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FORMULAS OF VARIATION OF SOLUTION FOR QUASI-LINEAR
CONTROLLED NEUTRAL DIFFERENTIAL EQUATIONS

(Reported on March 17, 2003)

Let J = [a,b] be a finite interval, O C R™, G C R" be open sets. Let the function
f:J xO0°% x G— R™ satisfy the following conditions: for almost all ¢ € J the function
f(t,-) : O° x G — R™ is continuously differentiable; for any (z1,...,zs,u) € O% X G the
functions f(t,x1,...,2s,u), fz;(-), 4 =1,...,s, fu(-) are measurable on J; for arbitrary
compacts K C O, N C G there exists a function mg n(-) € L(J, R+), R+ = [0,00), such
that for any (z1,...,2s,u) € K® x N and for almost all ¢t € J, the following inequality is
fulfilled

‘ f(tvxlv"'vxsvu) ‘ +Z | le() ‘ + | fu() ‘S mK,N(t)'
i=1

Let the scalar functions 7;(t), ¢ = 1,...,s, ¢ € R, and n;(t), j = 1,...,k, be
absolutely continuous and continuously differentiable, respectively, and satisfying the
conditions: 7;(t) < ¢, 7(t) > 0, 1 = 1,...,s, n;(t) < t, ;) >0, 5 = 1,... k.
Let ® be the set of continuously differentiable functions ¢ : J; = [1,b] — O, 7 =
min{n (a), .., mk (@), 71.(a), ..., 7a(@)}, | ¢ 1= sup{| @(a) | + | () |: £ € J}. © be the
set of measurable functions u : J — G, satisfying the condition cl{u(t) : t € J} is a
compact lying in G, || u ||= sup{| w(¢) |: ¢t € J}; Ai(t), t € J, i =1,...,k, be continuous
matrix functions with dimensions n X n.

To every element p = (to,zo,p,u) € E = J X 0 X ® x Q let us correspond the
differential equation

k
#(t) =D A0 (1) + f(Ea(rL(t)), ..,z (7s(8)), u(b)), (1)

j=1

with discontinuous initial condition
z(t) = (), telrto), x(to)=wo. 2
Definition 1. Let p = (to,zo0,p,u) € E, to < b. The function z(t) = z(t;p) € O,
t € [1,t1], t1 € (to,b] is said to be a solution corresponding to the element u € E, defined
on the interval [1,t1], if on the interval [T, to] the function x(t) satisfies the condition (2),

while on the interval [to,to] it is absolutely continuous and almost everywhere satisfies
the equation (1).

Let us introduce the set of variation:
V = {0 = (8to, 600,80, 6u) € E—fi: | 8to [<c, | oz |<c, | dp[<e, | oull< e},

where i € E is a fixed element, ¢ > 0 is a fixed number.

Let #(t) be a solution corresponding to the element /i = (o, %o, P, %) € E, defined on
the interval [7, 1], £; € (a,b), i = 0, 1. There exist numbers €1 > 0, §; > 0, such that for
an arbitrary (¢,0p) € [0,e1] X V to the element fi+¢edp € E there corresponds a solution
x(t; fi + edp) defined on [1,11 + 61].
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Due to uniqueness, the solution z(t; i) is a continuation of the solution Z(t) to the
interval [7,f1 + d1]. Therefore the solution #(t) is assumed to be defined on the interval
[7‘, t1 + (51].

Let us define the increment of the solution Z(t) = x(t; 1)

Az(t;edp) = o(t; i +edu) — 2(t), (t,e,0u) € [1,41 + 61] X [0,e1] x V.
In order to formulate the main results, we will need the following notation:
oi = (to, %o, ..., %0, #(t0), .- -, (t0), B(tp+1(t0)), - - -, @(7s(t0))), i =0,...,p;
—_—
¢ (p—4)
oi = (v, &(11 (%)), - -+ B(Tim1 (7)), To, P(Tig1 (%)), - -+, P(Ts (73))s
o = (i, Z(11(0))s - - B(Ti—1 (1)), #(0), B(Tig 1 (7)), - -, B(7s (7)),
i=p+1,....8 vi="vo) pi=pi(to), wt)=177"0), pi(t)=n;"(t);
w=(tz1,...,xs), flw] = fw,a(t), fo,lt] = f(EE(TLE)), .., E(7s(t)), A(t)).
Theorem 1. Let the following conditions be fulfilled:

Doyi=to, i=1,...,p, Ypr1 <+ <7s <ti,p;0) <t1, j=1,...,k;
2) there exists a number § > 0 such that

7(t) < <p(t), tE (to— 3 tol;
3) there exist the finite limits: 4; = i(fo—), i=1,...,s,
hmf:[w]:fliv we(fo—zS,fo]XOs, t=0,...,p,
lim [flwn] = floal] = 57, wiwn € (i =6l X 0% i=p+1,..s
(w1,w2)—(04,09)

Then there exist numbers eo > 0, d2 > 0 such that for an arbitrary (t,e,0p) € [fl —
82,11 + 62] X (0,62] x V=, V™ = {dp € V : 5tp < 0} the formula

Az(t;edp) = edz(t; edp) + o(t; edp) (3)

is valid, where

k P
Sa(t; 6p) = {Y (fo—; t)[B(t0) — D A;j(B0)(n; (o)) + D (ipy — % )i 1=
j=1 =0

- Z Y (vi—; ) f; 47 Yoto + B(t; op),

i=p+1

Yo =L A7 =47, i=1,..,p, Ay = 0;

tg
Bt om) = @i )50 — GE)sto] + Y- [ V(00 s i Ol O+
=Pl ()
k to
+3 / D)4, (3 (€)d(€) 6, (€)dé + / Y (€0 fulelu(€)d;
I=1, ()

lim o(¢;e0pu)/e = 0,
e—0

uniformly with respect to (t,6u) € [t1 — 02,11 + d2] x V75 ®(&;t), Y (€;¢) are matriz
functions satisfying the system

a«b(&t - Z Y (i () ) fa, [ ()14 (€),
Y(&t) = B(&;t) + Zf(mo;t)AM(&))p'j(s» £ € [fo. 1]
p=
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and the condition
I, s=t,

Q&) =Y (&) = {@ £>t.

Here I is the identity matrix, © is the zero matrix.

Theorem 2. Let the condition 1) of Theorem 1 and the following conditions be
fulfilled:
4) there exists number § > 0 such that

71(t) < < (), tE [to, o +0);
5) there ewists the finite limits: 7;* = 4;(fo+), i=1,...,s,
lim f:[w]:fj7 we[£07£0+5)><os7 t=0,...,p,
w—o;

lim [f[wﬂ—f[wg] :f;", wi,w2 € [Vi,7i +6) x O°.
(w1,w2)—(04,069)
Then there exist numbers e2 > 0, d2 > 0 such that for an arbitrary (t,e, u) € [51 —d2, t1+
32] x [0,e2] x V', VT = {6u € V : §tg > 0} the formula (3) is valid, where 6x(t; Sp) has
the form

k P
e(t: o) = (¥ (Fots DB (F0) — 3 A (Fo)bln; (Fo)) + D_(5%y =4S 1=
=1 =0
= X YOuhiOfF 5 Yoto + Bt o),
i=p+1

A =1 A =4, i=1...,p, 45, =0

Theorem 3. Let the assumptions of Theorems 1, 2 be fulfilled and

/Yiaio §é{77k1(77k2((77k5(£1))77)) € (a‘vi:l):
e=1,2...;m=1,....e, km=1,....k}, i=p+1,...,s

D D
S G =3 =D Gl = AN = fo f7 v = T3 = Fi, i=p+1,...,s.
=0 =0

Then there exist numbers eo > 0, d2 > 0 such that for an arbitrary (t,e,0p) € [fl —
82,11 + 62] X [0,62] X V the formula (3) is valid, where 5z(t; 5p) has the form

) k ) s
S (t;6p) = {Y (fo; )[B(F0) — > Aj(H0)d(nj (o)) — fol + D Y (vist)fi}bto + B(t; o).

j=1 i=p+1

Finally we note that the formulas of variation of solution for various classes of delay
and neutral differential equations are given in [1-6].
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