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Abstract

We analyse some new aspects concerning application of the fundamental solution method to the basic three-dimensional
boundary value problems, mixed transmission problems, and also interior and interfacial crack type problems for steady state
oscillation equations of the elasticity theory. First we present existence and uniqueness theorems of weak solutions and derive the
corresponding norm estimates in appropriate function spaces. Afterwards, by means of the columns of Kupradze’s fundamental
solution matrix special systems of vector functions are constructed explicitly. The linear independence and completeness of these
systems are proved in appropriate Sobolev—Slobodetskii and Besov function spaces. It is shown that the problem of construction
of approximate solutions to the basic and mixed boundary value problems and to the interior and interfacial crack problems
can be reduced to the problems of approximation of the given boundary vector functions by elements of the linear spans of the
corresponding complete systems constructed by the fundamental solution vectors. By this approach the approximate solutions of
the boundary value and transmission problems are represented in the form of linear combinations of the columns of the fundamental
solution matrix with appropriately chosen poles distributed outside the domain under consideration. The unknown coefficients of
the linear combinations are defined by the approximation conditions of the corresponding boundary and transmission data.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Method of fundamental solutions; Theory of elasticity; Elastic vibrations; Mixed boundary value problem; Mixed transmission
problem; Crack problem; Approximate solutions

1. Introduction

The Method of Fundamental Solutions (MFS) for partial differential equations was first proposed by V. Kupradze
in the 1960s (see the pioneering works in this direction by V. Kupradze and M. Alexidze, [1,2], [KuAl]). The main

* Corresponding author at: Georgian Technical University, 77 M.Kostava st., Tbilisi 0175, Georgia.
E-mail addresses: t_buchukuri@yahoo.com (T. Buchukuri), chkadua@rmi.ge (O. Chkadua), natrosh@hotmail.com (D. Natroshvili).
Peer review under responsibility of Journal Transactions of A. Razmadze Mathematical Institute.

http://dx.doi.org/10.1016/j.trmi.2017.04.004
2346-8092/©) 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://crossmark.crossref.org/dialog/?doi=10.1016/j.trmi.2017.04.004&domain=pdf
http://www.elsevier.com/locate/trmi
http://dx.doi.org/10.1016/j.trmi.2017.04.004
http://www.elsevier.com/locate/trmi
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:t_buchukuri@yahoo.com
mailto:chkadua@rmi.ge
mailto:natrosh@hotmail.com
http://dx.doi.org/10.1016/j.trmi.2017.04.004
http://creativecommons.org/licenses/by-nc-nd/4.0/

T. Buchukuri et al. / Transactions of A. Razmadze Mathematical Institute 171 (2017) 264-292 265

idea of the MFS is to distribute the singularity poles { y(k)},fil of the fundamental solution I'(x — y) of a differential
operator outside the domain under consideration, construct the set of functions {I'(x — y(k))},fil, prove its density
properties in appropriate function spaces, and then approximate the sought-for solution by a linear combination of the
fundamental solutions, Z,ICVZIC « I'(x — y®) with unknown coefficients Cy, which are to be determined by satisfying
the corresponding boundary conditions.

Starting from the 1970s, the MFS gradually became a useful technique and is used to solve a large variety boundary
value problems (BVP) arising in the mathematical models of physics, engineering, and biomedicine (see [1-18], and
the references therein). However, it should be mentioned that until now it has not been worked out how to apply
the MFS to crack type problems in solid mechanics, since the different approaches related to MFS described in
the scientific literature are not applicable to crack type problems. To work out this problematic topic and to extend
the MFS to crack type boundary-value problems are among the main goals of the present investigation. We will
reformulate crack type problems in the form of mixed type transmission problems introducing an artificial interface
boundary containing the crack faces and then substantiate mathematically the MFS on the basis of the results obtained
for mixed transmission problems.

For the basic and mixed exterior boundary value problems, as well as for the crack and mixed transmission
problems of steady state elastic oscillations, here we develop the approach which is applicable for all values of the
oscillation frequency parameter.

We have to mention here that the main shortage of the MFS is its poor conditioning which should be alleviated,
e.g., by preconditioning of the corresponding system matrix or by iterative refinement or by some other artificial
approaches available for special particular cases (see, e.g. [19]).

However, the MFS features remarkable and unusual ease of implementation due to the following reasons (see,
e.g. [3,17,19]): “Uniform character of the trial functions, complete absence of singular integral evaluations, it does
not require an elaborate discretization of the boundary, simplicity of finding values of approximate solution at inner
points of the domain of interest, the derivatives of the MFS approximation can also be evaluated directly, extreme
abundance of the set of trial functions that results in a high adaptivity of the method, MFS can be applied even in the
case of domains with irregular boundaries (e.g., for domains with Lipschitz boundaries)”. More detailed overview of
the results related to the fundamental solution method can be found in [17] and the references therein.

In this paper we prove linear independence and density property of the appropriately chosen systems of vector
functions constructed by the corresponding fundamental solutions (Kupradze’s matrix of fundamental solutions).
These systems are associated with particular type of problems and actually they reduce the solving procedure of
boundary value problems to the approximation problems of the boundary data in the appropriate non-orthogonal
complete systems of vector functions.

The paper is organized as follows. In Section 2, we introduce the notions of regular, semi-regular and weak
solutions and formulate classical and weak settings of boundary value and transmission problems for steady
state oscillation equations of the elasticity theory. We formulate also the corresponding uniqueness theorems for
the problems under consideration in the class of vector functions satisfying the Sommerfeld—Kupradze radiation
conditions at infinity. In Section 3, existence and uniqueness theorems are proved for weak solutions and the
corresponding estimates are obtained in appropriate function spaces. Section 4 is devoted to the fundamental solution
method for basic and mixed boundary value problems, as well as for the basic and mixed transmission problems
containing crack type problems as special particular cases. Special systems of vector functions are constructed
explicitly by means of the columns of Kupradze’s fundamental solution matrix and their linear independence and
completeness are proved in appropriate Sobolev—Slobodetskii and Besov function spaces. The problem of construction
of approximate solutions to the boundary value and transmission problems are reduced to the approximation problems
of the given boundary vector functions by linear combinations of the elements of the corresponding nonorthogonal,
linearly independent, complete vector systems. In Appendix A, we collect some auxiliary material needed in the main
text of the paper concerning properties of layer potentials and the corresponding boundary operators. In Appendix B,
we present alternative integral representations of radiating solutions in unbounded regions. Finally, in Appendix C,
we recall some results from the theory of strongly elliptic pseudodifferential equations on manifolds with boundary
in Bessel potential and Besov spaces which are the main tools for proving existence theorems for mixed boundary,
boundary-transmission, and crack type problems by the potential methods.

The approach developed in this paper can be successfully applied to boundary value problems of mathematical
physics for homogeneous and piecewise homogeneous bounded and unbounded composite media containing interior
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or interfacial cuts where the screen or crack type conditions are prescribed. In particular, it can be applied to the
interior and exterior problems of statics of the theory of elasticity, as well as to the interior BVP of steady state
oscillations for bounded domains. As it is well-known, the interior problems of steady state oscillations have discrete
(countable) sets of resonant frequencies for arbitrary bounded domain and the corresponding nonhomogeneous BVPs
are not solvable for arbitrary data (see e.g., [12, Ch. 7], [20]). However, the approach described in the paper can be
applied also to the interior problems if the oscillation parameter does not belong to the set of resonant frequencies,
i.e., if the corresponding homogeneous boundary value and transmission problems of steady state oscillations possess
only the trivial solutions.

2. Basic equations and operators, statement of problems, and uniqueness theorems

The basic equation of elastic vibrations in the case of isotropic solids reads as [12]

A0, u(x) = pn Au(x) + (A 4+ p) graddivu(x) + o @’ u(x) =0, (2.1)

where A = 812 + 322 + 832 is the Laplace operator, 0 = (9y, 02, 33), d = 9/0xy, o is the constant density of the
homogeneous elastic solid under consideration, w € R is the oscillation frequency parameter, u = (uy, uz, u3)" is the
displacement vector (the amplitude), and A(9, w) is the matrix differential operator,

A0, w) = [Makj A+ (h+ ) 90; + .Qa)2 Skj]3x3,

8 1s the Kronecker symbol, A and u are the Lamé constants satisfying the inequalities £ > 0, 2A+3u > 0. When
w = 0, Eq. (2.1) coincides with the Lamé equilibrium equations of statics and generates the operator A(d) := A(9, 0).
The principal homogeneous symbol matrix A(§) = [18y;|& >4+ + )& 13x3 of the operators —A(9, w) and —A(9)
is positive definite, A(&)n-n > 8 |€]* |n|?, V& e R?, Vn e C3, where § is a positive constant, a - b denotes the
scalar product of complex valued vectors a = (ay, az, az) and b = (by, by, b3):a-b = Zzzlak br: R3 and C? stand
for the set of real and complex 3-tuples respectively.

Let 2% be a bounded 3-dimensional domain in R with a boundary § = 2%, 2+ = 2T U S, and 2~ = R\ 2+.

Throughout the paper, for simplicity, we assume that S is an infinitely smooth surface if not otherwise stated.

By C*(2F) we denote the subspace of functions from C*(£2%) whose derivatives up to the order k are continuously
extendable to S from 2F.

The symbols { - }f{ and {-}g denote one-sided limits (traces) on S from 27 and 2~, respectively. We often drop
the subscript S if it does not lead to misunderstanding.
By L,, L, i0c» Lp,comp» W’ W;loc, W[’,mm ,H and B? q(withr >0, s e R 1< p<oo,1=<g=<o0)we
denote the well-known Lebesgue Sobolev—Slobodetskn Bessel potential, and Besov functlon spaces, respectively
(see, e.g., [21,22]). Recall that H; = W; = Bj,, H; = B ,, W’ = B; » and HZ; = p, for any r > 0, for any
s € R, for any positive and non-integer ¢, and for any non-negative integer k. In our analysis we essentially employ
also the following function spaces:

HyM) = {f: f € H)My), suppf C M},
B;,q(M) = {f : fe B;,q(MO), suppf C M}’
HY(M) = {r,, f: f € H)(Mp)},

By (M) :={r,f: f € B, (Mo},

where M is a closed manifold without boundary and M is an open proper submanifold of M, with nonempty smooth
boundary dM # &; r,, is the restriction operator onto M.

Remark 2.1. Let a function f be defined on an open proper submanifold M of a closed manifold M, without
boundary Let f € B, ,(M) and f be an extension of f by zero to My \ M. If the extension preserves the space, i.e., if
f € B (M), then we wnte fe BS M) instead of f €1, B3 (M) when it does not lead to misunderstanding.

Now let us introduce some definitions (cf. [23]).

Definition 2.2. We say that w is a regular function in 2% if w € C'(2%) N C2(2%).
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Definition 2.3. Let us consider the followmg smooth dissection of the boundary surface § = SpuUS N, SpNSy =3,
£=3SpNSyeC®, andlet 2 = 0F\ £.
We say that w is a semi- regular function in Q and write w € C(QZ ;8) if

(i) w is continuous in 2%F; ~

ii e first order derivatives of w are continuous in and there is a constant § € [0, 1), such that at the collision

(ii) the first order d t f t Q,_ft d th tant § € [0, 1) h that at the coll
curve £ the following estimates hold

1w (x)| < C [dist(x, O)17°, x € 25, C =const, k=1,2,3,

where dist(x, £) is the distance from the reference point x to the collision curve ¢;
(iii) the second order derivatives of w are continuous in £2¥ and integrable over f2* and over any subdomain of 2~
of finite diameter.

Evidently, C(2%; 8)  [C(2%) N C'(27) N C2(02%)].

Definition 2.4. Let an elastic solid occupying the domain £2% contain an interior crack. We identify the crack surface
as a two-dimensional, two-sided smooth manifold X' C 27 with the crack edge £, := 0X. We assume that X is a
proper submanifold of a closed surface Sy surrounding a bounded domain 2y which is a proper subdomain of 2%
We choose the direction of the unit normal vector to the fictitious surface Sy such that it is outward with respect to the
domain (2. This agreement defines uniquely the direction of the normal vector to the crack surface X'. The symbols
{-}% and {-}5 denote the one-sided limits on X from {2 and 2%\ 02, respectively.

Further, let 25 := 2% \ ¥ and Qi = 0F\ Y with ¥ = Y U L,.

We say that w is a semi-regular function in Qi and write w € C(ﬁ;; 8)if

(i) w is continuous in 92 and one-sided continuously extendable to ¥ from (2 and from 27 \ 2, i.e., w is
continuous in the regions 0E 0F \ 12y, and 2o; _

(ii) the first order derivatives of w are continuous in Q; and one-sided continuously extendable to X' from (2, and
from 2% \ 2o, and there is a constant § € [0, 1), such that at the crack edge £, = 9 the following estimates
hold

1w (x)| < C [dist(x, £)]7°, x € 2%, C=const, k=1,2,3;

(iii) the second order derivatives of w are continuous in Q; and integrable over {2 and over any subdomain of {25
of finite diameter.

Evidently, formally we can write C({25; 8) C [C(2)N C((FE \ )N CH Q)N CA(02% )], which is to be understood
in the following sense: if w € C(Qi, 3), then " Ti0, we C(2%\ ), weC' (Q ), w € CZ(Q ).

Definition 2.5. We say that a vector u = (uy, u,, u3)" in the exterior domain (2 satisfies the Sommerfeld—Kupradze
type radiation conditions at infinity if u is representable in {2~ as a sum of two metaharmonic vectors, the so called
longitudinal "V = 4 and transverse parts u® = u® (see, e.g., [12]),

u=u® 4+ u?® with Au"™ + k,%, u™ =0, m=1,2,

o 0
ki=k,=0 | ——, bh=k=0w_|—,
1 P @ )\.—I—ZI,L 2 w "

satisfying for sufficiently large » = |x| the radiating conditions
du™ (x)

ar
Denote the Sommerfeld—Kupradze class of radiating vector functions by Z({27).

—ikpu™X) =00, m=1,2.

Assume that the domains 2% are occupied by an isotropic homogeneous elastic material.

Denote by ey; = ey (u) and oy = oy (1) the strain and stress tensors respectively associated with the displacement
vector u. Then the components of the stress vector 7'(d, n)u acting upon a surface element with normal vector n read
as [12]

{T@, nul = oun, ou=I[Adydivu +2pmenl, ey = 27" @y + dup).
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Here T'(9, n) is the boundary stress operator,

T@,n) = [Tu(@, mM3x3, Tu(d,n) = Aingy + pun;dx + 1k Oy, 2.2)

where 9, = d/0n stands for the normal derivative.

Now we formulate the basic exterior BVPs of steady state elastic oscillations.
The Dirichlet problem (D) : Find a regular complex-valued solution vector u € [C'(27)]? N [C*(27)P N Z(27) to
the steady state oscillation equation (2.1) in {2~ satisfying the Dirichlet type boundary condition

{ux)}” = fx), xes, (2.3)

where f € [C'(S)]? is a given smooth vector function on S. _
The Neumann problem (N); : Find a regular complex-valued solution vector u € [C'(27)]* N [C?(27)1P N Z(27)
to the steady state oscillation equation (2.1) in {2~ satisfying the Neumann type boundary condition

{TO,nux)}” = Fkx), x¢e€S, 2.4)

where F e [C(S)]? is a given vector function on S. _
Mixed type problem (M), : Find a semi-regular complex-valued solution vector u € [C({2, ; P N Z(27) to the
steady state oscillation equation (2.1) in {2~ satisfying the mixed type boundary conditions:

{u()}™ = f*x). x € Sp, (2.5)
{TO@,nux)}” = F*(x), x € Sy, (2.6)

where f* € [C'(Sp)]? and F* € [C(Sy)]® are given vector functions. -

Crack type problem (C);: Find a semi-regular complex-valued solution vector u € [C({2y; NP N Z(125,) to the
steady state oscillation equation (2.1) in 25, satisfying either the Dirichlet or Neumann type boundary condition on §
and the following crack type conditions on X':

[T@, mu))" = FPx), xe X, (2.7)
{TO.nux)} =F72 ), xeXx, (2.8)

where F&) e [C(X)]? are given vector functions.

Note that, if the mixed type boundary conditions are prescribed on the boundary surface S, then in addition we
have to require that a solution is semi-regular in a neighbourhood of the collision curve £.
Basic crack type problem (BC),: Find a semi-regular complex-valued solution vector u € [C(R3};; 8)]* N Z(R3,) to
the steady state oscillation equation (2.1) in R‘} := R\ ¥ satisfying the crack type conditions on X

{TO.muw)" = FP@), xe 2, (2.9)
{T@.nux)} =F7 ), xeXx, (2.10)
where F& e [C(X)]? are given vector functions.
Now let us assume that the domains 2 = 2% and 2?® = 2~ are occupied by isotropic elastic materials with
Lamé constants A*), u®), and the density o, ¥ = 1, 2. In this case S is the interface of the composite elastic solid
where various type transmission conditions are to be prescribed.

Basic transmission problem (BT),,: Find regular complex-valued solution vectors u") € [C LOHP N [c2HP
and u® e [C'(27)]? N [C?*(27)]® N Z(£27) to the steady state oscillation equations

AD@®, 0)u™(x) = 1 Au(x) + A% + 1) grad div u(x) + 0“ @® u™(x)

=0, xeN®W, k=12, 2.11)

satisfying the rigid transmission conditions
W@y — w®mw)” = fx), xes, (2.12)
(TV@, uP))T = {TP0, u@(x)})” = F(x), x €S, (2.13)

where f € [C'(S)]? and F € [C(S)]? are given vector functions on S and

T@, n) = [T @. m)3u3. Ty (0. 0) = Anedy, + pn®ny dy + u*80,. (2.14)
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If the interface S contains a crack along a subsurface S¢ C S, then we have the following dissection S = § U S_T,
where Sp = S\ S¢ is the rigid transmission part of the interface, and S¢ N S =
Basic mixed transmission problem (MT)w Find semi-regular complex-valued solut10n vectors uV e [C((fr NP
and u® ¢ [C(Q[ :8)P N Z(27), £ = Sc N Sr, to the steady state oscillation equations (2.11) satisfying the rigid
transmission conditions on S7,

W)y — WPy = P, x e sy, (2.15)

(TY@, uP )y — {720, nu® )} = FDx), xe Sy, (2.16)
and the crack conditions on Sc,

(TO@, nu V@) = FP ), x e Sc, 2.17)

{TP@, mu® ()}~ = F ), x €S, (2.18)

where £ € [C'(Sp)PP, FD € [C(Sp)P, and FS” € [C(Sc)]? are given vector functions.

Weak setting of the problems. In the case of weak formulation of the above boundary value and boundary-
transmission problems we look for weak solution vectors in the spaces [W)(£27)]* and [W1 1027 N Z(027),
1 < p < +o0, respectively. In this case the differential equations (2.1) and (2.11) are understood in the distributional
sense, the Dirichlet type conditions (2.3), (2.5), (2.12), and (2.15) are understood in the usual trace sense, while the
Neumann type conditions (2.4), (2.6)—(2.10), (2.13), (2.16)—(2.18) are understood in the generalized functional trace
sense, defined with the help of Green’s identity (cf. [12,24]):

(Tuy®, (0))s = + / [E, 7 — 0w u - vldx, 2.19)

where u € [W (2P, v € [W) (2D, oru € [W,,, (2P, v € W), . (27)F with 1/p +1/p' = 1,

1 <p<+oo, the over-bar deno;[es complex conjugation, the symbol (-, -)¢ denotes bilinear duality brackets between
1 1
the mutually adjoint spaces [B), 5 (S)]* and [Bp”,,p,(S)]3,

3
3A+2 . .
E(u,v) = T'u divudive + % Z(a;uk + oguy) (Opvg + Oxvy) + % Z(&kuk — ojuy) (O v — Opvy) .

k£l k=1

_l
Note that by relations (2.19) the generalized traces (Tu)* e [Bp.h ($))? are well defined for weak solutions of the
homogeneous differential equation of steady state oscillations, u € [W NP andu e [W1 IOE(Q ).
In the case of weak setting, the boundary data belong to the natural Besov spaces:

1-1 1-1 -1 -1
felB,,, S, f*elBy,,’ Sp), f7 elB,,”(SpI, FelB,,(S)I,
_1 _1 1
F* € [Bpp(SWI, FP € [B, j(D), FP = FO e [B, ()P,
_1 _1
FD e [B, (S, F& € [Bph (ST
With the help of the Rellich—-Vekua lemma the following uniqueness theorem can be proved (for details

see [12,20,25-28].

Theorem 2.6. Let the manifolds S = 302*, Sp, Sn, Sr, Sc, and X be Lipschitz. Then the BVPs (D), (N),, (M),
(C),, (BT)y, and (MT),, possess at most one weak solution for p = 2 and for all values of the frequency parameter w.

3. Existence theorems

Here we employ the notation introduced in Appendices A—C and formulate basic existence results for weak
solutions and prove representability of solutions by the layer potentials.

We apply a special representation of solutions by the layer potentials and reduce the above formulated BVPs of
elastic oscillations to the corresponding uniquely solvable integral (pseudodifferential) equations for arbitrary value
of the oscillation parameter w. Similar approach for the Helmholtz equation has been developed in the Refs. [29-31].
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Throughout the paper, B(R) denotes the ball centred at the origin and radius R such that 27 C B(R) and x is a
complex number
x=x14+ix €C, x,x R, x #0.

Theorems 2.6, A.1, B.1 and B.2 directly lead to the following existence results for the exterior Dirichlet and
Neumann type problems.

-4
Theorem 3.1. The Dirichlet problem (D), with arbitrary boundary vector function f € [Bp, o (S)]3 is uniquely
solvable in the space [W[; ZOC((Z_)]3 N Z(27), p > 1, and the solution is representable as a linear combination of the
double and single layer potentials

u(x) = W(g)x) + 2 V(g)(x), xe€ 27,
-1
where the density vector function g € [Bp, » (S)]3 is defined by the uniquely solvable elliptic pseudodifferential
equation
Ng=[-2"L+K+xHlg=f on S.

Moreover, the following estimate holds

lulliwico-npryp < CoRIFI 1 (3.20)
(WA= NB®R))] BP0

where Cp(R) is a constant independent of f.

_1
Theorem 3.2. The Neumann problem (N), with arbitrary boundary vector function F € [B,,, Z(S)]3 is uniquely

solvable in the space [W;JOC((Z’)]3 N Z(27), p > 1, and the solution is representable as a linear combination of the

double and single layer potentials

u(x) = W(g)x) + 2 V(g)x), xe 2,

-1
where the density vector g € [B op (S)]3 is defined by the uniquely solvable elliptic pseudodifferential equation
Mg = [L'—i—%(Z_l 13+IC)]g= F on S.
Moreover, the following estimate holds

”u”[W](_Qme(R))]S < CN(R) ”F” _1
r [Bp.h )

where Cn(R) is a constant independent of F.

For the mixed problem we have the following assertion.
Theorem 3.3. Let 4/3 < p < 4. The mixed problem (M), with arbitrary boundary data

-1 3 _1 3

f* € [Bp,pp(SD)] s F* e [Bp,zl;(SN)] s

is uniquely solvable in the space [W;]a, loc
the double and single layer potentials

u(x) = WN £+ )@ +x VINI(f + D)), xe 27, (3.21)

(2P N Z(27), and the solution is representable as a linear combination of

-1
where f, € [B,,, I,”(S)]3 is some fixed extension of the vector function f* from Sp onto the whole of S, while
~1-1
ge[B,, (S N)]3 is defined by the uniquely solvable elliptic pseudodifferential equation
rsN./\/l./\f_lg = F, on Sy,

where

1
_ ) 3
Fo= F*=ry MNUe € [BppSnI Al oy o <2007

p.p ()P [Bp,,F (Sp)PP
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Moreover, the following estimate holds

||u||[W;<Q_nB(R»p<CM<R>[||f*||[ S L

By’ (Sp)B (B} (Sn)P3

where Cp(R) is a constant independent of f* and F*.

Proof. Invertibility of the operator

ro MN ™" (B, (S — [By b (Sx)T° (3.22)

for4/3 < p < 4 follows from Theorems B.2 and C.2, since the principal homogeneous symbol matrix of the operator

—MN-,
S(-MNx8) = -Lx, ) [K_(x,6)]7', xeS, &=@E.6)£0

is positive definite due to (A.19) in Remark A.4 and the null-space of the operator (3.22) is trivial.
Existence and uniqueness of a solution to the mixed problem and estimate (3.22) follow then from (3.21) and
Theorems 2.6, B.1 and A.1. [

For the weak solution of the basic crack type problem the following existence result holds.

~—

_1 1
Theorem 3.4. Let4/3 < p <4 and F® € [B, (Z)]3 with F — FO ¢ [B,,,"(E)]S. Then the basic crack type
problem (BC),, is uniquely solvable in the space [W;, lo C(R})P nZz (R}) and the solution is representable as a linear
combination of the single and double layer potentials

u(x) = W(g)(x) — V(F® — F7)(x), x eR3, (3.23)
~1-1
where g € [B,,, S )]3 is defined by the uniquely solvable elliptic pseudodifferential equation
rSNEg =Fy on X, (3.24)
where
1 1
Fo= §(F<+> + FO)+r K (FP — FO) e [B, H (D).
Moreover, the following estimate holds

el nsyp < Cu(RIFT + FOI 1 +IFP = FO) 4 (3.25)
=z [Bp, b (2P [Bp ) (£)P

where Cy(R) is a constant independent of F™®.

Proof. Let us rewrite the boundary conditions (2.9)—(2.10) of the crack problem (BC),, in the following equivalent
form

{T@,mu}" —{T@,mu}” = F® - F on %, (3.26)
(T@, nyu)" +{T@,nu})” = FP + FO on 2. (3.27)
The vector function (3.23) satisfies condition (3.26) automatically, while condition (3.27) leads to Eq. (3.24).
Existence and uniqueness of a solution to the basic crack type problem and estimate (3.25) follow then from (3.23)

and Theorems 2.6, A.1, A.3, B.2 and C.2. Indeed, the principal homogeneous symbol matrix L(x, §) := &(L; x, &)
of the operator L is positive definite (see Remark A.4) and the null-space of the operator

ro £ ¢ [Bpy (DF — [Bp (2T (3.28)

is trivial implying the invertibility of the operator (3.28). Thus Eq. (3.24) is uniquely solvable and the estimate (3.25)
holds. [J
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In the case of transmission problems, we use the same notation for potentials and the corresponding integral
operators as above but equipped with superscript *) which indicates that the layer potentials V®), W® and the
corresponding integral operators H®), K&, K®, £ A6 and M are constructed with the help of the fundamental
solution I'®(x — y, w) associated with the operator A®)(3, ) and the stress operator is defined by (2.14).

Theorem 3.5. The basic transmission problem (BT),, with arbitrary boundary vector functions f € [B ,1,_,,% (S)]3 and
F e [B,;;é(S)F is uniquely solvable in the class of vector functions [W;(()‘*)]3 X ([Wll,.lm,(ﬂ_)]3 N Z(Q‘)), p>1,
and the solution pair (u“), u(z)) is representable by the layer potentials:
uPx) = vOm)x), xent =00, (3.29)
u? () = W) + % VP (g)(x), x € 27 =07, (3.30)

_1 -1
where the density vectors h € [B,,,,”, (S)]3 and g € [B,,_,,P (S)]3 are defined by the uniquely solvable elliptic system of
pseudodifferential equations

HOL —NPg=f on S, (3.31)
[27'L+ KV h—MPg=F on S. (3.32)
Moreover, the following estimates hold
1P wpanp <53 (71 oy +IFI ), (3.33)
(wheh) BT [B;)’pp )P 8,7 ()P
1 - nacrne < CorR (171 2y +IFI 1), (334)
(WplfzmnBEN o By, (S)P (By.p (P

where Cg} and C%Z}(R) are constants independent of f and F.
Proof. The representations (3.29)—(3.30) lead to the system of pseudodifferential equations (3.31)—(3.32). Due to the
invertibility property of the operators N® and M® (see Appendix B, Theorem B.1), we derive
g = (N@))‘l?{“)h _ (Na))—lﬁ (3.35)
Th=WN®)""f— (M) 'F, (3.36)
where T = [T;;]3x3 is the pseudodifferential operator of order —1 defined by the relation
T = W) HO - (M) (=27 B+ kD).
Rewrite system (3.35)—(3.36) in matrix form

Qb =1, (3.37)

where & = (g, h)T, ¥ := (—(N@))‘lf, (W) f - (M<2>)‘1F)T, and

Q= [ Loo-W Q))_IH(”] .
(0133 T oxt
Note that ¥ = 0 if and only if f = F = 0. Therefore the homogeneous equation (3.37) corresponds to the
homogeneous basic transmission problem (BT),,.
The principal homogeneous symbol matrix of the operator 7 reads as follows (see Appendix A, Remark A.4)

&(T;x,8) = (K?)"'HO - (L?) 'K = ®)'[K® =) - LOEK?P) '] (-HD), (3.38)

where the matrices K(_l), K(_z) H®D, and L@ are defined in (A.15). From the results stated in Remark A.4 it follows
that the matrices (]L(z))_l, KD (]I-]I“))_1 —1L® (K(,Z))_l, and (—HW) are positive definite nonsingular matrices for
allx € Sand & € R?\ {0}. Consequently G(T; x,& ) is an elliptic symbol. Moreover, 7 is a composition of three
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Fredholm operators with zero index and due to Atkinson’s theorems (see, e.g., [32, Ch. 1, Theorem 3.3]) the index of
the Fredholm operator

_1 3 -1 3
T : [Boh (O] = [By.," (9]
equals to zero. Therefore the operator
=3 13 PR =5 13 =5 13
Q : [By, (O] x [Bpb(S] = [Bp.," (D] x [Bp.p" (5] (3.39)
is Fredholm with zero index as well.
From the uniqueness theorem for the basic transmission problem (BT), for p = 2 and the general theory of
pseudodifferential equations on smooth manifolds without boundary it follows that the null space of the operator
(3.39) is trivial for 1 < p < oo. Thus the operator (3.39) is invertible and the system (3.31) is uniquely solvable

implying the uniqueness and existence of a solution to the problem (BT),, for 1 < p < oo.
The estimates (3.33)—(3.34) follow then from Theorem A.1. [

Remark 3.6. From the arguments in the proof of Theorem 3.5 and relations (3.35) and (3.36) it follows that
h=T' W) f =T (MP)'F, (3.40)
g = (WO HOT W) = 1]f — (V@) HOT (M) F, (3.41)

Now we analyse the basic mixed transmission problem (MT),. To this end, rewrite the mixed transmission
conditions (2.15)—(2.18) in the formulation of problem (MT),, in the following equivalent form

WPy —w® = D on Sr, (3.42)
(TY0, nuVyr —(TP@, nu®}" =F, on &, (3.43)
(TY0, uPyr + {10, n)u®y = FS” + FS) on S, (3.44)
where
(T)
A={re o o o (343

and we assume that the following necessary compatibility condition is fulfilled

1
- 3
Foe [Bph(S]. (3.46)
Denote by f* some fixed extension of the vector function £ from S; onto the whole of S preserving the space,
1

-1 ~1-1L
*e[Bp,’ (S)]3. Evidently, an arbitrary extension has then the form f = f* + g, where § € [B, (SC)]3.
Motivated by the existence result for the basic transmission problem described in Theorem 3.5, let us look for a
solution to the basic mixed transmission problem (3.42)—(3.44) again in the form (3.29)—(3.30),

uPx) = vOh)(x), xe Nt =00, (3.47)

u?(x) = W) + % VA(e)x), x e =02, (3.48)
where (see (3.40)—(3.41))

W= T—I(N(Z))—l(f* L9 - T—I(M(Z))_IFO’ (3.49)

g = NO) T HOT WO — 1] + D — WD) HOT I (MP) R, (3.50)

Fy is defined in (3.45), f* is the above introduced fixed extension, and g is an unknown vector function.
Due to Theorem 3.5, we find that

W = u® =f"+% on S,
(@, uVyr —{12@,nu®)" = F on S,

implying that the transmission conditions (3.42)—(3.43) are satisfied. The remaining condition (3.44) leads to the
following pseudodifferential equation for the unknown vector function g on Sc¢,

(27" + KD+ MPg = FSP + F) on S,



274 T. Buchukuri et al. / Transactions of A. Razmadze Mathematical Institute 171 (2017) 264-292

which can be rewritten as
rse Pg=¥ on Sc, (3.51)
where
Pi=(—27'1 +IC“>)T"(/\/(2))_I +M‘Z)(N(z))_l[H(”T"(/\/’(z))_' - 1), (3.52)
o= F 4+ F =y {(<27 B+ KO T (W) = (M) R
— r AMOWD) (HOTW@) T = Bl = HOTH(MP) 'Ry} (3.53)
Due to mapping properties of the operators involved in (3.52) and (3.53) we have (see Appendices A and B)

_1
¥ e [B,h(Sc)P (3.54)

and the operator

re. P (B, (SOF —> [Bp b (S)P (3.55)

is continuous.
In view of the relations derived in Appendix A, Remark A.4, and the equality (3.38), for the principal homogeneous
symbol matrix & (P; x, & ) of the operator P we have:

&(P) = KO (-H) [KP @) - LOE?)T L EK?)
+LOR?) [k @ED) T - L2RD) T ]TLORD) T - 1)
L [ROE) 4 LOED) ] [KOED) - LOED) LR - L ED)
= {[KOEY)™ +LOERD) KD @) - L2R?) ] + B} [-LOR®) .
Note that, due to the relations presented in Remark A .4, the matrices A := K(_l)(H“))_l and B .= —L® (K(_z))_1 are

positive definite and consequently they are self-adjoint. The symbol & (P) can be rewritten as

&(P)={(A-B)(A+B) ' +L}B={(A-B)(A+B)"' +(A+B)(A+B)'|B
—2A(A+B)'B=2(A"+B),
implying that the symbol G(P) is positive definite. Therefore by Remark C.1 and Theorem C.2, operator (3.55) is
invertible if (see (C.1) withs =1 — %, v=1,andd; =0,j=1,2,3)

3
Z<p<4.

The above results lead to the following existence theorem.
Theorem 3.7. Let 3 < p < 4,

—L _1 _1
D eB,, SnP, FT elB,h(SnHP, FS& elByhSe)l,

and let the vector function Fy defined in (3.45) satisfy the inclusion (3.46).

Then the basic mixed transmission problem (MT),, is uniquely solvable in the class of vector functions [W;(Q*)]3 X
([W;JOC(Q’)]3 N Z(.Q’)), and the solution pair (u(l), u(z)) is representable by the layer potentials (3.47)—(3.48)
with densities given by (3.49)—(3.50), where the unknown vector function g is defined by the uniquely solvable
pseudodifferential equation (3.51).

Moreover; the following estimates hold

1 1 T + _
lullgyoop < Cirr (IIf( N IR o HIFET+FE )
(Bp,,) (5P (B} ()P [Bp.5 (Sc)P
2 2 T + -
||M()||[W;(Q—QB(R))]3<C§14)T(R)<||f()|| 1 HIRl o IS+ FOL )
[Bp, " ()P [Bp.h (S (B} (Sc)?

where C ](‘;)T and C,(VZ,)T(R) are constants independent of ), Fo, and Fgr) + Fé_).
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Remark 3.8. The above formulated existence theorems with p = 2 remain valid also for Lipschitz domains, i.e., when
the surfaces S, Sp, Sy, S, Sc, 2, and their boundaries belong to Lipschitz continuous classes.

Remark 3.9. Applying the same arguments as in [23] for mixed and crack type problems, it can be shown that for
sufficiently smooth data weak solutions to the Problems (D), (N)_, (BT),, actually are regular vector functions (see
also [12]), while the weak solutions to the Problems (M)_, (BC)_, (C),, and (MT)_, actually are semi-regular vector
functions in the corresponding domains (cf. [25,27,33-36]). Therefore all the boundary, transmission, and crack type
conditions can be understood in the classical pointwise sense.

Remark 3.10. Note that the crack problem can be considered as a particular case of the mixed transmission problem.
Indeed, if we assume that in the formulation of the problem (MT),, both domains 2% and {2~ are occupied by the
same type materials, i.e., all material constants in both domains are the same, and on St the homogeneous transmission
conditions are prescribed (i.e. £ = 0and F" = 0 on S7 in (2.15) and (2.16)), then the corresponding differential
operators are the same in both domains and the transmission part Sy of the interface S becomes a formal interface
since the continuity of the displacement and stress vectors across the surface Sy implies that in fact the differential
equation is satisfied also at the points of the surface Sy and the corresponding solution actually is an analytic function
in R? \ Sc. Evidently we arrive at the basic crack problem with X = Sc.

4. Method of fundamental solutions

Here we develop the Fundamental Solution Method for the above formulated boundary value and transmission
problems for the elastic oscillation system for arbitrary values of the frequency parameter .

4.1. Auxiliary lemmata

Let £ be an arbitrary simply connected subdomain of £2* such that 37 C 2+ and denote Sy = 863
Further, let (2, be an arbitrary simply connected bounded subdomain of 2~ such that {27 C {2~ and denote
Sy =04 .
We assume that Sa’ and §, are simply connected surfaces.
Let {z(k)},fil be an everywhere dense countable set of points in Q(}L and { y(k)},fil be an everywhere dense countable
set of points in (2; .
Denote by I'D(x, w) the jth column of Kupradze’s fundamental matrix I'(x, @) (see (A.1) in Appendix A).
Consider the systems of functions which can be employed for constructing approximate solutions to the Dirichlet
problem,
@S) = {(p(l)(x) }721 x e N, @g) = { v O(x) }Zl x € 2F,
where
IO —z® w) for 1 =3(k—1)+1,
o) =17« —z®, @) for 1=3k-1)+2, k=1,2,3,..., P enf, (4.56)
IO —z® w) for [ =3k,
I —y® 0y for 1=3(k—-1)+1,
YO) =%« —y® w) for 1=3k-1+2, k=1273,..., y¥eq. 4.57)
I —y® w) for =3k,

Note that due to definition (4.56) to each point z* there corresponds the triplet of vector functions

Bk—=1)+1) Bk—1)+2)

P k=1,2,.... (4.58)

% %

Similarly, in view of (4.57), to each point y® there corresponds the triplet of vector functions

¢(3(k—1)+1)’ w(3(k—l)+2)’ w(3k)’ k=1,2,.... (4.59)
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Evidently, ¢") are radiating, complex valued analytic vector functions in R* \ 2, while ¢ are radiating, complex
valued analytic vector functions in R? \ 2;". Moreover, ¢ and ¢’ solve the homogeneous equation (2.1) in the
corresponding domains.

Now we prove several lemmas which play a crucial role in our further analysis.

Lemma 4.1. The system @g) is linearly independent on S.

Proof. We have to prove that any finite subsystem of QP(D_) is linearly independent on S. Let m be an arbitrary natural
number and for some complex valued constants C; the following equality holds

m
u™(x) = Zc, oPx)=0, xeS, meN. (4.60)

=1
Denote by W k= 1,2,...,myg, the points involved in the expression (4.60). Without loss of generality we can
assume that for each z©, k = 1,2, ..., myg, the expression (4.60) contains all three vector functions associated with

the point z% (see (4.58)). If necessary, we can add the corresponding terms with zero coefficients. Therefore, in what
follows we assume that m is multiple of 3, m = 3my.
Evidently, u"™ is a radiating analytic vector function in R* \ {z®}]"°, which solves the homogeneous differential
equation
A@, 0™ (x) =0, xeR>\ [z}, 4.61)
Then in view of (4.60) and (4.61), we see that u™ solves the homogeneous exterior Dirichlet problem (D), and due
to the existence and uniqueness Theorem 3.1 we conclude that ¥ = 0 in £2~. By the analyticity then we get
u™(x)=0 for xeR\{ZF}°. (4.62)

Let B(z", £) be a ball centred at the point z/) and radius & such that 2 ¢ B(z\)), &) for k < mg and k # j. Denote
2(@EV,e) =09B(EYV,e), j =1,2,...,my.
On the one hand, in view of (4.62) we have

/ T3y, n()u™(x)dS =0, j=1,...,my. (4.63)
2z ,g)
On the other hand, there holds the equality (see [23, Appendix D], [12, Ch.5])

lim T(0,, n(x)'(x —z9)dS = L,
=0 J 500 ¢)

where I'(x — z") is Kelvin’s matrix and I3 is the 3 x 3 unit matrix. Therefore, in view of (A.2) in Appendix A, for
g=1,2,3,and j =1,2,...,mp, we have

lim T3y, n(xX) P — 2, w)dS
e—0 E(Z(j)ys)
= lim f T (@, )V (x — 29 dS = (814, 824, 83) - (4.64)
=0 J 200 ¢)

Keeping in mind (4.64) and passing to the limit in (4.63) as ¢ — 0, we find

lim T @y, n(x)u"™(x)dS = Cs(j—1y+1 lim T(@,, n(x)I'V(x — 7Y dS
=0 500 ) =0 J 50000
+ C3(j-1+2 lim T(@y, nG)) TP (x — 29)dS
e—0 E(Z(j),s)
+ C3-1y43 lim T3y, nG)) I (x — 29)dS
e—0 E(z(j),s)

= (C3(j-1)+1, C3(j—1+2, C3j—1+3) T =0,
for j = 1,2, ..., mgy, which implies that C; = 0 forl = 1, 2, ..., 3mo. This completes the proof. [
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1—1
Lemma 4.2. The system @(D_) is complete in [Bp, s (S)]3f0r p € (1, 4+00).

1
Proof. We have to show that the linear span of the system (Pg) is dense in [B,l, s (S)]s. To this end we will apply
the following fact from the functional analysis which is a direct consequence of the Hahn—Banach theorem (see, e.g.,
[37, Ch. 1, Section 5]). Let B be a Banach space and B* be its adjoint space. A subset X C B is dense in B if and only
if the relation

(f, x) =0 forall x eX
with f € B* implies that f is the zero functional.
1_l
Thus to prove the density of the linear span of the system 45(7 in [B,, (S)] it suffices to show that if a vector

function x belongs to the adjoint space, x € [B, ” (S)]3 with 1/p+1/p’ =1, and

x, oMs=0, 1=1,2,..., (4.65)
then X = 0. As above here the symbol (-, -)s denotes duality brackets between the mutually adjoint spaces

[Bp p" ($)I and [B "(S)]3
Condition (4. 65) can be rewritten as

< i — 0, )) =0, j=12,3 k=1,2,....
Due to the density of the set {z®}22, in 2, we get

(X, TVC—z,0))g=0, zef, j=123.
This implies that

VOO =(x. I'¢ —z,0)); =0, ze€, (4.66)

where V(x) is a single layer potential with the integration surface S and with the density x (see (A.3)). Since the
single layer potential is analytic in £2* we conclude from (4.66)

V() =0, zen?. (4.67)
Moreover, by Theorem A.1 we have
Voo e [WheH T voo e W) @) nzw), p'> L

Further, by Theorem A.2, formula (A.11), and relation (4.67) it follows that the single layer potential V () ) solves the
homogeneous exterior Dirichlet problem in {2~ and in accordance with Theorem 3.1 vanishes in {2~. Therefore due
to Theorem A.2

{T@. MV} —{T@.nV0) =x=0 on s,
which completes the proof. [

Now, let us introduce the following systems of functions on S which can be employed for constructing approximate
solutions to the Neumann problem,

o) = {T@, n)eP) |0, O ={T@ n)YP) ), x €S,
where T'(9, n) is the boundary stress operator (2.2), ¢’ and ) are defined in (4.56) and (4.57) respectively.

Lemma 4.3. The system @;v_) is linearly independent on S.

Proof. We have to prove that any finite subsequence of the system @RT) is linearly independent. Let m € N be an
arbitrary natural number and

Zc, T@,n(x)e®P(x)=0, xeS, (4.68)
I=1
where C; are complex valued constants.
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As in the proof of Lemma 4.1, we denote by Wk =1,2,..., my, the points involved in the expression (4.68)
and without loss of generality we assume that for each W k=1,2,...,m, the expression (4.68) contains all three
vector functions associated with the point z¥ (see (4.58)) implying that m = 3my.

Now, let us set

W) =Y G, x ¢ QF. (4.69)
=1

Evidently, ™ is a radiating analytic vector function in R* \ {z®}/°, which solves the homogeneous differential
equation

A@, o)™ (x) =0, x eR>\ [z}, (4.70)

In view of (4.69), (4.68), and (4.70) it then follows that u™ solves the homogeneous exterior Neumann problem (N)_
and due to uniqueness Theorem 2.6 we conclude that u™ = 0 in £2~ and consequently, by the analyticity property,
u™ = 0in R\ {®}°,. By the same arguments as in the proof of Lemma 4.1 we show that all the constants C;,
[ =1,2,...,m,equal to zero, which completes the proof. [J

_1
Lemma 4.4. The system @5\,_) is complete in [Bp,‘;,(S)]Sfor p € (1, 4+00).

1
Proof. Asin Lemma 4.2, to prove the density of the linear span of the system 455\,_) in [B, () it suffices to show
1
that if a vector function x belongs to the adjoint space, x € [B:,_ p,(S)]3 with1/p+1/p’ =1, and
(. T@.mp")s =0, 1=12..., 4.71)

_1
then x = 0. Here the symbol (-, -)5 again denotes duality brackets between the mutually adjoint spaces [B), 5 (S)]?
1

and [B), , (S)P.
Condition (4.71) can be rewritten as

(X, T@mI =29 0)5=0, j=123 k=12...
which is equivalent to the relation
W) =0, k=1.2,..., 4.72)

where W () is the double layer potential with the integration surface S and with the density x (see (A.4)). Due to the
density property of the set {z©¥}2° in (2", from (4.72) we deduce

W) (@) =0, zeff. 4.73)
By analyticity property of the double layer potential in domains 2% we conclude

W(i)(z) =0, zen'.
Note that by Theorem A.1 we have

Woo e [Wh@eHT . woo e [W) ,(2) ] nzw), p'>1

Further, by Theorem A.2, formula (A.12), and relation (4.73) it follows that the double layer potential W () solves
the homogeneous exterior Neumann problem in {2~ and in accordance with Theorem 3.2 vanishes in {2~. Therefore
due to Theorem A.2

(Wool" ={woo} =x=0 on s,
which completes the proof. [

Further, let us introduce the system which can be employed for constructing approximate solutions to the mixed
Dirichlet-Neumann problem,

¢§V7) = {v(l)(x) }le, x €S, 4.74)
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where

WO(x) = {¢(’)(X) for xeSp,

T@@,n(x)e?(x) for x e Sy, (4.75)

where ¢ is given in (4.56), Sp and Sy are the Dirichlet and Neumann parts in the mixed boundary value problem
M)
It is evident that the vector v” can be considered as the following pair of restrictions

V0 = (rg, v rg v = (rg, 01, T@,n(0))e").
Similarly, the system @,ﬂ;) defined in (4.74) can be identified with the system

-) — {’1‘)‘(1)}?21 .

SN

Lemma 4.5. The system @,(w_) is linearly independent on S.

Proof. Let m € N be a natural number and

m

Y vl =0, xes, (4.76)
where C; are complex valued constants.

As in the proof of Lemma 4.1, we denote by z¥, k = 1,2, ..., m, the points involved in the expression (4.76)

and without loss of generality we assume again that for each 2P k=1,2,..., mp, the expression (4.76) contains all

three vector functions associated with the point z* (see (4.58)) implying that m is multiple of 3, m = 3my.
Now, let us construct the vector

W)=Y G, x g 9 4.77)
=1

Evidently, u™ is a radiating analytic vector function in R® \ {z®}}", which solves the homogeneous differential
equation (4.70) in R3 \ {z(k)}km:‘)l. In view of (4.77), (4.76), and (4.75) it then follows that u“ solves the exterior
homogeneous mixed problem (M), and due to the existence and uniqueness Theorem 3.3 we conclude that u™ = 0
in 27 and consequently, by the analyticity property, u™ = 01in R* \ {©}]"°|. By the same arguments as in the proof
of Lemma 4.1 we show that all the constants C;, [ =1, 2, ..., m, equal to zero, which completes the proof. [J

1

- _1 _1
Lemma 4.6. The system 3., is complete in [B,l, e (SD)]3 X [B,,,’,’,(SN)]3for 4/3 < p < 4.

~ -1 _1
Proof. As in Lemma 4.2, to prove the density of the linear span of the system &3, in [B,, (SD)]3 X [B,,,’,’,(SN)]3
it suffices to show that if a pair of vector functions ¥ = (x,, x,) belongs to the adjoint space, X = (x,, xy) €

~—1+1 3% 3. ,
[Bp/’pf(SD)] X [Blf’.p’(SN)] with1/p+1/p’ =1, and

(X, ") = (xp, Vsp + Gty s vP)sy

= (xp> #D)sp +(T@,n(NP?, x)sy =0, 1=1,2,..., (4.78)

then ¥ = 0.
Here the symbols ( ) and (-, -)s, denote duality brackets between the mutually adjoint pairs of Besov spaces

[N,, » g (Sp)]? and [B (SD)P and [B,, ,,(SN)]q and [B” (SN)]3, respectively.
Condition (4.78) can be rewritten as

(Xp, TOC =29, +(T@, TV —20), x)sy =0, j=1,2,3, k=1,2,...

which is equivalent to the relation

V)@ + Wi =0, k=1,2,..., (4.79)
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where V(x,) and W(x, ) are the single and double layer potentials on S with the densities

~—1+3 3 ~7 3
Xp €[B, S0 xy €[B) (W] (4.80)
Due to the density property of the set {z©}2° | in £2)", from (4.79) we get
U@)=V(x,)@+ W)@ =0, zef.

By analyticity property of the layer potentials in domains 2% we conclude

U@) =V(x,)@ + W(x,)@) =0, ze". (4.81)
Note thatif 4/3 < p < 4,then 4/3 < p’ < 4, and by Theorem A.1 we have

Uelwh@HT, ve[w! )] nzw), 4/3<p’ <4 (4.82)
Further, by Theorem A.2 and relations (4.81) and (4.80) we find that

UV —{U}) =xy =0onSp, {T@ mU} —{T@® nU} =—x, =0on Sy.

Whence it follows that U belongs to the class (4.82) and solves the homogeneous exterior mixed problem (M), . In
accordance with the existence and uniqueness Theorem 3.3 U vanishes in {2~ implying x,, = x, =0on S. [

Next, we introduce the system of vector functions which can be employed for constructing approximate solutions
to the basic transmission problem (BT),,.

By ¢®D(x) and ¥*P(x) we denote the vector functions defined by formulas (4.56) and (4.57) respectively
constructed by the columns 'V, k = 1,2, j = 1, 2, 3, of the fundamental matrix I"®) associated with the operator
A%)(9, w). Here k = 1 corresponds to the bounded domain 27 = 2V, while k = 2 corresponds to the exterior
unbounded domain 2~ = 2@. The set of points {¥}22, C 2F ¢ 2V and {yP}2, C 2y C 2 are the same as
above.

Let

Ppr = { vV (x), 21P(x)}

oo

—> XES,

where ¥-D(x) and #%-?(x) are six vectors defined on S by the relations
w0 = (D), TG, n ) D), xes, (4.83)
" (x) = (—p"2(x), —=TP0, n()e"?(x))", xe€s. (4.84)

Lemma 4.7. The system ®@gr is linearly independent on S.

Proof. Let m;, m; € N be arbitrary natural numbers and
my my
D Ca v+ CadMP(x)=0, xe€s, (4.85)
=1 =1

where C; ., k = 1, 2, are complex valued constants.

Denoteby zX,k = 1,2, ..., pp,and y® k = 1,2, ..., py, the points involved in the expression (4.85) and without
loss of generality assume that for each z®), k = 1,2, ..., p,, and foreach y®, k = 1,2, ..., p;, the expression (4.85)
contains all three vector functions corresponding to the points z*) and y® (see (4.58) and (4.59)) implying that m,
and m are multiples of 3, m, = 3p, and m; = 3p;.

Now, let us construct the vectors

my
M(ml,l)(x) — Z Clyl I/f(l’])(x), X ¢ 90*7 (486)
=1

my o
w2 (x) = Z Cia D), x¢ Q(;L‘ (4.87)
=1
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Evidently, u“*! and u"2-? are radiating analytic vector function in R® \ {y®}7L  and R®\ {¥}?2 respectively and
solve the homogeneous differential equations

AV@, ™ Vx) =0, x ¢ 07, (4.88)

AP@, ou™P(x) =0, x ¢ Q. (4.89)

In view of relations (4.83)~(4.89) it then follows that the pair (1", u™2:?) solves the homogeneous basic
transmission problem (BT),, and due to the existence and uniqueness Theorem 3.5 we conclude that ™D = 0
in 2% and u"2? = 0 in £2~. Consequently, by the analyticity property, u™1:) = 0 in R* \ {y®}!, and u™2? =0
in R3 \ {z(k)},fil . Now, by the same arguments as in the proof of Lemma 4.1 we derive that C; ; =0,/ = 1,2, ..., my,
and C;, =0,1 =1, 2,...,my, which completes the proof. [J

-1 _1
Lemma 4.8. The system ®pr is complete in [Bp,p” (S)]3 X [Bp,’,’,(S)Ffor p> 1l

11 _1
Proof. To prove the density property of the linear span of the system @7 in [B), (S)]3 X [B,,,?,(S)]3 it suffices
141
to show that if a pair of vector functions x = (g, k) belongs to the adjoint space, x = (g, h) € [Bp,,J;f'(S)]3 X
1
[B), ()]’ with1/p+1/p’'=1,and
O, U0 = (g, v s+ (b, TO@ My Yy =0, 1=1,2,..., (4.90)
(. 25 := (g, ")+ (b, TP@,me"?)s =0, I=1,2,..., 491)

then x = (g, h) = 0.
Condition (4.90) and (4.91) can be rewritten as

(g. TU0C =y s + (V@ mIV 06 —y©) ks =0, j=1.23 k=12 ..
(g, TP —zZ®)s +(TP@, MY =20y, h)s=0, j=1,23, k=12,...

which is equivalent to the relation

V@) + WPy =0, k=1,2,..., YW e, (4.92)
VO™ + WOmE*®) =0, k=1,2,..., P e, (4.93)

where V®(g) and W®)(h) are the single and double layer potentials with the integration surface S constructed by the
fundamental matrix I") with the densities

11 1
ge[B, T, ne[Bl SF p=1

Due to the density property of the sets {y(k)},fil in {2y and {z(k)},fil in 2, from (4.92) and (4.93) we get

V() @)+ W) () =0, ze 2, (4.94)

V()2 + WPh)(z) =0, ze . (4.95)
Due to analyticity of the layer potentials in domains 2% we conclude

UV = V(@) + W) (@) =0, zen, (4.96)

UP(z) = -VP)z) - WP(h)(z2) =0, ze 0. (4.97)

Note that by Theorem A.l we have
3 13 -
U e[W (@], UPe[W, (2] nzw), p'>1
Further, by Theorem A.2 and with the help of relations (4.94)—(4.97) we find that
UM —{u®}) =0ons,
{TV0, UV} — 1?3, myUP}” =0on s.
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Whence it follows that (U and U®) belong to the appropriate classes of vector functions and solve the homogeneous
basic transmission problem (BT),,. In accordance with the existence and uniqueness Theorem 3.5 then U vanishes
in 2% and U® vanishes in {2~ which along with (4.96) and (4.97) imply g =h =0on §. O

Finally, we introduce the system of vector functions which can be employed for constructing approximate solutions
to the mixed transmission problem (MT),, which as a particular case covers the crack type problem.
Let us define the three vectors

@1
Gy . JUTT () for x e Sr, _
AP (x) = {Tm(a’ nGeyy V) for x € Se, [=1,2,... (4.98)
(,2)
12y o =97 () for x e Sy, B
AS7(x) = {T(z)(a’ nGNeld(x) for x € S I=1,2,... (4.99)

where ¥¢1 and ¢-?) are the same as in the above introduced system @z for the basic transmission problem.
Further, we define the six vectors

O1D(x) = (ATD(x), T(l)(avn(x))w(l,l)(x))-r’ x €S, (4.100)
@(1'2)()6) — (/1(1,2)()6)7 _T(Z)(a’ n(x))go(”Z)(x))T, x €S, (4.101)
and set

oo

Dy ={0"V(x), 09Pm)} 2,

x € S. (4.102)
Lemma 4.9. The system @yt is linearly independent on S.

Proof. Let m;, m; € N be arbitrary natural numbers and let
mj my
> Ci 0+ Ca 0P =0, xeS, (4.103)
=1 =1

with some complex constants Cy ., k = 1, 2,.

Denote by zX, k = 1,2,..., p», and y®, k = 1,2, ..., p;, the points involved in the expression (4.103) and
without loss of generality assume again that for each P k=1,2,..., P2, and for each y(k), k=1,2,..., p1, the
expression (4.85) contains all three vector functions corresponding to the points z¥) and y*® implying that m, and m,
are multiples of 3, my = 3p, and m| = 3p;.

Now, let us construct the vectors

my o

u™D(x) = Z Ci 1//(1’1)()6), x & 07, (4.104)
=1
my o

w2 (x) = Z Coo®P(x), x¢ F. (4.105)

=1

Evidently, u®1-" and 42 are radiating analytic vector function in R*\ {y ¥}’ and R®\ {z¥}!"2 | respectively and
solve the homogeneous differential equations

AV, ™ Vx) =0, x ¢ 0, (4.106)

AP@, ™D (x) =0, x ¢ 0. (4.107)

In view of relations (4.98)—(4.107) it then follows that the pair (u(’"l’l), u(’"2'2)) solves the homogeneous mixed

transmission problem (MT), with equivalently transformed conditions (3.42)—(3.44) and due to the existence and

uniqueness Theorem 3.7 we conclude that u™1*D = 0 in 2% and u"">? = 0 in £2~. Consequently, by the analyticity

property, u') = 0in R3\ {y®}7L, and u™2>? = 0in R*\ {¥}72,. Now, by the same arguments as in the proof of
Lemma4.1 wederivethat C; ; =0,/ =1,2,...,m;,and C;, =0,]l = 1,2, ..., my, which completes the proof. [J

As in the case of the system 9151(‘;), here we can identify the system @y, with the system EMT defined as

Dyr = (6", 0Nz,
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where
B0y = (rg, D, 1y TV@, n(e)Y Y, 1 TO@, n(r)Y )",

B2 (x) = (s, ", rg TO@. ()", r 7@, n(x)p"?) .

Lemma 4.10. The system 5MT is complete in the space

_1 _1 _1
[B,l,, L SP] % [Bp oSl x [Br o] (4.108)
ford/3 < p < 4.

Proof. To prove the density property of the linear span of the system &y in the space (4.108) it suffices to show that
if a pair of vector functions ¥ = (f, g, h) belongs to the adjoint space,

1 1 1
X=(fghe [[E;f;',’<sr)]3 x [E,ﬁ’,,pxsc)]*‘} <[B!, (]
with1/p+1/p’=1,andforalll =1,2,...,
(X, 0"Ms = (f, "), +(g, TV@, my " V)5 +h, TV@, myy"V)s =0, (4.109)
(7. 095 = ~f, " D)5, +(g. TP mp")s.—(h, TP@, n)p"?)s =0, (4.110)
then ¥ = (f, g, h) =0.
Condition (4.109) and (4.110) can be rewritten as
(f. TUDC =y g + (g, TVO, IV — yO))se +(TP@, )TV —y©), h)s =0,
—(f, TUP( =), + (g, TP@. m)IYP( =205 —(TP@, m)IIP( =0, h)g =0,
j=1,23 k=12,...
which is equivalent to the relations
vONOGD) + W) + WOy =0,  k=1.2,..., YW e,
—VONHE) + W2()®) = WPy =0, k=1,2,..., % e,

where V®(f), V©(g), and W (h) are the single and double layer potentials constructed by the fundamental matrix
I'® with the integration surface S and the densities

—1+ ~1

1 1 1
ST PPENE 3 b 3
felB, /SN, ge[B) (S, he[B) (], 4/3<p <4 (4.111)
Due to the density property of the sets {y®}2, in £, and {z©}2° | in (2", from (4.92) and (4.93) we get

VO + VO()@) + W) =0, ze ),
— VPN + W)@ - W) =0, ze 9.

Due to analyticity of the layer potentials in domains 2% we conclude

UV @) = VO + WD)+ WP () =0, ze 2, (4.112)
UP(z) = -VO(f)2) + W) z) — WP(h)(z) =0, ze 0T (4.113)
Note that by Theorem A.1 we have
vV e[wh@eH, U e Wl ()] Nz, 453<p <4 (4.114)
Further, by Theorem A.2 and relations (4.112) and (4.113) we find that
[UDY =g +hons, (4.115)
7@, UV} = —f on s, (4.116)

{
{UP} =—g+hons, 4.117)
{T?0@,nU?} = —fons. (4.118)
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Whence in view of (4.111) we find

{UOY —{U®}" =0 on S, (4.119)
{Tu)(& n)U“>}+ + {T(2>(3, n)U(Z)}‘ =0on Sc, (4.120)
{T(l)(a, n)U(l)}+ _ {T<2)(3’ n)U<2>}* =0onS. (4.121)

From (4.119)—(4.121) and (4.112)—(4.114) it follows that the pair (U", U®) belongs to the appropriate class of
functions and solves the homogeneous mixed transmission problem (MT), . In accordance with the existence and
uniqueness Theorem 3.7 then U vanishes in 2% and U® vanishes in £2~ which along with (4.115)—(4.118) imply
f=g=h=0onS. O

4.2. Construction of approximate solutions

In this subsection we describe how to construct approximate solutions of the above considered boundary value
problems. In what follows ¢®, @, ¢ (<) " = 1,2, are the vector functions introduced in the previous
subsection.

4.2.1. The Dirichlet problem
Let us look for an approximate solution of the exterior Dirichlet problem (D), (see (2.1), (2.3)) in the form

u™(x) = Za, oPx), xef”, meN, (4.122)
=1

where a; are sought-for complex valued constants. These constants are to be chosen in such a way that the norm
e = u"™ Iy - npcryps Of the difference of the exact solution u and the approximate solution « should be small.

Note that for all m the vector function u™ solves the homogeneous differential equation (2.1) and is analytic and
radiating in R \ 2.
Due to Theorem 3.1 and estimate (3.20), if the trace of # on the boundary S approximates the boundary function

f with a sufficiently good accuracy in the space [B;:,:/”(S)P, then the norm ||u — 1™ ||[W;(Q_QB(R»]3 for fixed R will

also be sufficiently small and u can be considered as a good approximation of the exact solution u in the region
27 N B(R)).

Lemmas 4.1 and 4.2 show that a good approximation on S of a boundary vector function f € [B,l,f;/ P is
possible within an arbitrary accuracy by the linear combinations of type (4.122):

Y agPx) = fx), xeS. (4.123)
=1

Thus, construction of an approximate solution of the Dirichlet BVP is reduced to the approximation problem
for the boundary vector function into the linearly independent complete system of vector functions <P(D_) explicitly
constructed by the columns of the fundamental solution matrix.

This approximation can be practically carried out by choosing finite sets of functions from the system @g)
appropriately and then applying some well-known methods, e.g., Galerkin, collocation, least square, adaptive cross
approximation etc. However, this is a very serious problem which needs a special investigation from the point of view
of numerical analysis (cf. [16-19,38,39]).

Similar approach with word for word arguments can be applied to all BVP considered in Section 3. Therefore,
below we will write down schematically only the expressions of approximate solutions in the corresponding domains
and formulate the desired boundary approximation problems (counterparts of (4.122) and (4.123)).

4.2.2. The Neumann problem
Approximate solution of the exterior Neumann problem (see (2.1), (2.4))

m
u™(x) = Zal oPx), xef”, meN,
=1

where ag; are sought-for complex valued constants.
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Desired boundary approximation of the vector function F € [B;lp/p ($))? in the system @1(\,7) (see Theorem 3.2 and
Lemmas 4.3 and 4.4):

m
> @ T@.n(x)e” = F on S.
=1

4.2.3. The mixed problem
Approximate solution of the exterior mixed problem (see (2.1), (2.5), (2.6))
u™(x) = Zal oP(x), xef”, meN,
=1
where a; are sought-for complex valued constants.
Desired bOLLndary approximation on Sp and Sy of the vector functions f* e [B;fpl/ P(Sp))P and F* € [B,Ill{” SV
in the system @;) (see Theorem 3.3 and Lemmas 4.5 and 4.6):

m
> @ = f* on Sp,
=1

m
Zal T@@,n)p" =~ F* on Sy.
=1

4.2.4. The basic transmission problem
Approximate solution of the basic transmission problem (see (2.1), (2.12)—(2.13))

mj
WD) =Y a y @), xe 2t mieN,
=1

my
u"2(x) =Y a,9"?(x), xe 7, meN,
=1
where a;,| and a; , are sought-for complex valued constants.
Desired boundary approximation on Sp and Sy of the vector functions f € [B,l,,_,}/ P($)P and F € [B,,
the system @y (see Theorem 3.5 and Lemmas 4.7 and 4.8):

mq my
Za“ 1//(1’1) — Zalqz (p([*z) ~ f on S,
=1 =1

YP($)]P in

mi mjp
> an TV my Y =3 a4, T, n)p"? = F on S.
=1 =1

4.2.5. The mixed transmission problem
Approximate solution of the mixed transmission problem (see (2.1), (2.15)—(2.18), and (3.42)—(3.45))

nmj
u™D(x) = Zal" vix), xeNt, m eN,
I=1

mp
u"P(x) =Y a,9"?(x), xe 2, meN,
I=1
where a;,| and a; , are sought-for complex valued constants.
Desired boundary approximation on S7, S¢, and S of the vector functions

fP By /PSP, FP+FO e[BUP(SAP.  FoelB, /7S
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in the system EMT (see Theorem 3.7 and Lemmas 4.9 and 4.10):

mi m32

L1 12) o AT
Yy = a9"? = fO on S,
=1 =1
my

mp
Yo an TV@ Y + 3 an T, me"? = FS + F on S,
I=1 =1

nmj my

> a7V YD = a4, T?0, m)e"? = Fy on 8.

=1 =1
Due to Remark 3.10 the crack problem is a particular case of a special mixed transmission problem and its approximate
solution can be constructed in accordance with the approach described in the present subsection.
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Appendix A. Layer potentials and their properties

Here we collect some auxiliary material needed in the main text of the paper concerning properties of layer
potentials and the corresponding boundary operators.

Denote by I'(x,w) and I'(x) respectively Kupradze’s and Kelvin’s matrices of fundamental solutions of the
differential operator of elastic oscillations A(d, w) and its principal homogeneous part A(d) (Lamé’s operator)

AQ, w)'(x, w) = I35(x), A (x) = I3 5(x),

where §(x) is the Dirac delta function. These matrices read as (see [12, Ch. 2])

2 ik Ix]
e
I'(x, w) = [T} (x, 0)]3x3, Lij(x, 0) = Z(5kj0l1 + B3 9)) - e A1)
=1
S -1 1+1
== =, ﬂl:L» ki =k, =w 2 , kh=k=w g,
4 4mQa? A+2p n
Sk M "Xk X
L) = [Ty, Tyl = 295 ¢ B34
| x| [x|
r_ A + 3,(,L o A + 1%
T 8rpGtew T 8mpotew
The following relations hold true
Ix,o)=I(-x,0)=[[x o],  I['x)=I(-x)=[Tm",
Ty, )] = <Gy ) 117, DG, @) = Ty (0] < @] ¢(, ), (A2)

10 Tpg (x, @)= 3; Tpg ()] < |oPc(h, 1), 10,0, pg(x, @)= 3;01 Tpg (¥)] < (i, u, w)lx| ™",

where c(A, 1) and c(A, i, w) are positive constants. These relations show that the Kelvin matrix of statics I'(x) is
the principal singular homogeneous part of Kupradze’s matrix I'(x, w). It is evident that the entries of I'(x, @) and
I'(x) are analytic functions of the real variable x € R3\ {0} and, moreover, the columns of I'(x, w) satisfy the
Sommerfeld—Kupradze radiation conditions at infinity.

Introduce the single and double layer potentials of elastic oscillations

V(g)(x) = /SF(x —y,0)g(»)dSy,, xeR\S, (A.3)

W(h)(x) == /[T(ay, n(yNI(x —y, w)]" h(y) ds,, xe€ R3\ S, (A4)
s

where g = (g1, g2, g3)" and h = (hy, hy, h3) " are densities of the potentials.
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By standard arguments and with the help of Green’s second formula one can derive the following integral
representation formula for a regular solution u to the homogeneous equation A(d, w)u = 0 in the domain 27,

u(x) in 07,
Wl )@) — VAT )0x) = { 2 (AS5)
Similarly, for a radiating regular solution of the homogeneous equation A(d, w)u = 0 in the domain {2~ we have an
analogous representation formula (see [12,27])

0 in 27T,

u(x) in 2. (A.6)

= W{u})) + V({Tu} )Hx) = {
These representation formulae can be extended to the classes (v, (2] and [W p 10c(£27 YI’NZ(£27), and to Lipschitz
domains. From these formulae it is evident that any solution to the homogeneous equation is actually an analytic vector
function of the real variable x € 2*. Further, if u solves the homogeneous equation A(d, w)u = 0in 27 and 2,
andr, u € [Wy (2D, r, uelW, ,.(27) N Z(2") then by adding formulae (A.5) and (A.6) we get

,loc

u(x) = W(luls)(x) — V([Tuls)(x) in 2T U 2~
with [uls = {u}} — {uly,  [Tuls = {Tu}} — {Tuly,

which shows that if on some open part S; C S of the common boundary S of the adjacent domains 2% and 2~
the jumps of the Cauchy data equal to zero, ie., rg {u}™ — {u}"] = 0 and rs, [{Tu})* — {Tu}"] = 0, then the
vector-function u defined by the equality
u(x) for x e 2T,
U= u(x) for x e 27,
{u(x)}* for x e,

is an analytic vector function in the connected domain R> \ S, with S, = S\ ;.
Further we introduce the boundary operators generated by the single and double layer potentials,

(o) = [ T =y.)s0)dS,. x €S, (A7)
(KW = [ [T =3, 0)] 5048, x5, (A8)
®mw = [[1@ 100 T =y 0] hp)ds,, xes, (A.9)
(L)) == { T@ nCDWI(x) )5, x € 8. (A.10)

The boundary operators # and L are pseudodifferential operators of order —1 and 1, respectively, while the operators
KC and K are mutually adjoint singular integral operators—pseudodifferential operators of order O (for details
see [12,40-45]).

We will employ the same notation equipped with subscript “0” for the elastostatic potentials constructed by the
Kelvin matrix I'(x — y) and the corresponding boundary operators.

Now we describe the basic mapping and jump properties of the above introduced layer potentials. They can be
found in [24-26,35,40,41,43-55].

Theorem A.1. Let S be C*®-smoothand 1 < p < 00,1 <t <00, and s € R. The operators

% [ s++

C (B, 9] —
: [B9] —[B,

© [8,,9] — [H, ”<9+)]
(BT — [B @]

@0y ST — [ ;ﬁof"m I nzan],
O] — [ ,,,,M(rz I'nzwH],
RO ,,,M(Q I nzan],

SI(S)] [ ;t loc(‘Q )] ﬂZ(Qi)]’

F(Q+)]

[
[B
[5
[B

are continuous.
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If S is Lipschitz, then the operators
_1 1
v e = [HeH] (B2 — [H.e] nze) ],
W (e — [HeH] [T — [He)] nzw)],

are continuous.

_1 -1
Theorem A.2. Let S be C®-smoothand 1 < p < 00,1 <t <00, and g € [B‘,,,t”(S)]S, helB,, () ]3. Then

Vi) ={ve) =Hg on s, (A.11)

{T@.mv@) =[F2"'5+K]g on 8,

(W) =[£27'",+K]h on s,

{T(a,n)W(h)}+ ={T@.nWMm)} =Lh on S. (A.12)
The same relations hold for a Lipschitz boundary S and p =t = 2.

Theorem A.3. (i) Let S be C*®°-smoothand 1 < p < oo, 1 <t <00, s € R. The operators
Hoo O] — 1S (B0 =[BT,
27 L+ K 227 54K [HAS)] — [HXS)] (B ,(5)] — [B;’t(S)]3],
£ PO —[Ho]  [Br) — (8.0

are continuous Fredholm operators with zero index. The principal homogeneous symbol matrices of these operators
are non-degenerate. Moreover, the principal homogeneous symbol matrices of the operators —H and L are positive

definite.
@ii) If S is Lipschitz, then the operators
_1 1
Ho [H2O] — [H O]
2L+ K [H 2] — [H 2],
1

£27' L+ K [HI(S)] [H(S)]
Lo [H ] — [H 2(5)]

are continuous Fredholm operators with zero index, and moreover, there exist positive constants Cy, k = 1,2,3,4,
such that

_1
(h, —Hh)s > C; ||h||2 4G IThI* | forall he[H, (S,
[H, 2(5)P [H, 25
| (A.13)
(Lg, g)s=Cslgl* 1 —Cullgll? o forall ge[H (ST,
(12 (5)P [Hy (9]
2

_1 1
where the symbol (-, -)s denotes the duality brackets between the mutually adjoint spaces [H, (T and [H22 P,
| 1

and T : [H;j(S)]3 — [H277(S)]3 is a compact operator.
(iii) The following operator equalities hold in appropriate function spaces:

KH=HK, LK=KL, LH=-4"L+K: HL=—-4"L+K (A.14)

Remark A.4. In the static case, i.e., for the operators constructed by the Kelvin fundamental matrix I'(x — y), the
operators Ho, 27" I + ICO and 27! I3 4+ K in items (i) and (ii) of Theorem A.3 are invertible. Moreover, ICO and /Cy
are mutually adjoint singular integral operators and the inequality (A.13) holds with C, = 0 [36]. _
In view of the relations (A.2), it is evident that the Joperators of elastostatics Ho, £27'1I; + Ko, £27 115 + K,
Lo, and elasto-oscillations H, £271I; + K, £27'I; + K, £ have the same principal homogeneous symbol matrices
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respectively:
H(x, &) == &(Ho; x, §) = 6(H; x, §),
Ka(x, §) = 6(£27' I + Ko)(x, §) = 6271 + K)(x, §),
L(x, §) = &(Lo; x, §) = &(L; x, §), ~ (A.15)
Ke(x,§) = 627 I + Ko)x, &) = 6271 + K)(x, £),
x €S, &eR*\{0}.
The matrices —H(x, &) and LL(x, §) are positive definite matrices with entries being real valued even functions in
&, while the matrices Ky (x, &) and K (x, &) are non-degenerate and mutually adjoint, i.e., KL (x, §) = [Kyi(x, &) 17.
The following matrices related to the so called Steklov—Poincaré operators of statics [—27'I3 4+ /o] Hy ' and
—[27'I3 + Ko] Hy I corresponding to the interior and exterior domains, respectively,

S([—27'1K+ Kol Hy's x, ) =K_(x, &) [H(x, &)1, (A.16)
— (27 L+ Kol Myl x, &) = — Ky(x, &) [H(x, £)] 7', (A.17)

are positive definite as well. Moreover, from (A.14) it follows that

Ka(x, §)H(x, £) = H(x, £) Ki(x, §), Lix, &) Ka(x, &) = Kalx, §) Lix, £),
L(x, &) H(x, £) = Ky (x, £) K_(x, &), Hx, §)L(x, §) = K, (x, §) K _(x, &).

Note that the matrices K_ (x, &) and ]I~§+(x, &), as well as the matrices K_(x, &) and K, (x, £) commute each other.
Therefore from (A.18) we derive

+ L(x, &) [Ko (e, )17 = £ [Hx, )17 Ko (v, ) K (x, §) Ko (x, )17
= & [H(x, )] Ke(x, §) = £ Ko (x, &) [Hx, £)]7", (A.19)
implying that the matrices & L(x, &) [Ki(x, £)]~! are positive definite in view of the positive definiteness of the
matrices (A.16) and (A.17).
Moreover, it can be shown that the entries of the matrices H(x, §) and L(x, §) are real valued functions, while

Ki(x, &) =427 + i K(x, ) and Ki(x =227 +i K(x &), where the entries of the matrices K and K are
real valued odd functions in & (see Appendix C in [23]).

(A.18)

Appendix B. Alternative representations of radiating solutions

Let 2%, 27, and S be the same as in Appendix A, and consider the following linear combination of the single and
double layer potentials

u(x) = W(g)x) +x V(g)x), x e,

-1
where x = »%; +i 1 e C with »;, %, € Rand %, # 0, and g € (g1, 82, 83)" € [B,,,” (S)]° is a density vector.

Evidently, u € [W b IOL(Q )] N Z(£27) in view of Theorem A.1, while by Theorem A.2 we have

wy =[-2"LE+K+xHlg=Ng.  {Tu) =Lg+x[27"'L+K]lg=Mzg,

where H, IC, K and £ are given by equalities (A.7)—(A.10) respectively.
In Refs. [25] and [27] the following assertions are proved.

Theorem B.1. Let S € C®, s e R, 1 < p < 400, and 1 <t < +o00. Then the operators
N HSP — HT S [B)SF — B OP], (B.1)
M HFSP — [H S [1BF(S)F — (B}, (], (B.2)

are invertible.
For a Lipschitz manifold S these operators are also invertible for p =t = 2 and s = —1/2 and, moreover, there
are positive constants Cy and C, such that the following inequality holds true

1
Re(=MINT g, 8)s > Culigl® | =Ca liglliyg e forall g € [H (ST
[HY ()]
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Theorem B.2. If u € [Wpl’loc(.Q’)]3 NZ27), 1 < p < 400, solves the homogeneous equation A9, w)u(x) =0 in
{27, then u can be represented uniquely in the following two equivalent to each other forms

u(x) = WN'g)(x) +x VIN 'g)(x), x e 27,
ux) = WM™'h)(x) + x VIM 'h)(x), x € 027,

where N ="' and M~" are the operators inverse to N and M respectively defined in (B.1) and (B.2), while the densities
g and h, are related to the vector u by the equalities

_1 _1
g=(u)s € By, ()P,  h={Tuls €[B, LS.

In the case of a Lipschitz surface S, the same assertion holds true with p = 2.

Appendix C. Fredholm properties of strongly elliptic pseudodifferential operators on manifolds with
boundary

Here we recall some results from the theory of strongly elliptic pseudodifferential equations on manifolds with
boundary in Bessel potential and Besov spaces which are the main tools for proving existence theorems for mixed
boundary, boundary-transmission, and crack problems by the potential methods. They can be found in [56-58].

Let M € C* be a compact, n-dimensional, nonintersecting manifold with boundary dM € C* and let A be a
strongly elliptic N x N matrix pseudodifferential operator of order v € R on M. Denote by S(A; x, &) the principal
homogeneous symbol matrix of the operator A in some local coordinate system (x € M, & € R" \ {0}).

Let A (x), ..., Ay(x) be the eigenvalues of the matrix
[6(A; x,0,...,0,+D ] '[6(A; x,0,...,0,—1)], x €M,
and introduce the notation §;(x) = Re [(271 i~ 'Ina j(x)], j = 1,..., N, where In¢ denotes the branch of the

logarithm function analytic in the complex plane cut along (—o0, 0]. Due to the strong ellipticity of A we have the
strong inequality —1/2 < §;(x) < 1/2forx e M, j =1,2,..., N. The numbers §;(x) do not depend on a particular
choice of the local coordinate system at a fixed pint x € dM.

Remark C.1. Note that if G(A; x, £) is a positive definite matrix for every x € M and & € R" \ {0}, we have
8j(x)=0for j =1,..., N, since all the eigenvalues A ;(x) (j = 1, ..., N) are positive numbers for any x € M. The
same holds if G(A; x, &) is representable in the form

S(A; x,8) = QV(x, &) Q(x, £) 0P(x, &),

where Q(x, &) = || Qkj(x, &)l nxn and Q™ (x, &) = ||Q,(fj'.')(x, E)lnxn,m = 1,2, are positive definite matrices and,
in addition, the entries Q%‘)(x, &) are even functions in &.

The Fredholm properties of strongly elliptic pseudo-differential operators on manifolds with boundary are
characterized by the following theorem.

Theorem C.2. Lets € R, 1 < p <00, 1 <t < 00, and let A be a strongly elliptic pseudodifferential operator of
order v € R, that is, there is a positive constant Cy such that Re S(A; x,&)n - n = Co |n|* for x € M, & € R" with
€] =1, and n € CV.

Then the operators

7S N s—v N B N s—v N
A [Hon]" — [y on)t [ [B,on]" — [Bron]" ], (C.1)
are Fredholm with zero index if
1 v 1
——1+ su Six)y<s—= < —+ inf 8i(x). (C2)
p xeBM,lpsij / 2 p  xedM/IsjsN /

Moreover, the null-spaces and indices of the operators (C.1) are the same (for all values of the parametert € [1, +00])
provided p and s satisfy inequality (C.2).
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