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Consider the !-periodic boundary value problem

dx(t) = dA(t) � P(t)x(t) + dq(t); (1)

x(0) = x(!); (2)

where ! is a positive number, A = (a

ik

(t))
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i;k=1
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ik
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(1)
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(t)� a

(2)
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(t), a

(�)
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: R! R

(� = 1; 2) are functions nondecreasing on [0; !], A

(�)

= (a

(�)

ik

)

n

i;k=1

2 BV

n�n

!

(� =

1; 2), q = (q

k

)

n

k=1

2 BV

n

!

and P = (p

ik

)

n

i;k=1

2

2

\

�=1

L([0; !]; R

n�n

;A

(�)

) is such that

t

R

0

dA(�) � P(�) 2 BV

n�n

!

.

In this note, su�cient conditions are given guaranteeing both the unique solvability

of the problem (1),(2) and the nonnegativeness of the solution.

The following notation and de�nitions will be used: R =]�1;+1[, R

+

= [0;+1[,

[a; b] (a; b 2 R) is a closed segment, R

n�m

is the space of all real n �m-matrices X =

(x

ik

)

n;m

i;k=1

with the norm kXk = max

k=1;:::;m

n

P

i=1

jx

ik

j; if X 2 R

n�n

, then det(X) is the

determinant of X, I

n

is the identity n � n-matrix; �

ij

is the Kroneker symbol, i.e.,

�

ij

= 1 if i = j, �

ij

= 0 if i 6= j; R

n

= R

n�1

is the space of all real column n-vectors

x = (x

i

)

n

i=1

.

BV([a; b]; R

n�m

) is the set of all matrix-functions X = (x

ik

)

n;m

i;k=1

: [a; b] ! R

n�m

such that every its component x

ik

has bounded total variation on [a; b].

s

k

: BV([a; b]; R)! BV([a; b]; R) (k = 0; 1; 2) are the operators de�ned by s

1

(x)(a) =

s

2

(x)(a) = 0,

s

1

(x)(t) =

X

a<��t

d

1

x(�) and s

2

(x)(t) =

X

a��<t

d

2

x(�) for t 2]a; b];

s

0

(x)(t) � x(t)� s

1

(x)(t) � s

2

(x)(t):

BV

n�m

!

is the set of all matrix-functions X : R! R

n�m

such that X(t+!) = X(t)+

X(!) for t 2 R, and its restriction on [0; !] belongs to BV([0; !]; R

n�m

); X(t�) and

X(t+) are the left and the right limits of X at the point t 2 R; d

1

X(t) = X(t)�X(t�),

d

2

X(t) = X(t+) �X(t).
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If x 2 BV([0; !]; R), x(0) = 0, 1 + (�1)

j

d

j

x(t) 6= 0 for t 2 [0; !] (j = 1; 2) and

�(x)(!) 6= 1, where

�(x)(t) = exp
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then g

0

(x)(t; �) = (1 � �(x)(!))
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�(x)(!)�(x)(t)�
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If g : R ! R is nondecreasing on the interval I � R, x : R ! R and s < t (s; t 2 I),

then

t

Z

s

x(�) dg(�) =

Z

]s;t[

x(�) dg(�) + x(t)d

1

g(t) + x(s)d

2

g(s);

where

R

]s;t[

x(�) dg(�) is the Lebesgue{Stieltjes integral over the open interval ]s; t[ with

respect to the measure �

g

corresponding to the function g (if s = t, then

t

R

s

x(�)dg(�) =

0); L([a; b]; R; g) is the set of all �

g

-measurable functions x : [0; !] ! R such that

b

R

a

jx(t)jdg(t)<+1.

A matrix-function is said to be nondecreasing if every of its components are such.

If G = (g

ik

)

l;n

i;k=1

: R ! R

l�n

is a matrix-function nondecreasing on the interval

I � R and X = (x

kj

)

n;m
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: R! R

n�m

, then
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dG(�) �X(�) =
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x

kj

(�) dg
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(�)
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l;m

i;j=1

for s � t (s; t 2 I);

L([a; b]; R

n�m

;G) is the set of all matrix-functions X = (x

ik

)

n;m

k;j=1

: [a; b] ! R

n�m

such that x

kj

2 L([a; b]; R; g

ik

) (i = 1; : : : ; l; k = 1; : : : ; n; j = 1; : : : ;m).

If G

(�)

: R ! R

l�n

(� = 1; 2) are matrix-functions nondecreasing on the interval

I � R, G = G

(1)

�G

(2)

and X : R! R

n�m

, then

t

Z

s

dG(�) �X(�) =

t

Z

s

dG

(1)

(�) �X(�) �

t

Z

s

dG

(2)

(�) �X(�) for s � t (s; t 2 I):

A vector-function x : R! R

n

is said to be a solution of the system (1) (of the system

dx(t) � dA(t) � P(t)x(t) + dq(t)) if its restriction on [s; t] belongs to BV([s; t]; R

n

) and

x(t) � x(s)�

t

Z

s

dA(�) � P(�)x(�) � q(t) + q(s) = 0 (< 0) for s < t (s; t 2 R):

De�nition. Let �

i

2 f�1; 1g (i = 1; : : : ; n). We say that the matrix-function C =

(c

il

)

n

i;l=1

: R ! R

n�n

belongs to the set U

�

1

;:::;�

n

!

if c

il

2 BV

!

(i; l = 1; : : : ; n), the



155

functions c

il

(i 6= l; i; l = 1; : : : ; n) are nondecreasing on [0; !] and continuous at the

point t

i

=
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!,
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(t

i

) � 0 (j = 1; 2; i = 1; : : : ; n); (3)

kd

j

C(t)k < 1 for t 2 [0; !] (j = 1; 2) (4)

and the system of di�erential inequalities

�

i

dy

i

(t) �

n

X

l=1

y

l

(t)dc

il

(t) (i = 1; : : : ; n)

has no nontrivial nonnegative !-periodic solution.

Let I
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Theorem 1. Let
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(i = 1; : : : ; n) be nondecreasing on R,

2
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(t) � c
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where
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)
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:

Then the problem (1),(2) has a unique solution which is nonnegative.

Corollary 1. Let the conditions (3){(9) and
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(!) � �
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(�)) + �
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hold for every � 2 f1; 2g, where �
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(�)
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(�)
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2
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(�)

), c

il
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!

, c

il

(i 6= l) be nondecreasing on [0; !] and continu-

ous at the point t

i

. Let, moreover, the functions �

i

q

i

(i = 1; : : : ; n) be nondecreasing on
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R and the modulus of every characteristic value of the matrix (s

il

)

n

i;l=1

,

s

ii

= 0; s

il

= sup

n

2

X

j=0

!

Z

0

�

i

g

j

(�

i

c

ii

)(t; �)ds

j

(c

il

)(�) : t 2 [0; !]

o

(i 6= l);

be less than 1. Then the conclusion of Theorem 1 is true.

Corollary 2. Let the conditions (5){(9),

c

il

(t) = �

il

�

i

(t) for t 2 R (i; l = 1; : : : ; n)
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d
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�
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n

X
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�
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�

d

j

�

i

(t) < 1 for t 2 [0; !] (j = 1; 2; i = 1; : : : ; n)

hold for every � 2 f�1; 1g, where �

i

2 f1; 2g, �

(�)

ikl

2 R

+

, �

ii

2 R, �

il

2 R

+

(i 6= l),

P

(�)

i
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(�)
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)

n

k;l=1

2 L([0; !]; R

n�n

;A

(�)

), �

i
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!

be nondecreasing on [0; !] and

continuous at the point t

i

, �

i

(!) 6= 0. Let, moreover, the functions �

i

q

i

(i = 1; : : : ; n) be

nondecreasing on R and the real part of every characteristic value of the matrix (�

il

)

n

i;l=1

be nonnegative. Then the conclusion of Theorem 1 is true.

Corollary 3. Let the conditions (3){(9) hold for every � 2 f�1; 1g, where �

1

=

�

2

= � � � = �

n

= �

0

2 f1; 2g, �

(�)

ikl
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i

= (p
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ikl

)

n
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n�n
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(�)

),

c
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!

, c

il

(i 6= l) be nondecreasing on [0; !] and continuous at the point t

i

. Let,

moreover, the functions �

i

q

i

(i = 1; : : : ; n) be nondecreasing on R and the modulus of

every multiplicator of the system

dy(t) = dC

�

0

(t) � y(t)

be less than 1, where C

�

0

(t) = �

0

C(�

0

t +

1��

0

2

!). Then the conclusion of Theorem 1

is true.

The analogous question has been considered in [1] for a system of linear ordinary

di�erential equations.
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