), (0.3)) is uniquely
solvable iff the corresponding homogeneous problem (0.1p), (0.29) (resp.
(0.1p), (0.30)) has only the trivial solution.

Definition 0.1. We will say that an operator £ € L, belongs to the
set V([a,b]) (resp. V'([a,b])) if for every function u € C’([a, b]; R) satisfying
(0.29) (resp. (0.3¢)) and

u’(t) > l(u)(t) fort € [a,b], (0.4)

the inequality
u(t) <0 fort € [a,b) (0.5)
holds.

Remark 0.1. It follows from Definition 0.1 and Theorem 0.1 that if £ €
V([a,b]) (resp. £ € V'(]a,b])) then the problem (0.1), (0.2) (resp. (0.1),
(0.3)) is uniquely solvable. Moreover, if ¢ € L([a,b]; R4), then the unique
solution of the problem (0.1), (0.2¢) (resp. (0.1), (0.3¢)) is nonpositive.

In the present paper we establish sufficient conditions guaranteeing the
inclusion ¢ € V([a,b]), resp. £ € V'([a,b]). The results obtained here
generalize and make more complete the previously known ones of analogous
character (see e.g., [1, 2, 13, 14, 17, 18] and references therein) The related
results for another type of equations can be found in [4, 5, 6, 7, 9, 10, 12, 15].

The paper is organized as follow. The main results are formulated in §1.
In §2, some auxiliary propositions are proved. The proofs of main results are
contained in §3. §4 deals with the special case of operator ¢, with so-called
operator with deviating arguments. The last §5 is devoted to the examples
verifying the optimality of some obtained results.

1. MAIN RESULTS

In this section we formulate the main results. Theorems 1.1 and 1.2, and
Corollaries 1.1 and 1.2 concern the case —¢ € Pg,. The case when £ € Py is
considered in Theorems 1.3-1.6 and Corollaries 1.3-1.7. Finally, Theorem
1.7 deals with the case when the operator £ € L,; admits the representation
b =1ty — fl, where Eo,el € Pub-

Theorem 1.1. Let —¢ € Py,. Then £ € V([a,b]) iff there exists a
function
v € C,.(la, b R) satisfying
VI(t) <)) fort € [a,b], (1.1)
() >0 fortela,b, .
v(a) +v(b) + mes {t € [a,b] : 7" (t) < £(7)(¥)} > 0. (1.3)
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Theorem 1.2. Let —{ € Pyp. Then £ € V'([a,b]) iff there exists a
function
v € C,.(Ja,bl;R) satisfying (1.1), (1.2) and
V() >0, (1.4)
v(a) ++'(b) + mes {t € [a,b] : v (t) < £(v)(t)} > 0. (1.5)
Corollary 1.1. Let —¢ € Py, and
¢
0= [ (- ales]dst

b
t—a/ —s)[e(1)(s)|ds <b—a fortée[a,b]. (1.6)

Then ¢ € V([a,b]).

Corollary 1.2. Let —¢ € Py, and
b

/(s — a)[6(1)(s)] ds < 1. (1.7)

a

Then £ € V'([a, b]).

Remark 1.1. Example 5.1, resp. Example 5.2, below shows that condition
(1.6), resp. condition (1.7), cannot be replaced by the condition

t

(b—1) /(s —a)|l(1)(s)| ds+
b

+(t—a)/(b—s)|£(1)(s)\dsgb—a for t € [a,b], (1.8)

resp.
b

/(5 — a)[6(1)(s)] ds < 1. (1.9)

Before the formulation of next theorems we introduce the following nota-
tion. Let ¢ € L4, be a b—Volterra (resp. a—Volterra) operator and & € ]a, b.
Let f¢p (resp. fq¢) denote the restriction of the operator ¢ to the space
C([¢, bl;R) (resp. C([a,¢];R)). Put

Ay ¥t e fa,b]: £(1)(z) = 0 for z € [a, 4]}, (1.10)
B, & {t € [a,b] : £(1)(x) =0 for z € [t, ]}, (1.11)

ag = sup Ay, (1.12)
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bg = infBg. (1.13)

Theorem 1.3. Let £ € Py, be a b—Volterra operator and let there exist
a function vy € C}, . ([ae, b[; R) satisfying the conditions

V' (t) > Lap(y)(t)  fort € |ag,b], (1.14)
~v(t) >0 fort €lag, b, (1.15)
7' (ag) > 0. (1.16)

Then ¢ € V([a,b]).

Theorem 1.11. Let £ € Py, be an a—Volterra operator and let there exist
a function v € C},.(la, be]; R) satisfying the conditions

V) > Ly (1)(E) for t € [a,bi), (1.14)
v(t) >0 fort € [a,b, (1.15")
7' (be) < 0. (1.16")

Then ¢ € V([a,b]).

Corollary 1.3. Let £ € Py, be a b—Volterra operator and let there exist
m,k € Nym >k, such that

om(t) < @x(t)  fort € [a,b], (1.17)
where 1 € C'([a,b]; R) satisfies
e1(t) >0, ¢ (t) >0 fort €la,b] (1.18)

and
t
de

pin ()% / (t — 5)(pi)(s)ds fort € [a,b].

a

Then ¢ € V([a,b]).

Corollary 1.4. Let ¢ € Py, be an a—Volterra operator and there exist
m,k € Nym > k, such that

wm(t) § djk(t) fO?" te [CL,b],
where 1y € C'([a, b];R) satisfies
Y1(t) >0, Yi(t) <0 fort € [a,b]

and

&

b
i (t) Y / (s — t)e(yi)(s)ds  fort € [a,b].

Then ¢ € V([a,b]).
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Corollary 1.5. Let £ € Py, be a b—Volterra operator and let there exist

an f € Pay such that

b b
/ F(1)(s) exp [ / G dg] ds < 1,

where the operator f € Ly, is defined by the formulas

F)E) E eo@)@),

t

o)) / o(s) ds.

Let, moreover, the inequality

Fle@))(t) = fFM)R)e(0)(t) < f(v)(t)  for t € [a,b]
holds on the set Cy([a,b]; Ry), where

t) ¥ / F(v)(s)ds fort € [a,b].

Then ¢ € V([a, b]).

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

Corollary 1.6. Let ¢ € Py, be an a—Volterra operator and let there exists

f € Pay such that

/bf(l eXpl/If |d§]ds<1

where the operator f € Lqp defined by formulas

F)(t) & —e(0(0)) (1),

b
ef/
= [

I3

i
Moreover, assume that on the set Cy([a,b]; Ry, the inequality (1.22) holds,

where

&

b
ef
= [ f(v)(s)ds fort € [a,b].
e o

Then ¢ € V([a, b]).

Theorem 1.5. Let the conditions of Theorem 1.3 be fulfilled. Then

¢ e V'([a,b)).

Theorem 1.6. Let the conditions of Theorem 1.4 be fulfilled. Then

e V'([a,b]).
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Corollary 1.7. Let £ € Py, be a b—Volterra (resp. a—Volterra) operator
and conditions of Corollary 1.3 or 1.5 (resp. Corollary 1.4 or 1.6) hold.
Then £ € V'([a, b]).

Theorem 1.7. Let the operator ¢ € Loy admit the representation { =
Lo — b1, where Ly, L1 € Py and

lo e V([a,b), —t € V(a,b]) (1.24)
(&)evﬂq%bp, Afleﬁﬂqmbb). (1.25)
Then € € V([a,b]) (¢ € V'([a,b])).

2. AUXILIARY PROPOSITIONS

Lemma 2.1. Let v € C!

1oc(Ja, b[; R) be a nontrivial function satisfying
the relations

v(t) >0 fortéela,b], (2.1)
V() <0 fort € la,b], (2.2)
v(a) =0 (resp. v(b) =0).
Then there exists a finite or infinite limit
lim ﬂ >0 (resp. lim M > O) .
t—a+t — a t—b— b —t
Proof. By virtue of (2.2), there exists a finite or infinite limit
. / _ . / .
tgr(g_’u t)y=r (resp. tlﬁlr& v'(t) = r> . (2.4)

Suppose that » < 0 (resp. r > 0). From (2.2) and (2.4), we then easily get
v'(t) <0 (resp. v'(t) >0) fort €la,bl.

Integrating the above inequality from a to ¢ (resp. from ¢ to b) and taking
into account (2.3), we obtain

Mﬂ:/M$%§ObMEMH

resp. v(t) = — /v'(s) ds <0 forté€[a,b] ],
t

which, together with (2.1), contradicts the assumption of the lemma. There-
fore r > 0 (resp. r < 0).

Let us first suppose that » = +o0o (resp. r = —o0). Then, for every
n € N, there exists ¢, €]a, b[ such that

V'(t) >n fort €la,ty| (resp. v/'(t) < —n  for t €t,,b]).



On Nonnegative Solutions of Second Order Linear FDE 67

The integration of the above inequality from a to t (from ¢ to b), by virtue
of (2.3), yields

v(t) >n(t—a) fortela,ty], neN,
(resp. v(t) >n(b—t) fort€ [tn,,b], neN).

Therefore,

. o(t) .
lim = +o00 resp. lim —= =400 | .
t—at+t—a t

Suppose now that 0 < r < 400 (resp. —oo < r < 0). Then, for every
n € N, there exists ¢, €]a, b[ such that
1 1
r——<u(t)<r+— fortela,ty,[ (resp. fort€lt,,bl).
n n
Integrating the above inequality from a to ¢ (from ¢ to b) and taking into
account (2.3), we get

(r— %)(t —a) <ot < (r+ %)(t —a) fort€ats], neN

(resp. —(r+ %)(b S <ot) < —(r— %)(b 1) fort € [t b], n € N) .

Therefore
t t
lim v(®) =r resp. lim v(®) =-r].
t—at+t —a t—b—b—t
The lemma is proved. ]

Lemma 2.2. Assume that to €]a,b] and the function w € 5’[00(]a, b;R)
satisfies the equality w(ty) =0 and

w(t) >0 fort € la,bl,

2.5

w'’(t) <0 fort € [a,b]. (2:5)
Then w = 0.
Proof. 1t is obvious that

wl(to) =0
and
w'(t) >0 fort €la,to], w'(t) <0 for t € [to,b].

Hence,

to
w(t) = —/w’(s) ds <0 fort €]a,to],

t
t

w(t) = /w’(s) ds <0 for t € [to, b].

These two inequalities, together with (2.5) yield w = 0. O
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Analogously, one can prove that the following lemma is true.

Lemma 2.3. Let v € C!

loc

(2.1), (2.2), and the inequality

(Ja,b]; R) be a nontrivial function satisfying

v'(b) > 0.
Then v(b) > 0.

Lemma 2.4. Let { € Py, £(1) £ 0, and let the function u € C'([a, b]; R)
satisfy (0.4) and

u(a) =0, (2.6)
u(ty) > 0, 2.7
where t1 €]a,b[. Then there exists tg € lag, b such that

u(to) >0, u'(tg) >0, (2.8)
where ag is defined by (1.10) and (1.12).

Proof. Suppose that ay €]a,b[. (The case when a, = a is proved analo-
gously.) Assume that the function v € C'([a,b];R) satisfies (2.6), (0.4),
and (2.7). By virtue of the condition ¢ € Pg it follows from (0.4) and the
definition of ay (see (1.10) and (1.12)) that

u’(t) > —|lu|lcl(1)(t) fort € [a,b].

Consequently,
u'(t) >0 fort € [a,a. (2.9)
It is obvious that either
uw'(t1) >0 (2.10)
or
u'(t1) <0. (2.11)

Let us first suppose that (2.10) holds. If t; €]ag,b[ then obviously (2.8) is
fulfilled for tg = t1. If 1 €]a, agl, then, by virtue of (2.7) and (2.9), we also
have

u(ag) >0, u'(ag) > 0.

These inequalities imply that there exists to € Jag, b[ such that (2.8) hold.
Now we suppose that (2.11) is fulfilled. Obviously ¢; € ]ay, b[, because
otherwise, by virtue of (2.9) and (2.11), we get

u'(t) <0 for ¢t € [a,t1],
which, together with the condition (2.6), contradicts (2.7). Moreover,
max{u'(t) : t € [as, t1]} > 0, (2.12)
because otherwise it follows from (2.7) that

u(ag) >0, u'(ar) <0,
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which, together with (2.9), contradicts the condition (2.6). It is clear that
either

u(t) >0 fort € [ag, t1] (2.13)
or there exists ¢, € [ag, t1[ such that
u(t) >0 fort €lty,t1], wu(ts)=0. (2.14)

If (2.13) is satisfied, then, by virtue of (2.12), there exists tog € |ag, t1] such
that (2.8) holds. If (2.14) is fulfilled, then, evidently,

max{u'(t) : t € [ts, 1]} > 0, (2.15)

1

because otherwise, it follows from the second condition in (2.14) that u(t1) <
0, which contradicts (2.7). It follows immediately from (2.14) and (2.15)
that, for some ¢ € ]t.,t1[, inequalities (2.8) are true. O

Ut

The following lemma is proved analogously.

Lemma 2.5. Let £ € Py, £(1) £ 0, and let the function u € C'([a, b]; R)
satisfy (0.4), (2.7), where t1 €]a,b[, and

u(b) = 0. (2.16)
Then there exists to € |a,be[ such that
u(to) >0, u'(tg) <0, (2.17)

where by is defined by (1.11) and (1.13).

Lemma 2.6. Let { € Py, £(1) £ 0, and let the function u € C'([a, b]; R)
satisfy (0.4), (2.7), where t1 €]a,b[, and

u'(b) = 0. (2.18)
Then there exists to € |a,be] such that
u(to) >0, u'(tg) <0, (2.19)

where by is defined by (1.11) and (1.13).

Proof. Suppose that by €]a,b[. (The case when b, = b is proved anal-
ogously.) Let u € C’([a,b];R) be a function satisfying (0.4), (2.7), and
(2.18). Tt follows immediately from (0.4), (1.11), (1.13), and the condition
{ € Py that

u’(t) >0 fort € [by,b)]. (2.20)
It is clear that
u(by) > 0 (2.21)
or
u(be) <O0. (2.22)
By virtue of (2.20) and the condition (2.18), we have
’u/(bg) <0.

Therefore, in the case where (2.21) is fulfilled, the inequalities (2.19) also
hold with ¢y = by.



70 A. Lomtatidze and P. Vodstrédil

Suppose now that (2.22) is fulfilled. Then (2.20) and the condition (2.18)
yield
u(t) <0 fort € [be,b)].

Hence, in view of (2.7),

t1 €la, byl (2.23)
It follows from (2.7), (2.22), and (2.23) that there exists to €]t1,be[ such
that (2.19) hold. O

3. PROOF OF THE MAIN RESULTS

Proof of Theorem 1.1. Let —f € Pgp and £ € V([a,b]). Let v denote the
solution of the problem

V() =L)(t); vla) =1, y(b) =1 (3.1)
(see Remark 0.1). Clearly, (1.1) and (1.3) hold. Put
uo(t) =1—~(t) fort € la,b].
By virtue of (3.1) and the condition —¢ € Py, we get
ug (t) > L(up)(t) for t € [a,b]; wo(a) =0, up(b) = 0.
Hence, by virtue of the condition ¢ € V([a, b]), we have
uo(t) <0 fort € [a,b],

ie.,
v(t)>1 fort € [a,b].
Therefore, (1.2) holds as well.

Assume now that the function v € CJ,_(Ja, b[; R) satisfies (1.1)~(1.3). By
virtue of (1.1), (1.2), and the condition —¢ € Py, it follows that

7'(t) <0 fort € [a,b]. (3.2)
Let the function u € C’([a, b; R) satisfy (0.20), (0.4), and the condition

max{u(t) : ¢t € [a,b]} > 0. (3.3)
Integrating (0.4) from ¢ to “E2 and from £ to ¢, we get

u'(t) <M for t €la, 452,
u'(t)>—M forte [2E2 b, (3.5)

(‘”b>‘ /|e 5)| ds. (3.6)

The integration of (3.4) and (3.5), by virtue of (0.2¢), yields
u(t) < M(t—a) fort € [a, 2£2], (3.7)
(t)y < M(b—t) forte [t b

where

M =

]

u
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Let us set
)\sup{% : te]a,b[}. (3.9)
On account of (1.2), (3.2), (3.7), (3.8), and Lemma 2.1, we have
A < +oo.
On the other hand, by virtue of (1.2) and (3.3),
A> 0. (3.10)
Put
w(t) = My(t) —u(t) fort € [a,b]. (3.11)
Obviously,
w(t) >0 fort € [a,b]. (3.12)
It follows immediately from (0.4), (1.1), (1.3), and (3.10) that
w” () < L(w)(t) fort € [a,b], (3.13)
w # 0. (3.14)
By virtue of the condition —¢ € Py, it follows from (3.12) and (3.13) that
w’(t) <0 fort € [a,b]. (3.15)
Now we will show that
lim sup u®) <A (3.16)
t—at Y(t)

Indeed, if y(a) # 0, then, by virtue of (0.29) and (3.10), inequality (3.16) is
fulfilled. Suppose that

v(a) = 0. (3.17)
Then on account of (1.2), (3.2), (3.17), and Lemma 2.1, there exists (a finite
or infinite) limit

4
lim 7 () .
t—att —a
If tlim+ % = 400, then, by virtue of (3.7), we get
—a
t t—
limsupﬁgM lim a:()
t—at V(1) t—at (t)
and, therefore, on account of (3.10), inequality (3.16) holds. Assume that
t
fim 2 e (3.18)
t—at+t—a
Clearly,
r>0 (3.19)

(see Lemma 2.1). On account of (0.2¢), (3.12), (3.14), (3.15), (3.17), and
Lemma 2.1, there exist €9 > 0 and ag € |a, b[ such that

w(t) > eo(t —a) fort €la,agpl,
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ie.,
u(t) _ colt—a)
(1) (1)
Hence, by virtue of (3.18) and (3.19), the inequality (3.16) holds. Analo-

gously, one can show that

IN

A for ¢t €la, ao[.

) u(t)
htriigp Ty <A (3.20)
By virtue of (3.9), (3.10), (3.16), and (3.20), it is clear that there exists
to €]a, b[ such that
w(to) =0.
Hence, on account of (3.12), (3.15), and Lemma 2.2, we get w = 0, which
contradicts (3.14). O

Proof of Theorem 1.2. Let —¢ € Pgp and £ € V'([a,b]). Let v denote the
solution of the problem

V() = () (a) =1, 4/ () = 0. (3.21)
Clearly (1.1), (1.4), and (1.5) are fulfilled. Put
uo(t) =1—~() fort € la,b].
By virtue of (3.21) and the condition —¢ € Py, we get
ug (t) > L(up)(t) for t € [a,b]; wo(a) =0, uy(b) = 0.

Hence, by virtue of condition ¢ € V'([a,b]), we easily get that (1.2) is
fulfilled. R

Now assume that a function v € CJ,.(Ja, b]; R) satisfies (1.1), (1.2), (1.4),
and (1.5). By virtue of (1.1), (1.2), and the condition —¢ € Pgp, it is clear

that (3.2) holds. On account of (1.2), (1.4), (3.2), and Lemma 2.3, we get
~(b) > 0. (3.22)

Let a function u € C’([a,b]; R) satisfy (0.3¢), (0.4), and (3.3). The inte-
gration of (0.4) from ¢ to %2 yields (3.4), where M is defined by (3.6).
Integrating (3.4) and taking the first condition of (0.3¢) into account, we

arrive at (3.7). Put

u(t)
)\zsup{—:te a,b}. 3.23
w el (3.23)
By virtue of (1.2), (3.2), (3.7), (3.22), and Lemma 2.1, we have
A < +oo.

On the other hand, on account of (1.2) and (3.3), inequality (3.10) holds.
Define the function w by (3.11). Clearly, (3.12) is fulfilled. On account of
(0.4), (1.1), (1.5), and (3.10), inequalities (3.13) and (3.14) are fulfilled. By
virtue of (3.12) and the condition —¢ € Pgy, from (3.13) we get that (3.15)
holds. By virtue of (0.3¢), (1.4), and (3.10),

w' (b) > 0. (3.24)
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Conditions (3.12), (3.14), and (3.15), on account of Lemma 2.3, imply
w(b) > 0. (3.25)

Arguing similarly to the proof of Theorem 1.1, one can easily verify that
(3.16) is fulfilled. On account of (3.16), (3.23), and (3.25), there exists
to €]a, b[ such that

w(te) = 0. (3.26)
By virtue of (3.12), (3.15), and (3.26), it follows from Lemma 2.2 that
w = 0, which contradicts (3.14). O

Proof of Corollary 1.1. If £(1) = 0, then Corollary 1.1 is trivial. Therefore,
we will assume that
£(1) £ 0. (3.27)
Put
t
1) = 5 [(b 0 [ alee)dst

a

b

+(t—a) /(b —8)[e(1)(s)] ds] for ¢t € [a,b]. (3.28)
t
It follows from (1.6) that there exists € €]0, 1] such that

~v(t) <e fort € [a,b]. (3.29)

On account of (3.27), (3.29), and the condition —¢ € Pgy, it is clear that
£()(t) > £(1)(t) fort € [a,b], (3.30)
mes {t € [a,b] : £(7)(t) > £(1)(t)} > 0. (3.31)

On the other hand, (3.27), (3.28), (3.30), and (3.31) imply that (1.1)—(1.3)
are fulfilled. Therefore, the function ~ satisfies all the conditions of Theorem
1.1. O

Proof of Corollary 1.2. As in the proof of Corollary 1.1, one can easily verify
that the function
t

b
v(t):/(s—a)|€(1)(s)|ds+(t—a)/|€(1)(s)|d8 for t € [a,b]

a

satisfies all the conditions of Theorem 1.2. O

Proof of Theorem 1.3 and 1.5. We first note that, by virtue of (1.14)—(1.16)
and the condition £ € Py,

7'(t) >0 fort € [ag,b). (3.32)

Let a function u € C'([a, b]; R) satisfy (0.20) (resp. (0.30)), (0.4), and (3.3).
According to Lemma 2.4 there exists

to €Jag, b (3.33)
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such that
u(to) >0, u'(tg) > 0. (3.34)
From (0.4), (1.14), and (3.33), we get
uw’(t) > lgp(u)(t) for t € [to,b], (3.35)
Y'(t) > Lgp(v)(t)  for t € [to, b]. (3.36)
Obviously
min{u(t) : t € [to,b]} <0, (3.37)

because otherwise by virtue of the condition ¢ € Py, it follows from (3.35),
that

u'(t) >0 fort € [to,b],
which, together with (3.34), contradicts the second condition in (0.2) (resp.
(0.3p)). Put

—u(t) }
A = max it € [tg,b 3.38
(T tetn (3.38)
and
w(t) = Ay(t) +u(t) fort € [to,b]. (3.39)
Clearly,
w(t) >0 fort € [tg,b]. (3.40)
On account of (3.37) and (1.15), we also have
A>0. (3.41)
By virtue of (3.35), (3.36), (3.40), (3.41), and the condition £ € Py, we get
w”(t) >0 fort € [to,b]. (3.42)
It follows from (1.15), (3.32), (3.34), and (3.41) that
w(to) >0, wl(to) > 0. (343)

By virtue of (3.38), (3.39), and the first inequality in (3.43), there exists
t. €to,b] such that

w(ty) =0,
which contradicts (3.42) and (3.43). O

Proof of Theorems 1.4 and 1.6. The proof of Theorem 1.4, resp. Theorem
1.6, is analogous of Theorem 1.3 and 1.5. Lemma 2.5, resp. Lemma 2.6,
should be used instead of Lemma 2.4. O

Proof of Corollary 1.3. Suppose that a, € [a,b] (if az = b, then £ = 0 and,
therefore, £ € V([a,b])). By virtue of (1.18), it is easy to verify that
wi(t) >0 fort €lagb], i € N. (3.44)

Let us put

m

~(t) = Z wi(t) fort € [a,b].

i=k+1
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Evidently v € C'([a, b]; R),
y(t) >0 fort€lagb]; ~'(ar) > 0.
On the other hand, by virtue of (1.17) and the condition £ € Pgp, we get

() = 3 ) (6) = 6)(0) + Uk — pm)(t) = E)(E) for t € [a,b].
1=k

Therefore, the function -~y satisfies all the conditions of Theorem 1.3. O
Corollary 1.4 is proved similarly.

Proof of Corollary 1.5. According to Corollary 1.1 in [8] and the conditions
(1.19) and (1.22), there exists w € C([a, b]; R) such that

w'(t) = f(w)(t) fort € [a,b], (3.45)
w(t) >0 fort € [a,b]. (3.46)

Put
~v(t) = 0(w)(t) fort € [a,b], (3.47)

where 6 is defined by (1.21). Clearly, v € C’([a,b]; R). It follows immedi-
ately from (1.20), (1.21), (3.45), (3.46), and (3.47) that

V() = w'(t) = f(w)(t) = L()(t) fort € [a,b],
~v() >0 fort €la,b],
7' (t) >0 forte |a,bl.
Therefore function ~y satisfies all the conditions of Theorem 1.3. O

Proof of Corollary 1.6 is similar.

Proof of Theorem 1.7. Let u € C'([a,b];R) be a function satisfying (0.2()
(resp. (0.3p)) and (0.4). According to Remark 0.1 and the condition ¢y €
V([a,b]) (resp. £y € V'([a,b])), the problem

v (t) = Lo(v)(t) — b ([u]4)(B), (3.48)
v(a) =0, v()=0 (resp. v(a) =0, o' (b) =0) (3.49)

has a unique solution v and
v(t) >0 fort € [a,b]. (3.50)

It follows from Remark 0.1, relations (0.2g) (resp. (0.3p)), (0.4), (3.48),
(3.49), and the condition ¢; € P, that

u(t) <wv(t) fort € la,b]. (3.51)
Hence, on account of (3.50),
[u(®))+ <wv(t) fort € [a,b]. (3.52)

By virtue of (3.50), (3.52), and the conditions £y, 1 € Pup, it follows from
(3.48) that
V" (t) > —£1(v)(t) fort € [a,b]. (3.53)
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On account of the condition —¢1 € V([a,b]) (resp. —¢1 € V'([a,b])), (3.49),
and (3.53) imply

v(t) <0 fort € [a,b].
Hence, by virtue of (3.51), the inequality (0.5) is fulfilled. d

4. EQUATIONS WITH DEVIATING ARGUMENT

In this section, the results from §1 will be concretized for the case, where
the operator ¢ € L, is given by one of the following formulas.

0()(t) E —g(t)u(u(t)), (4.1)

0()(t) € p(tyo(r(t)), (4.2)

0()(t) E p(tyo(r(t) — g(tyo(u(t)), (4.3)
where p,g € L([a,b]; Ry) and 7, u € M.

Define the function h by the equality
w(t)

h(t) € (b — p(t)) / (5 —a)(u(s) — a) (b — p(s))g(s) ds+

T (u(t) - a) / (b— 5)(u(s) — a)(b — u(s))g(s) ds—
(t)

— (b—a)(u(t) — a)(b— p(t)) for t€ [a,b].
Theorem 4.1. Let
gh %0 (4.4)
and
h(t) <0 fort € [a,b]. (4.5)
Then the operator £ defined by (4.1) belongs to the set V([a,b]).

Remark 4.1. Example 5.1 below shows that condition (4.4) is essential
and cannot be omited.

Corollary 4.1. Let
b

/ (u(s) — a)(b — p(s))g(s)ds < b—a. (4.6)

a

Then the operator £ defined by (4.1) belongs to the set V ([a,b]).
Define the function h; by the equality

w(t)

ha () / (s — a)(u(s) — )g(s) ds+

a
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b
) =) [ () = a)gls)ds — (ult) ~ @) for ¢ € [a. ).
w(t)
Theorem 4.2. Let
gh1 0 (4.7)

and

hi(t) <0 fort € [a,b)].
Then the operator £ defined by (4.1) belongs to the set V'([a, b]).

Remark 4.2. Example 5.2 below shows that condition (4.7) is essential
and cannot be omited.

Corollary 4.2. Let
b

/ (u(s) — a)g(s) ds < 1.

a

Then the operator £ defined by (4.1) belongs to the set V'([a,b]).

Theorem 4.3. Let there exist numbers \; € [0,1], avij € Ry (4,5 =1,2),
and ¢ € [a,b] such that

—+oo

/ ds S (c—a)t™™
0411+04125+S2 - 17)\1 ’

0

oo (4.8)

/ ds S (b— )t

0421+04225+S2 - 17)\2

0

and
(t—a)*Mg(t) < o,
A
(1= [ 2 4 - n0)al0)] =~ for v €lac,
(4.9)

(b—1)**2g(t) < o,

(b—t)* {_bAQt +(t— u(t))g(t)} < gy fort €]e, bl

Let, moreover, at least one of the inequalities in (4.9) holds in the strict
sense on a set of positive measure, or at least one of the inequalities in (4.8)
is strict. Then the operator ¢ defined by (4.1) belongs to the set V ([a,b]).

Remark 4.3. Example 5.3 below shows that condition, at least one of the
inequalities in (4.9) holds in the strict sense on a set of positive measure, or
at least one of the inequalities in (4.8) is strict, is essential and cannot be
omited.
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Theorem 4.4. Let there exist numbers A € [0,1] and o; € Ry (i = 1,2)

such that
—+o0

/ ds 50— (4.10)

o1+ oags+s2 71—\

and

(t— a)Pg(t) < an,
4.11
(1= 0P [ 25+ - u0)al0)| 2 —ar forv€ fa 1y

Let, moreover, the inequality (4.10) is strict or one of the inequalities in
(4.11) hold in the strict sense on a set of positive measure. Then the operator
¢ defined by (4.1) belongs to the set V'([a,b]).

Remark 4.4. Example 5.4 below shows that condition, the inequality
(4.10) is strict or one of the inequalities in (4.11) hold in the strict sense on
a set of positive measure, is essential and cannot be omited.

Theorem 4.5. Let
T(t) >t fortée [a,b] (4.12)

and

t—a
a

sup { 1 /(t — §)(r(s) — a)p(s) ds : £ €]a, b]} <1. (4.13)

Then the operator £ defined by (4.2) belongs to both sets V(la,b]) and
V'([a,b]).

Corollary 4.3. Let (4.12) holds and

b

/(T(S) —a)p(s)ds < 1. (4.14)

a

Then the operator £ defined by (4.2) belongs to both sets V(la,b]) and
V'([a, b]).

Theorem 4.6. Let
T(t) <t forte[a,b] (4.15)
and
b
sup {ﬁ /(b o (8))(s — B)p(s) ds : £ € [a’b[} -

Then the operator £ defined by (4.2) belongs to both sets V(la,b]) and
V'([a,]).
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Corollary 4.4. Let (4.15) holds and
b

/(b —7(s))p(s)ds < 1.

a

Then the operator £ defined by (4.2) belongs to both sets V(la,b]) and
V'(la,b]).

Theorem 4.7. Assume that (4.12) holds and either
b

/(b —9)p(s)ds <1 (4.16)

or the following two conditions are satisfied:
b

/(b —s)p(s)ds > 1 (4.17)
and

T(t) s

/ /p(ﬁ) d€ds <", (4.18)

t a
where

n* =sup{n(z) : x > 0},

8 —o

xexp |z [(b— s)p(s)ds
n(x):lln pE ! } for x > 0.

exp [Jc J (b= s)p(s) ds} -1

a

Then the operator € defined by (4.2) belongs to the sets V([a,b]) and
V'([a,b]).

Theorem 4.8. Let (4.15) holds and either
b

/(s —a)p(s)ds < 1

a

or the following two conditions are satisfied:
b

/(s —a)p(s)ds > 1

a

/t /bp(E) d€ds < 7,

T(t) s

and
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where
¢* =sup{¢(x) : x > 0},

b
T exp [:L' J(s —a)p(s) ds}
((z) ==In — for z > 0.
exp [ac J(s —a)p(s) ds} -1

a

Then the operator £ defined by (4.2) belongs to the sets V([a,b]) and
V'(la, b]).

Theorem 4.9. Let (4.12) holds and

b 7(t)
/ () [ / (r(t) - 5)(r(5) — a)p(s) ds] x

a t
b

X exp l/(T(S) —a)p(s) ds] dt <1. (4.19)
t
Then the operator £ defined by (4.2) belongs to the sets V ([a, b]) and V'([a, b]).

Corollary 4.5. Let (4.12) holds, p # 0, and

7(t)
ess sup{ / (1(s) —a)p(s)ds : t € [a,b]} <

t
b

< <exp [/(T(S) —a)p(s) ds] - 1) . (4.20)

a

Then the operator £ defined by (4.2) belongs to the sets V ([a, b]) and V'([a, b]).

Theorem 4.10. Let (4.15) holds and
b t t

/p(t) l / (s —7())(b—7(s))p(s) ds} exp [/(b —7(5))p(s) ds} dt < 1.
a 7(t) a

Then the operator £ defined by (4.2) belongs to the sets V ([a, b]) and V'(]a, b]).
Corollary 4.6. Let (4.15) holds, p 20, and

t

ess sup{ / (b—7(s))p(s)ds : t € [a, b]} <

(1)
b —1
< <exp l/(b 7(s))p(s) ds] - 1) .
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Then the operator £ defined by (4.2) belongs to the sets V ([a, b]) and V'([a, b]).

Theorem 4.11. Let ¢ € Ly, be an operator defined by (4.3), where
functions g and p satisfy conditions one of the Theorem 4.1 or Theorem 4.3
or Corollary 4.1, while the functions p and T satisfy conditions one of the
Theorem 4.5-4.10 or Corollary 4.3-4.6. Then £ € V([a,D]).

Theorem 4.12. Let ¢ € Ly, be an operator defined by (4.3), where
functions g and p satisfy conditions one of the Theorem 4.2 or Theorem 4.4
or Corollary 4.2, while the functions p and T satisfy conditions one of the
Theorem 4.5-4.10 or Corollary 4.3-4.6. Then ¢ € V'([a,b]).

Proof of Theorem 4.1. Let us first suppose
b

/ (u(s) — a)(b— p(s))g(s) ds # 0. (4.21)

1) = [(b ~ 1 / (s = a)(su(s) = a) (b — (s))g(s) ds+

(t—a) [ (b—s)(u(s) —a)(b—pu(s))g(s)ds| fort € [a,b].

ﬁ\&

By virtue of (4.21),
() >0 fort€la,bl.
On the other hand, by virtue of (4.4) and (4.5),

7(8) < —g(t)y(u(t) fort € [a,]
mes {¢ € [a,8] : 7'(t) < —g(t)(u())} > 0.

Therefore, the function ~ satisfies the conditions of Theorem 1.1.
Suppose now that

/ (u(s) — a)(b— p(s))gls) ds = 0. (4.22)

Let the function u € C’([a, b]; R) satisfy (0.2) and (0.4). It is easy to verify
that

(b—s)u"(s) ds} for t € [a, b].

_|_
—~
~+
|
2
H‘\Q—



82 A. Lomtatidze and P. Vodstrédil

Hence,
lu(®)| < M(t—a)(b—1t) forté€ |a,b], (4.23)
where

b
1
- " )
M= [ )] ds

By virtue of (4.22) and (4.23), it follows from (0.4) that
u'(t) >0 fort € [a,b].
Taking now (0.2) into account, we get that (0.5) holds. O

Proof of Corollary 4.1. Suppose that (4.21) holds (if (4.22) holds, then, ob-
viously, ¢ € V([a,b]), see the proof of Theorem 4.1). Clearly for t € [a, b]
the inequality
b
h(t) < (u(t) — a)(b— u(t)) [/(H(S) —a)(b—pu(s))g(s)ds — (b—a)| (4.24)

a

holds. Hence, on account of (4.6), the inequality (4.5) holds as well. On the
other hand, it follows from (4.24) and (4.21) that (4.4) is also fulfilled. O

Theorem 4.2 and Corollary 4.2 are proved analogously.

Proof of Theorem 4.3. Suppose that ¢ €]a,b[ (if ¢ = a or ¢ = b, the theorem
is proved analogously). Without loss of generality, assume that

+oo

ds (c—a)t™™
/06114-04128-!-82_ I—-XA 7
o (4.25)
ds (b=t
O/a21+a225+52_ 1—Xy

and that at least one of the inequalities (4.9) holds in the strict sense on a
set of positive measure.
Define functions p; and ps by equalities
+oo

ds (t—a)t=™
= for ¢ 4.26
/ a1 + ajas + 82 11—\ ot €la,d, (4.26)
p1(t)
+oo
ds (b—t)=A
= for t bl. 4.27
/a21+a225+52 1—X or ¢ € [e,B] (4.27)
p2(t)
By virtue of (4.25),
p1(t) >0 fort €la,c], p2(t) >0 fort €lc, b, (4.28)

p1(c) =0, p2(c) =0. (4.29)
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Put

exp [ /(s —a) Mpy(s) ds] for t € [a, [,

V(1) = ' .

exp [ /(b —8)*2py(s)ds| fort € [c,b].
It follows from (4.26)(4.29) that v € CJ,_(la, b[; R),
7Y'(t) <0 fort € [a,b], (4.30)
~v(t) >0 fort€la,bl, (4.31)
v'(t) >0 fort€la,c| v'(t) <0 fort €le,bl, (4.32)
v(a) >0, ~(b) >0 (4.33)
and
7' (t) = —(bf‘%w) + [(baﬁ + %] 7' (t) fort €]e,bl.
By virtue of (4.9), (4.31), and (4.32), equalities (4.34) imply
V(1) < —g()y(t) = (u(t) — t)g(t)y'(t) for t € [a,b]. (4.35)

Moreover, by virtue of the assumption that one of the inequalities (4.9)
holds in the strict sense on a set of positive measure, we get

mes {t € [a,b] : 7" (t) < —g(t)y(t) — (u(t) = )g(t)y'(H)} > 0. (4.36)
Taking (4.30) into account, one can easily verify that
w(t)
(ult) — 7/ (1) = / ¥ (s)ds for t € [a,b].
t
This inequality, together with (4.35) and (4.36), implies
V() < —g(t)y(u(t)) for t € [a,b],
mes {t € [a,8] : 7 (t) < —g()y(u())} > 0.
Therefore, the function -~y satisfies all the conditions of Theorem 1.1. O

Theorem 4.4 is proved analogously.

Proof of Theorem 4.5. Theorem 4.5 follows from Corollary 1.3 with
p1(t)=t—a, m=2, and k=1.
O

Proof of Corollary 4.3. Tt is not difficult to verify that inequality (4.14) im-
plies (4.13). O
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The proof of Theorem 4.6 and Corollary 4.4 are analogous.

Proof of Theorem 4.7. If (4.16) holds, then, obviously, the conditions of
Corollary 1.3 are fulfilled with ¢1(t) = 1,m = 2, and k = 1. Therefore, we
will assume that (4.17) and (4.18) hold. On account of (4.17),

On the other hand, clearly,
Jim 7(z) =0.
Therefore, there exists A > 0 such that
7 = (). (4.37)
It follows from (4.18) and (4.37) that
b
() s Aexp {)\f (b—s)p s}
exp [ / / ) d¢ ds} < — for t€a,b]. (4.38)
exp [)\ J (b= s)p(s) ds} -1
a
Clearly,

T(t s

/ (b— s)p(s) ds > / / Vdeds for t € [a,b]. (4.39)
Inequalities (4.38) and (4.39) 1mply
T(t) s T(t) s
<exp[ // d§d81—1>expl)\//p dfds]f

t
(t) s

S)\exp[)\//p dfds] for t € [a,b].

3

Hence,

t

Aexp l)\/(t — s)p(s) ds] >
' (1)
> exp [)\ /(T(t) — $)p(s) ds} —1 fortela,b]. (4.40)

a

Put
t

~(t) = exp l)\/(t —s)p(s) ds] —1 forte€[a,b)].

a
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It is easy to check that
y(t) >0 fort€lag,b], ~'(ar)=0,

where a, is defined by (1.10), (1.12), and (4.2). On the other hand, by
virtue of (4.40),

Y'(t) = p(t)y(7(t)) for t € [a,b].
Therefore, the function -~y satisfies all the conditions of Theorem 1.3. O

Theorem 4.8 is proved analogously.

Proof of Theorem 4.9. Clearly,
7(t) t

f)(#) = p(t) / v(s)ds, o(v)(t) :/f(v)(S)dS-

Put

—p(t) /(s —a)f(v)(s)ds <

a

< f(v)(t) fort€ [a,b], vE Cyul[a,b];Ry).
On the other hand, (4.19) implies (1.19). Therefore all the conditions of

Corollary 1.5 hold. O
Proof of Corollary 4.5. 1t is not difficult to verify that inequality (4.20) im-
plies (4.19). O

The proof of Theorem 4.10 and Corollary 4.6 are analogous.
Theorems 4.11 and 4.12 immediately follow from Theorems 4.1-4.10,
Corollaries 4.1-4.6 and Theorem 1.7.
5. EXAMPLES

Example 5.1. Let

def 8 a+b
Lv)(t) = — .
00 -0 (%57)
Clearly, (1.8) holds. On the other hand, the function

4
u(t) = b= (t—a)(b—t) forté€ [a,]
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is a nontrivial solution of the problem (0.1p), (0.29). Therefore, according
to Remark 0.1, £ & V([a, b]).

Example 5.2. Let

Hw)(0) E — o)

Evidently, (1.9) holds. On the other hand, the function

u(t) = ﬁ (%(t —a)*+(t—a)b— t)) for ¢ € [a,b]

is a nontrivial solution of the problem (0.1p), (0.3¢). Therefore, according
to Remark 0.1, £ € V'([a, b]).

Example 5.3. Let

and

2 a+b

AM=Xx=0, ai2=ax=0, 0411:a21:ma €=

It is not difficult to verify that all inequalities in the conditions (4.8) and
(4.9) are satisfied as equalities. On the other hand, the function

w(t — a)

u(t) = sin for t € [a,b]

is a nontrivial solution of the problem (0.1p), (0.29). Therefore, according
to Remark 0.1, £ & V([a, b]).

Example 5.4. Let

and

A= = = .
0, (0% 0, Qaq 4(b—a)2

It is not difficult to verify that all inequalities in the conditions (4.10) and
(4.11) are satisfied as equalities. On the other hand, the function

7(t —a)
2(b—a)
is a nontrivial solution of the problem (0.1p), (0.3p). Therefore, according
to Remark 0.1, £ € V'([a, b]).

u(t) = sin for t € [a,b]
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