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MIXED BOUNDARY-TRANSMISSION PROBLEMS OF THE GENERALIZED
THERMO-ELECTRO-MAGNETO-ELASTICITY THEORY FOR PIECEWISE
HOMOGENEOUS COMPOSED STRUCTURES

TENGIZ BUCHUKURI', OTAR CHKADUA2 AND DAVID NATROSHVILI3:4

Abstract. The paper is devoted to the investigation of mixed boundary-transmission problems for
composed elastic structures consisting of two contacting anisotropic bodies occupying two three-
dimensional adjacent regions with a common contacting interface, being a proper part of their
boundaries. It is assumed that the contacting elastic bodies are subject to different mathematical
models. In particular, we consider Green-Lindsay’s model of generalized thermo-electro-magneto-
elasticity in one elastic component, while in the other one, we considered Green-Lindsay’s model of
generalized thermo-elasticity. The interaction of the thermo-mechanical and electro-magnetic fields
in the composed piecewise elastic structure is described by the fully coupled systems of partial dif-
ferential equations of pseudo-oscillations, obtained from the corresponding dynamical models by the
Laplace transform. These systems are equipped with the appropriate mixed boundary-transmission
conditions which cover the conditions arising in the case of interfacial cracks. Using the potential
method and the theory of pseudodifferential equations on manifolds with a boundary, the uniqueness
and existence theorems in suitable function spaces are proved, the regularity of solutions is analyzed
and singularities of the corresponding thermo-mechanical and electro-magnetic fields near the inter-
facial crack edges are characterized. The explicit expressions for the stress singularity exponents are
derived and it is shown that they depend essentially on the material parameters. A special class of
composed elastic structures is considered, where the so-called oscillating stress singularities do not
occur.

1. INTRODUCTION

In the present paper, we consider a boundary-transmission problem for a composed elastic structure
consisting of two contacting bodies occupying two three-dimensional adjacent regions Q1) and Q(2)
with a common contacting interface, being a proper part of the boundaries Q") and 9Q(2) (see Figure
1). We analyze the case in which contacting elastic bodies are subject to different mathematical
models. In particular, we consider Green-Lindsay’s model of generalized thermo-electro-magneto-
elasticity in QM) and Green-Lindsay’s model of generalized thermo-elasticity in Q(?). Theoretical study
of such problems attracts great attention due to the widespread application of modern sensing and
actuating devices based on the ability to transform mechanical, electric, magnetic and thermal energies
from one form to another. Therefore, the mathematical models having regard to the coupling effects
between thermo-mechanical and electro-magnetic fields in elastic composites became very popular
over the last decades (see, e.g., [1,28,29,34], and references therein).

A remarkable feature of the generalized Green-Lindsay’s model is a finite speed of heat propagation
in contrast to an infinite speed of heat transfer occurring in the classical heat equation theory (see,
e.g., [32]).

We investigate a general mixed boundary-transmission problem for the above described two-compo-
nent elastic structure with the appropriate boundary and transmission conditions which cover the
conditions arising in the case of interfacial cracks. In each region we consider the corresponding
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system of partial differential equations of pseudo-oscillations containing a complex parameter 7. These
systems are obtained from the corresponding dynamical models by the Laplace transform.

Using the potential method and the theory of pseudodifferential equations on manifolds with a
boundary, we study the mixed boundary-transmission problems and prove the uniqueness and ex-
istence of solutions in appropriate function spaces. Further, we analyze regularity of solutions and
characterize singularities of the corresponding thermo-mechanical and electro-magnetic fields near the
exceptional curves (crack edges, lines where the different type boundary conditions collide, and inter-
face edges). In the upcoming papers, we plan to use the obtained results in the study of asymptotic
properties of solutions of the corresponding dynamical problems.

Remark that in [8], we have investigated the mixed type boundary value problems of the theory
of generalized thermo-electro-magneto-elasticity for homogeneous anisotropic materials with interior
cracks. The interfacial crack problems for multilayered piecewise homogeneous anisotropic nested
elastic structures, when all interacting components are subject to generalized thermo-electro-magneto-
elasticity model with distinct material parameters in distinct elastic components, are considered in
the reference [26]. The present investigation can be considered as a continuation of papers [5,8-10,24]
and [26], but it turned out to be more difficult as far as it refers to the interaction between different
dimensional physical fields (for the six-dimensional field in Q") and four-dimensional field in Q) see
the problem setting in Subsection 2.4).

The paper is organized as follows. In Section 2, we describe the geometrical structure of the elastic
composite body consisting of two interacting components, write down the governing pseudo-oscillation
equations of Green-Lindsay’s model of generalized thermo-electro-magneto-elasticity (GTEME model)
and generalized thermo-elasticity (GTE model), formulate the mixed boundary-transmission problem
and prove the uniqueness theorem in appropriate function spaces. In Section 3, we reduce equiv-
alently the boundary-transmission problem to the system of boundary pseudodifferential equations,
investigate the mapping properties of the corresponding pseudodifferential operator and prove the
invertibility of the pseudodifferential operator in appropriate Bessel potential and Besov spaces. Fur-
ther, we prove the theorem on the existence of solutions to the original mixed boundary-transmission
problem, study asymptotic properties of solutions and their derivatives near the exceptional curves
and evaluate explicitly the corresponding stress singularity exponents. It should be mentioned that in
our analysis, we essentially use some approaches and results presented in [7] and [8]. In Section 4, we
consider a particular case when an elastic solid medium occupying the region Q1) belongs to the 422
(Tetragonal) or 622 (Hexagonal) classes of crystals or to the class of transversally isotropic materials,
while the solid medium occupying the domain Q) is an isotropic material. These types of media
includeF some key polymers and bio-materials (see [31]). For this particular problem, we analyze the
asymptotic properties of solutions near the interfacial crack edges and derive explicit expressions for
stress singularity exponents, playing an essential role in fracture mechanics. The stress singularity
exponents essentially depend on the elastic, piezoelectric, piezomagnetic, dielectric and permeability
constants. We prove that unlike the classical elasticity theory, in the case under consideration we have
no oscillating stress singularities for physical fields near the interfacial crack edges. However, it should
be mentioned that in comparison with the classical elasticity case, the stress singularity exponents
increase and are greater than %, in general.

In Appendix, for the reader’s convenience, we collected some auxiliary results used in the main text
of the paper.

2. FORMULATION OF THE MIXED BOUNDARY-TRANSMISSION PROBLEM

2.1. Geometrical configuration of the composite. Let Q1) and Q) be the bounded disjoint
domains of the three-dimensional Euclidean space R? with boundaries 92 (") and 99 (), respectively.
Moreover, let Q™) and 99 (?) have a nonempty, simply connected intersection T := 9Q 1) N9 2 of
positive measure. From now on, I will be referred to as an interface. Throughout the paper, n = n ()
and v = n? stand for the outward unit normal vectors to 9Q (1) and to 99 (?), respectively. Clearly,
n(z) = —v(x) for z € T.
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FiGURE 1. Composed body

Further, let T' = WU_E, where I'¢ is an open, simply connected proper part of I'. Moreover,
I'rNT'c =g and o' NT'¢c = @.
We set SJS,Q) = 0Q@N\T and SM := 9Q W\ T. Further, we denote by Sl()l) some open, nonempty,

proper sub-manifold of S and put S ]E,l) =S\ 8 [(,1). Thus, we have the following dissections of
the boundary surfaces (see Figure 1):

900 =TruTousPusl, a0® =TruTousy.

Throughout the paper, for simplicity, we assume that 92 (2, 9Q (1) (’“)S]E,Q), ol'r, Ol ¢, 85[(,1), (95’]5,1)

are C>°-smooth and 9Q ) N Sl()l) =g.

Let Q™ be occupied by an anisotropic homogeneous elastic medium revealing thermo-electro-
magnetic properties described by Green-Lindsay’s model of generalized thermo-electro-magneto-elas-
ticity and Q(® be filled by an anisotropic homogeneous elastic medium (e.g. metallic solid) with
properties described by Green-Lindsay’s generalized thermo-elasticity model. These two bodies inter-
act along the interface I' with the interfacial crack I'c. Moreover, it is assumed that the composed
body is fixed along the sub-surface S 1()1) (the Dirichlet part of the boundary 922 (1)), while on the

sub-manifolds S 15,2) and S ]E,l) we have the Neumann type boundary conditions.
In the domain Q1) we have a six-dimensional physical field described by the displacement vector
u® = (ul(l),uél),uél))T, the electric potential uil) = ¢ the magnetic potential u5(1) =),

and the temperature distribution function uél)

= 9D, while in the domain Q® we have a four-
dimensional thermoelastic field represented by the displacement vector u (2) = (ul(Q), u2(2), u§2))‘r and
temperature distribution function uf) =1, The superscript ()T denotes transposition operation.

Throughout the paper, the summation over the repeated indices is meant from 1 to 3, unless

otherwise stated.

2.2. GTE Model. In the domain £ of the composed body, the system of pseudo-oscillation equa-
tions obtained from the dynamical equations of the generalized Green-Lindsay’s linear model of ther-
moelasticity in matrix form reads as (see [7,11])

A® (O, T) U(2)(x,7') =@ (x,7),



166 T. BUCHUKURI, O. CHKADUA AND D. NATROSHVILI

where U (2) = (ul(z), u2(2),u?52) uf)) = (u@ ;9 @) T is a sought for complex-valued vector function,
o2 = (<I>§2), cee @512))T is a given vector function, and

A 0,,7) = [AD (02,7

4x4
e\ 0050 — 0D %6 3xs [~(1+ 1A 0j1a1 o)
[_T)‘kl)athB 77jz 8j81 - 7'do 2 72h(§2) Axd
Here, 7 = 0 + iw is a complex parameter, u(? = (“1( ) u2(2),u?52))—'— is the displacement vector,
(2) = 9@ = T@ _ Ty is the relative temperature (temperature increment), o® is the mass

@) @) %)

den51ty, Cijja are the elastic constants, »,; are the thermal conductivity constants, )\fj are the

coefficients, coupling thermal, electric and magnetic fields, Vé2) and hé2) are two relaxation times,

déQ) is the constitutive coefficient; Ty > 0 is the initial temperature, i.e., the temperature in the
natural state in the absence of deformation and electromagnetic fields. We employ the notation
0= (91 = (61,(92,(93), Bj = 6/(91:]

For an isotropic medium we have (see [22]):

el = A 65 0+ p® (B by + 0 ), AL =A@ oy, 0P =n® sy, (2.2)

where A (?) and 1(?) are the Lamé constants and 6;; is Kronecker’s delta.
The stress operator in the generalised thermo-elasticity theory has the form

T(2)(aza v, T) = [Eéz)(ama v, T) }4><4

| eSiviales FO PN Y0
n 2
(0] 3 WJ‘(z)Vjal Axd
Note that for a four-dimensional vector U (2) = (u1(2) u2(2), u§2), uf))T we have

TO(@,, 0,7 U = (62 v;, 020,02 vy, Ty 4P v;) T

3

where a,(C ), k,j = 1,2,3, are components of the stress tensor, o(?) = (ag)uj,ag)uj,ag)yj) is the

mechanical stress vector and ¢ = q]@)

details see [7]).
The constants involved in the above equations satisfy the following symmetry conditions:

v; is the heat flow across the surface element with normal v (for

ch=cB =ei . AP =0 P =P ik 1=1,2,3. (2.3)

Moreover, from physical considerations related to the positive definiteness of the potential energy, it
follows that there exist positive constants ¢y and ¢; such that

2 2 o
i€ > o€ &y nDEE 2 &€& forall &= €R, & €ER, i,j=1,2,3. (2.4)
In particular, the first inequality above implies that the density of potential energy

E(2)(u(2),u(2)) 0(2& S( ) Sl(k2)7

corresponding to the real-valued displacement vector u(?), is positive definite with respect to the
symmetric components of the strain tensor 51(13) = 8,512) 2710y, uj(z) +0; u,g2)).
By A®9(—i¢) with ¢ € R® we denote the principal homogeneous symbol matrix of the operator

AR (9,,71),
[Cr(?z)ngj&bxs [0]3%1

AR (—ig) = ABO(ig) = —ABI(¢) = — 2
[0]1x3 77j(z g6

4x4
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The symmetry conditions (2.3) and inequalities (2.4) imply that the matrix A(%0)(¢) is positive defi-
nite, i.e., there is a positive constant C' depending only on the material parameters such that

(ACO(E)¢-¢) = (= AR (—ig)¢-¢) = ( Z AZO (¢ C;Zk) > Clel?[¢l?
k.j=1

for all £ € R® and for all ¢ € C*.

Here and in what follows, the central dot denotes the scalar product in the space of complex-valued
vectors C™ and the over bar denotes complex conjugation.

2.3. GTEME Model. In Q)| the thermo-mechanical and electro-magnetic fields are governed
by the following pseudo-oscillation system of equations of Green-Lindsay’s thermo-electro-magneto-
elasticity theory (see [7]):

AV (0, VUMD (z,7) = oW (z,7),
where

A(l)(amvT) = |:A(1)(817T):|6 6
X

[ mkl@ 6[ — Q(l T 5rk]3><3 [el(ij)-ajal]g,xl [ql(jj)-ajal]gxl [—(1 + V((Jl)T))\(l.)a»]gxl T
._ €S0 1x3 ) 0,0 aly0;0 ~(1+ 5 7)p}"0; (2.5)
B [~ 4105013 o) 0;0, 'y 0,0 ~(1+ P r)mMo; '
i IR Moy 0050 — 2h{ —rdfV |

is the differential operator associated with the pseudo-oscillation equations of the thermo-electro-
magneto-elasticity theory, obtained by the Laplace transform from the corresponding dynamical
equations, UM = (ugl),u(l) ugl),ug),ugl), (1)) (u(l) IORTICONTICY )T is the sought for complex-
valued vector function, u(") = (u 51)7 gl), gl)) denotes the displacement vector, ) and ¢ stand
for the electric and magnetic potentials and ¥ (1) = 7 _ T} is the relative temperature (temperature
increment), and &) = (fb(l) él))T is a given vector function. Here we also employ the following
notation: o) is the mass dens1ty, glj)kl are the elastic constants, e;}g)l are the piezoelectric constants,

qﬁ% are the piezomagnetic constants, %J(-Ilc) are the dielectric (permittivity) constants, uﬁ) are the

magnetic permeability constants, a(? are the electromagnetic coupling coefficients, pgl) (1) and
(1)

)\(1 are the coefficients, coupling thermal field with displacement, electric and magnetic ﬁelds Mk
are the heat conductivity coefficients, T} is the initial reference temperature, that is, the temperature
in the natural state in the absence of deformation and electromagnetic fields, 1/(()1) and h(()l) are two
relaxation times, aél) and d((Jl) are some constitutive coefficients.

Throughout the paper, we assume that the time relaxation parameters uél) and ué2)
operators (2.5) and (2.1) are the same and we set

I/él) = 1/82) = 1.

involved in

The constants involved in the above equations satisfy the following symmetry conditions:

1 1 1 1 1 1
ikt = Gkt = Chings k1) = Ciyts Ght) = Ghi

(2.6)
1 1 1 1 1 1
S Y R N Y
From physical con51derat1ons it follows that (see, e.g., [3,27,32]):
ciErihn = Ooku Enr, s 68 = OVIER, pll s = Bale?, nl e > dslel 27)

for all & =&k € R and for all € = (£1,62,83) € R3,
v >0, WV >0, d v —n >0, (2.8)
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where g, 01, d2, and d3 are the positive constants depending on material parameters.
Due to the symmetry conditions (2.6), with the help of (2.7), we easily derive

Ciﬁz@j@ > 60CuiCrls %;(CE-)CkC_j > 61l¢)?, M](glj)CkC_j > 6,¢J7, nz(g;)CkC_j > 63 ¢I?,
for all ¢; = (1 € C and for all ¢ = ((1,¢2, () € C°.

More careful analysis related to the positive definiteness of the potential energy and the thermody-
namical laws insure that the following 8 x 8 matrix

(2.9)

[%J(-ll)]sm [a;})bxs [Pg-l)]sxl [vOp§1)]3x1
[a(-l)]3 3 [M(-l)]3 3 [m(-l)]s 1 [Momglaxa
M= [Mlsxs = | 1 " e L 0 (2.10)
[p; lixs [m; " ]1x3 dg hg
[vOp§1)]1x3 [Vomg-l)]lm h((Jl) Voh((Jl) .
is positive definite (see [7]). Note that the positive definiteness of M remains valid if the parameters
pg-l) and mg-l) in (2.10) are replaced by the opposite ones, —pg-l) and —mg-l). Moreover, it follows that
the matrices " 0
1 1 (1) (1)
A(l) — [%kj ]3><3 [a’kj ]3><3 7 A(z) _ dO h’O (211)
[a;(clj)]sm [M;(clj)]sm h$Y woho
6x6 2x2
are positive definite as well, i.e.,
4 GG+ g (G + G+ GG 2w (P + 1) v et (212)
dél)|z1|2 + ho(zlﬁ + z_122) + Vohél)|22|2 > Hgl) (|21|2 + |22|2) V21,29 € C, (2.13)

with some positive constants mgl) and Iiél) depending on the material parameters involved in (2.11)

(for details see [7]).
The stress operator 71 (0z,n, T) in the generalized thermo-electro-magneto-elasticity theory reads
as

T(l)(am,n, T) = [7;((11)(895, n,T) }

6x6

[C%Llnj‘al]&d [el(:;njal]gxl [qf:}njal]gxl [—(14—1/07’)/\%)71]-]3)@

a [—eg}c)lnj[)l]lxg %§}>njal a;})njal —(1+ VoT)pg»l)nj
[—q](é%njal]lxg a§})nj81 u§})nj81 —(1 + Vor)mgl)nj
[0]1><3 0 0 nﬁj)njal 6x6

Note that for a vector U1 := (u(l), IORTION 19(1))T, the components of the corresponding general-
ized stress vector 7™ UM have the following physical sense: the first three components correspond to
the mechanical stress vector in the theory of generalized thermo-electro-magneto-elasticity, the forth
and the fifth components correspond to the normal components of the electric displacement vector
and the magnetic induction vector, respectively, with opposite sign, and finally, the sixth component
is (—T5 ") times the normal component of the heat flux vector (for details see [7, Ch.2]).

Denote by A(l’o)(—iﬁ) with ¢ € R? the principal homogeneous symbol matrix of the differential
operator A1) (9,, 7). We have

[—cf«ﬁlﬁj&]m [—egigﬁjﬁlbxl [_ql(jj)'gjgl]le [0]3x1
e &ilixs —)66 —a})&;6 0
[qj(‘zgjgl]le —ag-})ﬁj& _Mg-})fjfl 0
[0]1x3 0 0 —77§ll)§j§z ot

AL (=ig) = —AT(g) =
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From the symmetry conditions (2.6), inequalities (2.7) and the positive definiteness of the matrix
AM defined in (2.11) it follows that there is a positive constant C' depending only on the material
parameters such that

Re (A6 = e (32 ALPIOGG) 2 Pl
k,j=1

for all € € R® and for all ¢ e CS.
Therefore, —A™M (9, 7) is a non-selfadjoint strongly elliptic differential operator.

2.4. Formulation of the Mixed Boundary-Transmission problem. By W, Hj and B; , with
r>20,seR 1<p<oo 1< qg< oo, wedenote the Sobolev—Slobodetskii, Bessel potential, and
Besov function spaces, respectively, (see, e.g., [33]). Recall that Hy = W3 = By,, H5 = Bj,,
Wg = p > and Hk Wk for any r > 0, for any s € R, for any positive and non-integer ¢, and for
any non-negative 1nteger k

Let My be a smooth surface without boundary. For a proper sub-manifold M C My, we denote
by Hs(M) and B (M) the subspaces of H3(My) and B (M), respectively,

H3 (M) ={g: g€ Hi (M), supp g C M},
By (M) ={g: g€ Bj,(My), supp g C M},

while Hj(M) and B, (M) stand for the spaces of restrictions on M of functions from H,; (M) and
B ,(Mo), respectively,

Hy(M) = {rf: f€H(Mo)}, By (M)={ruf: fe€B,, (Mo},
where 7, is the restriction operator onto M.
Now we formulate the mixed boundary-transmission problem: Find vector functions

U(l) = (u(1)7 90(1)71/1(1)719(1))T = (ugl)u B ,uél))T : Q(l) — (Cﬁa
U® = @w®90)7 =@, . w7 o® 5

belonging, respectively, to the spaces [W, (2 CN)* and W, (QNS with 1 < p < 0o and satisfying
(i) the systems of partial differential equations:

AN (0, VUMD =0 in QW) (2.14)
AP (0, Y UP =0 in QP (2.15)
(ii) the boundary conditions:
(TOO.n UV} = QW on 5, (2.10)
{T (Op, v, 7) 2)} Q® on SJS,Q), (2.17)
(U = f<1 on 5%, (2.18)
{u$"}* = fi on Tr, (2.19)
{u$"}* = f5 on Tr, (2.20)
(iil) the transmission conditions on T'r :
+
{u§1>} — PV = f on Ty, j=1,2,3 (2.21)
+
{Uél)} _ {u(2)}+ = f6 on I'p, (222)
{[TO 0, n, WUD] T+ {[T® (00, v, HUD)} = Fj, o Tp,  j=1,2,3, (2.23)

{[TM(8,,n, TU(I} } +{[TP (0, v, 1)UP]4 } =F,, on I'p, (2.24)
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(iv) the interfacial crack conditions on T'c:

{(TD@,,n, 1)UV} =QW on Te, (2.25)
{T@ @, 1) UD} =Q® on Tg, (2.26)
where n = —v on T,

QW = (@ 0.QP.QM.QMT € [B,7(59)]"

QW = @V, Q0, Q0G0 QM. 0T € [Bg (e ],

Q® = (Q<2 Q;% 2.Q®)" e [B7 (5]

0 = (@2,02,00,0%)" € By To)]. (2.27)

FO = (7O g gD, D g, <”>T € (B (51",

f= (f17f25f37f45f5’f6) [ By %(FT”G,

F:(F17F27F37F4) E[BP_J?(PT)}LL

Note that, in addition, the functions Fj, Q;l), @§1), @ j(Q) and Qj(z) have to satisfy some evident
compatibility conditions (see Subsection 3.1, inclusion (3.22), (3.23)).
We have the following uniqueness theorem for p = 2.

Theorem 2.1. Let Q) and Q) be the Lipschitz domains and either T = o + iw with o > 0 or
7 = 0. Then the mized boundary transmission problem (2.14)—(2.26) has at most one solution pair

(UM, UR)Y in the space [W3 (Q2M)]6 x Wi (Q @4, provided mes Sg) > 0.
Proof. Proof of the theorem is quite similar to that of Theorem 1.1 in reference [6]. O

Later we will prove the uniqueness theorem for p # 2.

To prove the existence of solutions to the above formulated mixed boundary-transmission problem,
we use the potential method and the theory of pseudodifferential equations. To this end, we introduce
the following single layer potentials:

VO () () = / IO — 5,7 h D (y)d, S,

QM)

V.0 (h®) () = / IO~y ) h®(y)d, s,
o0(2)

where T (2, 7) and T (z,7) are the fundamental matrices of the differential operators A1) (9., )
and A (9,,7), respectively, h (1) = (hl(l), . .,hﬁ(l))T and h(® = (hl(z), .. .,hf))—r are the density
vector functions. The explicit expressions of the fundamental matrices T (2, 7) and T® (z, 7) and
their properties can be found in references [7] and [8].

We introduce also the following boundary integral operators generated by the single layer potentials

HO (DY (2) = / T (2 — g, 1) A0 ()dyS, = € 90D, (2.28)
o0

K& (W) (z) = / T (0., n(2), )TV (2 —y,7) KV (y) d, S, 2 € I, (2.29)
o0

HE (hD)(2) = / T (2 — g, 1) A () d,S, =€ a0, (2.30)

o02)
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K@ (h?)(z) = / T, n(2), TP (z —y, 1) KD (y) d,S, =z e dN?. (2.31)
002

Note that 7—[7(-1) and 7—[52) are pseudodifferential operators of order —1, while ICgl) and qu(-z) are pseu-
dodifferential operators of order 0, i.e., singular integral operators (for details see Appendix).
Now, we formulate several auxiliary lemmas proved in reference [8].

Lemma 2.2. Let Rer =0 >0 and 1 < p < co. An arbitrary solution vector U € [W}(Q@)]* to

the homogeneous equation A (0, mU 2 =0in Q@ can be uniquely represented by the single layer
potential

e = yo ([p;z)}—lX(z)) in Q@
where )
P® =271 [, + K, x® = {TOU@}* e [B,}00?)]", (2.32)
and K2 is defined by (2.31).

For the mapping properties and invertibility of the operator PT(2) in appropriate function spaces see
Theorem 5.4.

Lemma 2.3. Let Ret =0 >0 and
PM = 271 [ 4+ K 4+ gHW), (2.33)

where K& and H are defined by (2.29) and (2.28), respectively, and [3 is a smooth real-valued scalar
function on S, not vanishing identically and satisfying the conditions

5 =0, supp 8 C Sj(jl). (2.34)
Then the operators
s 6 s 6
Pl [H 09 = [Hi(09M)]7,
S 6 S 6
pl o [Bs (09W)]" = [B; (09W)]

are invertible for all 1 <p < oo, 1 < g < o0, and s € R.
As a consequence, we have the following

Lemma 2.4. Let Re7 = 0 > 0 and 1 < p < co. An arbitrary solution UM € (W, QM8 to the

homogeneous equation A(l)(am,T)U(l) =0 QW can be uniquely represented by the single layer
potential

Ub =y ([PO] 7 y) in O,
where )
X ={TOU 4+ UM} € [B,F(00M)]°.

3. THE EXISTENCE AND REGULARITY RESULTS

3.1. Reduction to boundary equations. Let us return to problem (2.14)—(2.26) and derive the
equivalent boundary integral formulation. Keeping in mind (2.27), let

. JQU o SP Lo [Q® on S,
Q(l) on FCv Q(z) on FCv (31)
aW e Bl ure)]®, 6@ e [B PSP ure)],
and

_1 6 1 4
GV = (G G T € [Bog (09M)]°, GP = (G, G € [Bpp (090" (3.2)
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be some fixed extensions of the vector functions G (1) and G 2, respectively, onto Q1) and 99 ()
preserving the space. It is evident that arbitrary extensions of the same vector functions can then be
represented as
GV =aM o+, @@ =gP +n®,
where
b= (W) € [Byp(s9)]°
~_1
R = (e T € [Bpg (Tr)]°, (3.3)

1
h) = (h1(2)7 R hf))—r € [Bp);’ (FT)]
are arbitrary vector functions.

We look for a solution pair (U V), U?)) of the mixed boundary-transmission problem (2.14)(2.26)
in the form of single layer potentials

U0 =@, ud T =VO(POIT G 4w+ hM]) i 0O, (3.4)
U@ — (u1(2),~--7uf))T _ VT(z)([PT(z)]—1 [Géz) +h(2)} ) in Q@ (3.5)

where PV and P{* are given by (2.33) and (2.32), and A1), A and v are the unknown vector
functions satisfying inclusions (3.3).
Keeping in mind (2.34), we see that the homogeneous differential equations (2.14), (2.15), the
boundary conditions (2.16), (2.17) and the crack conditions (2.25), (2.26) are satisfied automatically.
The remaining boundary and transmission conditions (2.21)-(2.24) lead to the system of pseudo-
differential equations for the unknown vector functions v, h") and h (|

P [HO[POI(GE) + ¢+ hM) ] = £ on S}, (3.6)
D
rey [HO [POIH(GH + 9+ D)) = f; on Ty, j=4,5, (3.7)
rep [ [POTHGE +9 4+ 0D = v [HP [PO]HGE? + @), = f; on Tr,
j=1,2,3, (3.8)
e, [7_[7(_1) [PT(l)]—1 (Gél) + b+ h(l))]G — 7, [HT@) [pT(z)]—1(Gé2) + h(z))]4 = fg on I'p, (3.9)
Tr, [G,(Jl) + 1+ h(l)]j +rr, [G,(JQ) + h(2)]j =F; on I'r, j=1,2,3, (3.10)
1oy (G + 9+ B WJgtry, (G + 0Py = Fy on Ty (3.11)
After some rearrangement we get the system of pseudodifferential equations
(1
o [HD [PD]Y (p + hD)] = FO on S5 (3.12)
rep [HO PO (9 +BD) ] = fj on Tp, j=4,5, (3.13)
re, [HY [PW] (4 + h(”)]j — e, [HP [PP] 1(h(2))]j =f; on I'p, j=1,2,3, (3.14)
ro, [HO [POT (@ + BO)] = v [HP PO (R@)], = fs on T'p, (3.15)
re, B +r B =F; on Ty, j=1,2,3, (3.16)
ey b8 +r B =Fy on T, (3.17)
where
= h = W“ PG, € By (S9)), k=T06, (3.18)
D

~ 1—1 .

=t =, [HY LG € By (D), j=4,5, (3.19)

~ _ 1—1 .

fi=fi e, (MO PGP ]~ [HO [PO1 GV € By (D7), §=1,2,3, (3.20)
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= —1 A2 —1 A0 1-3

fo = fo+ro, [HP PO G, =, [HO PR GV € Byy? (Tr), (3.21)
~ ~_1

Fy=Fj—r, G\ —r, G er. B p(Ur), j=1,2,3, (3.22)
~ ~_1

Fyi=Fy —r, G —r. G er, Byg (Ir). (3.23)

Inclusions (3.22), (3.23) are the compatibility conditions for the mixed boundary-transmission problem
under consideration. Therefore, in what follows, we assume that F); are extended from I'r onto the

-~ .1 -
manifold 9Q ) U QM \ 'y by zero, ie., F; € By} (T'r), j =1, 4.
Introduce the Steklov—Poincaré type 6 x 6 matrix pseudodifferential operators

AD =MD [P AL = ) (PP)

Let
(A (A (A 00 (A7) ]
(Ao (AP)2e (A5 0 0 (AP)ay
B2 .— (A5 (AP (AP 0 0 (AP
T 0 0 0 00 0
0 0 0 0 0 0
L (Ar(z))41 (Ar(2))42 (Ar(z))43 0 0 (Ar(z))44 Jexe

Taking into account equations (3.16) and (3.17), we can rewrite equations (3.13), (3.14), (3.15) in a
matrix form and, finally, the whole system (3.12)-(3.17) can be rewritten as follows:

o ALY @+ hY) = F on 8P, (3.24)
ey AD (¢ + 2 W)+ BERD =G on Ty, (3.25)
o, WY 4 WP =F; on Iy, j=T3, (3.26)
rop b + 1o h® = Fy on T, (3.27)
where

FO = (F0 L T € [ By (SO, (3.28)
g:=(q,---,96)" € [B;;%(PT”Ga (3.29)
= fj+re, [HP[PP]F], j=153, (3.30)

Gi = fa, G5 = f5. G5 = fo +r [HO[PA fh,
F:=(F,.. k) e [E;%(FT)]“. (3.31)

It is easy to see that the simultaneous equations (3.12)—(3.17) and (3.24)—(3.27), where the right-hand

sides are related by equalities (3.18)—(3.23) and (3.28)—(3.31), are equivalent in the following sense: if
1 ~1 1

the triplet (¢, (D), h ) € [Byp 2 (S9)]6 x [Bp2 (T1)]® % [Bp% (Tr)]* solves the system (3.24)—(3.27),

then (v, AV, h(2)) solves the system (3.12)—(3.17), and vice versa.

3.2. The Existence theorems and regularity of solutions. Here we show that the system of
pseudodifferential equations (3.24)—(3.27) is uniquely solvable in appropriate function spaces. To this
end, let us introduce the notation

1 1
TS(DI) AS-) TS(I) AS') TS(Dl) [0]6X4
NT = "oy 5'1) "oy [‘Aﬁl) +B"EQ)] Trp [O]6X4 ’
7, [0]axe Trp laxe Tep da 16006
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1 00000
;.01 0000
X6-=19 0 1 0 0 0
00000 1),
Further, let
:(wv (1)7 2))T7 = (]77 Ziu ﬁ)'l'7
X; = [ By, (55))]" [ S0 % [By (001",
YS:[BS+1 s“)}ﬁ [Bs“ rr)]° x [Bs,(Tr)]",
s 6 5 4
XZD‘I :[ ] [ FT)] [Bp,q(FT)] )
Y, :[BS“ S“)} [BS“(P )1° % [ B (Cr)]"

Note that
X3=X59, Y5=Y35,, VseR
System (3.24)—(3.27) can be rewritten as follows:
N, D =Y, (3.32)
where ® € X7 is the sought for vector function and Y € Y is a given vector function.
Due to Theorems 5.3 and 5.4, the operator N, has the following mapping properties:
N, XS — YS
N, XS —Y?

p,q’

(3.33)

forallse R, 1 <p<ooand1<q<oo.

As it will become clear later, the operator (3.33) is not invertible for all s € R. The interval
a < s < b of invertibility depends on p and on some parameters v and v” (see (3.40)—(3.43)),
which are determined by the eigenvalues of special matrices constructed by means of the principal
homogeneous symbol matrices of the operators A(Tl) and AQ) + 87(2) . Note that the numbers ~y’
and v” define also Holder’s smoothness exponents for the solutions to the original mixed boundary-
transmission problem in the neighbourhood of the exceptional curves 85’8), Ol'c and OT". We start
with the following

Theorem 3.1. Let the conditions

N

1 1 1
l<p<oo, 1<¢g< o0, ——1+7"<8—|—§<—+7/ (3.34)
p p

be satisfied with v' and ~v" given by (3.43). Then the operators in (3.33) are invertible.

Proof. We prove the theorem in several steps. First, we show that the operators (3.33) are Fredholm
ones with a zero index and afterwards we establish that the corresponding null-spaces are trivial.
Step 1. Let us note that the operators

roy AL L [B (Tr)]° = [ B sH)]°,
D N o . (3.35)
e A [ B (SO = [ BT ]

are compact since Sg) and ['p are disjoint, Sg) NT7 = @. Further, we establish that the operators

P A s [y (850 - (115 (5],

re [AD+B@] ¢ [Hy2(0r)]° = [HE ()] (3.36)

are strongly elliptic Fredholm pseudodifferential operators of order —1 with a index zero. We note
that the principal homogeneous symbol matrices of these operators are strongly elliptic.
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Using Green’s formula and Korn’s inequality, for an arbitrary solution vector UM € [Hj(Q1))6 =
W3 (2™M))6 to the homogeneous equation

AV, UM =0 in QW
by the standard arguments we derive (see, e.g., [7,8])

Re <[[](1)]“"7 [T(l)U(l)]+>BQ(1) C1 || U ||[H1 Q(l)) — C2 || U ||[H0 Q(l))] (337)

where (-,-) ., denotes the duality pairing between the spaces [H% (0QW)] % and [H_% (09 (1))}6.
Substitute here UM = VY ([PY]71¢) with ¢ € [HQ_%(Z)Q(”)]G. Due to the equality

¢ = PWHM UMYt
and boundedness of the operators involved, we have

2 < M+2
12 e ST 4

with some positive constant ¢*. By the properties of single layer potentials, we have
(U0} MO {TOUOY = (= Lo k) [P]
By the trace theorem, from (3.37), we deduce

_ _ -1
Re ([P IC, (27 g + KO 4+ 3HO) [P <>69m AL

+| B HO P — || V(P

—1
H2(8£2(1)) <) H[HS(Q“))]G'

Thus we have

(1) p(1)]—1 2
Re (H3[P7]77¢, <>an(1) i 1H<H 2(69(1))]

+|| BHO PO e | VIV (P

—1
H2(8£2(1)) ¢) H[HS(Q w)e-

In particular, in view of Theorem 5.1, for arbitrary ¢ € [H, (S ) )]6, we have

|| U ||[H0(Q (1) ** || C ||2 S(l))]

and, consequently,

Re(r o, HPTTC Q) 2 uwcnt, IICHQ (3.38)

o (1) S(l)) S(l))]

From (3.38), it follows that

1 1
rp AV = O s [Hy 2 (5] - [H (5]
is a strongly elliptic pseudodifferential Fredholm operator with index zero (see [21,23]).

Then the same is true for the operator (3.36), since the principal homogeneous symbol matrix of
the operator B? is nonnegative (see [25]). Therefore, the operator (3.33) is Fredholm with index
zero for s = —1/2, p = 2 and g = 2 due to the compactness of operators (3.35).

Step 2. With the help of the uniqueness Theorem 2.1, via representation formulas (3.4) and (3.5)
with G(()l) = 0 and Gé2) = 0, we can easily show that the operator (3.33) is injective for s = —1/2,
p =2 and ¢ = 2. Since its index is zero, we conclude that it is surjective. Thus the operator (3.33) is
invertible for s = —1/2, p =2 and ¢ = 2.
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Step 3. To complete the proof for the general case we proceed as follows. The following block-wise
lower triangular operator

1
Ts(l) AS-) ng) [O]GXG ng) [0]6><4
N‘SO) =T, [0]6x6 Trp [As'l) +B7g2)] Trp [06x4
7, [0]axe Trp Laxe A F PP

is a compact perturbation of the operator A;. Let us analyze the properties of the diagonal entries
> 1 1)\ 16
ro A By (Sp)1° = [Byisp)]",
D

e, [AD +B@ T 2 [By, (Cr)]® — [ B (Tr) ]
Let
61(‘T7§17§2) = G(Ag'l);x7§17§2)

be the principal homogeneous symbol matrix of the operator A(Tl) and let )\j(l)(:v) (j = 1,6) be the
eigenvalues of the matrix

Dy (2) == [6:1(2,0,41)] " & (2,0,—1), z€SH).
Similarly, let
Ga(,61,62) = 6(AN + B 2,61, &)
be the principal homogeneous symbol matrix of the operator AW 1+ B and let A j(Q) () (j =1,6) be
the eigenvalues of the corresponding matrix
Do(z) = [Sa(x,0,4+1)] " &5(2,0,—1), x € Ty (3.39)

Note that the curve 9I'r is the union of the curves, where the interface intersects the exterior boundary
OI', and the crack edge 0I'¢, O'r = OT' U 0T .
Further, we set

. 1 1 1 1
= i aeaP@), = s o aw AP, (3.40)
w€08p’,1<j<6 <7 z€ds? 1<)<6
: 1 2 1 2)
L= f — arg A? - — arg \P(a).
V2 weBF;I,llgjgﬁ o arg A; (), 5 EEOFSTI)I&KG o arg A; (x) (3.41)

It can be shown that one of the eigenvalues is equal to 1, say )\6(1) =1
4.4], [7, Subsection 5.7]) and [8, Theorem 4.7]. Therefore we have
M <0, 7 >0 (3.42)

Note that 7/ and v/ (j = 1,2) depend on the material parameters, in general, and belong to the

(for details see [6, Subsection

interval (—3, ). We put

v i=min{y}, 5}, " i=max {4}, 15} (3.43)
In view of (3.42), we have
1 1
—§<7'<0<7"<§. (3.44)

From Theorem 5.5, we conclude that if the parameters r1,72 € R, 1 < p < 00, 1 < g < 00, satisfy the

conditions
! 1+ < +1<1+’ ! 1++4 < +1<1+’
- — Nn<mnts;<-+7% -—--— Yo <T2t 5 < =+,
P ! 2 p " op 2 2 p "7

then the operators

P A [ (sE)] = [Hsp)],

~’I‘1 T1 6
ra A (B SENI — [1Br (5N,
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(1) 27 . [fgr 6 rat1 6
Trp [’A‘r +B5; ] : [Hp (FT)] - [Hp (FT)] ’

AD +B@] ¢ [Br, (7)) = [ B ()]

are the Fredholm operators with index zero.

Therefore, if conditions (3.34) are satisfied, then the above operators are Fredholm ones with a
zero index. Consequently, operators (3.33) are Fredholm with zero index and are invertible due to the
results obtained in Step 2 (see [2]) . O

e |

Now we formulate the basic existence and uniqueness results for the mixed boundary-transmission
problem under consideration.

Theorem 3.2. Let inclusions (2.27) and compatibility conditions (3.22), (3.23) hold and let

3.45
5-2y P12y (3.45)

with ~" and v" be defined in (3.43). Then the mized boundary-transmission problem (2.14)—(2.26) has
a unique solution

D U®) e [Wy@M)]" x (W @),
which can be represented by the formulas
UD =vO (PO G 44+ D)) in QO (3.46)
U@ —v@([PP]GP +h®]) in 0O, (3.47)

where the densities 1, KV and h®) are to be determined from system (3.6)~(3.11) (or from system
(3.24)—(3.27)), while Go(l) and G0(2) are some fived extensions of the vector functions G and G (?)
respectively, onto QM) and 903, preserving the space (see (3.1) and (3.2)).

Moreover, the vector functions Gél) + 1+ h and GO(Q) +h @ are defined uniquely by the above
systems and are independent of the extension operators.

Proof. From Theorems 5.1, 5.2 and 3.1 with p satisfying (3.45) and s = —1/p it follows immediately

that the pair (U (M, U®) ¢ (W, (© ()16 x (W, (© (2))]* given by (3.46), (3.47) represents a solution to

the mixed boundary-transmission problem (2.14)—(2.26). Next, we show the uniqueness of solutions.
Due to inequalities (3.44), we have

*26( 4 4 )
P=2= 3Ty 1229/

Therefore the unique solvability for p = 2 is a consequence of Theorem 2.1.
To show the uniqueness result for all other values of p from the interval (3.45), we proceed as
follows. Let a pair

U, UP) e [Wp@M)]" x [wy@®))*
with p satisfying (3.45), be a solution to the homogeneous mixed boundary-transmission problem.
Then it is evident that

(UM} e (B, iwﬂlw (U} € [By,7 (00)]",
[TOUOL ¢ [ B, (aQU} {T@OU® 7" e[B;E(aQ@))}“.

By Lemmas 2.2 and 2.3, the vectors U ?) and UM in Q@) and Q)| respectively, are representable
in the form

U® =v@([PO] 7 h®) in 0¥, @ = {[TOU® )T
U :VT(1>([p(1>] Ty) in QW = {T<1)U<1>}++[3{U(1>}+.

Moreover, due to the homogeneous boundary and transmission conditions, we have

W® e [By g (rr)]", x=hD + ¢ e Byg(sSM]°, hV e [Byp ()% e [Byg )%
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By the same arguments as above we arrive at the homogeneous system

N; @ =0 with @ := (¢, ), h(2))'r €X,

Due to Theorem 3.1, ® = 0 and we conclude that U® =0in Q® and UM =0 in Q).

The last assertion of the theorem is trivial and is an easy consequence of the fact that if the single
layer potentials (3.46)and (3.47) vanish identically in ) and Q) then the corresponding densities
vanish, as well. O

1
P

The following regularity result is true.

Theorem 3.3. Let the inclusions (2.27) and compatibility conditions (3.22), (3.23) hold and let
l<r<oo,1<qg<o0,
4 1

1 I 1 1 ,
i — 4+ -+ 3.48
<p<1 27/, . 5 fy<s<r D) v, ( )

3—29"
with ' and v defined in (3.43).
Further, let UM € [VVpl(Q(l))]6 and U®) ¢ (W, (2 CN]* be a unique solution pair to the mized
boundary-transmission problem (2.14)—(2.26). Then the following items hold:
(i) o
Qe B SY), P e B USY), £V eBi(SY), fre Bl (Ir), FjeBL'(Tr),
Q;” e B'(Te), QY e BYMTe), k=T, j=T4,
and the compatibility conditions
ﬁj =F; - Trp Gé;) —Tr, G(gj‘) € TFTEi;l(FT)a J=13,
Fv4 = Fy — Tr, Go(é) —Tr, Géi) S Tr, Ef_;l(FT),

are satisfied, then
s+ 1 s+ L
UW e [T QM) U@ e BT Q@)
(ii) if
S eBSY) QP e B (S, KY€ BL(SY)), fue B, (Tr). Fye BT,
QP e B \(re), QY eBi(Tc), k=16, j=1.4,

and the compatibility conditions

=~ 1 2 ns— .
FJ = FJ - TFT GO(]) - TFTGO(j) € TFTB""vql(FT)’ J= 17
ﬁ4 = Fy — Trp GO((IS) —Tr, Géi) = Trp Ef‘;gl(FT)’

3,

are satisfied, then
sl sl
U ¢ [BT,ZT(Q(D)}G, U® ¢ [BT)ZT(Q(@)]‘*;
(iii) if a > 0 is not integer and
W eBELSY), QP e B LY, £V ec(Sy), frec(Tr),

Fye B L(Tr), Qe BLL(Te), @ eBLlo) k=18 j=T174

and the compatibility conditions
ﬁj =F; - Trp Go(gl‘) —Tr, G(gj‘) € TFTEgoTolo(FT)a J=13,

Fyi=Fi—ry, Gig =1y, Go; € e, BS L(Tr),

are satisfied, then

U ¢ ﬂ [Ca’(Q(U)}G, U® ¢ ﬂ [Ca’(Q(z))]z;,

a’'< kK a’'< K
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where k= min{a, 7' + 1} > 0.

Proof. Tt is word for word repeats the proof of Theorem 5.22 in [7]. O

Regularity results for uél) =9 @ and uf) =192 are refined in Proposition 3.4 (see also Theorem
4.1).

Proposition 3.4. Let the conditions of Theorem 3.3 (i) and (3.48) hold, then

Ve (W), uw!? ecre(0®@), (3.49)
where € is an arbitrarily small positive number.

Proof. Due to Theorem 3.3.(i), we deduce
Ut e [Hi*%m“m‘“} U® e B @)

where s and r satisfy (3.48). Note that u = 91 and u( = 9 solve the following mixed
boundary-transmission problem:

77” 8alu —T2h(1)u(1) =QW* in Q)

mlz)aial%z) 2h(2 =Q®* in QX
re, {ug Y =, {uf>}+ = fo on T,
P AT D (0, Y UD6} T 41, [T @ (0,0, 7)U P} = Fy on Tp, (3.50)

TS0, {ITO@,,n, HUD} =G on S§ UTe,
"S® e {[T (0, v, 7)U @]y } =c? on SP UTe,
TS(D”{UG }+ :fél) on Sg ;

where
[TW(0,, n,T)U(l)] = 77Z )i 0 [T @0y, v,7)UP l,= ni(lz) v; 093,
Q(l)* = Tx\gci)aluél - Tpl 8l<p @ _ Tml(l)aﬂ/J(l) + Tdél)ﬂ(l) € HTS+%71(Q(1)),
QW = AVogu® +rdP9® ¢ HIT T (@),
fo € By, (Tr), Fie By '(r), fi¥ e BL.(SR), G e B M Sy uTe),

/ 1 1
Gf) € Bﬁ;l(S]Ef) Ule), s<s <-+ 3 1<r<oo.
' r
Since the symbols of the differential operators —nfl”aiaj and —ni(l2)8i8j are positive, the above prob-
lem can be reduced to the strongly elliptic system of pseudodifferential equations. Moreover, the
corresponding pseudodifferential operator is positive definite. Therefore (see [25])

s s 1 1
uV e HI T W), WP e HIT (@), s<s'<—+5, 1<r<oo
Due to the embedding theorem (see [33]), for sufficiently small § > 0, sufficiently large r and
s'>1/2+1/r —§ we have

QW) corr@m), m @) c o @),

Therefore (3.49) holds with e = 1/r + 6. O
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3.3. Asymptotic behaviour of solutions near the exceptional curves. Here, we study the
asymptotic properties of solutions to the mixed boundary-transmission problem near the interfacial
crack edge OI'c and at the curve OI', where the interface intersects the exterior boundary. Let us set
{:=0lcUol =0l'y.

Note that the regularity and the asymptotic behaviour of solutions near the collision curve 8S](31)
were studied in details in [8].

For the sake of simplicity of description of the method, we assume that the boundary data and the
geometrical characteristics of the problem are infinitely smooth. In particular,

Q" e =@y, @ ec=(s), £V e =3y,
fr € C=(Tr), Fy e C*(Tr), Q" € C>=(Ta),
F=F =1 G = G € CF(Tr), Fyi=Fy—r. G —r., G € C(Tr),
T T T T
QP ec=T¢), i=13, j=T4, k=10,
where C§°(T'r) denotes a space of infinitely differentiable functions vanishing on 't along with all
tangential derivatives.

We have already shown that the mixed boundary-transmission problem is uniquely solvable and
the pair of solution vectors (U (1), U(?)) are represented by (3.46), (3.47) with the densities defined by
the system of pseudodifferential equations (3.6)—(3.11), i.e., (3.24)—(3.27).

Let ® := (¢, hM h )T ¢ X3, be a solution of the system (3.24)—(3.27) which is written in matrix

form (3.32)
N, ® =Y,
where
Y € [C=(5p)]° x [C=(T7)]° x [c(Tr) ]".
To establish asymptotic properties of the solution vectors U () and U near the exceptional curve
¢ = OT'r, we rewrite the representations (3.46), (3.47) in the form

U =vI(PMThe) + V(PP TR®) + RO in 00,
U® =V AP )+ R® i 0O,
where
v e [Bpg (591 A = 1. 0T € [Byp (0r)]",
RO = {10 0 AT € [Bp ()] RO = VORI € [o=@m))',
R® .=y ®(p® ]’1G02)) +V.O(POIF) € [C>@O® ”4, F= (Fl,...,ﬁ;)T

The vectors h (1) = (hl(l), cey hél))—r and ¢ = (11,...,1%6) " solve the following strongly elliptic system
of pseudodifferential equations (see (3.24)-(3.27)):

o) Arl)w e on Sg),
rFT< W4 B =@ on  Tp,
where
=10 = DG = ADR DL k=T,
0o 1

o) = @V, of")T e [c<§5m

P = [+, [ROPD) G ], —r,, AV,
+ TFT [H"@)(PT(Q))_lﬁ}j - TFT [As_l)w]]’ .7 = 172737

= fj = 1o, ADG] = [AWY], j=4,5,
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(I)éz) = f6 + TFT [H‘Sz)(PT@))_lﬁLl - T‘FT [Aﬂ(rl)d]]ﬁu
2@ = (@f,...,0)T e [c=(T7)]"

Applying a partition of unity, natural local coordinate systems and standard rectifying technique
based on canonical diffeomorphisms, we can assume that ¢ = Ol'y is rectified. Then we identify a
one-sided neighbourhood on I't of an arbitrary point & € £ = 0I'r as a part of the half-plane x5 > 0.
Thus we assume that (x1,0) =2 € £ = OT'y and (21, 22,+) € I'p for 0 < x2 4 < € with some positive €.

Denote by m; the algebraic multiplicities of A§2) (1), where A§2), j = 1,6, are the eigenvalues of the
matrix Do (z1) (see (3.39)). Let py(z1),...,m(x1), 1 <1< 6, be the distinet eigenvalues. Evidently,
m; and [ depend on z1, in general, and my + --- +my = 6.

It is well known that the matrix Do (1) in (3.39) admits the following decomposition (see, e.g., [19]):

Dao(z1) = D(a1) Tp, (1) {D(zl)} . (1,0) € 0= Ty, (3.51)

where D is the 6 x 6 nondegenerate matrix with infinitely differentiable entries and Jp, is block
diagonal

Tp, (1) = diag {,ul(azl)B(ml)(l) o m(xl)B(ml)(l)}.

Here, BU)(t), 7 € {my,...,m;} are upper triangular matrices,
th=i
(I
iy — B (r) 4y — —Jr
BO(t) = |5 (O], b1 (8) = 1, j=k,
0, 7>k
Denote
Bo(t) := diag {B"V (), ..., B™)(1)}. (3.52)

Applying the results from reference [15], we derive the following asymptotic expansion:

—1+A(z 1 -1
h(l)(:zrl, x2.4+) =D(z1) 1721?:_ (@) Bo( T o log$2,+) (D(Il)) bo(z1)

M
—1iA(z k
+ 3" D) 2y 2 P By (1 dog wa ) + RSP, (@1, w20), (3.53)
k=1

where by € [C(0)]°, B\, € [C=(e)]5, ¢+ = £ x [0,¢],

g
k(2m0—1)

Belon,t) = Bo( = 5=) S0 #diyon);
j=1

mo = max {m1,...,m}, the coeflicients dy; € [C>(0)]®, A := (A?), . ,Ag))T,

@, - 1 @,y 1 2 1 2)
A (xl)—ﬁlog)\j (ml)—%arg)\j (xl)—i-%logp\- (x1)],

- < argA§2)(I1) <7, (21,0) €, j=1,6,
and
_1 z _1 (2) _1 (2) (0
$271+A( 1)+k — diag{IQi—kAl ( 1)+I€7 o I21}F+AG ( 1)+k}.

Now, having in hand the above asymptotic expansion for the density vector function h(Y), we can
apply the results of [14] and write the spatial asymptotic expansions of the solution vectors U (1) and
U@,

N

ZUCED I 3 D D1 U IE L A PTEN

p==+1s=1 j=0
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M+2 M+2-1
) 1Al
+3°00 3 abafdl) (e, p) () EHACO R B (4 1ogz<1>>} + Ut (@), (3.54)
k,l=0 j+p=0
k+l+j+p>1
1
1) . 1
x3 > 0, C( )= “om logzgyl)“

l(2) (2) 1
1 r1)—g

=S Y [ e B )] e

p==+1s=1 j=0
M+2 M+2—1

i 5(2 1 z 2

+3° 3 dhafd() (a1, ) () ARk Bs<k;p<x1,1ogz§%:2>}+v“ (x), (3.55)

k,1=0 j+p=0
k+i+j+p>1

1
x3 > 0, §(2) =g log 28(32 .

The coefficients ds(;)(- W, d(z)( ), att (+,p) and dsljp( , i) are the matrices with entries from the

sljp
space C(¢), Bs(klj)-p(!h, t) and Bs(kj)p(:tl,t) are polynomials in ¢ with vector coefficients which depend

on the variable z1 and have the order vy, = k(2mo —1)+mo—1+p+j with mg = max{ma,...,m;},
00 1 O 16
e [C=(0)]°, UP,, € [cMH @M%, U], e [cMH @),
( (,B)KJFA(EI) — diag {(z(l))nJrAg?)(ml) e (Zs(ylu))liJrAéz)(ml)}’

(2B tA@) = dlag{( (2))N+A 2)@1) L (Zs(i))HAg)(m}a

Sp
keR, p==41, (x1,0) €,
1 _ @ W (1)

Zs,-l—l = —IQ—IgT 410 s—l = X2 _‘I3T5,—17
2 2 2 2
25(,421 = —T2 — I3T(+)17 Zs(zl = T2 — $3T( ) 1
" (3.56)
T <argzs 41 < W, —T<argzg g <,
(1) (16" oo 15" o0
{rihyy e e, {r312 e c).
(1 . 2) (12 . o (1) (1)
Here, {7, },2, (vespectively, {7,/; },_,) are the different roots of multiplicity n, ', s=1,...,15",

(respectively, n? s=1,..., 10(2)) of the polynomial in ¢, det A(LO)([JZ(I) (71,0,0)]71ng) (respectively,
det AZO([J] (21,0,0)]71ny)) with ne = (0,£1,()", satisfying the condition Re Ts()it)l < 0 (respec-
tively, Re Ts(j:)l < 0). The matrix J,,, (respectively, J,.,) stands for the Jacobian matrix corresponding
to the canonical diffeomorphism ¢, (respectively, s) related to the local coordinate system. Under
this diffeomorphism, the curve ¢ is locally rectified and we assume that (x1,0,0) € ¢, 2o = dist(z,, /),
x3 = dist(z, T'r), where . is the projection of the reference point € Q1) (respectively, 2 € Q)
on the plane corresponding to the image of I'y under the diffeomorphism s (respectively, ).

Note that the coeflicients ds(]1 )( , i) and d( (-, ) can be calculated explicitly, whereas the coeffi-
cients ¢; can be expressed by means of the ﬁrst coefficient by in the asymptotic expansion of (3.53)
(see [14])),

1
A} (@1, +1) = 3= Goy (01,0) P51 (1) D(a),

1 _ )
5= Goa (1,0) P (1) D(ay) "2 s =1 Y j=0,n 1,
7T

1 ~
45 (@1, +1) = 5= Gy (11,0) PS (1) D),

S)

AP (a1, 1) =

2 1 - N im(L—Ax -
A7) (21, ~1) = 5= Goy (22, 0) PP (a0) D(an) €72 200 s = 105%, =00 —1,
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where D = | Drjllaxe, k=1,2,3,6, j =1,6, is composed of the entries of matrix D (see (3.51)),

—1
PO (1) = V2 (21,0,0 il)[@(—%[ + W5 24,0,0 il)} ,

sj
1 —1
PEO (0y) = V2 2,,0,0, 1) [6( — S I+ K;21,0,0, 11)} :
1 dni —1-j O
VS (,0,0,41) = —— (¢ =7y
D =1 = )t den 1 .

x (AT, (21,0)71)- (0,41,0)7)

-1

)

<:T§21
J+1 dn(z)flfj @
VS (2,0,0,41) = —— (¢ =78
O L
-1
x (A(270)((J22 (‘Tl’o))il)' (O’il’C)T) ’ @
<:Ts,i1

G, (21,0) and G,,,(x1,0) are smooth scalar functions explicitly written in terms of diffeomorphisms
1 and 29, respectively, and

1
¢j(21) = a;(21) By (= 5+ Alar)) D~ @1)bo(an),
j=0,....nM =1, (j=0,...,nP -1),

where

By ( - % + A(xl)) = diaug{B’_”1 (— % + A?)(iﬂl))w-aBTZ (— % + Az@)(iﬂl)) },

B (t) = (b O s, 4= 102200,
1 \p—k (=1)p=F gr=F in(tr)
. ) S g . for k<
by (1) = (m) p—w gLt De orESP
0, for k> p,
and I'(t 4 1) is the Euler integral,
aj(z1) = diag {aml(agj)), e, a™ (al(j))},
. 3 .
a?@n:—g—A®@O+$q=LLj=Q@”—1U=Q@”—M
amq(al(lj = H(L (J))quxmq’
p p—k Nl—p7, Mg
iy B i) 5, g,
i (0) p—Il+1
m 1=k (g’ +1)
Ay’ () = 7 j 1 2)
emp%ﬁmwxgzlmﬁ—lo—mn< ~1), k<p,
0, k>p,

1
o =—5~ Al(f)(xl), —1 < Repq <O0.

Analogous investigation for the basic mixed and interior crack problems for homogeneous piezoelectric
bodies has been carried out in reference [8], where the asymptotic properties of solutions have been
established near the interior crack’s edges and the curves, where the different boundary conditions
collide. In [8], it is shown that the stress singularity exponents at the interior crack edges do not
depend on the material parameters and are equal to —0.5, while they depend essentially on the
material parameters at the collision curves, where different boundary conditions collide.

As it is evident from the above exposed results, the stress singularity exponents at the interfacial
crack edges and at the curves, where the interface intersects the exterior boundary, depend essentially
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on the material parameters, in general. More precise results for particular classes of solids are presented
in the next section, where the stress singularity exponents are calculated explicitly.

4. ANALYSIS OF SINGULARITIES OF SOLUTIONS

Here, we assume that 'y and £ are rectified with the help of the diffeomorphisms mentioned in the
previous section and for 2’ € £ = 9T'r by 11, we denote the plane passing trough the point z’ and
orthogonal to £. We introduce the polar coordinates (r, ), r > 0, —m < o < 7, in the plane I, with
the pole at the point z’. Denote by 1"% the two different faces of the surface I'p. It is evident that
(r,+m) € TE.

The intersection of the plane 1T, and Q) is identified with the half-plane r > 0 and —7 < a < 0,
while the intersection of the plane II ., and (2) is identified with the half- planer > 0and 0 < a < 7.

The roots given by (3.56) are represented as follows:

28(1_21 = —r[cosa + T(_gl(ac') sina], zs(l_)l =r[cosa — Ts(ll

s:l,...,lo(l), =

(72_21 = —r[cosa + T(_gl(ac') sina], 25(2_)1 rlcosa — 7(2)1 (z')sinal,

s:l,...,lo(), =

(') sinal],

From the asymptotic expansions (3.54) and (3.55) we get

l(l) (1) 1

U(l Z Z Z CL‘ ) r’H—zéB (C)ngl:(x Q)+, (4.1)

p==£1s=1 5=0

1§ n® -1
2) i 2
U@ (x Z Z Z cs(j (', ) T By(¢) 5(”2(3:’, a)+ -, (4.2)
p==+1s
where
, ) ) 1
prHid — diag{r"““‘sl, cee 7“76"”66}, (=——logr,
271
1 1 1 R
'7]‘25"'% arg \;(z'), 5j:_% log |\;(z')], z'€l, j=1,6, (4.3)
and \j = A§-2), j = 1,6, are eigenvalues of the matrix
Do(a') = [S2(2',0,4+1)] " Ss(a/,0,—1), 2’ €L, (4.4)

Note that the subsequent terms in expansion (4.1) and (4.2) have higher regularity, i.e., the real parts

of the corresponding exponents are greater than ~;.

1 ~1) (2 ~(2)
The coefficients ¢ sin Csino Coj and Coipn

sint Coip in asymptotic expansions (4.1) and (4.2) read as

. +id—j 1
e @) =siva d @, p[pE, )], G50 a) = Bo(— 5 log v )@, a)) e,

1 1
j=0n 1, p==1, s=1,1Y,

D, @) = sida dD !, &, ) T T, 0) = Bol - s losu !, ) e,
=00 —1, p==+1, s=1,1,
where
ws(lﬂ) (', ) = —pcosa — Ts(h)(l' )sina, s=1, lél),
1/)5(2; (', @) = —pcosa — Ts(i)( Nsina, s= 1,1(52),
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e

Csin

(1,kp) (2) (2,kp)

(z', @) = Hcsju (', a)||6x6’ CSju(x/’ a) = Hcsaﬂ (', a)H4x6'

In what follows, for special classes of elastic materials we will analyze the exponents «y; +4d;, which
determine the behaviour of U () and U (®) near the line 4.

As it was mention above, A\¢ = 1 (for details see [7, Section 5.7] ). Therefore, v = 1/2 and dg = 0
in accordance with (4.3). This implies that one could not expect better smoothness for solutions than
C'/2 in general.

More detailed analysis leads to the following refined asymptotic behaviour for the temperature
functions (cf. [8]).

Theorem 4.1. Near the exceptional curve { the functions 9 and 9 possess the following asymp-
totic behaviour:

0(1) — bél)'f'% +R(1), (45)
0(2) — bé2)'f'% +R(2)7 (46)

where b((f) e C' e RO e 03t~ i =12, in the corresponding one-sided neighbourhoods of ¢
and 1+~ —e> % for sufficiently small e > 0.

Proof. Indeed, uél) =9 and u(2 = 92 are the solutions of the transmission problem (3.50) with

C> data. Since the matrices [nfj)]gxg and [77@)

i |sxs are positive definite, this transmission problem
can be reduced to a system of pseudodifferential equations, where the principal part is described by
the scalar positive-definite invertible pseudodifferential operators

Hscalar( 1I+K: +H 1I+IC o

1O (=2 k) T+ HE (=27 K

scalar scalar scalar

: H3Y(Tr) — H3(T'r)
: B;;}(FT) — By (T'r),

scalar) scalar ( scalaT)
-1

scalm‘)

1 1 1 1

- ——<s< -+, 1<p<oo,

p 2 p 2
where ICsc)alaT, 1 = 1,2, are compact. These pseudodifferential operators have principal homogeneous
symbol 26(7—[&31[(” gillar, ,€), which is positive and even in . Hence we can establish re-

fined explicit asymptotic relations of type (4.5), (4.6) for the temperature functions uél) =9 and
uf) =9 in the corresponding one-sided neighbourhoods of ¢ (see [14,15,17,18]). O

From (4.5) and (4.6), it follows that

(i) The leading exponents for u$” = 91 and u{? =¥ in the neighborhood of line ¢ are equal
to 1;
27
(ii) Logarithmic factors are absent in the first terms of the asymptotic expansions of #(*) and 9(?)
(iii) The temperature functions ¥ and ¥(® do not oscillate in the neighbourhood of the collision
curve ¢ and for the heat flux vector we have no oscillating singularities
(iv) The temperature functions 1) and 9® belong to C'z (Q(M) and C'z (), respectively, (cf. [8],

Theorem 6.4).

Non-zero parameters ¢; in (4.3) lead to the so-called oscillating singularities for the first order
derivatives of UM and U ®), in general. In turn, this yields oscillating stress singularities, which
sometimes lead to mechanical contradictions, for example, to an overlapping of materials. So, from
the practical point of view, it is important to single out the classes of solids for which the oscillating
singularities do not occur.

Let us consider the above investigated mixed boundary-transmission problem for particular elastic
components. We assume that the medium occupying the domain Q") belongs to the 422 (Tetragonal)
or 622 (Hexagonal) class of crystals. The corresponding system of differential equations reads as
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(see, e.g.,

where c11, c12, c13, €33, C44, Ceg are the elastic constants, ey4 is the piezoelectric constant, ¢p5 is
the piezomagnetic constant, 717 and 733 are the dielectric constants, @17 and pss are the magnetic
(1+vo7)A11 = (14+107)A21 and 73 =
constants, 711 and 733 are the thermal conductivity constants, ps is the pyroelectric constant and msg is
the pyromagnetic constant. In the case of Hexagonal crystals (622 class), we have cgg = (c11 — c12)/2.

Note that some important polymers and bio-materials are modelled by the above partial differential
equations, for example, the collagen-hydrozyapatite is one example of such a material. This material

permeability constants, 7; =

T. BUCHUKURI, O. CHKADUA AND D. NATROSHVILI

[16])

(011 812 + C66 8% + C44 832,)'“&1

(c12 + cgs ) D201l + (co6 02 + 11 02 + 40 02 ) ul
+ €1401830) + 150,959

(c13 + caa) 5351u§1) +(c13+caa) 8382u§1)
— 3 9591 — o1 72 u(l)
+ (5011 0F + 5011 05 + 33303 ) '
+ (p11 07 + 411 03 + paz 03 ) ) — (1 4 vo7)ms 0591 = F,

6143233u§1) - 6143153Ué

Q155233U§1) - (J155133Ué

) + (012 + C66 ) 8182U§1) + (613 —+ Caq ) 8183ug1)
— €14 02050 — qu5 0059V

—F oW — oW 724D =
M4 (c13 + caa) 5253Ug1)
— 75090 — oV 724V = B,

+ (044 (9% + C44 (9% + c33 (9% ) uél)

:F37
— (14 vo7)p3 039 = Fy,

—7To (M 31U1 +M 32”2 +73 53”3 ) + 7 To p3 O™ + 7 Ty ms 939V

+ (111 0% + 111 02 + 13302 ) 9V —

(7 do + 72h1) 9V = Fy,

is widely used in biology and medicine (see [31]). Another important example is T'eOq [16].

with

In this model, the generalized stress operator is defined as

T(8m7n77_) = H Tjk(aw7n’7_) H6><6

T11(0z,n, T) = c11m101 + ce6n202 + c44n303,
T13(0z,n, T) = 131103 + caanz0r,
T15(0z,m,T) = —q15n302,
T51(0z,n, T) = ce6m102 + c12n201,
T3(0z,m, T) = €13M203 + c4411302,
To5(0z, 1, T) = qi5n301,
T31(0g,n, T) = caan103 + c13n301,
T33(0z,n) = C44n151 + c4an202 + 33303,
T35 (ama n, T) =
Tu1(0z,m,T) = 614”2337
T43((91,7’L, T) = O
T45(8z, n, 7') = 0
T51(0r,n, T) = 151203,

T53 (azv n, T) - 07

T55(0z, 1, T) = p11(n101 +n202)+ pi33n30s3,

Ts;(0zym,7) =0, for j = 1,5,

T12(0z,n,T) = c12n102 + ceen201,
T14(0z,n,T) = —€14n302,

T16(0,n,T) = =111,

T52(0z,n,T) = ce6n101 + 111202 + c44n303,
T24(0r,n, T) = €14m301,

To6(0z,m, T) = =71 N2,

T52(0p,m, T) = Caano O3 + c13n302,
T34(0z,m,7) = 0,

T36(0z,m,T) = =73 73,

Ty2(0z,m,T) = —€141103,

T44(0r,m, 7) = s011(n101 + n202) + 233n303,
T46(0z,m, T) = —p3ns,

T52(0x,m, T) = —q15M103,

T54(0u,n,7) =0,

T56(0n,n, 7) = —m3ns,

Ts6(0z, 1, T) = M1 (n101 + n202) + N33n303.

(14 v97)A31 are the thermal strain
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The material constants satisfy the following system of inequalities

2
ci1 > |eiz],  caa >0, ce6 >0, ca3(cin + ci2) > 2¢i3,

21 >0, 233>0, m1>0, n33>0, w1 >0, p33>0, (4.0
which are equivalent to the positive definiteness of the internal energy form (see (2.7), (2.8)).
From (2.9), (2.12), (2.13), and (4.7) it follows also that
ss3 > paTody ', pss > miTody ',  ciicss > cis. (4.8)
Under these conditions the mixed boundary-transmission problem in question is uniquely solvable.
Furthermore, we assume that e;4 # 0, ey;5 # 0, Z—E = Z—zz = «, the surface I'¢ is parallel to the

plane of isotropy (i.e., to the plane z3 = 0) in some neighbourhood of dT'¢, and the domain 03 is
occupied by an isotropic material modeled by the generalized thermoelasticity equations (see (2.1),

(2.2))
pAu® + (X + p) graddiva® — (1 + 1om)A® grad 9@ — @724 =,
N AR — (Tdé2) + T2h(§2))’l9(2) — @2 —
p>0, 3A+2u>0, 1@ >0, h >0, df¥ —wohi® >0,

In the case of this particular mixed boundary-transmission problem we find the exponents involved
in the asymptotic expansions of solutions explicitly in terms of the material constants. To this end,
we find the eigenvalues of the matrix (4.4) explicitly and calculate the exponents v + id involved in
the asymptotic expansions (4.1) and (4.2).

Taking into account the relations

6(—2—116 + kW0, 1) - 6(— 271 + KW a 0, 11), SHW; 2,0, -1) = S(HW: /.0, 1),
for these symbol matrices we introduce the short notation
a(— 915 + /CP) = 6(—2*116 +KW;a,0, 1) - 6(— 2115 + KW a0, 11)

and
o(HW) :=sHW; 2,0, +1).
These symbols can be calculated explicitly (see [8], Appendix B):

[ —1 0 0 +Ay +A;5 0]
0 -3 +Ay 0 0 0
o(~5letk) = R
2 +Anq 0 0 -3 0 0
+A451 0 0 0 -3 0
0 0 0 0 0o -1

where

o = 1o (bo—b1) . e1aqis [ w11 caa(ba — b1)(se33 biby + %11)}
4=t -1 \ T~ ;
33

2by bg\/E OZ%llgil \/E
Ajs = —i 415 Ce6 (b2 - bl) .y Q156%4 [ 711 C44(b2 - bl)(%33 biby + %11)]
° 2a0 by ng/ﬁ a%llgﬂ 733 VB ’

Ay = i a7 (b2 — bl)’ Agy = —j L5738 (b2 — 51)7
2VB

2vVB
A—+B A B 1/2
bl = 7\/_7 b2: +\/—7 €14 = (€%4+a_1qf5) y = & :@ >07
2 cyq 533 2 cqq 533 711 33
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32
A= €14 + Caq 7211 + Cop 33 > O,

[cep e
Note that b1by = 66711
C44 €33

B = A% — 4cyyco 5011 233 > 0,

It can be proved that A14A441 <0, Aj5A451 < 0 (see [8], Appendix B).
Let us calculate the entries As3 and Ass. Introduce the notation

- 2 12 2
C .= C11 €33 — Cy3 — 2013 Cq4, D :=C*— 4644 C33C11-

Consider two cases.
Case 1. Let D > 0. Then

Az =i

€44 (do — dy) (c11 — c13dida)

2dy dov/D
where

) A32 = —1

€44 (do — dy) (c33dy da — 13)

g |C=VD g |CHVD
te 2 cy4 C33 ’ 2 2ca4 33 .

Inequalities (4.7) imply C' > +/D and
C1

\/C3 ’

B

didy =

w

Then, from (4.10), we obtain Asz Aze > 0.

Case 2. Let D < 0. In this case,

_acaa(/C11 €33 — €13) cacaa(y/c11 33 — c13)
Aoz =1 , Agp = —

C44C33

—-D

where

and we get again

7

2d, dov/D

(do — dl)2 = C = 2eaa/Ca3 v/ > 0.

C44C33

\/—C-i- 2¢444/C11C33 -0

-D

(1)

The symbol matrix o(H+ ") has the following block-wise structure:

-D

Ciy 0 0 0 0
0 Cyp O 0 0
1)y _ 0 0 C33 O 0
o(Hz’) 0 0 0 Cu Cu
0 0 0 C45 C55
| 0 0 0 0 0
where
by — by < 711 )
Ciy=——"—— +— 1,
11 2VB 33 b1bs

do — dy
2vD
Co =
_ do — dy
Cs3 =
a
VD

(caa + /cr1c33 ),

Caq ++/c11033), if D >0,
oD (Caa 11€33)

if D <0,

c3,a*(\/e11 a3 — c13)? \/Ca3
= > 0.
vV C11

o O o oo

4 6x6

(4.10)

(4.11)

(4.12)

(4.13)
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Cuy— — {52 —b < Can + C66 > n Q%5 [ 11 caa(ba — b1) (22330102 + %11)} }
2vB b1bo 2050165, |\ 33 VB ’

Cer — _ {52 — by <C44 + C&) + 6%4 [ E o 044(172 - bl)(%sgblbz + %11)} }
o 2vB b1b2 2001163, |\ 33 VB ’

Cour — Oy — _C14015 [ s caa(ba — b1) (52330100 + %11)} Co 1
45 =Csa=— % [\/—— — » Cep = —5—/——.
2001167, 33 VB 2/M1n33

Remark that Cj; <0, j =1,6 (see [8], Appendix B).

8
The symbol matrix o* (B£ )= 6(87(-2); 2’,0,%1) reads as
L 0 0 000
0 a =+ 0 0 O
ot (B2 = 0 Fb a 0 0 O _ 2N+ 2p)p b 2
T 0 0 0 0 00 ’ Atp oA+ 3
0 0 0 0 00
0 0 0 0 0 1 66
Then the symbol matrix of the Poincaré-Steklov type operator has the form
1 -1
o (AD) = o(HWD)o (—516 + /c§1>) = A ] o
where
2C 4A,,C 4A,5C
All_All_—ll7 A "413_“416_0 A14: &7 A15— = 117
o 2C 4AQ10 o
A2il =0, A§2 = Ay = sz’ Ag% = jF%a A2i4 = Ai—, = Ag%
4A3,C 2C
Aétl =0, A§t2 = ﬂa Aaj’% = Az = 337 Azﬁ = A35 "436 =
Q2 Q2
4A,1C 4A5,C
Az:ltl = ( 411 = + 21 = ) Az:lt2 = Az:;ts = Aite =0,
2 —8A15451)C 8A414A5:.C
Afﬁ; — M = ( 15A51)Cus 4 SA1adsCas
@1 Q1
L 841541 Cuy (2 -8A414A441)Cys

A = Ass = — -

4A,,C Q14A C @ |
4145 5155
Aaa—i( nn | A = A = A =

1 Q1
(2—-8A15451)Css  8A14A451Cs5

AF = Asy = — o - 0, ,
8A1544:C 2 —8A414A441)C
A = Agy = 15401Ca5 ( Sl 41) )
A61 = A62 = A63 = A64 = A65 = Aétﬁ = Agg = —2C¢6.

Introduce the notation
Q1= —14+4A14A1n +4A15451 <0, Q2 := —1+4A23A3.
Lemma 4.2. The following inequality Q2 = —1 + 4A23A32 < 0 holds.

Proof. Consider two cases.
Case 1: D > 0. Then inequality 4493432 < 1 can be equivalently reduced to the inequality

04214(d2 — d1)2(011 — Cl3d1d2)(033d1d2 — 013) < d%d%D
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By replacing here dyds by its expression from (4.11), we get
2 V€11
ciy(dy — dy)? (Veress — cis)” < ED-

Now, replace (de — d1)? and D by their expressions from (4.11) and (4.9), respectively, to obtain

(C = 2c44+/C11C33) Jen
04214 (\/611033 — 613)2 < (02 — 404214633011).
C44C33 V€33

From the above inequality we deduce

c14(C — 2caav/eriess) (Vericss — c13)? < y/erieas(C + 2caav/ericss) (C — 2caav/Crica3).

Substituting here the expression of C' from (4.9) to obtain

caa(v/Cricas — c13)? < /ericas(cricas — i3 — 2¢13Ca4 + 2¢4a1/C11C33),

ie.
caa(v/c11633 — 013)2 < M[(m + c13)(V/crica3 — c13) + 2caa(y/e11633 — 013)],
we arrive at the inequality
caa(ver1eas — c13) < \/er1css(v/ciicas + c13 + 2¢44). (4.14)
But (4.14) holds, since
caa(y/cr1633 — c13) < 2c4av/cr1¢33 < y/criesz(y/ericaz + c13 + 2ca4),

due to the inequality \/c11ca3 > |c13| (see (4.8) ).
So, we finally obtain

Q2 = —1+ Ay3A435 < 0.
Case 2: D < 0. In this case, due to (4.12), we have

4A93A30 = 4a’ci,(v/eress — ci3)? /a3
- Jen

<1

Therefore
4(1204214(\/ C11€33 — 013)2\/033 < —D\/c11.

Inserting here a and D from (4.13) and (4.9), respectively, we rewrite the above inequality as

—C' 4+ 2¢44+/C11C
( \/04_ 1 33) caa(v/ericss — c13)? < (— C? + 4ci esenn) Ve
33

Replacing here C' with it’s expression from (4.9), we get

caa(y/ericss — c13)? < (2644\/011033 + cric33 — ci5 — 2013044)\/611633,

implying

caa(y/c11c33 — 013)2 < {2044(\/611633 —c13) + (Veress + ciz)(Veness — 613)} 1/ €11€33-
Dividing the inequality by /c11¢33 — c13, we obtain

cas(y/er1e33 — c13) < V/eriesz (2ca4 + y/Cr1633 + c13). (4.15)

Thus, the inequality Q2 < 0 is equivalently reduced to the relation (4.15), which coincides with (4.14)
and which is true as is shown above. This completes the proof. g

Introduce the notation

oy = o (A + B?)) = &(AM + BP;2',0,£1), 2’ € L.

The characteristic polynomial of the matrix (05r )~1lo, can be represented as follows:

det (03 — Ao ) = det [a; (AD 4 BY — Ao (AL + 39)}
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1

— det { [a(H§1>)a(_§fﬁ — K@)+ a*(B§2>)] )\ [U(HS}))U(—%IG + K)ot (B§2>)} }

[ (11— \)Ap 0 0 —(1+NA, —(1+NAS 0
0 (1—NAp —(1+NAS 0 0 0
0 —(1+NAL (- N4 0 0 0
—det N ( ) 32 ( ) 33 - - : (4.16)
_(1 + )\)Ail 0 0 (1= A)Agy (1 - )\)«415 0
_(1 + )‘)“Z;_l 0 0 (1— )\)41;4 (1 - )\)JZ55 0
0 0 0 0 0 (1= N Aso] .
where
A:ll = A+, A:ﬂ = Afy, A:I}, = Af; %22 = Az +a,
4;3 = 'A2+3 + ib, 4;2 = 'A;—Q —ib, 433 = Ass +a, 41—1 = Ajl—l’
Aus = Aua, 4}5 = Ays, 4;1 = A, A, = Asa,
Ass = Asgs, Ags = Agg + 1.

From (4.16), one can easily deduce

(1=NAz  —(1+\)AL,
det (05 — AoJ) = det

—(1+NAf (1= N Ags
(1-NAL —(1+NAL, —(1+ VA

xdet |—(1+NAL  (1=MNAw  (1=MN)Ags | (1= N)Ags = 0.
—(1+NAL (= NAss (1= N Ass

Therefore, one of the eigenvalues, say Ag, is equal to 1 and other eigenvalues are defined by the
following equations:

det

det

Equation (4.17)

Lemma 4.3. The expression q :=

Proof. We have

[ (1-M\A —(1+ N4, < = i
| o ( | 23] = (1= Az2Azs — (1 + A2 A5 A, = 0, (4.17)

(L NAG (1= M)Ay

[(1=NAn —(1+NAf, (L NAf

~(1+NAL -NAu 1-MNAgs | =0. (4.18)
—(1+NAL (1= MNAss (1= N Ass

can be rewritten as

(1 — /\>2 = @3@2. (4.19)
L+A Aao Asz
Ags Ay

1S positive.
Ao Ass

«Z;é = ./4;_3 + b, ./1;2 = A;_Q —1b, Av22 = Ay +a, ~/2‘V33 = Asz +a,

where

+
Az =

_ 4A23Cs
Q2

2Cy2 2C33
— A —
33 — 22

4A35C33
- A Agp = )
Q2 2 Q2

+ _
Azy =
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Since
Q2= —1+4+4A53A35, <0, Co <0, C33<0, a>0,
we have
./Zlvzg > 0, ~/2‘V33 > 0.
Further, we show that ./133.2@2 > 0. Using the relations

Co = Cas3 c5s Aoz = — Az o

V€11 ’ V€33 ’
we deduce Az3Caz = —C33As3 and, consequently, A3, = —Ad;. Since Aj; is pure imaginary, we get
AV;?)AVEJB = _(-/433 + Zb)2 > 0,
which implies ¢ > 0. 0

Now, consider equation (4.18),
1=NAn  —(1+NAL —(1+ N Af
det [—(1+NAL  (1=NAu (1=NAs | = (1= N> A A dss
S NAL 1= MAss (1= M)A

— (1= AP AnAssAss — (14 A2 (1= NAL AR Ass + (1421 = N AL AL Ass
+ (14 A)2(1 = NAGFAL Ass — (1+ 2)2(1 = N A AL Ay = 0,
which can be rewritten as
(1=XN[1=X)*A+ (1+))?*B] =0.

Consequently, we get A5 = 1 and two other eigenvalues are defined by the equation

where

A= ApAuAss — A AsiAus,

B = — A AL Ass + AT AL Aus + AL AL Asy — ALAS Aus.
Lemma 4.4. The inequality p = % > 0 holds.
Proof. We have

7T ~ = 2 —-8415451)C 8A1445:C 8A15A44:C 2 —8A414A41)C
A Ass — AsyAys = {( 15451) 4 SA1adsn 45}{ 15441 45+( 14441)Cs5

1 Q@1 1 1
~ [(2-8415451)Cys n 8A14A51C55] [8A15A41C44 n (2- 8A14A41)C45]
Q1 Q1 Q1 Q1
~ (2—-8A415451)Cuy _ (2—8A14A441)Cs5 n 64A14A51A15A41C3;
Q1 Q1 Q7
_ (2-8415451)Cu5 (2 —8A14441)Cy5 64414451 415441 CusCss
Q1 Q1 Q3

= M(C44Cs5 — C35) + N(Ci; — C44Cs5) = (CasCs5 — Ci5)(M — N),

where

(2—-8A15451)(2 — 8414An) 64414451 A15 A0
. ;N = . .
Q7 Q1
Note that M — N > 0, since A14A41 < 0 and A15A451 < 0. Indeed, we have

M—_N = (2 - 8A15A5122(22 - 8A14A41) _ 64A14A512A15A41 = % [1 — 4A14A41 — 4A15A51] > 0.
1 1 1

M =




MIXED BOUNDARY-TRANSMISSION PROBLEMS OF THERMO-ELECTRO-MAGNETO-ELASTICITY THEORY193

Now we show that Cy4Cs5 — C%; > 0. Rewrite Cy4, Cs5 and Cys in the form
Cu =—(m+qisn), Css=—(m+elyn), Cus = euqisn,

where

_— (b2 —b1) <C44+Cﬁ> S0, n= 1 _ [ [711 caa(ba — b1) (5433 biba + >11) >0
2vB b1bo 201167y 233 VB
(see [8], Appendix B) and

C14Cs5 — Ci; = m® + (€3, + qi5)mn > 0.
Consequently,
N A Ass — AssAgs > 0
and, since A;; > 0, we have
A= A Audss — A1 Asa Aus > 0.
Now, we show that
B = —jf4jilj55 + .12(1’_4.2(;_1./&15 + .ZE./ZL.ZM — jf5j;1j44 > 0.

First, we prove the inequality —VZEVZL Ass + /Nlﬂj;l Ass > 0. Indeed,

— AL AL Ass + AL AS Ags = Al (- AL Ass + Af Ass)

__44uCn {(41441044 n 4A51045) (8A15A41045 n (2- 8A14A41)C55)

Q1 Q1 Q1 Q1 Q1
B (4A4IC45 + 4A51055) (8A15A4lc44 + (2- 8A14A41)C45)}

Q1 Q1 Q1 Q1
_ _4A14Cu [4/141(2 — 8A414A41)Cu4Css + 32451 415A41C3;

Q1 Q7 Q3
_ 4A41(2 — 8A14441)C3; _ 32A51A15A4IC44CS5}

Q1 Q7

B _32’41‘5‘1141011 [(1 : 43%14A41) (CaaCss — Ci;) + 4A221%415‘(Cz215 — C44Css)
_ _32A14Qx4141011 [1 4A14A4Q1% 4A51A15} (CauCis — CZ) = 3214146214%41011 (CuaCs — C2).

Therefore, taking into account the inequalities A14441 < 0, Ci1 < 0, CyuCss — 04215 > 0, we
conclude that o L
_AT4A11-A55 + AT4A;>1A45 > 0
Further, we prove that
AL A Asy — Al A Aus > 0.
Conducting algebraic transformations as in the previous case, we get
AL AL Asy — Al AL Aus = Afy (- Af Aw + A, Asa)
_ 4A15C1y [_ (4A41C45 n 4A5lc55) ((2 —8A415A451)Cys n 8A14A5IC45)

Q1 ) ) Q1 Q1
4A41Cus 4A51Cu5\ /(2 —8415451)Css  8A14451Cs5
+ + +
( Q1 Q1 ) ( Q1 Q1 )}
_ 4415Cn {_ 32401 414451CF; 4451(2 — 8415451)Cu4Css
Q1 Q3 Q1
32441 A14451C44Cs5  4A51(2 — 8A15451)C35
+ 3 + 3 ]
Q1 Q7

_ 441545 Cn {_ 32414A0uCh;  4(2 — 8415451)CusCss
Q1 Qi Q1
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32441 A414.C14C 4(2 — 8A15A5,)C2
n a1A1aCaabss ( 15451) 45}

Q1 Q1
4A15A51Cq1 [32A14A 4(2 —8A15A
_ 5451011 { 14; 41 (_055 + CuCss) — ( 215 51)(_04215 + C1Css)
Ql Q1 Ql
32A15A51C11 [4A14A 1—-4A5A 32A15A5:C
_ 15451011 [ 142 41 ( 215 51)] (—04215 T C44C55) _ 15 251 11 (_025 T C44C55).
Ql Ql Ql Ql

Taking into account the inequalities As1A15 < 0, C11 < 0 and CyyCs5 — 04215 > 0, we obtain

A
Thus, B > 0 and, consequently, p = B > 0. 0

Due to (4.19) and (4.20), we have the following expressions for the eigenvalues of the matrix
(05 ) toy (i-e., the roots of polynomial (4.16) with respect to \),

1—i/p P -4 1
AL = ~—, A=A =X\, A= o A=Ay, A=A =1
LT N 2 1 1 3T 11 a 4 3 5 6
Note that |A1| = |A2] = 1. Moreover, since A3 and )4 are real, they are positive (see Appendix,
Subsection 5.2).
Applying the above results, we can explicitly write the exponents of the first terms of the asymptotic
expansions of the solutions (see (4.3)):

11 11 L —iyp
= — — A:_ a
o1 2+27Targ1 2+27rarg1+i\/]_?
1+1( (1 - iyp) - arg(1 +iyp)) ~ et
_ = —(a _ — a — — — — arcta
5 top\asll —ivp) —arg(l +ivp)) = 5 = Zarctan p,
1 1
7125—;arctan\/§, 01 =0,
LoL an s 5 =0
= — 4+ — arctan =
72 2 7 b : ,
1 ~ 1 1_\/6
V== 3 4 2 Og1+\/§7
1
V== 5 05 = ¢ = 0.

It is evident that 0 <1 < § and 3 <72 < 1.
Note that in this case By(t) has the following form (see (3.52)):

1y [0]4x2 o 1t
By(t) = O CIOIE where B'Y(t) =
Now, we can draw the following conclusions:

(1) In view of Theorem 4.1, the solutions of the problem possess the following asymptotic be-
haviour near the edge curve ¢ = OI'r:

(w®, oM )T = c((Jl) 7t 4+ cgl)r% Inr+ Cél) r3tid 4 Cél) raid g 0511)7”% + Cél)rw T
F1CH - bgl) rs 4 bgl) ST
C N C(()Q) . +C§2)T% lnr+c§2)r%+i3+céQ)r%_ig—i—cf)r% +céz)1”2 +e

1) p— b((J2) 7«% + 552) P24



MIXED BOUNDARY-TRANSMISSION PROBLEMS OF THERMO-ELECTRO-MAGNETO-ELASTICITY THEORY195

)

. 2
where coefficients ¢; (2)

, 7 = 0,..5, are the 5-dimensional vectors, ¢;”, j =0,..5, are the
3-dimensional vectors and b;k), 7=0,1, kE=1,2, are scalars.

As we can see, the exponent v; characterizing the behaviour of u(?), ¢ ™) and u(?
near the line £ depends on the elastic, piezoelectric, piezomagnetic, dielectric and permeability
constants, and does not depend on the thermal constants. Moreover, ; takes values from the
interval (0, ).

For the general anisotropic case, these exponents also depend on the geometry of the line
£, in general.

(2) In general, we have the following smoothness of mechanical and electromagnetic fields:
_ — 1
(u(1)7(p(1),¢(1)) c [071(91)}57 u? e [CVI (92)]37 0<m < 5
(3) Since y1 < %, we have no oscillating stress singularities for physical fields in the neighbourhood
of the curve /.
Note that in the classical elasticity theory (for both isotropic and anisotropic solids) for mixed bound-

ary value and mixed transmission problems the dominant exponents are %, % 446 with 0 # 0 and,
consequently, there occur oscillating stress singularities at the line £ (for details see [12,13]).

5. APPENDIX

5.1. Properties of Potentials and Boundary Operators. Here we collect some theorems describ-
ing the mapping properties of potentials and the corresponding boundary integral (pseudodifferential)
operators. The proof of these theorems can be found in references [7,8,20].

Theorem 5.1. Let 1 < p < oo, 1 < qg< oo, seR. Then the single layer potentials can be extended
to the following continuous operators:

V.2 ¢ (B ()] (B T (@2)]", VO (B ()] = [H T @),
Ve [m(9) = [m T @) VO [ (8) [ ()

1 1
Theorem 5.2. Let 1 < p < oo, 1< g<oo, h® € [B,g (89(2))]4, h) e [Byd (89(1))]6.

Then
VOGO = (VOGO =HD ) on 90
(T@O,r, VARV = [ 127 L+ D] (@) on 00>
VRO = 0RO} =HD (0 O) on 900
{(TO@,n, )V, = [ F 2 L+ KD ] (b D) on 000
where Iy, stands for the k x k unit matriz.

The operators 7—[9), 52), ICQ) and ICQ) possess the mapping and the Fredholm properties [7].

Theorem 5.3. Let 1 < p < oo, 1 <q< o0, secR. The operators
1P . [H 00" - [H;H(aﬂ @ 1O s [Hy 09 M))° — [H (00 W)]°,
1P (B (00" = [Bstl @@, H1D ¢ (B (00W)]° = [Bstl 90 M)]°,
K& s [Hy09@)]" = [Hy092@)]", K [Hy Q“)] [H3(00M)]°,
K@ . [Bs, (00" = [Bs (02@)]", kO . [Bs(00M)]° = [Bs (021)]°,

are continuous.
Theorem 5.4. Let 1 <p<oo,1<qg<0oo,seR and T =0+1w. The operators
1P [H (093] —>[H§+1(89(2 ) 1D [H (09 S [H (90 M)]°,



196 T. BUCHUKURI, O. CHKADUA AND D. NATROSHVILI

1D o [Bs (00 = [Bst (00 ®)]Y, 1D By (000 = [Bst 00 M)]°,

are invertible if o >0 or T = 0.
The operators

+27 11+ K [HS(aQ<2>)]4 [H; (00 @))*,
+271 1, + K@ (B (00)]! = [Bs, (00)]",
27 g+ KW [HS(aQ 1>)}6 [HS(aQ My1°,
27 s+ k0 ¢ [Bs,(00M)]° = [ B, (00M)]°,

are invertible if o > 0.
The operators

2 1o+ [HE 02 = [H (09 M)]°,
27 g+ KO [B(09M)]° = [Bs (00M)]°
are Fredholm ones with the index, equal to zero for any T € C.

5.2. Fredholm properties of pseudodifferential operators on manifolds with boundary.
Let M be a compact, n-dimensional, smooth, nonselfintersecting manifold with the smooth boundary
OM # & and let A(z, D) be a strongly elliptic N x N matrix pseudodifferential operator of order
v € R on M. Denote by &(A; x, &) the principal homogeneous symbol matrix of the operator A (z, D)
in some local coordinate system (x € M, & € R™\ {0}).

Let A1(x),...,An(x) be the eigenvalues of the matrix

[S(A;2,0,...,0,4+1)] ' [&(A;,0,...,0,—1)], = €M,
and introduce the notation
dj(x) =Re [(271'2')_1 InX;(z)], j=1,...,N.

Here In{ denotes the branch of the logarithmic function, analytic in the complex plane cut along
(=00, 0]. Note that the numbers §;(z) do not depend on the choice of the local coordinate system
and the strong inequality —1/2 < d;(z) < 1/2 holds for all x € M, j = 1, N, due to the strong
ellipticity of A. In a particular case, when &(A;z,¢) is a positive definite matrix for every » € M
and & € R™\ {0}, we have d1(x) = --- = dn () = 0, since the eigenvalues A1 (z), ..., Ay (z) are positive
for all z € M.

The Fredholm properties of strongly elliptic pseudo-differential operators on manifolds with bound-
ary are characterized by the following theorem (see [2,4,18,30]).

Theorem 5.5. Let s € R, 1 < p < 00, 1 < g < 00, and let A(z, D) be a pseudodifferential operator
of order v € R with the strongly elliptic symbol S(A; x, ), that is, there is a positive constant co such
that

ReS(Asx,&)n - 1> colnf®
for x € M, € € R™ with [¢| =1, and n € CV.
Then the operators

A [H MY = [H M)

~ (5.1)
S N S—v N
A B (M) = [Br (M)
are Fredholm and have the trivial index Ind A = 0 if
1 v 1
——1+4+ sup dj(z)<s——- <-4+ inf §; 5.2
Lol s G <s =<t i () (5.2
1<G<N 1<]<N

Moreover, the null-spaces and indices of the operators (5.1) coincide for all values of the parameter
q € [1,400] provided p and s satisfy inequality (5.2).
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