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ON UNIQUE SOLVABILITY OF BOUNDARY VALUE PROBLEMS FOR
SYSTEMS OF LINEAR FUNCTIONAL DIFFERENTIAL EQUATIONS

(Reported on December 18, 2000)

Let —co < a<b< +oo, I =][a,b], p: C(I;R") — L(I;R™) and £ : C(I;R™) — R" be
linear bounded operators, ¢ € L(I;R™) and cg € R™. On the basis of the results from [5],
in the present paper we establish new sufficient conditions for solvability of the boundary
value problem

L — p(a)(®) + a0 1)
£(z) = co, @)

which supplement the results of [1-4, 6-9].
Throughout the paper, the following notation will be used.
R =] — 00, 00[, Ry = [0, 00[;
X; is the characteristic function of the interval I, i.e.,

) = 1 fortel
Xt = 0 for tgI’

R™ is the space of n-dimensional column vectors = = (x;)_; with the elements z; € R

(i=1,...,n) and the norm
n
lell =) lail;
i=1

R™X™ is the space of n X n-matrices X = (w;)}',_,; with the elements z;; € R
(i,k =1,...,n) and the norm

n
X1 = leal;

ik=1
RY = {(@)j €R": 2,20 (i=1,...,n)};
Rixn = {(xzk)?,kzl ER™M™: x4 >0 (i,k = 1,...,n)};
ifx,y € R® and X, Y € R"*" then
z<y<=y—zecR}, X§Y<:)Y7X€]R1X";
ifx=(z;) , €ER” and X = (xik)?,kzl € R"*X™ then
|| = (lzil)izs [X] = (@i g=1;

det(X) is the determinant of the matrix X;
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X1 is the inverse matrix to X;

r(X) is the spectral radius of the matrix X;
E is the unit matrix;

© is the zero matrix;

T 0 0 0
diag(z1,...,zn) = 0 @ ... 00 ;
0 0 0 zn

if x = (x;)!'_,, then Sgn(z) = diag(sgnz1,...,sgnzy);
C(I;R™) is the space of continuous vector functions = : I — R™ with the norm

Izl = max {|l=(®)] : t€1I};

C(LRY) = {w € C(I;R™) : a(t) €RY for teI};

5([; R™) is the space of absolutely continuous vector functions x : [ — R™;
L(I;R™) is the space of integrable vector functions « : I — R™ with the norm

b
IIxIIL=/|I$(t)IIdt;

L(I;R?) = {w € L(I;R™) : a(t) € R for almost all ¢t € I};

L(I; R™*™) is the space of integrable matrix functions X : I — R"*";

if Z € C(I;R™*™) is a matrix function with the columns z1, ..., 2z, and g : C(I;R™) —
L(I;R™) is a linear operator, then g(Z) stands for the matrix function with columns

g(21), ..., 9(zn).
Below we will assume that p : C(I;R™) — L(I;R"™) is a strongly bounded operator,
i.e., there exists n € L(I; R4) such that

Ip()®I < n@®)llzllc for t €1, =€ CL;R™).

Definition 1. A vector function z € 6(1; R™) is said to be a solution of the system
(1) if it satisfies this system almost everywhere on I. A solution z of the system (1) is
said to be a solution of the problem (1), (2) if it satisfies the condition (2).

Definition 2. A linear operator v : C(I;R™) — L(I;R™) (vo : C(I;R™) — R™) is
called positive if

v(z) € L(I;RY) (vo(a:) € R’_f_) for x € C(I;RY).

Along with (1), (2) we consider the problems

PO — po@)(@) + (o), )
£o(x) = co; (4)
L — o)), (30)
Lo(x) = 0. (40)
Introduce
Definition 3. Let 0; : I — R (: = 1,...,n) be measurable functions such that

oi(t) € {—1,1} (¢ = 1,...,n) for almost all t € I. We say that a pair (po,%o), where
po : C(I;R™) — L(I;R™) is a linear strongly bounded operator and ¢y : C(I;R™) — R™
is a linear bounded operator, belongs to the set M;’l""’(r" if the homogeneous problem
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(30), (40) has only the trivial solution, and for any cg € R% and q € L(I; R™) satisfying
the condition
dia‘g(alv L) J’"«)q € L(I7Ri)7

the solution z of the problem (3), (4) is nonnegative, i.e., z(t) € R} for ¢ € I.
Theorems 1.1-1.3 and Corollaries 1.1-1.2 from [5] contain the necessary and sufficient

conditions for the validity of the inclusion (pg,£o) € M7' ™.
By X, ¢ we denote the space of solutions of the homogeneous problem

dz(t)
— p(z)(t), L(z)=0.
Oy, @)
Theorem 1. Let there exist measurable functions o; : I — {=1,1} (z = 1,...,n),

a linear bounded operator lo : C(I;R™) — R™ and a strongly bounded linear operator
po : C(I;R™) — L(I;R™) such that

(po,fo) € M7t 7m, (5)
diag (01(t), .., on (1)) [ Sen(z()p(@)(t) — po(|2)(t)] <O for t €1, z € X,y, (6)
and
Lo(lz]) <0 for x € Xp . (7
Then the problem (1), (2) has a unique solution.

Proof. Let x € X, 4. Set
y(t) = [=(t)].

Then according to (6) and (7) we obtain

diag (o1 (0) -+ n (0) [ 42 = mo()®)] <0

Hence by Proposition 1.2 from [5] and the condition (5) we have y(t) < 0 for ¢ € I.
Consequently, z(t) = 0. If now we apply Theorem 1.1 from [9], then the validity of
Theorem 1 becomes evident. [

Corollary 1. Let there exist numbers t; € I, sp € I, vip € R (i = 1,...,n; k =
1,...,m), linear positive operators £ : C(I;R™) — R™ and p : C(I;R™) — L(I;R™) and
a matriz A € R}*™ such that r(A) <1,

diag (sgn(t —t1),...,sgn(t — tn)) X
[ Sen(@@)p(@)(®) - diag (p1(0), .. 2 () o)l | < F(la)(®) ®)
fortel, x€ X,,,

@) (x mel 50) | <uah for o e clrimn, ©)

pi(s)d:s) >0 (i=1,...,n) (10)
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and

Yo (t)¢(E) +/|Go(t,s)|5(E)(s) ds < A for t €, (11)
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where

Yo(t) = diag (exp (/p1(s) ds),... , eXp (/pn(s) ds)),

Go(t, s) = diag (g1 (t,8)y. -, gn(t, s))7
t t;
9i(t8) = = (Xpo 1y (8) = Xfaut) () exp ( / pi(€) € + / Pi(8) df) -
Vi
m ’ t ‘ Sk
=3 9 = X @) e / pi€) dé + / pi©d) (12
k=1 v s a
(i=1,...,n).

Then the problem (1), (2) has a unique solution.

Proof. From (8) and (9) the inequalities (6) and (7) follow, where o;(t) = sgn(t — t;)
(i=1,...,n),

Po(v)(®) = diag (pL(0), ., pu(8)) y(t) + diag (01(8) - ., o (1)) Bw) (1),
m
Lo(y) = (yi(ti) - kZ; \%k|yz‘(8k))i:1 —Uy).
On the other hand, by Theorem 1.2 from [5] the inequalities (11) and r(A) < 1 guarantee

the validity of the inclusion (5). Therefore all the conditions of Theorem 1 are fulfilled. [

Corollary 2. Let there exist numbers t; € I, sp € I, vy € R (i = 1,...,n; k =
1,...,m) and linear positive operators £ : C(I;R™) — R™, p: C(I;R") — L(I;R"™) such
that

m
Ye=1=Y |l >0 (i=1,..,n),
k=1

b
r(Z(E)+diag (%,,%) /5(E)(s)ds) <1,

a
diag(t — t1,...,t —tn) Sgn (z(t))p(2)(t) < B(|2[)(t) for t €1, =€ Xpy
and the inequality (9) holds. Then the problem (1), (2) has a unigque solution.

This corollary follows from Corollary 1 in the case p;(t) =0 (i =1,...,n).
Consider now the problem

20— POe(r(e) + aolo), (13)

z(t) = u(t) for t ¢ I, 4(x) = co, (14)
where P € L(I;R"*"), go € L(I;R™), 7 : I — R is a measurable function and v : R — R"

is a continuous and bounded vector function®*.  This problem can be reduced to the

*If 7(t) € I for almost all ¢ € I, then the condition z(t) = wu(t) for ¢t ¢ I is to be
dropped.
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problem (1), (2). To see this, set

a for T(t) < a
To(t) = 7(t) for a < 7(t) <b,
b for 7(t) > b
p(x)(t) = x; (T(8)) P()z(70 (1), (15)
and

a(t) = (1= x, ((£)) P(Ou(r (1) + qo(#).

Theorem 2. Let there exist numbers t; € I, s, € I, v € R (i =1,...,n; k =
1,...,m), functions p; € L(I;R) (i =1,...,n), a linear positive operator £ : C(I;R™) —
R™ and a matriz A € Rixn such that along with (9) and (10) the following conditions

(s (7(O)pis () — pa()) sgn(t — t:) <0 for teT (i=1,...,n), (16)

b
Yo(t)U(E) + / |Gol(t, s)| x

To(s)

x[Pote) / P@de] + [Pe) - P [y (o) ds < a4 for er, am)

and r(A) < 1 hold, where

t t
Yo(t) :diag(exp(/p1(s)ds),...,(/pn(s)ds))7

Po(t) = diag (p11(t), ..., pan(t)), Go(t,s) = diag (g1(t, 5), ..., gn(t, 5))

and g; (1 = 1,...,n) are the functions given by the equalities (12). Then the problem
(13), (14) has a unique solution.

Proof. Let p be the operator defined by (15) and = € X}, ;. Then
To(t)
&' (t) = x; ((1))Po () (t) + x, (7(t))Po(t) / a'(s)ds +
t

+x; () [P() = Po(t)] 2(r0(t) =

To(t)

=x; (T(®))Po(t)z(t) + x; (T(£))Po (t) / X1 (7(8))P(s)z(r0(s)) ds +

+x, (T [P) = Po(®)] 2(70(1))-
From this equality, by (16) and (17), we get the inequalities (8) and (9), where
7o(t)

Bly)(t) = |7>o<t)|( / P©)ly(ro(€)) dg) sgn (ro(t) —t) +
t
+ 5, ((8) | P() = Po(t)|y(ro (1))
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Therefore all the assumptions of Corollary 1 are satisfied. [
In the case p;(t) = 0, Theorem 2 yields

Corollary 3. Let there exist numbers t; € I, s, € I, vip € R (i=1,...,n; k =
1,...,m) and a linear positive operator £ : C(I;R™) — R™ such that along with (9) the
following conditions

X (T(t)pii(t)sgn(t —t;) <0 for tel (i=1,...,n),

m
B=1=Y il >0 (=1,...,m), r(4) <1
k=1

hold, where
A=1UE)+
b To(s)
+diag(%,...,%)/[|Po<s)|\ / P de] + [P(s) = Po(o)] |, () .

Then the problem (13), (14) has a unique solution.
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