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Consider the differential equation
v =f(tyy,. ), 1)

where f : [o,w[XD —— R is continuous function, —oo < a < w < 400, D =
{1,.--,yn) ER™ : 0 < |y;| < +00, i=1,...,n}.

For this equation in the second and third chapters of the monography of I.T.Kiguradze
and T.A.Chanturija [1] at some estimations on function f are obtained: at w = 400
conditions of existence of solutions with a degree asymptotics y(t) ~t*~! (i =1,... ,n),
and also estimations for Kneser’s and fast-growing solutions; at w < 400 - estimations
for singular solutions of the first and second kind.

In the present paper theorems of exact asymptotic formulas are reduced for those
solutions y the equations (1), each of which is defined on some interval [to, w[C [o,w[ and
satisfies to conditions

1) y=D@)£0 for te€ [to,w];

or 0,

or +oo (k=1 ,m).

2) limy—D(t) = {
tTw

At an establishment of these theorems the ideas included in works [2-5] are used,
devoted to the equations with nonlinearities of Emden - Fowler type.
Let’s assume

. t, if w=+4o0 .
m”(t){ t—w, if w<4oo ’Anfli{o’

also we will enter set Q,5 = [0, w[XDs, where
ao € [a,w], Ds={(z1,...,2n) ER": |z |<d<1, i=1,...,n}.

All basic outcomes for the equation (1) are obtained in terms of existence some con-
tinuously or twice continuously differentiable function ¢ : [o,w[— R\ {0}, possessing
those or other properties.
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For their formulation we will need the following notations:
D(t) (X1 = Dw(0)]
n—1
H ao;

i=k

n—k

Sokl(t): ) (k‘:L...,n),

where aok =M —k)X2_| —(n—k—1), N An1;

_ O]

T e

prs(t) = B(1) (f,((’?))"fk L =1 n)

puaity = LRI ey,
e
i=1,... n—1,

and also the following conditions (4;) (j =1,... ,n+2):
(A;) (4 € {1,2,3}). On some set 2,5 the relation takes place

F ey @I+ 21l eng ([ + 2a]) -
= bo; (¢ bri (¢ Zi(t 21, s 2n), (25
0 0j (D) + > bry O+ Zi(t 21, 20, (29)
k=1
where functions by; : [ao,w[— R (k=0,1,...,n) - are continuous and have properties
liTmbO]-(t) =1, liTm bj(t) =bp; = const (k=1,...,n), (35)
tTw tTw

and function Z; : Q,5 — R is continuous and such, that
n
Zj(t, z1,. .., .
w — 0 for Z |zk] — 0 uniformly on ¢ € [ao,w]. (45)
>zl k=1
k=1
(Asz4i) (t€{1,...,n—1}). On some set 2,5 the relation takes place

EDMHme @I f (13 (O +21], - enagi(D[1 + 20])

(n — )19/ (¢)
n
= boz+i(t) + Z besti(t)zk + Zayi(t, 21, .., 2n),
k=1
where functions bgs4; : [ao,w[— R (k=0,1,... ,n) and Z34; : Q,5 — R— - are continu-

ous and such, that conditions (331;) and (434+;) are observed.

Theorem 1. Let there is continuously differentiable function ¢ : [a,w[— R\ {0}
such, that

o mu (Y () 1
e N -1

)‘91—1 ¢ An—1
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and the condition (A1) is observed. Then, if the algebraic equation

n n—1 k—1 n—1
> 6% [T aos [J@os + o) = 1+ ) [ (@05 +0) (5)
k=1 1=k Jj=1 Jj=1

does mot have roots with zero real part, the differential equation (1) has at least one
solution satisfyng asymptotic representations

yEUM) = o1 +o(1)],  (k=1,...,n) at tlw.

Remark 1. The equation (5) obviously has no roots with a zero real part, if

n—1

n
ST A1 and DI < 8, -1l
k=1 k=1

Theorem 2. Let there is continuously differentiable function ¢ : [a,w[— R\ {0}
such, that

Jim T _ 0, limy(t) = {

or 0,

ttw  P(t) tTw or +oo

n
and the condition (Az) is observed. Then, if Z b22 # 0, at the differential equation (1)
k=1
there is at least one solution satisfyng asymptotic representations

y V(@) = ppa(t)[1 + 0(1)], (k=1,...,n) at tlw.

Theorem 3. Let there is twice continuously differentiable function ¢ : [, w[— R\
{0} such, that

WU _

RO

and the condition (As) is observed. Then, if the algebraic equation
n
D bor(1+p)F = (14 p)" ©)
k=1

as no roots with a zero real part, the differential equation (1) has at least one solution
satisfing asymptotic representations

y(kfl)(t) :on3(t)[1+o(1)]v (k: 17"' 7") at tTw'

Remark 2. The equation (6) obviously has no roots with a zero real part, if

n n—1
ZbQQ#l and Z‘bgﬂﬁ ‘b%2*1‘-
k=1 k=1

Theorem 4. Let there is twice continuously differentiable function 1 : [a,w[— R\
{0} such, that

w //t
im0 o g =4 Y
ttw Y (t) ttw or +oo
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and the condition (As4;) is observed at some i € {1,... ,n—1}. Then, if Z bk3+z

k=i+1
and the algebraic equation
n
k3+1 (n—i+p) ’L+p)
— 7
Z oo HO i+p) = HO i+p) )
k=i+1 Jj=i+1 Jj=i+1

has no roots with a zero real part, the differential equation (1) has at least one solution
satisfyng asymptotic representations

y(k_l)(t) = LPICS-H(t)[l + 0(1)]7 (k=1,... 7") at t7w.

Remark 3. The equation (7) obviously has no roots with a zero real part, if

n—1

n
D Wani A1 and Y [yl < sy — 1.

k=i+1 k=i+1

Remark 4. To find out to what extend theorems 1-4 sapplement each other, it is
necessary to pay attention to a principal term ¢,; (j € {1,...,n + 2}) established
asymptotic of n — 1 a derivative of a solution y of the differential equation (1).

It is easy to notice, taking into account conditions of the appropriate theorems, that

t)p! L (t 1 1 2 -2
hmﬂ'w( )@nl(): , )\9171¢{07_7_7.”7n ,1,ioo};
ttw  n1(t) A0 -1 2’3 n—1
t)p! o (t
hmw =0, ()\n | = +o0);
tTw  pn2(t)
t)p! o (t
lim M = +o0, (/\%_1 =1);
tTw SOnB(t)

Tw(t)p! o (t —i—1
lmM:i,n (A%_1=L)7 i=1,...,n—1.
tTw gong_»,_i(t) n—1

By (¢
Moreover, it is possible to show, that each of these limits is equal lim M
tlw y(n=1(t)
T (D)y ™ (1)

Therefore, in case of existence (final or equal +o0) a lim all possible

tTe yn=h (1)
situations are enveloped.

Let’s show now on the example of the differential equation
y" = p(O)ly|°ly’|7" - [y D7 1signy, ®)

where o; (j = 0,1,... ,n — 1)— real constants and p : [o,w[— R\ {0}- continuous
function, how effectively theorems 1-4 work.

In case of the theorem 1, the left part of representation (21) from a condition (Ay)
becomes

fen®+ 2], e O+ 2n])
P (1)
aop(®)[Y(#)[7710[(A0_, — 1) (8)[#r 1~
_ cop(®)[¥(®)] QL(/(S 1~ Dmw (@) H\1+z]~|"f*1,

j=1
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where

ap = sign [P(1)[(A)_; — Dmw ()],
n—1 n—2
70:1—20]', Mn:ZUj(n—j—l)-
i=0 =0

From here it is clear, that the condition (A1) will be hold, if
@O 00 — DB
tTw 1[Jl(t)

In this connection, let’s search function ), aspiring at ¢ 7 w either to zero, or to Foo,
from the differential equation of the first order

¥ = aop(®)|' 7O |(AG g = Dmw (8]
From here we discover, that

W] = 70lAn_1 — 1/#" Jn(¢) sign[(Ap 1 — Drw (8)]" 7,

where
t

In(t) = /p(T)|7Tw(T)|'u” dr, A € {w;al.
Anp

Hence, the inequality
70[()\2_1 — D7 ()] 10 (t) > 0 at t € [a,w] 9)
should be fulfilled and thus we will have
1
Y(t) = % |30l A0 _y — 1 Tn(®)] 0.

Due to the first of conditions of the theorem 1, this function should have property also

- mw ()P (t) 1 0
1 = , Ao An—1),
e oo O #he
i.e., the condition
e @) () 1 0
1 = , A Ap—1). 10
the Jn () Yo o1 e #he-) (10)

should be satisfied. Thus, from the theorem 1 we have

Corollary 1. If vo # 0, conditions (9), (10) are observed and the algebraic equation

n n—1 k-1 n—1
Y on-1 [Jao [(aos +0) = 0+ p) [ (as +0)
k=1 i=k j=1 j=1

has no roots with a zero real part, the differential equation (1) has the solutions, satisfyng
asymptotic representations

y®D(0) = £ oAy — 1 ()] 37 (a1 — Dm0 1+ 0(1)]

n—1
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Let’s remark, that the conditions indicated in a corollary (9) and (10) are necessary
for existence of the equation (8) solutions satisfying a condition

(n)
o ﬂw((t)iyl) () _— 1
tTlw Y n (t) A 1~ 1

n

’ /\91—1 ¢ Ap—1.
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