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Consider a linear homogeneous system of generalized ordinary differential equations
da(t) = dA(t) - a(0), 1)

where A : [0,+o0o[— R™*™ is a real matrix-function with locally bounded variation
components.

In this paper we give some sufficient conditions imposed on the components of matrix-
function A, wich guarantee the stability of the system (1) in the Liapunov sense with
respect to small perturbations. This conditions are differed from those given in [1].
Analogous conditions for ordinary differential equations are given in [2].

The following notations and definitions will be used in the paper:

R =] — 00,400, Ry =[0,+oc0[, [a,b] and ]a,b] (a,b€R)

are, respectively, a closed and open intervals;
R™*™ is the space of all real n x m matrices X = (z4;);';", with the norm

n

IX[| = max E |35
j=1,...,m £ -
—

Opxm (or O) is zero n X m-matrix;

R™ = R"*1 is the space of all real column n-vectors @ = (z;)!;;

If X € R™™, then X! and det(X) are, respectively, the matrix inverse to X and
the determinant of X; I, is the identity n X n-matrix;

VO+°°(X) = SUPpeR, V& (X), where VP(X) is the sum of total variations on [0,b] of
the compnents z;; (i =1,...,n;j = 1,...,m) of the matrix-function X : Ry — R"*™;
V(X)) (%) = (v(a:w)(t))zl;zl, where v(z;;)(0) = 0 and v(zi;)(t) = V{ (zi;) for 0 < t < +o0
(i=1,...,n;5=1,...,m).

X (t—) and X (¢t+) are the left and the right limits of the matrix-function X : Ry —
R™X"™ at the point ¢; d1 X (t) = X (t) — X (t—), d2 X (t) = X (t+) — X (¢t);

BVipe (R4, R™™™) is the set of all matrix-functions of bounded variations on every
closed interval from R .

s0 : BVioc(R4,R) = BVjoc (R4, R) is an operator defined by

so(z)(t) = z(t) — Z dia(r) — Z daa (7).

o<r<t 0<r<t
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If g : Ry — R is a nondecreasing function, z : Ry — R and 0 < s <t < +00, then

t

/I(T)dg(f) = /I(T)dgl(T)*

s ]s,t[

—/x(’r)dgg(’r)—i— Z z(7)d1g(T) — Z z(1)d2g(7),

1o.t] s<t<t s<T<t
where g; : Ry — R (j = 1,2) are continuous nondecreasing functions, such that g1 (t) —
g2(t) = s0(g)(t), and jis’t[ z(7)dg; (7) is Lebesgue-Stieltjes integral over the open interval
|s,t[ with respect to the measure corresponding to the function g; (j = 1,2) (if s = ¢,

then fst z(7)dg(T) = 0);
A matrix-function is said to be nondecreasing if each of its component is such.
IfG= (gm)i’zil : Ry — R!YX™ is a nondecreasing matrix-function, X = (fvm)f}fll :
Ry — R™ ™ then

I,m

t t
/dG(T) - X(1) = (Z /:Ekj(T)dgik(T)) ' for 0<s<t< +4o0.
k=1

4,j=1
S

If G; : Ry — RIX™ (j = 1,2) are nondecreasing matrix-functions, G(t) = G1(t) —
Ga(t) and X : Ry — R™¥™  then

t t t
/dG(T)-X(T)=/dG1(T)-X(T)7/dG2(T)-X(T) for 0<s<t< 4o0.

S S S

r(H) is the spectral radius of the matrix H € R"*™.
Under a solution of the system (1) we understand a vector function z € BV}, (R4, R™)

such that
t

z(t) = z(s) + /dA(T) cz(r) (0<s<t<+00).
s
We will assume that A = (aik)?,k:1 € BVipe(R4,R™*™), A(0) = Opxn and
det(In + (—1)7djA(t)) #0 for t€R4 (j=1,2).
Let g € BVioc(R+,R™) be a solution of the system (1).

Definition 1. Let £ : Ry — Ry be a nondecreasing function such that

lim £(t) = +oo. @)

t——+oo

The solution zg of the system (1) is called £-exponentially asymptotically stable, if
there exists a positive number 7 such that for every € > 0 there exists a positive number
6 = (e) such that an arbitrary solution x of the system (1), satisfying the inequality

llz(to) — zo(to)ll <6
for some to € Ry, admits the estimate
l[z(t) = zo(t)l| < eexp(=n(£(t) —£&(to))) for t = to.

Stability, uniformly stability and asymptotically stability of the solution x¢ are defined
analogously as for systems of ordinary differential equations (see [2]), i.e. in case when
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A(¢) is the diagonal matrix-function with diagonal elements equal to t. Note that expo-
nentially asymptotically stability ([2]) is particular case of £&-exponentially asymptotically
stability if we assume £(t) = ¢.

Definition 2. The system (1) is called stable (uniformly stable, asymptotically sta-
ble or &-exponentially asymptotically stable) if every solution of this system is stable
(uniformly stable, asymptotically stable or £-exponentially asymptotically stable).

Definition 3. The matrix-function A is called stable (uniformly stable, asymptoti-
cally stable or £-exponentially asymptotically stable) if the system (1) is stable (uniformly
stable, asymptotically stable or -exponentially asymptotically stable).

IfX e BVIOC(RJraRnxn)v then .A(X,) : BVIOC(R+7Rnxm) - BVIOC(R+=Rnxm) is
an operator defined by

AX YY) =Y O+ Y diX(r)- (o —diX() - drY () -
o<r<t
- Z A2 X (1) - (In + daX (7))L - daY (1) for t€Ry;
0<r<t

If a € BVioe(R4+,R4) and 1 + (=1)/dja(t) # 0 for t € Ry (j = 1,2), then J :
BVipc(R4,Ry) — BVioe(R4,R4) is an operator defined by

J(a)(t) = Z (dra(s) +In |1 — dia(s)]) + Z (daa(s) — In |1 + daa(s)]) for t € Ry.

0<s<t 0<s<t

Theorem 1. Let the components a;i, (i,k = 1,...,n) of the matriz-function A satisfy
the conditions
14+ (=1)djai(t) #0 for t>t* (j=1,2i=1,...,n), (3)
t
/exp(aii(t) = J(ais)(t) = aii(7) + J(aii ((7))dv(bir)(7) < hik 4)
e
for t>t* (i £kji,k=1,...,n)
and
sup{aii(t) - J(a‘ll)(t) ite R+} < +o0 (Z =1,... vn)v
where b (t) = Alaii,a;)(®) (,k=1,...,n), t* and hjr € Ry (1 # k;i,k =1,...,n).

Let, moreover, the matric H = (hik)?,k:v where hy; =0 (i =1,...,n), be such that
r(H) < 1. (5)
Then the matriz-function A is stable.
Theorem 2. Let the components a;i, (i,k = 1,...,n) of the matriz-function A satisfy

the conditions (3), (4) and
sup{ai; (t) — J(aii)(t) — aii(7) + J(ai)(r) : t > 7> 0} < 400,

where t* € Ry, and h;, € Ry (i # k;i,k = 1,...,n) are such that the matric H =
(hik)?,k:u where hi; =0 (i = 1,...,n), satisfies the condotion (5). Then the matriz-
function A is uniformly stable.
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Corollary 1. Let the components a;i, (i,k =1,...,n) of the matriz-function A sat-
isfy the conditions (3) and

Vb < —hig(bii(t) — bi(7)) for t>7>t" (i£kidik=1,...,n), (6)

where t« € Ry, bjr(t) = Alaii,ai)®) (k= 1,...,n), bjy (i = 1,...,n) are non-
increasing functions, and h;, € Ry (i # kji,k = 1,...,n) are such that the matriz
H = (hik)?,kzv where hiy; = 0 (i = 1,...,n), satisfies the condition (5). Then the
matriz-function A is uniformly stable.

Theorem 3. Let the components a;i, (i,k = 1,...,n) of the matriz-function A satisfy
the conditions (3),

aii (t) — J(ai)(t) — ag (t*) + J(ay)(t*) < —€@) +EF*) for t>t* (i=1,...,n)
and
t
/eXP(S(t)) —&(7) + aii(t) — J(ai)(t) — au(r) + J(ai)(1))dv(bix ) (1) <
b
<hgy for t>t° (i#kji,k=1,...,n),

where t* and h;, € Ry (i # kyi,k = 1,...,n), biyp(t) = Alais,a)(t) (G,k=1,...,n).
Let, moreover, the matrizc H = (hik)?,kzl’ where hiy; = 0 (1 = 1,...,n), satisfy the
condition (5), and the function & € BVioc(R4,Ry) satisfies the condition (2). Then the
matriz-function A is asymptotically stable.

Corollary 2. Let the components a;i, (i,k =1,...,n) of the matriz-function A sat-
isfy the conditions (3) and (6), where t« € Ry, b (t) = Alass, air)(t) (,k=1,...,n),
bii (i =1,...,n) are nonincreasing functions, and h;, € Ry (i # k;ji,k=1,...,n) are

such that the matriz H = (h;)
(5). Let, moreover,

?—1, where hi; =0 (i =1,...,n), satisfies the condition

lim ag(t) = +oo,
t——4oo

where
ao(t) = min{|aii(t) — J(a”)(t) — a“'(t*) + J(a“)(t*)| ce=1,... ,n} (t > t*).

Then the matriz-function A is uniformly and asymptotically stable.

Corollary 3. Let the components a;i, (i,k =1,...,n) of the matriz-function A sat-
isfy the conditions (3),

a“-(t) — J(aii)(t) — aii(t*) + J(a“‘)(t*)g—’y(t — t*) for tZt* (’i:L .. ,n) (7)

and
t
/exp(“/(t = 7) +au(t) = J(aii)(t) — ai (1) + J(ai)(7))do(bix ) (7) < hig,
b

for t>t* (i#kji,k=1,...,n),

where v > 0, t* and hy € Ry (¢ # ki, k = 1,...,n), bip(t) = A(aii,air)(t) (G, k =
1,...,m). Let, moreover, the matric H = (hs)?,_,, where hy = 0 (i = 1,...,n),
satisfy the condition (5). Then A is exponentially asymptotically stable.
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Corollary 4. Let the components a;i, (i,k =1,...,n) of the matriz-function A sat-
isfy the conditions (3), (6) and (7), where v > 0, t* and hy, € Ry (1 £ k;i,k=1,...,n),
bir(t) = A(aii, aik)(t) 3,k =1,...,n). Let, moreover, the matrizc H = (hik)?,kzl’ where
hii =0 (i =1,...,n), satisfy the condition (5). Then A is exponentially asymptotically
stable.

Theorem 4. Let A = (@;1,) € BVipe(R4, R™*™) be a matriz-function such that
I A <1 for ¢>0,
50(aii)(t) — so(aii)(s) < s0(@ii)(t) — s0(@ii)(s)
for t>s>0; (i=1,...,n),
Iso(ask)(t) = so(aix)(s)] < so(@ik)(t) — s0(@ik)(s)
for t>s>0; (i#k;i=1,...,n)

and
|djain(t)] < dj@(t) for t>0 (j=1,2%ik=1,..,n).

Let, moreover, a;; (i # k;i,k = 1,...,n) are nondecreasing functions, A be stable
(uniformly stable, asymptotically stable or £-exponentially asymptotically stable). Then
A will be stable (uniformly stable, asymptotically stable or £-exponentially asymptotically
stable), too.
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