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Abstract

We investigate the mixed boundary value problems of the generalized thermo-electro-magneto-elasticity theory for
homogeneous anisotropic solids with interior cracks. Using the potential methods and theory of pseudodifferential equations
on manifolds with boundary we prove the existence and uniqueness of solutions. We analyse the asymptotic behaviour and
singularities of the mechanical, electric, magnetic, and thermal fields near the crack edges and near the curves, where different
types of boundary conditions collide. In particular, for some important classes of anisotropic media we derive explicit expressions
for the corresponding stress singularity exponents and demonstrate their dependence on the material parameters. The questions
related to the so called oscillating singularities are treated in detail as well.
© 2016 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The paper deals with three-dimensional boundary value problems (BVP) arising in the generalized thermo-electro-
magneto-elasticity (GTEME) theory for homogeneous anisotropic solids with interior cracks.

The theory under consideration is associated with Green-Lindsay’s model of thermo-electro-magneto-elasticity
which describes full coupling of elastic, electric, magnetic, and thermal fields. Another feature of this model is that
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in contrast to the conventional theory of heat transfer, the heat propagation in Green—Lindsay’s theory occurs with a
finite speed (see [1,2]).

In the study of active material systems, there is significant interest in the coupling effects between elastic,
electric, magnetic and thermal fields. For example, piezoelectric materials (electro-elastic coupling) have been used
as ultrasonic transducers and micro-actuators; pyroelectric materials (thermal—electric coupling) have been applied
in thermal imaging devices; and magnetoelastic coupling effects are used in modern signal detection systems and
instrumentation (see [3—9] and the references therein).

Theories of thermoelasticity consistent with a finite speed propagation of heat recently are attracting increasing
attention. In contrast to the conventional thermoelasticity theory, these nonclassical theories involve a hyperbolic-type
heat transport equation, and are motivated by experiments exhibiting the actual occurrence of wave-type heat transport
(second sound). Several authors have formulated these theories on different grounds, and a wide variety of problems
revealing characteristic features of the theories has been investigated.

As it is well known from the classical mathematical physics and the classical elasticity theory, in general, solutions
to crack type and mixed boundary value problems have singularities near the crack edges and near the lines where
the types of boundary conditions change, regardless of the smoothness of given boundary data. Throughout the paper
we shall refer to such lines as exceptional curves. The same effect can be observed also in the GTEME theory. In
this paper, our main goal is a detailed theoretical investigation of regularity and asymptotic properties of thermo-
mechanical and electro-magnetic fields near the exceptional curves. By explicit calculations we show that the stress
singularity exponents essentially depend on the material parameters, in general.

We draw a special attention to the problem of oscillating singularities which is very important in engineering
applications. Such singularities usually lead to some mechanical contradictions, e.g., overlapping of materials (see,
e.g., [10] and the references therein). It turned out that there are classes of anisotropic media for which the oscillating
singularities near the exceptional curves do not occur. In particular, calcium phosphate based bioceramics, such as
hydroxyapatite, possess the above property. These materials are extensively used in medicine and dentistry [11,12].

Our main tools are the potential methods and the theory of pseudodifferential equations, which proved to be very
efficient in deriving the asymptotic formulas. They allow us to calculate effectively the field singularity exponents by
means of the characteristics related to the symbol matrices of the corresponding pseudodifferential operators. In our
analysis we essentially apply the results obtained in the references [13-16,18,19].

To demonstrate the dependence of the singularity exponents on the material parameters let us compare behaviour
of solutions to the crack type mixed boundary value problems near the exceptional curves for the Laplace equation
(Zaremba type problem), for equations of the classical elasticity (e.g., the Lamé equations for an isotropic solid) and
for the equations to generalized thermo-electro-magneto-elasticity equations for transversely-isotropic media.

Near the crack edge the asymptotic formulae for solutions of all the above three problems have the same form,
namely,

aor'? +a 3?4+ ... (1.1)

where r is the distance from the reference point x to the crack edge [20,21].

We have quite a different situation near the exceptional curve, where the different types of boundary conditions
(for example, the Dirichlet and Neumann type conditions) collide. Unlike the asymptotic expansion (1.1) of solutions
to the Laplace equation the asymptotic expansion of the solutions to Lamé equations has the form

b0r1/2 + bl rl/2+i5 +b2r1/2—i5 + 0(}’3/2_8),

where ¢ is an arbitrary positive number, while the asymptotic expansion of a solution to the generalized thermo-
electro-magneto-elasticity equations for transversely-isotropic case reads as

cor” + ¢ r1/2+"g+ 1) rl/z_ig—f— car'Inr + car'? + O,

where y; € (0, 1/2), y» > 1/2, and é and § are real numbers. Note that y1 — | represents the dominant stress
singularity exponent. The parameter y; in general depends on the material constants and the geometry of the curve
and may take an arbitrary value from the interval (0, 1/2) (for details see Section 6). Thus, the stress singularity
exponent essentially depends on the material constants and is less than —1/2, in general. Consequently, in the classical
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elasticity, we have oscillating stress singularities, while in the generalized thermo-electro-magneto-elasticity theory
we have no oscillating stress singularities for the transversely isotropic case due to the inequality y; < 1/2.

2. Formulation of the problem
2.1. Field equations

In this subsection, we collect the field equations of the generalized thermo-electro-magneto-elasticity (GTEME)
for a general anisotropic case and introduce the corresponding matrix partial differential operators

Throughout the paper u = (uy, us, u3) T denotes the displacement vector, o;; are the components of the mechanical
stress tensor, &g = 2_1(3k uj + 0; uy) are the components of the mechanical strain tensor, E = (Ey, E3, E3)T and
H = (H,, Hy, H3)T are electric and magnetic fields respectively, D = (D1, D3, D3)T is the electric displacement
vector and B = (By, B», B3) 7T is the magnetic induction vector, ¢ and i stand for the electric and magnetic potentials
and

E = —gradgp, H = —grad ¢,

¥ is the temperature change to a reference temperature Ty, ¢ = (g1, 92, C]3)T is the heat flux vector, and S is the
entropy density.

We employ also the notation d = 9y = (01,02, 03), 0; = 9/0x;, d; = 9/0¢; the superscript (~)T denotes
transposition operation. In what follows the summation over the repeated indices is meant from 1 to 3, unless stated
otherwise. Throughout the paper the over bar, applied to numbers and functions, denotes complex conjugation and the
central dot denotes the scalar product of two vectors in the complex vector space CVi.e.,a-b = (a, b) = Z?]:l aj E

fora, b € CN. Over bar, applied to a subset M of Euclidean space R", denotes the closure of M, i.e. M= MUIM,
where 0 M is the boundary of M.
In the GTEME theory we have the following governing equations:

The constitutive relations:

Orj = Ojr = Crjki &ki — €irjEr — qirjHy — Apj (0 + v 0;,13), r,j=1,2,3, 2.1
Dj =ejen+xjEr+aj H+pj(0+vod), j=12,3, 2.2)
Bj =qjuen+ajEj+ wjH+mj@ +vo o), j=1,2,3, (2.3)
0S = ueu+ prEr+my H +ag+ do 0 + hg 0, 0. 2.4)

The equations of motion:
djorj +oFr =0du,, =123 (2.5)
The quasi-static equations for electric and magnetic fields:
0;jDj = o., 0jBj =oc. (2.6)
The linearized energy equations:
0Tp0;:S=—3;q; +00, qj = —Tonjio0. 2.7

Here the following notation is used: po—the mass density, o,—the electric charge density, o.—the electric current
density, F = (Fy, Fa, F3) T—the mass force density, Q—the heat source intensity, ¢, j;;—the elastic constants, e jx—
the piezoelectric constants, g jx;—the piezomagnetic constants, x j;—the dielectric (permittivity) constants, u jx—
the magnetic permeability constants, aj;—the electromagnetic coupling coefficients, p;, m;, and A,j—coupling
coefficients connecting dissimilar fields, 7 j;—the heat conductivity coefficients, To—the initial reference temperature,
that is the temperature in the natural state in the absence of deformation and electromagnetic fields, vg and hp—two
relaxation times, ag and dy—constitutive coefficients.
The constants involved in the above equations satisfy the symmetry conditions:

Crjkl = Cjrkl = Ckirj> €klj = €kjl, qkij = qkjl 2.8)
xj = Kjks Mkj = Ajks Mk = Mjks Gk = Gjk Mk =Nk 1 J ok 1=1,2,3.
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From physical considerations it follows that (see, e.g., [22,23,2,1,24]):

Crikt Erj &kl > 80 Ext Exts i EkEj > 81 1EIR ki EkE; = 821817, iy EcEj > 83 1EIR

2.9
forall &; =& € Randforall & = (§1,62,&3) € ]R3, 2.9)
vo>0, hy>0, dovg—ho>0, (2.10)
where d¢, 81, 62, and 83 are positive constants depending on material parameters.
Due to the symmetry conditions (2.8), with the help of (2.9) we easily derive
Crikt §rj Tkl = 80 Skt Tty Xkj Sk & = 81 1C1%, kg &Sy = 82 1SR Mk Lk ¢ = 83 1¢1A @11

forall ¢xj = ¢jx € Candforall ¢ = (41,82,83) € .

More careful analysis related to the positive definiteness of the potential energy and the thermodynamical laws insure
that the following 8 x 8 matrix

(1133 lajilsxs  [pjlsx1  [vopjlsxi

lajilzxs  [njlsxs  [mjl3x1 [vom;l3xi
M= Miglsxs = | ) ' . y 2.12
(Mijlsxs [pjlix3 [m;lix3 do ho (2.12)
[vopjlixz  [vom;lix3 ho voho 88

is positive definite. Note that the positive definiteness of M remains valid if the parameters p; and m; in (2.12) are
replaced by the opposite ones, —p; and —m ;. Moreover, it follows that the matrices

A0 [[%kj]3x3 [akj]3x3:| ’ 4O — [do ho } 2.13)
lakj13x3  [1kj13x3 |6 ho  voho,..,
are positive definite as well, i.e.,
g GTG+ ag G I+ )+ gl = (P 1) v e (2.14)
do|z11* + ho (2172 + 21 22) + woho |22* = k2 (21 * + [221P) Va1, 22 € C, (2.15)

with some positive constants k1 and x» depending on the material parameters involved in (2.13).

With the help of the symmetry conditions (2.9) we can rewrite the constitutive relations (2.1)—(2.4) as follows

Orj = Crjki Otk + e1rj 019 + qurj Y — Apj (O +v90,0), 1, j=1,2,3, (2.16)
Dj = ejy dug —xj1 019 —aj oy + p;j (O +wv o), j=1,2,3, 2.17)
Bj =qjudur —ajiojo — oy +mj (% +v0, ), j=123, (2.18)
S = Ay Oiug — pr oy —my Y + ag + do 0 + hg 0,9. (2.19)

In the theory of generalized thermo-electro-magneto-elasticity the components of the three-dimensional mechanical
stress vector acting on a surface element with a normal n = (n1, n2, n3) have the form

Opjj = Crjkl Nj Qg + eppjnj 019 +qirjnj oy — Apjnj (9 +v00,%), r=1,2,3, (2.20)

while the normal components of the electric displacement vector, magnetic induction vector and heat flux vector read
as

Dinj=ejyn;ouy—xjinjop —ajn;oy +pjnj (@ +vg o), 2.21)
Bijnj=gqjunjour —ajin;ojp —ujin; oy +mjn; (% + v o), 2.22)
ginj =—=Tonjin;ov.
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For convenience we introduce the following matrix differential operator

T = T@.n.0) =] Tpg@x. 1. 9) |6

lcrjkinj olaxs  lewrjnjoilaxy  lgirjnjoilaxt  [=Arjnj(1+vo0)]3x1

— | [=ejrnjdilixs xjin; o ajn;jo —pjn;j(1+vod) 2.23)
| =gk nj dilix3 ajin;o Wjinj o —mjnj(l+4vyd) ' '
[0]1x3 0 0 njin; o 66
Evidently, for a smooth six vector U = (u, ¢, ¥, 19)T we have
T(ax,n,at)UZ(O']jnj, Oo2jnj, o3jn;j, —Djnj, —Bjnj, _To—lanj)T. (224)

Due to the constitutive equations, the components of the vector 7 U given by (2.24) have the following physical
sense: the first three components correspond to the mechanical stress vector in the theory of generalized thermo-
electro-magneto-elasticity, the fourth and the fifth components correspond to the normal components of the electric
displacement vector and the magnetic induction vector respectively with opposite sign, and finally the sixth component
is (—TO*I) times the normal component of the heat flux vector.

Note that the following pairs are called like fields:

() {u = (u1,uz,u3)", (o1jn;, oajnj, o3jn;)" }—pair of mechanical fields,
(ii) {¢, —Dj nj}—pair of electric fields,

(iii) {yy, —Bj n j}—pair of magnetic fields,

@iv) {9, —Toflq j nj}—pair of thermal fields.

As we see all the thermo-mechanical and electro-magnetic characteristics can be determined by the six functions:
three displacement components u;, j = 1, 2, 3, temperature distribution ##, and the electric and magnetic potentials
¢ and . Therefore, all the above field relations and the corresponding boundary value problems we reformulate in
terms of these six functions.

First of all, from Eqgs. (2.5)—(2.7) with the help of the constitutive relations (2.1)—(2.4) we derive the basic linear
system of dynamics of the generalized thermo-electro-magneto-elasticity theory of homogeneous solids

Crjki 00 ug(x, 1) +e1pj 0;010(x, 1) + qirj 001 (x, 1) — Apj ;9 (x, 1) — voA, ;00,0 (x, 1)
—0 37 ur(x,1) = —oFy(x,1), r=1,273,
—ejks 0j0pug (x, 1) + 3¢y 0;01p(x, 1) +aj ;0 (x, 1) — pj 0;0(x, 1) —vg pj 00, (x, 1) = —0e(x, 1), (2.25)
—qjua ;0 (x, 1) + aji ;819 (x, 1) + juji 901y (x, 1) —mj 30 (x, 1) —vomj 39,0 (x, 1) = —c(x, 1),
—Ak1 O Oup(x, 1) + pp 010, @(x, t) +my 0, (x, 1) +nj; 0;0 0 (x, 1) — do 3,7 (x, 1)
—ho 379 (x, 1) = —T,; '0 O(x, 1).
Let us introduce the matrix differential operator generated by the left hand side expressions in Eqs. (2.25),
Ay, 1) = [Apg (B, ) |66

[crjki 0j01 — 0 8rk 37 33 leirj 0j0113x1  [girj 001131 [—Arj 0 (1 +v90)]3x1

_ [—ejk 0j01]1x3 %100 aj;9;9 —p;j (1 +vody;)
[—gjxi 9j01]1x3 aj; 9;9 Mj10;0 —mj d;(1+ vod;)
[~ 1913 p1 3y m i, nj 98 —dod —hodt ],
(2.26)
Then Egs. (2.25) can be rewritten in matrix form
A0y, ) U(x, 1) = &(x,1), (2.27)

where

U = (u1, ua, u3, ug, us, ug) | = (u, ¢, ¥, 9)"
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is the sought for vector function and

b= (D1,..., P) = (—0F, —0F>, —0F3, —0¢, —0c, —0T; ' Q)7 (2.28)

is the given vector function.

If all the functions involved in these equations are harmonic time dependent, that is they can be represented as
the product of a function of the spatial variables (x1, x2, x3) and the multiplier exp{r ¢}, where T = o + iw is a
complex parameter, we have the pseudo-oscillation equations of the generalized thermo-electro-magneto-elasticity
theory. Note that the pseudo-oscillation equations can be obtained from the corresponding dynamical equations by the
Laplace transform. If T = iw is a pure imaginary number, with the so called frequency parameter v € R, we obtain
the steady state oscillation equations. Finally, if T = 0, i.e., the functions involved in Egs. (2.25) are independent of
t, we get the equations of statics.

Recall that for a smooth function v(#) which is exponentially bounded,

e[ [u(@)] + [9v(@)] + [920()] ] = O(1) as 1 > +00, 0, >0, (2.29)

the corresponding Laplace transform

+00
V(1) =L v@®)] = / e u(t)dt, t=o0+iw, o>o0, (2.30)
0

possesses the following properties

+00
Ly [80(1)) :=f e du(r)dt = —v(0) + T D(2), (2.31)
0
+0o0
L .[070(1)] = / e T 92u(r) dt = —8,v(0) — Tv(0) + T2 V(7). (2.32)
0

Provided that all the functions involved in the dynamical equations (2.25) are exponentially bounded and applying the
Laplace transform to the system (2.25), we obtain the following pseudo-oscillation equations:
Crjkt ;9 Wk (X, T) — 0 T2 r (X, T) + €17 3 P(x, T) + qurj 8;01% (x, T)
— (4 w0k ;9 (x, 1) = —0Fr (x, 1) + ¥ 0(x, 1), r=1,2,3,
—eju 3Tk (x, T) + 2j1 3 IP(x, T) + a1 ; Y (x, ) — (1 + vor) p;j 3, (x, T)
= —0.(x, 1) + ¥V, 1),
—q k1 0k (x, T) 4+ aji 8 HP(x, T) + uj1 0j Y (x, T) — (1 4+ vor)m; 3,9 (x, T)
= 00, 1) + ¥V, 1),
—T hgg Tk (x, T) + T pr AP, T) + Ty Y (x, T) +1j1 30D (x, T)
— (vdy + T2h)D (x, ) = = T3 0 O(x, 1) + 0 (x, 1),

(2.33)

where the overset “hat” denotes the Laplace transform of the corresponding function with respect to 7 (see (2.30)) and

0O, ) = (000, 1), ..., 00, )"

—otui(x,0) —dui(x,0) —vyAr; 9;0(x,0)
—otuz(x,0) — 0 duz(x,0) — vy Az; 99 (x, 0)
— —otu3(x,0) — o du3(x,0) — vy Az; ;9 (x, 0) L (234)
vo pj 9% (x,0)
Vo m; 3.,‘19()6,0)
— Akt Ojug(x,0) + pj drp(x, 0) +m; 9 (x, 0) — (do + T ho)? (x, 0) — o, ¥ (x, 0)

Note that the relations (2.30)—(2.32) can be extended to the spaces of generalized functions (see e.g., [25]).
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In matrix form these pseudo-oscillation equations can be rewritten as
AW DU, 1) = U(x, 1),

where

AAAAAAA)T ~ e~

=, o, ,5)T

is the sought for vector function,
V1) = (V1@ 1), ... e, 1) = B, 1)+ 0O, 1)

with 5(x, 7) being the Laplace transform of the vector function &(x, ¢) defined in (2.28) and ¥ (x, ) given by
(2.34), and A(0y, 7) is the pseudo-oscillation matrix differential operator generated by the left hand side expressions
in Eq. (2.33),

A@y, 7) = [Apg B, D] g

[erjud;d — 0T 13x3  Lerrj 031 [qrjd;dilax1  [—(1 +v00)A 0 13x1

— [—ejkid;dilix3 %199y ajid;jo —(I+vo7) pjd; (2.35)
’ [—qk19;0111x3 ajid;d 14109 —(1+wor)m;d; -
(=T ]1x3 P10 Tmo; nj1djd — T*ho — Tdo J g,

It is evident that the operator

[crjki0j0il3x3  [ewrjd;013x1 [qirjdj0i13x1  [Ol3x1

A0 = [—ejkid;0]1x3 %100 aj0;0; 0
T [=qirdjaix3 ajd;o 100 0
[0]1x3 0 0 1719501 | g6

is the principal part of the operators A(dy, 7). Clearly, the symbol matrix AO (= £),&E e R3, of the operator AD@3,)
is the principal homogeneous symbol matrix of the operator A(dy, 7) forall t € C,

[—crjki§j &1l3x3  [—ewrj§i6il3x1 [—airj§iéilsx1 [Olsxi

AO(Zjg) = lejki §jé1l1x3 —xj1 &1 —aji§;é 0
’ [gjki &j&1]1x3 —aj ;& —ji €& 0
[0]1x3 0 0 —Nj15j 8 ] gy6

From the symmetry conditions (2.8), inequalities (2.9) and positive definiteness of the matrix A" defined in (2.13) it
follows that there is a positive constant Cp depending only on the material parameters, such that

Re (~A© (i §)¢ - ¢) ( Z A (- zf;);,;k) > Colgl* ¢
k,j=1
forall £ € R® and forall ¢ e CS.

Therefore, —A(dy,, T) is a non-selfadjoint strongly elliptic differential operator. We recall that the over bar denotes
complex conjugation and the central dot denotes the scalar product in the respective complex vector space. By
A*(9y, 7)== [A(=0y, 1)]T = AT (=d,, T) we denote the operator formally adjoint to A(dy, T),

A0 ) = [A5, 00|

[crjkidj0 — 0T 8k13x3 [—errj0j0l3x1  [—qurj0j0l3x1 [TAki01]3%1
_ [ejki0;01]1x3 %10;0; ajj0;0; —Tp
' [9k19;01]1x3 aj9;0 w100 —Tm 0

[(L+v0DArdjlix3 (L4 vT) pjd;  (L+voT)m;d; 1jd; — T ho —Tdo |y,
(2.36)
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Applying the Laplace transform to the dynamical constitutive relations (2.1)—(2.3) and (2.7) we get

57 (X, T) = ¢rju BRI (X, T) + €1 AP 0x, T) + i W (x, T) — (1 4 voT)As; D (X, T)
+V0)¥rj19(X,O), r7j=172537

Dj(x, ) =eju dri(x, 1) — xj1 §P(x, 1) —aji i (x, ©) + (1 + vor) p; ¥ (x, 7)

—vop;t(x,0), Jj=12.3,

Bj(x, ) =qju &i(x, T) — aj 4P(x, ) — pjpdipr(x, 7) + (1 + vor)m ;9 (x, 1)
—vom ¥ (x,0), j=12,3,

gix,1)=—-Tp 77.,'131/79\()5, 7).

With the help of these equalities, the Laplace transform of the stress vector 7 (dy, 1, 9;) U (x, t) defined in (2.24) can
be represented as follows

LioelT @5, 0, 8) Ux, 0] = T(@x.n, 1) Ux, 1) + FO(x),
where

T(0y,n, 1) ﬁ(x, 7) = (cﬁ\jnj, OGN}, 03N, —@nj, —I/B;nj, —To_lé}nj) — FO@,
vorijn;vt(x, 0)
voAojn;vt(x, 0)
voA3jn;vt(x, 0)
vop;n;v(x,0)

vom  n ;¥ (x, 0)
0

FOx) =

and the boundary operator 7 (9, 1, T) reads as (cf. (2.23))
T (0,0, 1) = [ Tpg(@x.n,7) Jg 6

lerjkinjolsxs  lerjnjoilsxt  lqirjnjoilax:  [—=(1 +vo)Arinjlaxi

— | [=ejunjoiixs xjn;jo ajin;jo —(I4+vot)pjn; 2.37)
" [=gjrndiixs ajin;o wjin;d —(1+vor)mn; : :
[0]1x3 0 0 njin ol 6x6

Below, in Green’s formulas there appears also the boundary operator P(dy, n, T) associated with the adjoint
differential operator A*(9dy, 7),

Py, n, 1) = [ Ppg(dx. 7. 7) |g, 6

[crjkinj Oilaxs  [—ewrjnjoilsxt  [—qirjnj0il3x1 [T Arjnjlaxi

lejkinj or]ix3 xjin;j o ajinjo —Tpjn;j (2.38)
[gjkinj0r]ix3 ajn;o wjinj o —Tmjn; '
[0]1x3 0 0 njtni o Jexe

2.2. Green’s formulas for the pseudo-oscillation model

Let 2 = 27 be a bounded domain in R? with a smooth boundary § = 82% and 2~ = R? \F, N+t =0tus.
By CK(2) we denote the subspace of functions from C¥(£2) whose derivatives up to the order k are continuously
extendable to S = 92 from (2.

The symbols { - }j{ and { -} denote one sided limits on S from 2% and 2~ respectively. We drop the subscript in
{- }? if it does not lead to misunderstanding.

By L, Lpl()Lachomp»W eroc’ W;wm ,HS anstq (withr >0,s e R, 1 < p<oo,1 <g <o0)we
denote the well-known Lebesgue Sobolev—Slobodetsku Bessel potential, and Besov function spaces, respectively

(see, e.g., [26,27]). Recall that Hy = Wy = B ,, Hy = B; 55 W’ = B;, > and Hk Wk for any r > 0, for any
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s € R, for any positive and non-integer ¢, and for any non-negative integer k. In our analysis we essentially employ
also the spaces:

Hy(M) = {f : f € Hy(My), supp f C M},
By (M) ={f : f € B} ,(Mo), supp f C M},
HY(M) = {ry f © f € H{(Mo)),
B) (M) :={ry f : f € B} (Mo},
where M is a closed manifold without boundary and M is an open proper submanifold of Mg with nonempty
boundary d M # @; r, is the restriction operator onto M. Below, sometimes we use also the abbreviations H; = H*
and W5 = W*.
If a function f € B, ,(M), where M is a proper part of a closed surface Mo, can be extended by zero to the
whole M preserving the space, we write f € E; ¢ (M) instead of [ € rag Ej, g MD.
For arbitrary vector functions

U= (i, uz, uz, 0,9, 9) " € [C2@D)]° and U = (], uy, s, ¢, 9/, 9) T € [C2(@D)]°

we can derive the following Green’s identities with the help of the Gauss integration by parts formula:

/ (A, 1)U -U' + & U, 7)]dx - /{T(ax,n,t)U}+ U'YHS, (2.39)
nt S

/ (U - A%y, 7) U/+5,(U,F)]dx = /{U}+~{P(8x,n,r)U’}+dS, (2.40)
ol s

/—A(8x,r)U-U’—U-A*(ax,t)U/]dx

Q-

= /[{T(ax,n,t)U}+ U — Uyt {P(Bx,n,t)U/}+]dS, (2.41)
S

where the operators A(dy, t), 7 (dx, n, ), A*(9y, T) and P(dy, n, T) are given in (2.35), (2.37), (2.36), and (2.38)
respectively,

EU, T i= cpju Qu dju, + 0 T up ul, + egyj (99 ju, — djuy 99’
+qurj O djuy — djuy 7Y + 2j1 019 959" + aji (B9 ;9" + ;9 3¢
gt O 097+ dag [T 07 djux — (14 v07)D djul] — pir [T 9 g + (1+ vo7) D 3]
—my [t O Y + (1 +vor)0 ']+ 11 9 3,9 + T (hot +do) O 9. (2.42)

Note that the above Green’s formula (2.39) by standard limiting procedure can be generalized to Lipschitz domains
and to vector functions U € [W;(.Q)]6 and U’ € [WII),(.Q)]6 with

11
AW DU €[L,(D]°, 1< p<oo, ;+?=1.

With the help of Green’s formula (2.39) we can correctly determine a generalized trace vector {T (3y,n, T)U}T €

_1
[Bp.} ($)]° for a function U € [W}(£2)]° with A(dx, T)U € [L,(£2)]° by the following relation (cf. [28-30])
({T @y, n, OUYT U} )g ;=/ [Ax, 1)U -U' + E (U, U") ] dx, (2.43)
0

where U’ € [W;,(Q)]6 is an arbitrary vector function. Here the symbol (-, -)s denotes the duality between the

_1 1
function spaces [B), j; (S)]6 and [B ; , p/(S)]ﬁ which extends the usual L, inner product for complex valued vector
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functions,
6
)= [ H@EE S for f < LS
=1

Evidently we have the following estimate
T @ me DU Ny g0 = €0 {IAQx 0 Ul s + L+ 1TDIU Ny

where cp does not depend on U; in general ¢y depends on the material parameters and on the geometrical
characteristics of the domain {2.
Let us introduce a sesquilinear form on [H, (2)1° x [H,} (12)1°

BWU,V) = / E(U,V)dx,
2

where &, (U, V) is defined by (2.42). With the help of the relations (2.9) and (2.42), positive definiteness of the matrix
(2.13) and the well known Korn’s inequality we deduce the following estimate
2 2

with some positive constants ¢; and ¢, depending on the material parameters (cf. [17,29]), which shows that the
sesquilinear form defined in (2.44) is coercive.

From the Green formulas (2.39)—(2.41) by standard limiting procedure we derive similar formulas for the exterior
domain {2~ provided the vector functions U, U’ € Z({27), where the class Z({27) is defined as a set of functions U
possessing the following asymptotic properties at infinity as |x| — oco:

ug(x) = O(|x|™), djur(x) = O(|x|™2),

p(x) = O(x|™h, 3jp(x) = O(Ix| ™),

Y(x) = O(x|™, ;¥ (x) = O(lx|™2), (2.45)
9 (x) = O(Ix|72), ;0 (x) = O(Ix| ™),

k,j=1,23.

Assume that A*(9y, t) U’ is compactly supported as well and U’ satisfies the conditions of type (2.45). Then the
following Green formulas hold for the exterior domain 2~:

/ [AG. ) U - U + £, T ] = —/{T(ax, n.OU)" - {U')dS.
- S
/ [U AR B, DU+ EU, ﬁ)]dx - —/{U}— APy, n, T)U'YdS,
2- S
/ [A(ax,r)u.u’—U.A*(ax,z) U’]dx - —/[{T(Bx,n, DUy U}
2- S
(V) (P@y.n, 1) U')|ds,

where &; is defined by (2.42). We recall that the direction of the unit normal vector to S = 92~ is outward with
respect to the domain 2 = 7.

As we shall see below the fundamental matrix of the operator A(dy, ) with T = 0 +iw, 0 > 0, possesses the
decay properties (2.45)

2.3. Boundary value problems for pseudo-oscillation equations
Throughout the paper we assume that the origin of the co-ordinate system belongs to 2. Assume that the domain 2

is occupied by an anisotropic homogeneous material with the above described generalized thermo-electro-magneto-
elastic properties (henceforth such type of materials will be referred to as GTEME materials).
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Further, we assume that 3 {2 is divided into two disjoint parts Sp # Fand Sy: 92 = S = SpUSy, SpNSy =@
Set 3Sp = 0Sy =: £,;,. In what follows, for simplicity we assume that S, Sp, Sy, £, are C°°-smooth.

Here we preserve the notation introduced in the previous subsections and formulate the boundary value problems
for the pseudo-oscillation equations of the GTEME theory. The operators A(dy, t) and 7 (dx, n, T) involved in the
formulations below are determined by the relations (2.35) and (2.37) respectively. In what follows we always assume
that

T=0+iw, 0>0,20, weR,
if not otherwise stated.
The Dirichlet pseudo-oscillation problem (D) }: Find a solution
U= @0 9.9) €W,(21° 1<p<oo
to the pseudo-oscillation equations of the GTEME theory,
A@y, T)U(x) = P(x), x € 1, (2.46)

satisfying the Dirichlet type boundary condition

{U))T = f(x), xeS, (2.47)

ie.
(u, ()} = fr(x), xe8, r=123, (2.48)
o))" = fux), x €8, (2.49)
YOIt = fs(x), xes, (2.50)
P = fox), xeS, 2.51)

where @ = (®1,..., B6)T € [L,(D1°, and f = (fi,.... fo)T € [Bp, P ()% 1 < p < oo are given functions
from the appropriate spaces.
In the case when U satisfies the homogeneous equation

A0y, T)U(x) =0, x e, (2.52)
we denote the corresponding problem by (D);O.
The Neumann pseudo-oscillation problem (N);: Find a regular solution
U= @0 9.9 eW)(D1° 1<p<oo

to the pseudo-oscillation equations of the GTEME theory (2.46) satisfying the Neumann type boundary condition

(T Oy, n, DU} = F(x), X €S, (2.53)
ie.
(T @, n, DU ={oyjnj}T = F(x), xeS, r=1,2,3, (2.54)
(T @y, n, DU} ={—D;nj}t = F4(x), x €8, (2.55)
{[T 3y, n, DU (x)]s}T = {—B; n,}+ F5(x), x €S, (2.56)
([T @, n, DU6} " = =Ty 'qjnj}" = Fs(x), x €5, (2.57)
where F = (Fy, ..., Fg) € [B_l/p(S)]6 1 < p < o0 is a given vector function.

In the case when U satisfies the homogeneous equation (2.52) we denote the corresponding problem by (N ):‘O.
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Mixed boundary value problems for solids with interior cracks. Let us assume that a GTEME type solid
occupying the simply connected domain 2 contains an interior crack. We identify the crack surface as a two-
dimensional, two-sided manifold X' with the crack edge £, := 9. We assume that )’ is a submanifold of a closed
surface Sy C {2 surrounding a domain 20 C 2 and that X, Sy, and £, are C*®°-smooth. Denote 25 = {2 \f.

We write v € W, (25) if v € W, (20), v € Wy(2\ Do), and rg {v} ™ = rg v}

Recall that throughout the paper n = (ny, ny, n3) stands for the exterior unit normal vector to 92 and So = 92.
This agreement defines the positive direction of the normal vector on the crack surface .

We will consider the following problem (MC);:

(1) the magneto-piezoelectric elastic solid under consideration is mechanically fixed along the subsurface Sp, and at
the same time there are given the temperature and the electric and magnetic potential functions (i.e., on Sp there
are given the components of the vector {U}T-Dirichlet conditions);

(ii) on the subsurface Sy there are prescribed the mechanical stress vector and the normal components of the heat
flux, the electric displacement and magnetic induction vectors (i.e., on Sy there are given the components of the
vector {7 U}*-Neumann conditions);

(iii) the crack surface X is mechanically traction free and we assume that the temperature, electric and magnetic
potentials, and the normal components of the heat flux, the electric displacement and magnetic induction vectors
are continuous across the crack surface.

Reducing the nonhomogeneous differential equations (2.46) to the corresponding homogeneous ones, we can
formulate the above problem mathematically as follows:

Find a vector U = (u, ¢, Y, NT = (uy, uz, u3, ua, us, u6)T € [WI;(!ZE)]6 with 1 < p < oo, satisfying the
homogeneous pseudo-oscillation differential equation of the GTEME theory

A0, 1)U =0 in 2y, tT=0+4+iw, o>0, (2.58)
the crack conditions on X,

((TU = Fj+ on X, j=1,3, (2.59)
{[TU]j}_sz_ on X, j=1,3, (2.60)
{ug)* —{wa}"=fs  on X, 2.61)
((TUlT—{[TUL) =F4 on X, (2.62)
{usy* —{us}™ = fs on X, (2.63)
{{ITUIs}t —{[TUls}" =Fs on X, (2.64)
{ue}" —{ug)~ =fo  on X, (2.65)
{[TUl)" —{[TUl) =Fs on X, (2.66)

and the mixed boundary conditions on S = SpUSy,
Uyt = g(D) on Sp, (2.67)
{(TUY =g™ on Sy, (2.68)

We require that the boundary data possess the natural smoothness properties associated with the trace theorems,

_1 ~1=1
FJ.+, F7 €Byp (D), j=12.3 fa fs. fo € By, (2),

~—3 - 6 -1 6

Fy, Fs, Foe By ) (D), P e[B,,  Sp)]°, g™ €[BypSn], (2.69)
1 1

l<p<oo, —+—=1
P p

Moreover, the following compatibility conditions

_1
Fj+ —F €Byp (D), j=12,3

are to be satisfied.
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The differential equation (2.58) is understood in the distributional sense, in general. We remark that if U €
[W},(Qg)]6 solves the homogeneous differential equation then actually we have the inclusion U € [C*°({2 2)]6 due
to the ellipticity of the corresponding differential operators. In fact, U is a complex valued analytic vector function of
spatial real variables (x1, x2, x3) in {25;.

The Dirichlet-type conditions (2.61), (2.63), (2.65) and (2.67) are understood in the usual trace sense, while the
Neumann-type conditions (2.59), (2.60), (2.62), (2.64), (2.66) and (2.68) involving boundary limiting values of the
components of the vector 7U are understood in the above described generalized functional sense related to Green’s
formula (2.43).

2.3.1. Uniqueness theorems for the pseudo-oscillation problems

We prove here the following uniqueness theorem for solutions to the pseudo-oscillation problems in the case of
p =2

Theorem 2.1. Let S be Lipschitz surface and t = o +iw witho > o, > 0and w € R.
(i) The basic boundary value problem (D)} has at most one solution in the space [W21 (Q)]6.

(ii) Solutions to the Neumann type boundary value problem (N){ in the space [W2l (Q)]6 are defined modulo a
vector of type U = 0,0,0, by, by, O)T, where by and by are arbitrary constants.
(iii) Mixed type boundary value problem (MC). has at most one solution in the space [Wzl 2 2)]6.

Proof. Due to the linearity of the boundary value problems in question it suffices to consider the corresponding
homogeneous problems.

First we demonstrate the proof for the problems stated in the items (i) and (ii) of the theorem. Let U =
(u, @, ¥, N € [WZI(Q)]6 be a solution to the homogeneous problem (D):,o or (N):,o~ For arbitrary U’ =

', Y, )" e [WZI(Q)]6 from Green'’s formula (2.43) we have
/Q E.U. T dx = ((T @y n. YUY, (U'YF), . (2.70)

where &, (U, U') is given by (2.42).

If in (2.70) we substitute the vectors (u1,us,u3,0,0,0)7, (0,0,0,¢,0,0)", (0,0,0,0,v,0)", and (0,0, 0,
0,0, (1 + voo)[F]1~')T for the vector U’ successively and take into consideration the homogeneous boundary
conditions, we get

/;Z[erkzalukajur + 0T u, Ty + ery 9 Dty + qurj WY D1y — (14 voT)Aij 0 3jux Jdx =0, (2.71)
/Q[—elr,- djur o + 21 @ dje +aj iy e — (1+v1)p 9 de |dx =0, (2.72)
fg[—qw djur Y + aji B9 3 + it 1Y ;9 — (1 + vor)my ¥ 3y | dx =0, (2.73)

14+ voT

f {(1 + D) [Mj T jux — piddp — mddy + (hot + do) |91 + nﬂa,z?a,-_ﬁ}dx =0. (2.74)
£

Add to Eq. (2.71) the complex conjugate of Egs. (2.72)—(2.74) and take into account the symmetry properties (2.8)
to obtain

/Q[erklaluk djur + o0 2 ul® + xj1 i@ +aj(dydje + ;0 ) + wudy dj v
—2Re[pi(1+v07)9 3¢ | — 2Re[m; (1 + vo1)® ¥ | + (1 + vo1) (hoT + do) 9]

14+ vyt —
+ == 89 39 | dx = 0. (2.75)
T
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Due to the relations (2.11) and the positive definiteness of the matrix AWM defined in (2.13), we find that
Cijik Oiuj dur >0, njd ;0 >0,
[¢j1 019 0 + aji B 3@ + 00 ) + wjs Y ;91 = ho(IVel* + VY ),

where A is a positive constant. Use the equalities

(2.76)

l+vt o +vo?—w?) . wo(l+20v)
L TP
(1 + vo1) (hoT + do) = do + voholt|* + (ho + vodo)o + i w(vodo — ho),
and separate the imaginary part of (2.75) to deduce
14+ 2019
7|2
By the inequalities in (2.10) and since o > o, > 0, we conclude ¥ = 0 and ¥ = 0 in {2 for w # 0. From (2.75) we
then have

/Q i1 310 33 + aji ) T + 90 00 + jt v 3,9 | dx = 0.

?=02 -’ + 2icw,

a)/ {29‘7 |“|2+ (VOdO—h0)|l9|2+ nji 31193]'_19} dx = 0.
0]

Whence, in view of the last inequality in (2.76), we get dj¢ = 0, ;¢ = 0,1 = 1,2, 3, in £2. Thus, if w # 0,
u=0, ¢=>by=const, ¥ =by=const, ¥ =0in . 2.77)
If o =0, then T = o > 0 and (2.75) can be rewritten in the form

— 14+ voo —
/Q{erklaluk 8jur+Q02|u|2+ . nji ¢ Bjﬁ}dx

[ (o 00T+ @i T+ 8,0 T + 11000 T = 2101+ 00 Rel9 B
—2m;(1 + voo) Re[® 9y | + (1 4 voo) (hoo + do) |19|2} dx = 0. (2.78)

The integrand in the first integral is nonnegative. Let us show that the integrand in the second integral is also
nonnegative. To this end, let us set

(=050, &Cjx3 =0y, ¢7=-0, ((g:=-08, j=12,3,
and introduce the vector

6= (gl’ {2» s {8)1—'

It can be easily checked that (summation over repeated indices is meant from 1 to 3)

%j1 919 jo +aji(Oy e 4 30 ) + pjdy 99 — 2pi(1 + voo) Re[9 ;¢ |

—2my(1 + voo) Re[9 9y | + (1 + voo) (hoo + do) [0

=[x +ajioy + pj(=9) +vopj(—0P)]9j¢
+laj o + wji 4y +mj(—=9) +vom j(—o)] 0%
+Lpidyp +my 0y + do(—=9) + ho(—o ) ](—=1) _
+ [vopidre + vomy 1 + ho(=9) + voho(—0¥)](—o 1)
+ 0 (dovo — ho) [ _

=xji & +ajilie3+pilr+vopdsls;
Alaji &+ wji s +mjlr +vom;gg] ¢ s
+ P&t +m §i43 +dosr + holsl s
+ [vopigr + vomy §i43 + hol7 + vohods] ¢ g
+ 0 (dovo — ho) ||

8
= Y Mpgty T, +0(dovo —ho) [91* = M O - © + o (dovo — ho) [#]* = Co |0 (2.79)
p.q=1
with some positive constant C due to the positive definiteness of the matrix M defined by (2.12).
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Therefore, from (2.78) we see that the relations (2.77) hold for w = 0 as well.

Thus the equalities (2.77) hold for arbitrary T = o +iw witho > 0, > 0 and w € R, whence the items (i) and (ii) of
the theorem follow immediately, since the homogeneous Dirichlet conditions for ¢ and ¢ imply b1 = by = 0, while a
vector UN) = =(0,0,0, by, by, O) where b and b, are arbitrary constants, solves the homogeneous Neumann BVP
(N,

Trdoprove the third item of the theorem we have to add together two Green’s formulas of type (2.70) for the domains
2\ ¢ and 2, where (2 is the above introduced auxiliary domain (%) C 2. We recall that the crack surface
X is a proper part of the boundary Sp = 9f% C {2 and any solution to the homogeneous differential equation
A9y, T) U = 0 of the class [W2l (2 2)]6 and its derivatives are continuous across the surface Sy \ X. If U is a solution
to the homogeneous crack type BVP by the same approach as above, we arrive at the relation

/Q {erklaluk djur +o0 2 ul? + xj1 i@ +aj@ydj@ + ;@ ) + wiidy 3¢
o
— 2Re[pi(1 +vo1)® 3¢ | — 2Re[m; (1 + vo1)0 99 | + (1 + vo7) (hoT + do) |9

1+v
" 0T

0y 9 9; 19} dx = 0. (2.80)

The surface integrals vanish due to the homogeneous boundary and crack type conditions and the above mentioned
continuity of solutions and its derivatives across the auxiliary surface Sp \ 2. Therefore, the proof of item (iii) can be
verbatim performed. [

3. Properties of potentials and boundary operators

The full symbol of the pseudo-oscillation differential operator A(dy, ) is elliptic provided Re t # 0, i.e.,
detA(—i&,7)#£0, VEeR>\ ({0}

Moreover, the entries of the inverse matrix A~!(—i &, 7) are locally integrable functions decaying at infinity as
O(|&]72%). Therefore, we can construct the fundamental matrix I"(x, T) = [I%j(x, T)]exe of the operator A(dy, T)
by means of the Fourier transform technique,

I, o) =F [A7(-i& D). 3.1

The properties of the fundamental matrix I'(x, 7) near the origin and at infinity, and the properties of corresponding
layer potentials are studied in [31]. Here we collect some results which are necessary for our further analysis. Detailed
proofs of the theorems below are similar to the proofs of their counterparts in [32,30,33-35].

Let us introduce the single and double layer potentials:

V(h)(x) = fsf(x =y, D) h(y)dyS,
T
W) (x) = fs [Py ). D[P =y, 0] | 14y,
where h = (hy, ho, ..., h6)T is a density vector function.

Theorem 3.1. Let 1 < p <00, 1 < g <00, s € R. Then the single and double layer potentials can be extended to
the following continuous operators

V(8 ~ [BT @ W (8, 9] ~ [B @
By, — [B), wh @] By oS = [} @]
(B, — [, @), (8, — [#, %m)]
(8,5 > [H 7 @), (B, — [H @]
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Theorem 3.2. Let
hV e [B L )] h® e [BS (9]° 1< p<oo, 1 <g <00, s> 0.
Then

{V(h(l))(z)}i=/sf(z—y, DM (y)dyS on S.
(Wh) @) =+ % 2 (z) + /S[P(ay, n»), D[z -y, r)]T]Th@)(y) dyS on S.
The equalities are understood in the sense of the space [B‘;,, q (S)]6.
Theorem 3.3. Let h() ¢ [B;é ()]° h? € [B,l,j ()]% 1< p<oo1<q < oc. Then
(TVOO) =% 380 + [ 766 0 =5 DHV M S on S
[TWHEP) ) = {[TWHP) @)}~ on s,

_1
where the equalities are understood in the sense of the space B, ; (S)]6.

We introduce the following notation for the boundary operators generated by the single and double layer potentials:

H) (@) = f [ —y.0h()dyS. ze€S. (3.2)
S

Kh)(z) = / T, n(),1)['(z—y, 1) h(y)dyS, z€S, (3.3)
S

)
Nz = /S [Py n). D(0C—y. 0] | hrdys, zes.

L@ ={TWh)@}" ={TWh)(@)} . zeSs.

Actually, H is a weakly singular integral operator (pseudodifferential operator of order —1), K and N are
singular integral operators (pseudodifferential operator of order 0), and L is a singular integro-differential operator
(pseudodifferential operator of order 1). These operators possess the following mapping and Fredholm properties
(see [31]).

Theorem 3.4. Let 1 < p < 00,1 <g <00, s € R. Then the operators

[HE(S)] o [H”‘(S)]

K, NV : [ (S)] — [ (S)]
[HA(S)] o [HA(S)]
L:[By,(9]" = [By 9],
(1] - [

are continuous.

The operators H and L are strongly elliptic pseudodifferential operators, while the operators :I:% Is + K and
+ % Is + N are elliptic, where Ig stands for the 6 x 6 unit matrix.

Moreover, the operators 'H, % Is + N and % Is + IC are invertible, whereas the operators —% Is + IC, —% Ie + N
and L are Fredholm operators with zero index.

There hold the following operator equalities

1 1
£H=—ZI6+IC2, H£=—116+N2. (3.4)
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4. Existence and regularity of solutions to mixed BVP for solids with interior crack

If not otherwise stated, throughout this section we assume that
l<p<oo, g>1, seR.

Before we start analysis of the mixed problem we present here existence results for the basic Dirichlet and Neumann
boundary value problems. Using Theorem 3.4 and the fact that the null spaces of strongly elliptic pseudodifferential
operators acting in Bessel potential H [S,(S ) and Besov Bj, /(S) spaces actually do not depend on the parameters s, p,
and g, we arrive at the following existence results (for details see [31]).

1—1
Theorem 4.1. Let 1 < p <ooand f € [Bp,p” (S)]6. Then the pseudodifferential operator

27 g+ N [B,:f (S)]6 - [B,l,;f(S)]6

is continuously invertible, the interior Dirichlet BVP (2.52), (2.47)—(2.51) is uniquely solvable in the space [WI;(.Q)]6
and the solution is representable in the form of double layer potential U = W (h) with the density vector function

1—1
hel[Bp," (S)]6 being a unique solution of the equation

(27 +N1h=f on S.

Theorem 4.2. (i) Let a vector function U € [W;,(Q)]6, 1 < p < oo solves the homogeneous differential equation
A9, T)U = 0in (2. Then it is uniquely representable in the form

Ux) = V(HH{UIT)x), xe,

1-1
where {U}" is the trace of U on S from §2 and belongs to the space [Bp’pp (S)]6.
(i1) Let a vector function U € [W[l’ IOC(Q_)]6, 1 < p < oo satisfy the decay conditions (2.45), and solve the
homogeneous differential equation A(0, T)U = 0 in §2~. Then it is uniquely representable in the form
Ux)=V(H YUY )®), xen,

1

177
where {U}~ is the trace of U on S from 2~ and belongs to the space [Bp,pp (S)]G.

_1
Theorem 4.3. Let 1 < p <ooand F = (Fy,..., Fs) | € [B,,,;;(S)]é.
(i) The operator

_1 _1
27+ K ¢ [Byh (9] = [B,5S)]° “.1)

is an elliptic pseudodifferential operator with zero index and has a two-dimensional null space A(S) := ker(—271Is+
KC) € [C%°(8)18, which represents a linear span of the vector functions

hY . h® e AS),
such that
VvihDy = oM = (0,0,0,1,0,0)" and V(h®) = #® = (0,0,0,0,1,0)" in 1. (4.2)

(i1) The null space of the operator adjoint to (4.1),
1

L 1
~27 s+ K [B), ()~ [B), (5],

/

1 1
-4 — =1,
p P

is a linear span of the vectors (0, 0,0, 1, 0, 0)—r and (0,0,0,0, 1, O)T.
(iii) The equation

[—27'Is+K1h=Fon S, (4.3)
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is solvable if and only if

/ Fi(x) dS = / Fs(x)dS = 0. (4.4)
S S

@iv) If the conditions (4.4) hold, then solutions to Eq. (4.3) are defined modulo a linear combination of the vector
functions hVY and h®.

(v) If the conditions (4.4) hold, then the interior Neumann type boundary value problem (2.52), (2.53)—(2.57) is
solvable in the space [W},(Q)]G, 1 < p < oo and its solution is representable in the form of single layer potential

_1
U = V(h), where the density vector function h € [B‘,,,;'7 (S)]6 is defined by Eq. (4.3). A solution to the interior

Neumann BVP in 2 is defined modulo a linear combination of the constant vector functions ¥V and ¥® given
by (4.2).

Remark 4.4. If boundary data of Dirichlet and Neumann boundary value problems (D)j,o and (N );fo are sufficiently
smooth, then the problems have regular solutions (see [31]).

Now we start investigation of the mixed boundary value problems for solids with interior cracks.
First let us note that the boundary conditions on the crack faces Y, (2.59) and (2.60), can be transformed
equivalently as

o _
[Tul)" —AlTU])) =Ff - F; € Byp®).  j=173,

_1 _
{[7U],}" +{[TU),} =F] +F €B,p(®), j=13.

Thus, the boundary conditions (2.59)—(2.68) of the problem under consideration can be rewritten as

[TUu} =™ on Sy, 4.5)

[u}" = on Sp, (4.6)

{Tul})" +{[7v],} —F++F* on %, j=13, @.7)
{ua)* = {ua}” = 1 on %, 4.8)

{us})© = {us}) ™ = s on %, 4.9)

{u6}+ {us}” = fo on ¥, (4.10)
{[Tu],}" —{[TU],} =Ff - F; on X, j=1,3, (4.11)
[[TUL) = {1TUL) =R on X, (4.12)
[ITUs) = {1TUs) =Fs on X, (4.13)
[[TUl) = {1TU) =Fs on X. (4.14)

We look for a solution of the boundary value problem (2.58)—(2.68) in the following form:

U=VH "'+ W.h®) +V.(hV) in 0y, (4.15)

where H ! is the operator inverse to the integral operator H defined by (3.2),
Ve(h'V) () = / ree—y.o0hVas,
X
We(h)(x) = fz [P@y. n(»). DI — 3. 01T]" 1D () 4,8,

VH ' h)(x) == / I'(x—y, ) (K 'h)(y)dyS,
S
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h = (hgi), ...,hg))T,i =1,2,and h = (h1, ..., he)" are unknown densities,

_1 ~1—1 _1
WD e [B, o]0 h® e [B, s (D% he[By )]

(4.16)

Due to the above inclusions, clearly, in V. and W, we can take the closed surface Sy as an integration manifold instead

of the crack surface Y. Recall that X' is assumed to be a proper part of So = 929 C {2 (see Section 2.3).

The boundary and transmission conditions (4.5)—(4.14) lead to the equations:
rsy Al +rsy [TWe(h)] + rsy, [T Ve(hD)] = g™
rsp b+ rsy [We(h®)] + s, VehV) = ¢

ro [TVHT')], +rg [Leh®], +rg [Ke™)], =27 1(FF + F7), j=1.23,
Y = fi

hs = fs

he = fo

WO =F—Ff j=123,

h = —Fy

i) = —F;

i = —Fg

where A := (—2_1 Is + IC) H~! is the Steklov—Poincaré type operator on S, and
L) (@) = {TW )@} ={TW(h") @)} on %,

Ke.(h)(2) :=f T3, n(2), Dz —y, 1) h'P(y)dyS on X.
X

on

on

on

on

on

on

on

on

on

%)
e

M MMM MMM N

(4.17)
(4.18)
(4.19)
(4.20)
4.21)
(4.22)
(4.23)
(4.24)
(4.25)
(4.26)

As we see the sought for density 41 and the last two components of the vector 4®) are determined explicitly by the

data of the problem. Hence, it remains to find the density 4 and the first three components of the vector #®.

The operator generated by the left hand side expressions of the above simultaneous equations, acting upon the

unknown vector (h, h®, h(l)) reads as

TSy A TSy TW, }’SNT V.
rsp s rsp, We rsp Ve
Q= |r . [TV(H Nxs r5[Lelaxe 7y [Kelaxs :
[013x6 ry I3y [013x6
[Olex6 [Ol6x6 ry Is 2ax18

where [ M ]3x¢ denotes the first three rows of a 6 x 6 matrix M, [0 ],,x, stands for the corresponding zero matrix,

000100
Fe=|0 00010
00000 1

3x6

—

This operator possesses the following mapping properties

Q [HS ()1 x [Hy ()] x [Hy ™ (2)]° -~ ~
—[HN(SMI x [H(Sp)1® x [HY ()T x [H ()P x [Hy ™' (D)1°,

Q :[By (9 x [B} ,(2)1° x [By ()1

— (B3 (Sn)1® x (B, (Sp)1° x (B3 ()P x [BS ()P x [BS ' (2)1°,

.q
l<p<oo, 1<g<oo, seR.

q q

Our main goal is to establish invertibility of the operators (4.27).

4.27)
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To this end, by introducing a new additional unknown vector we extend Eq. (4.18) from Sp onto the whole of S.
We will do this in the following way. Denote by g(()D) some fixed extension of g(®) from Sp onto the whole of §
preserving the space and introduce a new unknown vector ¢ on S

¢ =h+rg [We(h®)] +rs Ve(h ™) — g8, (4.28)
~1-1 -1
Itis evident that ¢ € [B,,,” (Sn)]" in accordance with (4.18), (4.16), (2.69), and the embedding g\ € [B,,” (5)]°.
Moreover, the restriction of Eq. (4.28) on Sp coincide with Eq. (4.18). Therefore, we can replace Eq. (4.18) in
the system (4.17)—(4.26) by Eq. (4.28). Finally, we arrive at the following simultaneous equations with respect to
unknowns £, ¢, A and KD

rsy Ah +rsy [TWe(h®)] + rgy [T Ve(hD)] = g™ on Sy,  (4.29)
h—¢ +rg [Weh®)] +r Ve(hV) = giP on S, (4.30)
rs [TV(H‘lh)]j +ry [cch@)]j + 7 [ICc(h“))]j = 2—1(ijr +F7), j=123  on ¥ (430
h? = f4 on X, (432
h? = f5 on X, (433
h? = fs on X, (434)
W =F—Ff =123, on X, (435)
h = —F on ¥, (436)
h) = —Fs on ¥, (437
hD = —Fs on Y. (438)

In what follows, for the zero vector g®) = 0 on Sp we always choose the fixed extension vector g(()D) =0onS.
Rewrite the system (4.29)—(4.38) in the equivalent form

roy Ad +rsy TWe(h®) —rsy, Alrg We(h')] +rs,, T Vo(h'D)

— rsy Alrg Ve(h'™)] = g™ — g, Agt? on Sy, (439
— ¢+ h+rg [Weh®)] 4 ran VehD) = g7 on S, (4.40)
re[TV(HT'D)], +rs [Lch®], +ry [Ke™D)], =27 (FF + F}),  j=1.2.3, on X, (441)
h? = 14 on X, (4.42)
h? = fs on X, (4.43)
h? = f on ¥, (4.44)
WD =F —F =123 on X, (4.45)
h =—F on X, (4.46)
hD = —F; on X, (4.47)
hd = —Fs on Y. (4.48)

Remark 4.5. The systems (4.17)—(4.26) and (4.39)—(4.48) are equivalent in the following sense:

(i) if (h, k@, k)T solves the system (4.17)—(4.26), then (¢, h, A®, AT with ¢ given by (4.28) where g is
some fixed extension of the vector g/”) from Sp onto the whole of S involved in the right hand side of Eq. (4.40),
solves the system (4.39)—(4.48);

(i) if (¢, h, K@, hD)T solves the system (4.39)—(4.48), then (h, k™, V)T solves the system (4.17)—(4.26).
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The operator generated by the left hand sides of system (4.39)—(4.48) reads as

Tsy A [0]6x6 Tsy Ra Tsy Ri
—rgls rglg ry We re Ve
Q1= |[0l3xs ru[TV(H Naxe 7y l[Lcdaxe 7y [Kelaxs : (4.49)
[013x6 [013xs ry I3 [013x6
[Olexe [0lexs [Ol6x6 rys ls 2dx24

where
Ri=TV.—Alrs Vel, Ro=T W, — Alrs W.].

Here and in what follows [ M ]gxx With k < 6 denotes the first k columns of a 6 x 6 matrix M, while [ M ]ix¢ denotes
the first k rows of the same matrix, and [ M ]« stands for the upper left k x k block of M.
This operator possesses the following mapping properties

Q1 [H3(SM)1® x [HS($)1® x [H3(2)1° x [HS ™ (2)1°
—[HST(SMI® x [HE(S)1S x [H™ ()P x [Hy (D)) x [Hy ™ (D)1°,

Qi :[B} ,(S)1° x [BS ,($)1° x [B} ,(D)]° x [By ) ()]° (4.50)
— (B3 (Sn)1® x [BS ()1 x [BS NP x (B, (D)1 x [BS H(D)°,
l<p<oo, 1<g=<o0, sekR

Due to the above agreement about the extension of the zero vector we see that if the right hand side functions of the
system (4.17)—(4.26) vanish then the same holds for the system (4.39)—(4.48) and vice versa.
The uniqueness Theorem 2.1 and properties of the single and double layer potentials imply the following assertion.

Lemma 4.6. The null spaces of the operators Q and Q) are trivial for s = 1/2 and p = 2.

Now we start to analyse Fredholm properties of the operator Q.
From the structure of the operator Q) it is evident that we need only to study Fredholm properties of the operator
generated by the upper left 15 x 15 block of the matrix operator (4.49),

rsy A [0l6xe rsy [R2lex3
M= |-r¢le rgls re [ Welexs
[013xs 75 [TV(H Naxe rslLelins s, s
This operator has the following mapping properties:
M [H(SWI® x [H3 ()1 x [H (D)
—[H)™ (Sw)I° x [H3()1° x [Hy ()P,
M (B, (S)1® % [BS ()1 x [B ()1 (4.51)
—[B5 (SM1° x [B} ,(H]° x [By ()],
l<p<oo, 1<g=<oo, selR
For the principal part My of the operator M we have
rsy A [0lexe  [0l6x3
Moo= |—-rgls r1,ls [0]6x3 , (4.52)
[013x6 [01axs 75 LD 5, s

where

LD = [[Lijl3x3, Lo = N[LeIrtlloxo- (4.53)
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Clearly, the operator M has the same mapping properties as M and the difference M — M is compact. Actually,
M — My is an infinitely smoothing operator.

The operators L. and A are strongly elliptic pseudodifferential operators of order 1 (see [31]). From (4.53) we get
then that £V is a strongly elliptic pseudodifferential operator as well. Moreover, we have the following invertibility
results.

Theorem 4.7. Let 1 < p <00, 1 <qg <00, 1/p—1/2 <s < 1/p+ 1/2. Then the operators

ro £0 : [HY D] = [H P,y £ [B (] - [By (] (454)

are invertible.

Proof. With the help of the first equality in (3.4) we derive that the principal homogeneous symbol matrix of the
strongly elliptic pseudodifferential operator £, reads as

1
S(Leix.§) = S(Lsy: x.6) 1= (=7 I + 825y x.6)) [S(Hsy 3. )17

= (-3l S K. 5) (6 2. HIT, xeT, R\ (0]

where Hg, and K, are integral operators given by (3.2) and (3.3) with Sp for S.

One can show that the principal homogeneous symbol matrix of the operator /. is an odd matrix function in &,
whereas the principal homogeneous symbol matrix of the operator H, is an even matrix function in £. Consequently,
the matrix &(L;; x, &) is even in & (for details see [31]).

From these results it follows that £(1 is a strongly elliptic pseudodifferential operator with even principal
homogeneous symbol. Therefore the matrix

[SLV:x, 0.+ 17 (LY 2,0, 1)
is the unit matrix and the corresponding eigenvalues equal to 1 (see Appendix A). Now, from Theorem A in
Appendix A it follows that the operators (4.54) are Fredholm with zero index for I < p < 00,1 < g < 00 and
1/p—1/2 <s < 1/p+1/2. It remains to show that the corresponding null spaces are trivial. In turn, due to the same
Theorem A (see Appendix A), it suffices to establish that the operator

~1 3 —1 3

re £V 0 [H (D)) - [H, 2(D)]
is injective, i.e, we have to prove that the homogeneous equation

re LV x =0 on ¥ (4.55)

~1
possesses only the trivial solution in the space [H22 (E)]3.

~1
Let x € [H22 (ZJ)]3 solve Eq. (4.55) and construct the double layer potential
U= @i, ...,ue)" = We(), ¥ =x0007.

In view of properties of the double layer potential and Eq. (4.55), it can easily be verified that the vector U €
[W21 R3\ ¥ )]6 is a solution to the following crack type boundary transmission problem:

Ay, T)U =0 in R*\ X,
{fTuy) ={1TUY) =0, j=1,2,3, on %,
)t —{u}” =0, k=456, on %,
ITUR) = {ITUL) =0, k=456, on X

and satisfy the decay conditions (2.45) at infinity, i.e., U € Z(R3\ X).

Applying Green’s identity (2.70) by standard arguments we arrive at the equality U = 0 in R? \ X. Whence
x = (x1, x2, x3) T = 0 on X follows due to the equalities {uj}+ —{u;j}” = xj on X, j = 1,2,3. This completes
the proof. [
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Let A, k= 1, 6, be the eigenvalues of the matrix
ap(x) = [&(A; x,0,+1) 7' (A x,0,—1), x € &,

where &(A; x, &) with x € Sy and E=(£,5) € R2 is the principal homogeneous symbol of the Steklov—Poincaré
operator A.
We can show that A = 1 is an eigenvalue of the matrix ag(x). It follows from the following technical lemma.

Lemma 4.8. Let Q be the set of all non-singular k x k square matrices with complex-valued entries and having the
structure

[[Qlj](k—l)x(k—l) {O}(k—l)xli| keN
{0} k-1 Ok Jpsr '

If X,Y € Q, then XY € Q and X~ € Q. Moreover, if in addition X = [Xjilkxk and Y = [Yilkxk are strongly
elliptic, i.e.

Re(X¢Z) >0, Re(Y¢i) >0 forall ¢ e Ck\ {0},

and Xy and Yy are real numbers, then .. = Xy Yir > 0 is an eigenvalue of the matrix XY .
In particular if Xy = Yk_kl, then A = 1 is an eigenvalue of the matrix XY .

Let us introduce the notation

1 1
8 = inf —argi;(x), &' = sup — argr;(x). 4.56
2 2 gAj(x) 151;56 oy e i () (4.56)
X&bm xelm

Due to strong ellipticity of the operator .4 and since one eigenvalue, say A¢ equals 1, we easily derive that

1

1 / "
——<§ <0<§ < -—.
2 2
Applying again Theorem A in Appendix A, we get (see [31], Lemma 5.20).

Theorem4.9. Let 1 < p <oo, 1 <g <00, 1/p—1/2+8" <5 <1/p+1/2+ 8 with§' and §" given by (4.56).
Then the Steklov—Poincaré operators

ro A [ (S0 = [Hy ™ (5m)]°,
A (B 50]° = [Byg 5m)]”

are invertible.

rSN

These assertions imply

Theorem 4.10. Let
l<p<oo, 1<g<oo, I/p—1/2+8"<s<1/p+1/2+¢ 4.57)
with 8" and 8" given by (4.56). Then the operators (4.51) are Fredholm with index 0.

Proof. From Theorems 4.7 and 4.9 we conclude that for arbitrary p, g and s satisfying the conditions (4.57), the
operators

Mo [H3(SM)1® x [H3($)1® x [Hy ()P

— [H)~' (SM)1° x [Hy()1° x [Hy ' (D),
Mo :[BS (S\)1° x [BS (9)1° x [BS ()]

— [By [ (SWI° x [B), ,(H1° x [BS (D),

with M defined in (4.52) are invertible. Therefore the operators (4.51) are Fredholm operators with index 0. [
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Now we are in a position to prove the invertibility of the operator Q.

Theorem 4.11. Let conditions (4.57) be satisfied. Then the operators (4.50) are invertible.

Proof. From Theorem 4.10 it follows that the operator Q; is Fredholm with index zero if (4.57) holds. By Lemma 4.6
we conclude then that for s = 1/2 and p = 2 it is invertible. The null-spaces and indices of the operators (4.50)
are the same for all values of the parameter g € [1, +00], provided p and s satisfy the inequalities (4.57) (see [36,
Ch. 3., Proposition 10.6]). Therefore, for these values of the parameters p and s they are invertible. In particular, the
nonhomogeneous system (4.39)—(4.48) is uniquely solvable in the corresponding spaces. Moreover, it can be easily
shown that the solution vectors /2, 1®, () do not depend on the extension of the vector g?, while ¢ does. However,
the sum ¢ + g(()D) is defined uniquely. [J

Due to Remark 4.5 we conclude that the operators (4.27) are invertible if p, g and s satisfy the conditions (4.57).

With the help of this theorem we arrive at the following existence result for the original mixed BVP.

Theorem 4.12. Let
4 4
< )
3-2 P10
with 8’ and 8" given by (4.56). Then the BVP (2.58)—(2.68) has a unique solution U in the space [W},(QE)F, which

can be represented as U = VH Y h) + W.(h®) + V.(hD) in 2y;, where h, h? and hY are defined by the
system (4.17)—(4.25).

(4.58)

Proof. The condition (4.58) follows from the inequality (4.57) with s = 1 — 1/p. Now existence of a solution
U e [W;(Qg)]6 with p satisfying (4.58) follows from Theorem 4.6. Due to the inequalities —% <8 <& < % we

have p =2 ¢ (# , ]%28/) . Therefore the unique solvability for p = 2 is a consequence of Theorem 2.1.
To show the uniqueness result for all other values of p from the interval (4.58) we proceed as follows. Let a vector

U e [W;(.Q 2)]6 with p satisfying (4.58) be a solution to the homogeneous boundary value problem (2.58)—(2.68).
Then, it is evident that
-4 -5
{u };r € [B,,)" (9, {TU };r € [By (9P,
+ -1 + _1
{UfselB,,”OF,  {TU}; el ;DI

(V- U)s By @F.  (TU)5-(TU)5=0on 5.
By the general integral representation formula the vector U can be represented in {2y as
U =W({Ul} — {U}3) = Ve(TUYS, = {TUYR) + WAULY) = VAT UJS) .
i.e.,
U=U*+W.h?) +V.(h") in 025, (4.59)

where
WV ={TUVE —(TU}, h® ={U}L - {U}y, on X,
U* = WU - VATUL) € [W;(Q)r.

Note that U* solves the homogeneous equation
A@,71)U*=0 in (.

Denote h = {U *}j{. Clearly, h € [B,l);}/ b (S)]6. Since the Dirichlet problem possesses a unique solution in the

space [W;(Q)]6 for arbitrary p € [1, +00), we can represent U* uniquely in the form of a single layer potential,
U* = V(H~'h) in 2 (for details see [31, Ch. 5, Section 5.6]). Therefore from (4.59) we get

U=VH '+ W.h®) +V.h V) in 0.
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Now, the homogeneous boundary and transmission conditions for U lead to the homogeneous system (cf.
(4.17)=(4.25)) Q¥ = 0, where ¥ = (h, h'®, h(D)T. Whence, ¥ = 0 follows immediately due to invertibility of
Q (see Theorem 4.11). Consequently, U = 0in 25;. [

Let us now present some regularity results for solutions of the mixed boundary value problem (2.58)—(2.68).

Theorem 4.13. Let 1 <t <00, 1 < g < o0,

4 411 R

—_— < —, - == <s<-—4= ,

3-257 P T 1-2s 12 TrT2

with §' and 8" given by (4.56), and let U € [W}(Qg)]6 be the solution of the boundary value problem (2.58)—(2.68).
Then the following regularity results hold:

i If
Fi F; eB;'(Y), Fi—F;e BS7N(®), j=1,2,3, FeB'(D).
foe B (D), k=456 ¢P e[B,S»]° ¢V e[B; sm]’,
then U € [HIH%(QZ)F;
() If

q q
ind 6 — 6
fee B (), k=4,56, ¢P e[B} ,(Sp)]", g™ e[B, (SM]",

Fi F;eB M9, Fi—F; ¢ By M), j=1.2.3, FeB (D),

S
then U € [B,A’J;’ (QE)]ﬁ;
(i) If o > 0 and
Fi F; e BLL(Y), Fi—F;e BLL(2), j=1,23,

, 00
Fr e BEL (D), fi e CU(D), re, fi =0, k=4,5,6,
— 6 _ 6
¢ e[ G’ g™ e [BL L sw]"
then
Ue () C¥®2). j=0.1,
a’'<y

where y = min{a, 1/2 + §'}, -1/2 < 8’ < 0 and (X is an arbitrary proper subdomain of {2 such that
Y Cofly=Sye C®and ) = 2\ §y.

Moreover, in one-sided interior and exterior neighbourhoods of the surface Sq the vector U has CV '~¢_smoothness
. . . . . . . . /,7
with y ' = min{a, 1/2}, while in a one-sided interior neighbourhood of the surface S the vector U possesses CV ~¢-

smoothness with y "’ = min{a, 1/2 + 8'}; here ¢ is an arbitrarily small positive number

Proof. The proof is exactly the same as that of Theorem 5.22 in [31]. O

Remark 4.14. Theorem 4.13 describes global smoothness properties of solutions. Below, in Section 6.1, with the help
of the asymptotic analysis, we will show that actually in a neighbourhood of the crack edge ¢, the functions u, ¢ and
¥ have C!/? regularity while the temperature function ¢ possesses C>/? smoothness.

5. Asymptotic expansion of solutions

Here we investigate the asymptotic behaviour of solutions to the problem (2.58)—(2.68) near the exceptional curves
£, and ¢,,. For simplicity of description of the method applied below, we assume that the boundary data of the problem
are infinitely smooth,

Ff, F;7 eC¥(2), Ff—F eCPQ), j=1,2,3, fi, ik e CF(X), k=456,
< 6 < 6
g e[c*ESp]" ¢™ e[c*Em].
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where C° (X) denotes a space of functions vanishing along with all tangential (to X) derivatives on £
=dX.

In Section 4, we have shown that the boundary value problem (2.58)—(2.68) is uniquely solvable and the solution
U can be represented by (4.15), where the densities are defined by Egs. (4.17)—(4.26) or by the equivalent system
(4.39)-(4.48).

Let & := (¢, h, R, k()T be a solution of the system (4.39)—(4.48):

Q1 ¢=0G,
where G is the vector constructed by the right hand sides of the system,
G € [C®SMI° x [CP(H° x [CXED)P x [CE).
To establish the asymptotic behaviour of the vector U near the curves £, and ¢,,, we rewrite (4.15) as follows
U=V(H9)+ WD) +R, 5.1)
where
R = =V (H [ Weh®) 4+ g Veh®) = g”']) + Welf) + Ve ),
with fo = (0,0, 0, f4, fs5, fs) ' . Note that ra; R € [Coo(ﬁj)](), where (2;, j = 0, 1, are as in Theorem 4.13, item
(iii), since
rs We(h®) + 7, Ve(hD) — g e [C®($)1°,
WY = (F7 — F, F; — Ff, Fy — Fy', —Fy, —Fs, —Fg) € [C§*(D)1°,
WP =fiecP®), hY =fsecP®), h = fsecF).

Further, the vector ¥ involved in (5.1) is defined as follows: ¥ = (x,O0, 0, O)T, where x = (x1, x2, X3)T =
(h 52), hgz), hgz))T, and yx solves the pseudodifferential equation

r LDy =0 on ¥ (5.2)
with 7O = (¢ oD w{")T Evidendy,

w;” =2 F + F) = r ITV(HT )] = ry [Ke(i)]; € C(T), j=1,2.3.
Finally, the vector ¢ involved in (5.1) solves the pseudodifferential equation

re, Ao = 7@ on Sy, (5.3)
where

U@ =M i At —r T WP + g, Alrg We(h®)]

—rg, T VehD) 7y Alrg Ve(h'")] € [C¥(Sn)1°.

The principal homogeneous symbol G(L1V; x, £), x € ¥, £ = (&1, &) € R?\ {0} of the pseudodifferential operator
LW is even with respect to the variable £ and, therefore, the matrix

[6cD;x,0,+D] ' &LD; x,0,-1), x €L,
is the unit matrix /3. Consequently, all eigenvalues of this matrix equal to one,
r)=1, j=1,3, xel.

Applying a partition of unity, natural local co-ordinate systems and local diffeomorphisms, we can rectify €.
and X locally in a standard way. For simplicity, let us denote the local rectified images of ¢, and X under this
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diffeomorphisms by the same symbols. Then we identify a one-sided neighbourhood (in X') of an arbitrary point
X € £, as a part of the half-plane x; > 0. Thus, we assume that (x;,0) € £, and (x], x2,4) € X for0 < xp 4+ < &
Clearly, x2 + = dist(x, £.).

Applying the results obtained in Refs. [14] and [37] we can derive the following asymptotic expansion for the
solution x of the strongly elliptic pseudodifferential equation (5.2),

3 u 3+k
x(x1,x2,4) = co(x1) x5 , + ch(xl) Xyt X (X1, X2,4) (5.4)
k=1
where M is an arbitrary natural number, ¢, € [C oo(Zc)]3, k = 0,1,..., M, and the remainder term satisfies the
inclusion

3
Xum € [CMTNEED]. €F, =t x [0, €]

Note that, according to [37], the terms in the expansion (5.4) do not contain logarithms, since the principal
homogeneous symbol G(LW; x, £) of the pseudodifferential operator £ is even in &.

To derive analogous asymptotic expansion for the solution vector ¢ of Eq. (5.3), we apply the same local technique
as above to a one-sided neighbourhood (in Sy) of the curve £,, and preserve the same notation for the local co-
ordinates.

Consider a 6 x 6 matrix ag(x1) constructed by the principal homogeneous symbol of the Steklov—Poincaré operator

A9

ao(r1) == [S(A; x1,0, +D] 7 S(A; x1,0, 1), (x1,0) € £y. (5.5)

Note that unlike to the above considered case, now (5.5) is not the unit matrix and therefore we proceed as follows.

Denote by A1(x1), ..., As(x1) the eigenvalues of the matrix ag. Denote by w;, j =1,...,1,1 <1 < 6, the distinct
eigenvalues and by m ; their algebraic multiplicities: m +- - - +m; = 6. It is well known that the matrix ao(x1) admits
the following decomposition (see, e.g., [38], Chapter 7, Section 7)

ap(x1) = D(x1) Tupx1) D™ x1), (21, 0) € L,

where D is 6 x 6 nondegenerate matrix with infinitely differentiable entries and 7, has a block diagonal structure

Tap(x1) = diag {1 x)) BV (1), ..., wi(x)) B (1)}
Here B™ (t),v € {my, ..., my}, are upper triangular matrices:
k—j
t
) ) G =k
BOW = Ib Ol b0 =y K70
0, Jj >k,
i.e.,
t2 tv—Z tv—l
e TR U]
! Ut"—3 ! vtv_2 !
0 1 t
BY (1) = W—3) —2)!
O 0 O 1 t
O 0 O 1 e
Denote

Bo(r) == diag {B"™V (1), ..., B™)(1)}.
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Again, applying the results from Ref. [14] we derive the following asymptotic expansion for the solution ¢ of the
strongly elliptic pseudodifferential equation (5.3)

1
¢ (x1,x2,4) = D(x1) x5 2+A(X1) By <—% logxz,+) D~ (x1) bo(x1)
Atk g
+ ZD(M) 2+ et By (x1,logx2, 1) 4 dum+1(x1, X2,4), (5.6)

where by € [c°°(£m)] dm+1 € [CHT(E) 8)]6, & o =Ly x [0,¢], and

L\ kem-h
Bi(x1,1) = By <——) > tdi(x).

2mi =
Here mo = max {my, ..., mg}, the coefficients di; € [CC’O(E,,,)]6 and
= (41,..., 4¢),
1 1 1
Aj(x1) = %IOg)‘j(xl) =5 arg A (x1) + 371 log |4 (x1)],

—rm <arghj(xy) <m, (x1,0) € Ly, j:1,_6.

Furthermore,
FHAGD +A1(x) 3+A6(x1)
X+ = dia g{2+ s ey Xp }

Now, having at hand the formulae (5.4) and (5.6) with the help of the asymptotic expansion of potential-type
functions obtained in [15] we can write the following spatial asymptotic expansions for the solution vector U of the
boundary value problem (2.58)—(2.68) near the crack edge £, and near the collision curve ¢,,,.

(a) Asymptotic expansion near the crack edge €.:

ly ng—

Ux) = Z[ZZX3Z dS .y

u==x1 s=1 j=0

M+2 M+42—1 ; +p+ © ©
+ 30 > b2 ]+ U 0 (5.7)

k.1=0 j+p=0

k++j+p=>1

with the coefficients

6 - .
A . di, o e[C®)]” and Uy e [T @)1, j=0.1.

slkjp
Here §2;, j =0, 1, are as in Theorem 4.13(iii), and

Zs41 = —(X2 + X385, 41),  Zs,—1 = X2 — X385,—1, (5.8)
— T <argzs 4| < T, Ls+1 € CP (L),
where {5 +1] lo ., are the different roots in ¢ of multiplicity ns, s = 1,...,lp, of the polynomial det A© ([J; (x1,

0, O)] ni) with no = (0, £1, ;) , satisfying the condition Re¢; +1 < 0. The matrix J, stands for the

Jacobian matrix corresponding to the canonical diffeomorphism » related to the local co-ordinate system. Under
this diffeomorphism £, and X' are locally rectified and we assume that (x1,0,0) € £, x» = dist(x(Z),Zc),
x3 = dist(x, X), where x(*) is the projection of the reference point x € 25 onto the plane corresponding to the
image of X under the diffeomorphism .

Note that the coefficients d S(;‘)( -, 1) can be expressed by the first coefficient g in the asymptotic expansion (5.4)
(for details see [15, Theorem 2.3]).
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(b) Asymptotic expansion near the collision curve £,:

lo nS—I
Ly A 1 ~
Ux) = Z {Z Zx3 |:d( )(xl, ) Z3 (= ]BO<—%10ng,u>:|Cj(xl)

pn==£1"ts=1 j=
M+2 M+2-1
(m)
Z x2x3 dgip (X1, 1) 2,
k,[=0 j+p=0
k4 j+p=1

+A( )+ptk
2 X1)+p Bskjp('xl’logzswu)} U(m)l(_x) (59)

where d( )( , ) and df?;;( , i) are matrices with entries belonging to the space C*({,,), ¢; € [Coo(ém)]6,

Ui, e [CM+‘(91)] and
"+A("') = dlag{ et z’s‘leﬁ(x‘)}, keR, p==%1, x; €Ll

Bgyjp(x1, t) are polynomials with respect to the variable ¢ with vector coefficients which depend on the variable x; and
have the order vy, = k(2mo—1) +mo— 1+ p+ j, in general, where mg = max{m1, ..., m;}andmi+---+m; = 6.

Note that the coefficients d S(;.")( -, 1) can be calculated explicitly, whereas the coefficients ¢; can be expressed by
means of the first coefficient bg in the asymptotic expansion (5.6) (for details see [15, Theorem 2.3]).

Remark 5.1. Note that the above asymptotic expansions hold also true for finitely smooth data. In this case the
asymptotic expansions can be obtained as in Ref. [16,14], and [15] with the help of the theory of anisotropic weighted
Sobolev and Bessel potential spaces.

6. Analysis of singularities of solutions

Let x’ € £, and T, © be the plane passing through the point x” and orthogonal to the curve £.. We introduce the

polar coordinates (r, @), r > 0, —7 < o < m, in the plane H © with pole at the point x’. Denote by X the two
different faces of the crack surface V. It is clear that (r, £7) € E i

Denote the similar orthogonal plane to the curve ¢,, by II x'," ) at the point x” € £, and introduce there the polar
coordinates (r, «), with pole at the point x’. The intersection of the plane Hi’,") and {25 can be identified with the
half-planer > 0and 0 <« < 7.

In these coordinate systems, the functions z; +1 given by (5.8) read as follows

Zs,41 = —r(cosa + &5 11(x") sina),
Zso1 = r(cosa — &5 _1 () sina),

where x’ € £, U, s = 1,...,1lop. We can rewrite asymptotic expansions (5.7) and (5.9) in more convenient forms,
in terms of the variables r and «. Moreover, we establish more refined asymptotic properties.

6.1. Asymptotic analysis of solutions near the crack edge £

The asymptotic expansion (5.7) yields
U=@e v, =a& a)yr'?+ax,a)r’?+.-,

where r is the distance from the reference point x € H)((f) to the curve €., and a; = (aj1, ..., aj6)T, j=0,1,...,
are smooth vector functions of x’ € £..

From this representation it follows that in one-sided interior and exterior neighbourhoods of the surface Sy = 9%
the vector U = (u, ¢, ¥, 97 has C%—smoothness.

More detailed analysis shows that age = 0 and therefore for the temperature function we have the following
asymptotic expansion

32

Y = a1e(x’, @) r’° + ax(x’, o) P
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Indeed, we can see that ug = ¥ solves the segregated mixed transmission problem:

77,"/'3,'81'1/!6 = Q* in {2 \ So, (6.1)
{ug)™ = {us}™ = fo on So, (6.2)

6} — 6} = Foon S, .
{ITUl6}" = {[TUJs})” = F on S (6.3)
{u6}+ = géD) on Sp, 6.4)
{ITU16) =g on Sy (6.5)

with
Q* =1 ToAil 8IML_ tTopidig —tTom; iy +tag?, [TUle = nin; o9,
fo € C®(Sp). Foe C®(Sy). g e C®(Sp). g e C=(Sy).

where f; and f6 are extensions of the functions fgs and Fg from X onto the whole of Sy by zero, and géD) and géN)

are the sixth components of the vectors g®) and g™, respectively.

The problem (6.1)—(6.5) is a classical transmission problem where transmission conditions are given on the closed
interface surface So. Regularity of solutions to this problem near the line ¢, depends on smoothness of the right hand
side function Q*, since all the other data possess C° smoothness on Sy (cf. [31], Section 8.2.1).

Letl <t <oo, 1/t —1/248" <s <1/t + 1/2+ & Then due to Theorem 4.13(i) we deduce

X 6
U= (ur,uz,u3,0,%,9)" € [HT/ Q)]

1
i (£25;) follows. Using the mapping properties of the volume potential (see [39], Theorem 3.8)
1

t

Whence Q* € H,

we conclude that ug = ¢ belongs to the space H,S o in one-sided neighbourhoods of Sp.
From the embedding theorem (see [26], Theorem 4.6.1) it then follows that for sufficiently large ¢ there holds the
inclusion ¥ € C'*# in a neighbourhood of Sy with some positive . Due to this regularity result, from the expansion

9 = aps(x’, ) r'? + a1e(x’, ) r? + - -
it follows that aps = 0, i.e., actually for ¢ we have
O =aiex’, ) r? + ars(x’, ) r/* 4 - -
and, consequently, ¢ possesses C>/2-regularity in one-sided closed neighbourhoods of Sp.

6.2. Asymptotic analysis of solutions near the curve £,

The asymptotic expansion (5.9) yields

10 ns—l
. 1 -
Uy = Y > > cojul’ a7t B()(—%logr) Coju(x' o)+ (6.6)

pn==x1s=1 j=0

where
rY 8 = diag {r”'“‘sl, ey ry6+i56},
1 1 , 1 , , L —
vi=s5 + Earg)\j(x ), 8j= Elogl)»j(x ), x €lm, j=1,6, (6.7)

and A, j = 1,6, are eigenvalues of the matrix

ap(x) = [6(4 0, +D)] 7 &4 X, 0,-1),  x € by (6.8)
Here G(A; x’, §) is the principal homogeneous symbol of the Steklov—Poincaré operator

A= (=2""Is+K)H~".



338 T. Buchukuri et al. / Transactions of A. Razmadze Mathematical Institute 170 (2016) 308-351

Moreover, the eigenvalues A, j = 1,6, can be expressed in terms of the eigenvalues 8;, j = 1, 6, of the matrix
S(K; x', 0, +1), where S(K; x/, &) is the principal homogeneous symbol matrix of the singular integral operator K.
Indeed, we have the following assertion (see [31, Lemma C.1]).

Lemma 6.1. The principal homogeneous symbol G(K; x', &) x’ € S, & = (&1, &), is an odd matrix-function with
respect to & and

S x',€) = iR, £),
where the entries of the matrix R(x’, §) are real-valued functions.

Proof. Assume, that to every point xo € X' there corresponds some orthogonal local coordinate system such that a
part of X' located inside a sphere with a centre at xo admits the representation of the form

B=ya), X=@Lxn), x=0,yx) e, (6.9)
where y € C*°, y(0) = aayT(lo) = BBVT(ZO) = 0. The principal homogeneous symbol of the pseudodifferential operator

—%16 + K in the chosen local coordinate system has the form

G2+ K; x' E) = 16,y (=27 6 + K5 X', E)ll6x6, Prg=1,...,6,
1 / Tor(x', a7 (x')(i&, z;))Aqk(an’)(zs zg))
o AT (X)) (i€,i0))

AT ()8, 16) = det | Agg (T ()£, 1)) lloxe,

pq( 2 16+IC x' E) (6.10)

1 0 0
N 0 1 0
W=y e |
0x1 0x2

where ||Akq(aT(x’)(ié,i;))||6x6 and II%k(x’,aT(x’)(iS,ic))||6x6 are the principal homogeneous symbol
matrices of the operators A&x, t) and 7 (0y, n, T) respectively, written in the local coordinate system (6.9).
Age(a T (x')(i&,i0)), q.k = 1,6, is a cofactor of Agg (o' (x) (i, i0)).
Represent the symbols A(a " (x")(i&,i¢)) and T (x', o T (x")(i&', i¢)) as
AT (g, i0) = AP W, ie) + AV, i6)(i0) + AV N0,
T, ot (x)E, i) =TV, i&) + TO o),

D (v 18 — GDyor s . G (! 18) — () _
where AV (x',i&) = 1Ay, (", i)lloxe, j = 0,12, TV, i§) = T, (", i§)llexe. j = 0,1 are homoge
neous polynomials in & of degree ;.

Taking into account (6.10) we get

Gpg (=271 + K5 X', 8) =

T«»( )/ iqu(aT(X’)(ié,iC))d;

AlaT ()0, i¢))

T/Nyre
T(]) / Agi(a ' (x") (8, lf))d '
CLI0 | A@Twae )
Note that
L/ ifﬂqk(aT(X/)(i&i())d{
21 Ji- AT (X)) (iE,i0))
i AR 9 A@ ()E D) Agp(x',,0)

d¢

=_Edet[A<0>(x’)] - AlT(x)(E, Q) Ao

1 i [ Ap£0)
- Edet[A@) (] tor /I— AT (x) (&, i))dg’

2 Ji- Al (x) (€, ©))
A(O)(x/)
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where Xg}g is the cofactor of A,(CO) and qu(x’, &, ¢) is a polynomial of degree 10 in ¢ of the form
"(0)( /
A I _ T,.7 _ T/
Agk(x',§,¢0) = —6d A0 /)]B;A(oc (XN, 0) = ¢ Arg (e (x)(E, 0)).
Therefore

qk(-x é;) C
AT () (&, 7))
Agr(a T (x)(E, 0)) —
de, ,qg=1,6. 6.11
AT @GE o o P (6.1

Since qu(x’, &,¢) and Aqk(aT(x’), &, ¢) are polynomials of degree 10 in ¢, from (6.11) we can easily see that
qu(ICQ x', -&) = _qu(’C; x', £)

& g (s 2, ) = _7<°>< >/ o

- —T<”< 9

and
qu(lc§ xlvé) :iqu(xlvé), P, q =17_6,

where R,, (x', ), p,q = 1, 6, are real functions. [J

Remark 6.2. It is not difficult to check that the principal homogeneous symbol S(7H; x’, &) of the pseudodifferential
operator H is a real even matrix-function with respect to £ (see Lemma C.2 in [31]).
Theorem 6.3. Let );, j = 1,6, be the eigenvalues of the matrix (6.8). Then

14+28; _
S k21,
- 28,

where B, j = 1, 6, are the eigenvalues of the matrix S(K; x’, 0, +1).

Proof. The characteristic equation of the matrix ag given by (6.8) has the form

det{ [(—2*‘16 +o;) [a;]*‘]_l [(—2*‘ Is + o70) [aﬁ]f‘] - u6] —0, (6.12)
where

o =6(K;x',0,£1), oF; =6(H:x,0,%1). (6.13)
Since the matrix &(K; x’, &) is odd and the matrix &(H; x’, ) is even in & (see Lemma 6.1), we have o = —U,‘g

and Oy = cr;;. Then the characteristic equation (6.12) can be rewritten as
det {12715 = 17127 s + o Vo1~ = s | = 0.

Since the matrices 0;_2 and 27! Ig & o,'g are non-singular, from the previous equality we derive
det [ 271 + o1 = 227 g — o1} =0

Consequently,

det[ag+;(i+i) }—0 (6.14)
Let B;, j = 1, 6, be the eigenvalues of the matrix a,JCr. Then it follows from (6.14) that the eigenvalues A ; of the
matrix ag and the eigenvalues ; of 0,%' are related by the equation

Aj—1

Aj+1
which completes the proof. [J

=28, j=1,6,
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It can be shown that Ag = 1, i.e., B¢ = 0 (for details see [31, Section 5.7]). Therefore, y5 = 1/2 and ¢ = 0 in
accordance with (6.7). This implies that one could not expect better smoothness for solutions than C1/2 in general.
More detailed analysis leads to the following refined asymptotic behaviour for the temperature function.

Theorem 6.4. Near the line £,, the function ¥ possesses the following asymptotic:

O =bor'? + R, (6.15)
where R € C'*9~¢ ing neighbourhood of £, and 1 + 8 — & > 1/2 for sufficiently small & > 0.

Proof. Indeed, ug = @ is a solution of the problem (6.1)—(6.5). Since the matrix [n;j]3x3 is positive definite,
this problem can be reduced to a system of integral equations, where the principal part is described by the
scalar positive-definite Steklov—Poincaré type operator A = (—%I + Kscatar) [ Hycalar] ™" on Sy, where Kyealar is
compact. This operator possesses an even principal homogeneous symbol G(A; x, &) = —%6([Hscalar]_1; x, &) =
— % [S(Hcatar; x, E)]’1 which is positive and even in £. Hence we can establish refined explicit asymptotic (6.15) for
the temperature function ug = ¢ in a neighbourhood of ¢,,. [

From (6.15) it follows that:

(i) The leading exponent for ug = ¥ in a neighbourhood of line £, equals 1/2;
(i1) Logarithmic factors are absent in the first term of the asymptotic expansion of ¥;
(iii) The temperature function ¢ does not oscillate in a neighbourhood of the collision curve £,, and for the heat flux
vector we have no oscillating singularities.

In what follows, we will consider particular type GTEME materials and analyse the exponents y; + i§; which
determine the behaviour of u = (uy, u2, u3), ¢, and ¥ near the line £,,. Non-zero parameters §; lead to the so
called oscillating singularities for the first order derivatives of u, ¢, and v, in general. In turn, this yields oscillating
stress singularities which sometimes lead to mechanical contradictions, for example, to overlapping of materials. So,
from the practical point of view, it is important to single out classes of solids for which the oscillating effects do not
occur.

To this end, we will consider a special class of bodies belonging to the 422 (Tetragonal) or 622 (Hexagonal) class
of crystals for which the corresponding system of differential equations reads as follows (see, e.g., [40])

(c11 87 + co6 03 + caa 99Ut + (c12 + co6) 1021z + (€13 + caa) d193u3
— 1402039 — 15 h03Y — Y1 1Y —oT Uy = Fy,
(c12 + c66) 020111 + (co6 312 +c11 322 + c44 332 Yus + (c13 + caq) 0203u3
+e1ad1d3p — qisddsus — Y1 — o tiur = B,
(c13 4 caa) 338111 + (c13 + caa) 330012 + (caq 07 + a0 03 + ¢33 33%)”3 6.16)
— P00 —otiuz = Fj,
e14020311 — €149193u2 + (11 OF + 211 03 + %3303 ) @ — (1 +v07) p3 939 = Fa,
q150203u1 — q15d103u2 + (11 07 + 11 95 + w33 853 ) ¥ — (1 + vot)m3 839 = Fs,
=1 To (Y1 01u1 + ¥1 douz + y3 d3u3) + v To p3 339 + T Tom3 93¢
+ (187 4+ m1103 +1m3303) 9 — (vdo + T*ho) O = F,
where c11, c12, c13, €33, cCa4, Cep, are the elastic constants, ey4 is the piezoelectric constant, g5 is the
piezomagnetic constant, 11 and x33 are the dielectric constants, w11 and @33 are the magnetic permeability constants,
Y1 = (1+vo1)A11 = (1+vp7)A21 and Y3 = (1 +vpT)A31 are the thermal strain constants, n1; and 133 are the thermal
conductivity constants, p3 is the pyroelectric constant and m3 is the pyromagnetic constant. Note that in the case of
the Hexagonal crystals (622 class), we have cgq = (c11 — ¢12)/2.
Note that some important polymers and bio-materials are modelled by the above partial differential equations, for

example, the collagen—hydroxyapatite is one example of such a material. This material is widely used in biology and
medicine (see [12]). The other important example is TeO, [40].
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T (@) = | Tjk @ 1)

T11(0x, n) = c111101 + Ceen202 + C44n303,
T13(0x, n) = c13n103 + 441301,

T15(dx, n) = —qi5n302,

T21(0x, n) = cen102 + c12n201,

173(0x, n) = €131203 + 441302,

Tr5(0x, n) = q15n301,

T31(0x, n) = c44n103 + 131301,

T33(0x, n) = c44n101 + 441202 + 331303,
T35(0x,n) =0,

T41(0x, n) = e14n203,

Ty3(0x, n) = e14(n2d; — n1dz),

Ty5(0x,n) =0,

T51(0x, n) = q15n203,

T53(0x, n) = q15(n201 — n102),

T55(0x, n) = p11(n101 + n202) + 33n303,
Tgj(0x,n) =0, for j =1,2,3,4,5,

ci1 > leizl, caqa >0, ce6 >0,

211 >0, 233>0, 111 >0, n3>0,

From (2.11), (2.14), (2.15), it follows also that

g s BT miTo
B> M

In this model the thermoelectromechanical stress operator is defined as

T12(0x, n) = c12n192 + Cepn201,

T14(0x, n) = —e14n30z,

T16(dx, n) = =y ny,

T2 (0x, n) = ceen101 + 111202 + 441303,
124(0x, n) = e14n301,

Tr6(y, n) = —y1 na,

T32(0x, n) = c44n2 03 + €131302,

T34(0x, n) =0,

T36(dx, n) = —y3n3,

T42(0x, n) = —e14n103,

T44(0x, n) = x11(n101 +n292) + x33n393,
Ty6(0x, n) = —p3n3,

Tsp(9x, n) = —qi5n103,

T54(0x,n) =0,

T56(dx, n) = —m3ns,

Te6(0x, n) = 111 (n101 + n202) + N331303.

The material constants satisfy the following inequalities which follow from positive definiteness of the internal energy
form (see (2.9)—(2.10))

2
c3zern + c12) > 2ci3,

m11 >0, w3z > 0.

Under these conditions the corresponding mixed boundary value problem in question is uniquely solvable.
Furthermore, we assume that mechanical and electric fields are coupled, i.e. ej4 # 0, that

41— B3 — o and the surface S is parallel to the plane of isotropy (i.e., to the plane x3 =

x 0) in some
L %33
neighbourhood of ¢,,,.

We will show that under these conditions we can find the exponents involved in the asymptotic expansions of
solutions explicitly in terms of the material constants.

In this case the symbol matrix al‘g = 6(K; x', 0, +1) is calculated explicitly and has the form (see Appendix B):

0 0 0 Ay A5 O

0 0 Az O 0 O

oF — 0 A O 0 0 O
K Ay O 0 0 o o0f’

As; 0O 0 0 0 O

0 0 0 0 0 o0
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where
Ay = i 1466 (b2 —b) _ . e1aqis [ x11 caa(by — b1) (%33 b1y + x11)
2 b bz«/_ a}qféﬂ X33 «/E
Ay = i G (b2 — b1)
2B '
Ay = i D15€66 (br—b1) . qiseiy |: %11 ca4(ba — b1) (33 b1ba + x11)
2a by bz«/_ a}:112%4 x33 «/E

;15 %33 (bz —by)

V 2c4q 33

1/2
~ 2 -12
el = (614 +o q15) )

A +
V 2caa3’
_ M1 p33

O,

211 233

A= + cag 11 + co6 #33 > 0,

= A% — dcyg o6 211 233 > 0,

It can be proved that Aj4A4; + A15A51 < 0 (see Appendix B).

To calculate the entries A3 and A3z,, we have to consider two cases. We set

) 2
C :=c11033 — cj3 — 213 C44,

D:=C?- 464214 C33C11-

]
]

A > /B.

6.17)

(6.18)

(6.19)

(6.20)

First, let D > 0. Then it follows from the positive definiteness of the internal energy that C > +/D and we have

; G (dr — dy) (c11 — c13d1d>)

Ay =

2dy dr/D ’
Apy = — ; G (dy — dy) (c33d1d2 — c13)
2d; dzx/_ '
p c-+D J C ++D
1= -_, = —_— .
244 €33 2 c44 €33

These equalities imply A3 A3y > 0.
Now, let D < 0. We get

Aps = i acq4(4/c11 €33 — C13)
/—D ’

€44C33

Az =

1 [—=C 4 2c44./
azz\/ + 2c44 611633>0

One can easily check that again

; @ caa(/C11 €33 — €13) /€33
~—D V€11

Ax3Az = 5

e a?(Jeres — ci3)? Jex 20

/€11

6.21)

(6.22)
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The characteristic polynomial of the matrix al'g can be represented as

-8B Ay O 0 Ais O

Ay -8B 0 0 0 0
0 0 —B Ay O 0

+ —
det(oy: — B 1) = det 0 0 Ap - 0 0
As; O 0 0o -8B 0
0 0 0 0 0 -8

=’ (,32 - A23A32) (,32 — (A14Aq + A15A51)> .
Therefore, we have the following expressions for the eigenvalues of the matrix U,JC“ :

Bia = Fiv—(A14Aq + Ai54s1),  B3a=TFvAnAzn, Bs=pe=0.
Then by Theorem 6.3

1 —2i/—(A14A41 + A15451) 1 1-2A5An 1
1= - , A= —, A3= —, As=Ai¢=1.
14+ 2i/—(A14A41 + A15A51) Al 1 +2JA3A3" a3

Note that [A1] = |L2| = 1. Moreover, since A3 and A4 are real, they are positive (see Appendix A).
Applying the above results we can explicitly write the exponents of the first terms of the asymptotic expansions of
solutions (see (6.7)):

1 1
V=g - ;arCtan2\/—(A14A41 + A15As1), 61 =0,

1 1
V2 = 3 + - arctan2y/—(A14Aq1 + A154s1), 8 =0,

1 s 5 5 1 1 1 —2A23A3
= = -, = — = = — 10 D E—
V3= V4 ) 3 4 . g1+2 ArsAs,
1
v5=v=73, 85 =36 = 0.

Note that By(z) has the following form

| s [0lax2 @ [1 1
B()(t)—[[o]4X2 B(z)(t)j|’ where B (t)_[0 1]

Now we can draw the following conclusions:

1. The solutions of the problem possess the following asymptotic behaviour near the line ¢,,,:

W, 9,9 = cor’ + im0 feri T f st Inr 4 ear? 4 osr? £ -
4 =b3r]/2+b4ry2+

As we see, the exponent y characterizing the behaviour of u, ¢, and v near the line ¢,, depends on the elastic,
piezoelectric, piezomagnetic, dielectric, and permeability constants, and does not depend on the thermal constants.
Moreover, y; takes values from the interval (0, 1/2).

For the general anisotropic case these exponents also depend on the geometry of the line £,,, in general.

2. Since y; < 1/2, we have not oscillating singularities for physical fields in some neighbourhood of the curve ¢,,,.

Note that in the classical elasticity theory (for both isotropic and anisotropic solids) for mixed BVPs the dominant
exponents are 1/2,1/2+i S with & # 0 and consequently we have oscillating stress singularities at the collision curve
L.
The following questions arise naturally:
(a) does there exist a class of GTEME type media for which the real part of the principal exponent defining the
dominant stress singularity near the line ¢,, does not depend on the material constants?
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(b) does there exist a class of GTEME type media for which the real part of the principal exponent equals
1/2?

As we will see below, both question have positive answers.
Indeed, let us consider the class of GTEME type media with cubic anisotropy. Note that such materials as
Bi;2GeOyo and GaAs belong to this class (see, e.g., [40]). The latter material is widely used in the electronic industry.
The corresponding system of differential equations in this case reads as:

(c11 312 + cyq 322 + cyq 33)“1 + (c12 + c44) 3102up + (c12 + c44) 0103uU3
+2e14 02839 +2q15 Y — P hD — 0T ur = Fi,

(c12 4 caa) 028111 4 (caa 07 + c11 05 + caa 832)u2 + (c12 + c44) 020313
+ 2141330 + 291501039 — P10 — 0 T Uz = B,

(c12 + caa) B31u1 + (12 + cas) B300u2 + (caa 97 + cas 3 + €11 93 ) u3 (6.23)
+2e1401820 + 29159120 — 73 839 — 0 T uz = F3, .
—2e140203u1 — 2e1491 9312 — 2e149105u3 + (117 + %1193 + x#1103)¢ — p3d3 = Fy,

—2q150203u1 — 291501 93up — 2q150102u3 + (11107 + w1193 + 11183) Y — m3 930 = Fs,
—tTo(y101u1 + Y102u2 + y3 93u3) + tTop3dze + tTom3d3yr
+ (11 87 + 11103 +n3393)9 —tdo® = Fe.

The elastic, dielectric, permeability and thermal constants involved in the governing equations satisfy the following
conditions:

ci1 >0, caa>0, —1/2<cppferr <1, »x1>0, wpi >0,
PiTo m3 To (6.24)
x33 > , o M33 > . n1 >0, n3>0.
do do
Introduce the notation,
1 [—C + 2c44./c
D = C2—4cflc‘2‘4, C = c%l—c%2—2012044, a = — ¢>0.

2 c44C11

In the case under consideration, the matrix UIJC“ is self-adjoint and reads as:

0O O 0O 0 0 O
0 0 Ay O O O
0 A 0O 0 0 O
+ _ 32
CTlo 0o 0 00 Of (6.23)
0O O 0O 0 0 O
0O O 0O 0 0 O
where
_ dr —d —
A23=A32=ic44(2 (e —c12) for D >0,
2D
c -D Cc++D
dl = —7 d2= —’
2c44C11 ( 2C)’44Cll
—_— . Caqaa(C1] —C12
Ay =A3p =i ———— for D <O.
23 32 2J-D

The corresponding eigenvalues read as (see Theorem 6.3)
Bi=0,j=12,56, pB3s==xAx|,

1+2[A 1
A=l j=1.256 am=-t2Anl o oL
' 1 —2[Ag3] A3
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and

L oT6 5,20, j=1,2,5.6, 8y = —84 =5 = —— log 2142
.__7 = » M | = b = s~ » = - = __O—'
=gt ! / : N 2w 1 2(Ax|

From Lemma 6.1, Remark 6.2 and equalities (6.25) and (6.8) we derive

—1
ao =27 I+ oD o717 (=27 s + o) (o317 | = o3 o (o317
where
do=12""1 — ol 17" 27 16 + ot

This matrix is self-adjoint due to the equality (6.25) and it is similar to a diagonal matrix, i.e., there is a unitary matrix
D such that D ao [D]~! is diagonal. Therefore the matrix ag can be reduced to a diagonal matrix by the non-degenerate
matrix 07‘_'; D! In turn, this implies that By(t) = I and the leading terms of the asymptotic expansion (6.6) near the
curve £, do not contain logarithmic factors.

As a result we obtain the asymptotic expansion leading to the positive answers to the questions (a) and (b) stated
above,

w, 0,9 =cor'? + ¢ r1/2+i§+czr1/2—i§+ 0329,
,0 — borl/z + 0(73/2_8),
where ¢ is an arbitrary positive number. Consequently, u, ¢, ¥, and ¥ possess C!/?
the collision curve £,,.

-regularity in a neighbourhood of
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Appendix A. Some results for pseudodifferential equations on manifolds with boundary

Here we collect some results describing the Fredholm properties of strongly elliptic pseudodifferential operators
on a compact manifold with boundary. They can be found in [36,16,41,19].

Let M e C* be a compact, n-dimensional, nonselfintersecting manifold with boundary M € C* and let .A be a
strongly elliptic N x N matrix pseudodifferential operator of order v € R on M. Denote by &(A; x, &) the principal
homogeneous symbol matrix of the operator A in some local coordinate system (x € M, & € R" \ {0}).

Let A1(x), ..., An(x) be the eigenvalues of the matrix

[S(A:x,0,...,0,+D ] ' S x,0,...,0,=1), xedM,
and let
§j(x) =Re[Q@r i) 'Inr;(x)], j=1,...,N.

Here In ¢ denotes the branch of the logarithm analytic in the complex plane cut along (—oo, 0]. Due to the strong
ellipticity of A we have the strict inequality —1/2 < §;(x) < 1/2 forx € M. The numbers 8 j(x) do not depend on
the choice of the local coordinate system. In particular, if the eigenvalue A ; is real, then A ; is positive.

Note that when G (A, x, &) is a positive definite matrix for every x € M and & € R" \ {0} or when it is an even
matrix in § we have §;(x) =0for j =1, ..., N, since all the eigenvalues A ;(x) (j = 1, N) are positive numbers for
any x € M.

The Fredholm properties of strongly elliptic pseudo-differential operators are characterized by the following
theorem.
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Theorem A. Let s € R, 1 < p < 00,1 < g < 00, and let A be a strongly elliptic pseudodifferential operator of
order v € R, that is, there is a positive constant cq such that

Re (cm(x,&)g“ . C) > col¢)?

forx e M, £ e R" with |£| = 1, and ¢ € CVN. Then

A H[SJ(M) — H;,_”(/\/l), A B;’q(/\/l) — B;}”(M), (A.1)
are Fredholm operators with index zero if

Loy 5;(x) L I (A2)

- — sup ix)<s—=-<— in i(x). .

p x€dM, 1<j<N ’ 2 p  xeaM,1<j<N ’

Moreover, the null-spaces and indices of the operators (A.1) are the same (for all values of the parameter
q € [1, 4+00]) provided p and s satisfy the inequality (A.2).

We essentially use this theorem in Section 4 to prove the existence and regularity results of solutions to mixed
boundary value problems for solids with interior cracks.

Appendix B. Calculation of the symbolic matrices

In this section we calculate the principal homogeneous symbol matrix o,'g = &(K; x1, 0, +1) corresponding to the
system (6.16) (422 and 622 classes). To this end we write the fundamental matrix (2.1) in the form (see [31, Section

3D
I'x,7)= ]:E__I)X[Ail(—ié%» D]

—1 1 ) . -1 _jrx (B.1)
=.7:§,_)x,[:|:5/li[A(—lS,—l{,f)] e Hd;],

w9

where the sign corresponds to the case x3 > 0 and the sign “+” to the case x3 < 0. Here x’ = (x1, x2),
& = (£,&), € = (§/,&),17(I7) is a closed contour with positive counterclockwise orientation enveloping all the
roots of the polynomial det A(—i&’, —i¢, T) with respect to the variable ¢ in the half-plane Im¢ > 0 (Im¢ < 0).

__ First, we write the principal homogeneous symbols A® and T of the operators A(d,, r) and 7(d, n) at a point
¢ = (0,1, ¢). Choosing a local coordinate system appropriately, we can assume that the exterior unit normal vector
at this point reads as n = (0, 0, 1). Then we have

- 40 (V] (] -
Ay 0 0 Ay A5 0
0 AY A o o o0
~ 0 A2 A9 o o o0
A(O) €) =-— " 23 33 o ’ (B.2)
A9 0o 0o A9 o o
(V] 0)
A2 0o o o AQ o
Lo o o o o A9
ricass 0 0 —ielw —igqa 0 7
0 icgal icCaa 0 0 0
~ 0 ic ic 0 0 0
0 0 0 1x%33¢ 0 0
0 0 0 0  iumc O
L 0 0 0 0 0 in33¢-
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where

0 0 0
A = cut® +ceo. A} = —ens, AR = —qis.

0 0 0

AY) =cut® +en. AR =izt A =cnt? + e,
0 0 0

Afm) = x33¢% + x11, A§5) = wu33¢* + i, Aég =382 + i

— k33
%33

Recall, that we assume ’;—1'1‘ = q.

From (3.3), (B.1)—(B.3), (6.13), and Theorem 3.3 it follows that

1 1 ~ ~1-1 _;
L fim L[ 7O A© —itxs
3 + 0y x;Lno = ) €. m[AD@)] e dg
1 ~ ~1-1
=5 TOC. m[AD )] dt = Il Akjlloxe.
T Ji+
where
Ap = i caan3383 + (cannny +5%4)Cd§
2 1+ Pl(;) ’
. . 2,2
1 Cc66€14 1 e144is¢
Ay = —— Bae— — | 2245 ge
2 Ji+ P1(%) 2r J+ Q)
. . 2 2
i 664915 1 e14415¢
Alis=—5— I ge — = | 40y,
2 Ji+ aP1(0) 2 Ji+ Q)
; 3
. i €33€448° — C13€448
Aj=0, j=2,3,6, Ap=— e
J 21 Ji+ P(2)
. 2
i €13C448° — C11C44 .
A23=——/ d;, A2'=O, ]=1,4,5,6,
27 s Py(¢) !
. 2
Ay =0, j=1,4,56 Ap=—- [ SBHE ZC
2 1+ PZ(C)
A i 033C44;“3 + (c11633 — c13C44 — 6123)4“‘1(
3= ’
2 1+ P2(2)
. 2
i e14%33¢ .
Ay = —— | =22de, Ay =0, j=2,3,5,6,
27 e TP 6 TR
Ay = i cann3s + eceox33C A ”334125§Sd§
27 Ji+ P1(¢) 2z Jiv o Q@) '
i q15%33¢> .
A —_—— —d s A ~:0’ :2,3,4,6
S /I Y0 B A
. 3 . 2 43
i C44203 + cp6x37 1 ax3ze
A55=—/ 4423387 + co6 33;d§+—/ 148 de,
2?'[ I+ P1(2) 2 Ji+ ()
Ags = —— X je, Aej=0, j=T.5.

27 Ji+ 3382 + i
P1(¢) = caarnz3t® + (canrtt + co633 + ?%4)52 + ce6%11,
Pr(¢) = cazcass™ + (cricas — 2c13cas — c3) 8% + cricas,

~ 172
0(6) = alext® +x1)PI©), G1a= (el +a'qls) "

G

Denote by ¢,"7, ¢,"", j = 1, 2, the roots of the polynomials P; with positive imaginary part. Evidently, ¢

¢® =i /n11/n33 are then the roots of Q(¢) with positive imaginary parts.

&)
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B4

and
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We have the following explicit formulas,

(1 A—-VB M A+ B
¢ =iby = § =iy =i ——,
2C44J{33 2c44%33

@ _ g, C-vD @ _ g |EEVD
G =id = L & =
€44C33 2caqers
A= 5%4 + caa211 + ce633 > 0, B = A% — 4cyqcepnr1 233 > 0,
C =cjic33 — C%3 — 2c13C44, D=C?- 4042‘40336‘11.

Note that, if D > 0, then the roots {(2) and {2(2) are purely imaginary. For D < 0 the roots are complex numbers with
opposite real parts and equal imaginary parts:

¢®=a+ib, P =-a+ib, a>0, b>0.

Curvilinear integrals participating in (B.4) can be calculated explicitly by applying theory of residues and Cauchy’s
theorem
2 2
2 ;( )

G I RONG,

+ P (1) (l)f
¢ dt = O, ¢
Pl(é“) i+ P2 (2)

/.
¢? M _ / ¢? @ _ @
dc = de = —
I, no " - 75 a e mo® Mo
f

e in@ - /dg“ i (&
I

de =0,

e dt = i ’ / e dt = i ’
+ P1(¢) C44233 i+ P2(2) €44C33
2 b/ [ x11 caa(by — b1) (33 b1b2+%11)}

dr = —
+ Q(¢) ¢ axiier, LV 33 VB

3

g
0% =L owl L,

T b?
T @ \ (g — x3ab?)( n + 2, — 2caunazb?)
211 — %#33D7) (Caax11 + co6x33 + €7, — 2caa233D7
2

by N b3 )
(Oe11 — x33b3) (candnin + ceor3s + €2y — 2caaxzzbl) 33 P1(ib3) )

Note, that the last equality implies that the integrals
i Md{ and £ M

27 Jiv o Q) 2 Jiv Q(0)

which are involved in A44 and Ass are real, therefore due to Lemma 6.1 they must be zero.
As a result we obtain
1 _
Ajj =3 j=16, A;;=0, j=2,3,6,

614666@(1) (])) e14qis |:i x caa(2 — &) (=33 §1§2+%11)]

d¢

14 =

(1);(1)./ a 204%112%4 %33 B VB
¢!
q15C66(8y €144915 . (%11 C€44(¢2 — ¢1)(—x33 (162 T %11
A @ - e L e = ) (x4t + )
205(11) (1)«/ 20{)(11’5%4 X33 v B '

044(4“(2) §1(2))(011 + 6134“1(2)4“2(2))

2).(2
20(75,” VD

bl

Ayj=0, j=1,4,56, Axp=-—
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2 2 2,2
_C44(§2( ) 4“1( ))(63341( )52( )+ e13)

A3z; =0, j=1,456, Ap=

1 1
_614%33@2( - é“]( )

2).(2
262 6PVD

’

j:27394761

A41: , A4=0, .=2,3,5,6,
2 lB 1 : !
6115%33(§2( ) - Cl( )
A51 = — s ASj = 07
2/ B
Agj =0, j=1,5.

Now, taking into account that

¢V =ibj, by >0, j=12,
(P =idj. dj >0, j=1.2, ifD>0,

(P =a+ib, P =—a+ib, a>0, b>0, (P¢?P=—

we obtain (6.17)—(6.22).

c11 .
—, ifD <O,
€33

One can calculate the homogeneous symbol matrix UE = oxc(x1, 0, +1) corresponding to the system (6.23) quite

similarly.
Now we prove that

A14A4 + A15As1 < 0.
In view of the inequalities (6.24) and the relation

252
ce633(by — b1)" ey

A14A4 + A15A5 = — 1Bb1by

(B.5)

_ Lefygisxasbr — by) [ x11 caq(by — by) Oe33biby + x11)

o 2/ B%113124 %33

and since
by — b >0,

b1 >0, B>0,

it is sufficient to show that

a1 caalby — b)) Gezsbiby + )

0.
733 VB

Rewrite this inequality as
B > cye33(by — b1)?(e33bib 2
x11B > cgx33(by — b1)"(x33b1b2 + 211)”".
Taking into account the equalities
_ 2 _ _A C66%11 _ [ce6%11
(b2 —b)” = C44%33 2\/ c4q4x33° biby = V caaxsz’

we find that (B.7) is equivalent to the relation

2
%11<A - 4644066%11%33) > C44<A - 2\/044066%11?533) <%33

In turn the last inequality is equivalent to the following one

C66711

x11 (A + 2«/C44C66%117f33> > C44 (%33

)

(B.6)

(B.7)
B = A% — 4cgpcagni 133,

2
%11) .

C66X11
€44%33

c 2
+ %11) .
C447(33
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At last, substituting here A = 2%4 ~+ caax11 + ce62¢33 We arrive at the evident inequality

2 2
3+ (Veaanl + eaann1)” > (Veann + eannn) .

Thus (B.6) is valid and consequently (B.5) holds as well.
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