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0. Introduction

Animportant class of dynamical systems is formed by linear differential systems, which are defined
via polynomial differential operators (see Polderman and Willems [9]). The idea of this article is to
enlarge the class of linear differential systems by considering rational differential operators (that is,
operators that are rational in the differentiation operator). It was inspired by the works Willems and
Yamamoto [13,14], where rational differential operators have been proposed as new representations
for linear differential systems.

Let IF be the field of real or complex numbers and s an indeterminate, and let T be an arbitrary
interval. Without loss of generality, we certainly may assume that T contains 0. Let us denote by ¢/ the
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function space C°°(T, IF) and by 9 the differentiation operator of this space. Besides of the differenti-
ation operator there is another important operator acting on ¢/, namely, the integration operator

/:u—>u,

which is defined by the formula
([ e = [ s,

The relation d o [ = id suggests to define 9~ by setting

91 = / '
This, in turn, leads to the following evident definition
a—n — (a—])n

for everyn > 0.
Let now G be a rational matrix, say, of size p x g, and let

G=Gps"+ - +G_15s+Go+Gis ' +Gos 24+
be its expansion at infinity. We define the operator

G@) : Ut — uP
as

Gond" 4+ +G_1d +Gol +G1d™ "+ G 2 + -

Thus, in our understanding, a rational differential operator is a usual map (not a "point-to-set"
map as in Willems and Yamamoto [13,14]). This, in fact, is a linear differential/integral operator with
constant coefficients.

We define the behavior Bh(G) of G to be the kernel of the operator G(d), i.e., the solution set of the
equation

G(d)w = 0.

For convenience of the reader, we recall that according to the above mentioned works of Willems and
Yamamoto, the behavior of G is the solution set of the differential equation

Q(d)w =0,

where Q is the numerator in a left coprime factorization of G.
The following simple examples illustrate the difference between the two approaches.

Example 1. Consider the rational function s~!(s> — 1) = s — s~ . Its behavior is the solution set of
the differential/integral equation

y’—/y=0,



2872 V. Lomadze / Linear Algebra and its Applications 435 (2011) 2870-2888
which is
{C(e*+e7*)|CeR}. (1)

The behavior of s~ (s — 1) in the sense of Willems and Yamamoto is the solution set of the differential
equation

!/

y —y= O’
which is
(G +e )+ G —e ™) |G, G e R} (2)

Notice that (¢¥ + e~*)’ = e* — e™*, and therefore (2) is the differential closure of (1).

Example 2. Consider the rational function (s — 1)~ 's> = s +1 45! 4572 4 ... Its behavior is
the solution set of the differential/integral equation
) 2 3
Vv [y [y [y+e=0
which is
[C—Cx|CeR). (3)

The behavior of s /(s — 1) in the sense of Willems and Yamamoto is the solution set of the differential
equation

y' =0,
which is
G+ Cx |G, G eR)L (4)

Clearly, (4) is the differential closure of (3).

Example 3. Let A be a proper rational matrix, and let A = D~'N be its left coprime factorization. The
behavior of G = [I —A] is the set

(=]

Itis clear that G = D! [D —N } is a left coprime factorization; hence, the behavior of G in the sense
of Willems and Yamamoto is the set

' (;) ID@)y = N(a)ul . (6)

As one knows from the classical linear system theory, (5) is the set of zero initial condition trajectories
in (6). Again, the differential closure of (5) is equal to (6).
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Remark. Inview of the above examples, it is tempting to think that, given a rational polynomial matrix
G with left coprime factorization G = P~1Q, the differential closure of Bh(G) always coincides with
Bh(Q). This is indeed so in most cases, but not in general. This is so, for example, when the Wiener-
Hopf indices of a rational matrix are positive (see [7]). A simple example showing that the statement
is not true is as follows: The behavior of the rational function g = s/(s — 1) is {0}, while the behavior
of its numerator s is the set of constant functions.

We shall show how the solution sets of rational differential equations can be constructed explicitly.
It is interesting to note that the standard technique of partial fraction expansion works here well.

Our main goal, however, is to study the following question: When two rational matrices determine
the same linear system? The question is basic from the point of view of the "behavioral" philosophy
(see Willems [12]).

Recall that if Ry and R, are polynomial matrices, then the solution sets of the equations

Ri(0)w =0 and Ry(d)w =0

are equal to each other if and only if there exist polynomial matrices A and B such that R, = AR; and
Ry = BRy. Different proofs of this fundamental theorem can be found in Polderman [8], Polderman
and Willems [9], Schumacher [11]. (A proof is given also in [4].)

The equivalence theorem that we shall present is a natural generalization of this result.

The reader is referred to Gottimukkala et al. [3] and Trentelman [10], where the same question is
studied in the context of Willems and Yamamoto [13,14].

Throughout, IF, s and ¢/ will be as above. To avoid confusions, we shall use the symbol # to denote
the function that is identically 1 on the interval. We let O be the ring of proper rational functions, and
putt = s~ . There is exactly one (continuous) action of O on ¢/ for which

w= [

An explicit definition is as follows. If g € O and w € U/, then the product gw is defined by the formula

2 n
gW=b0W+b1/W+b2/ W—|—-~-+bn/ WA,

where by, by, by, ..., by, ... are the coefficients in the expansion of g at infinity (The reader can
easily prove that the series above converges uniformly on every compact neighborhood of 0.) This
action makes ¢/ into a module over O. This module is without torsion, and it is natural therefore to
consider its fraction space. We denote it by M and refer to its elements as Mikusinski functions. Thus,
by definition, a Mikusinski function is a ratiow/g, wherew € ¢/and g € 0, # 0.Two functions wy /g,
and wy /g, are equal if gow; = gyw,. We identify &/ with a subset in M via the canonical embedding
w +— w/1. Every Mikusinski function can be represented as s"w, where w € ¢/ and n > 0. The
function sh is an analog of the Dirac’s delta; we shall denote it by §. For every m > 0, s™§ should be
interpreted as the m-th derivative of §. Finite linear combinations of derivatives of § are called purely
impulsive functions. Let A denote the set of all purely impulsive functions. This is a module over [F[s],
and clearly we have A = FF[s]$.
Given a proper rational function g, we define the L-transform L(g) by the formula

L(g) = gh.
By definition, the L-transform converts a proper rational function into a C*°-function. One can view it

as a kind of the inverse Laplace transform followed by the derivative.
The Newton-Leibniz formula

w= /W’ + w(0)h,
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where w € U, can be rewritten as

sw =w + sw(0)A.
This, by induction, yields a more general formula

s"w = w® + (s"w(0) + - - - + sw D (0)) . (7)
Using this, one easily obtains the decomposition

M=UDA,
which gives rise to the projection map IT : M — U.

(The interested reader is referred to [6] for a more detailed account of the above version of

Mikusinski’s calculus.)

We shall need the convolution operation. The convolution of two functions u and v, written as u v,
is defined by the formula

W) = [ utx— HHue)de.

For later use, we recall the definition of cohomologies of nonsingular rational matrices. If D is a
nonsingular rational matrix, we define (see [4,6]) its cohomology spaces to be

H°(D) = F[s]” NtDOP and H'(D) = F(s)"/(F[s]” + tDOP),

where p is the size of D. The reader can notice that H® coincides with Fuhrmann’s polynomial model
construction (see Fuhrmann [1,2]). Letting D* = (D~ "), there holds

dimH°(D) = dimH' (D*). (8)
(This is a consequence of Lemma 5 in [6].)

Given an integer sequence ;t = (my, ..., mp), we shall write s (resp., 9"*) to denote the diagonal
matrix with s™ (resp., ™) on the diagonal. We let

IE?[t]ﬂ - @F[t]<mp

where F[t] -, denotes the space of polynomials (in t) of degree < m;.

Concluding the introduction, we note that one can develop the discrete-time theory that is com-
pletely parallel to the continuous one. If one wants, one can use the axiomatic framework of [5] in
order to treat simultaneously both discrete- and continuous-time cases.

1. Linear differential/integral systems

Let G be a rational matrix of size p x q. Notice that if G is a proper rational matrix, then G(9) is just
the operator

Ul - uP, wi— Gw.
In general, we have the following:

Lemma 1. G(0) is the composition

ut S M S,
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Proof. By linearity, it suffices to show that, for every integer n, the operator 9" is the same as the
composition

us mLu
In the case when n > 0, this is immediate from (7); when n < 0, this is obvious. []
As a very useful consequence we have the following:
Corollary 1. There holds
Bh(G) = {w € U | Gw € AP}.

Remark that if G = P~1Q is a factorization, where P is a square nonsingular polynomial matrix and
Q an arbitrary rational (not necessarily polynomial) matrix, then

Bh(G) = {w € 49| Qw € PAP} and Bh(Q) = {w € % | Qw € AP}.

Because PAP C AP, we obviously have Bh(G) C Bh(Q).
It should be pointed out that the equality

(G1G2)(9) = G1(9)G2(9)
does not hold, in general. However, we have the following important

Lemma 2. Let P be a polynomial matrix and G an arbitrary rational matrix (such that the column number
of P is equal to the row number of G). Then

(PG)(9) = P(9) o G(9).

Proof. LetpxlandIx qbe thesizesof P and G, respectively. We have to show that the two compositions
WS ML P Bypoand 0t S ot Dot Boe By

are equal to each other. For this, it suffices to show that
ME P By and mt Dot B By

are equal.
Take any x +y € M withx € &' andy € Al We then have

MPT(x +y) = M(P(x)) and TIP(x +y) = TI(P(x) + P(y)) = M(P(x)).
The lemma is proved. [
The proof of the following corollary is very easy.

Corollary 2. Let Gy and G, be rational matrices. Suppose that there exists a polynomial matrix P such that
Gz = PG1. Then

Bh(G1) € Bh(Gy).
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Let G and G, be two rational matrices with the same column number q. We say that G; and G, are
strongly equivalent if there exist polynomial matrices A and B such that G, = AG; and G; = BGy. It
immediately follows from the above corollary that two strongly equivalent rational matrices have the
same behavior.

If G is a rational matrix, say, of size p x g, we define its associated module to be

Ass(G) = GUTF[s]P.
Notice that this is a finitely generated [F[s]-submodule of IF(s)q.
It is clear that two rational matrices are strongly equivalent if and only if their associated modules
are equal. From this (and from the fact that the associated module is a finitely generated torsion free
module), one easily obtains the following useful

Lemma 3. Every rational matrix is strongly equivalent to a one with full row rank.

Spaces 19, where g > 1, are called universums (see Willems [12]). A subset 3 of an universum will
be called a linear differential/integral system if there exists a rational matrix G such that

B = Bh(G).

Any such matrix will be called a representation of 5.
In what follows, linear differential/integral systems will be referred to simply as linear systems.

2. Solving rational differential equations

In this section we describe a general procedure for solving rational differential equations. We shall
try to follow closely Chapter 3 in Polderman and Willems [9].

Before proceeding, we first want to discuss the issue of computing the L-transforms L(g) and the
products gu.

Itis clear that L(1) = A and L(t") = x"/n! for n > 1. More generally, we have

Lemmad4. Forn > 1and A € F,

( S ) Xn_l AX
L = e,
(s—A)n (n—1)!

Proof. One knows well that

X" n+1
— kU= u.
n! .

This can be rewritten as
L") = "y,

In particular, for every proper rational function g, we have
L(t") % L(g) = " 'L(g).

Since t"T1L(g) = L(t"*1g), we get

L(t") * L(g) = L(tt"g).
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From this, one easily gets the following general formula

L(f) * L(g) = L(tfe).

The proof of the lemma goes now as follows. For m = 1, the lemma is obvious: L(s/(s — 1)) =
L((1 — At)~ 1) = e**. Using induction and the above formula, we have

s s s xm—1
|—)=1t——— =M M
(s — A)m+1 s—A(s—A)m (m—1)!

m—1 m—1 m

X u X u X
:/ 7ekuek(x—u)du:e)\x/ L
o (m—1)! 0o (m—1)! m!

The proof is complete. []

The lemma above permits us to compute all L-transforms in the complex case. Indeed, let g be an
arbitrary proper rational function, and let

g a

=y
s (s—=A)n

be the partial fraction expansion of g/s (which is a strictly proper rational function). Then

_5 as
g = _ )
and hence
axn—l
L(g) =X —e™.
(n—1)!

We leave to the reader to consider the real case. One can see that the L-transforms of proper rational
functions are precisely Bohl functions (see Polderman and Willems [9]).
Given a proper rational function g, we shall mean by g(o0) the free coefficient of g in its expansion
at infinity and by g the shift of g, that is, g° = s(g — g(c0)).
Lemma5. Letg € Oand u € U. Then
gu = g(oo)u + L(g7) * u.

Proof. For n > 1, we have

n X _ &yn—1
e = ([ we = [ %u(é)ds=<L(r"—l)*u><x), xeT.

Hence,
t"u=L{t" ") xu = L") % u.

Thus, the statement is true in the case when g = t" with n > 1. It is obvious when g = 1. These two
spacial cases yield the general case when g = bg + Zp>1b,t". O



2878 V. Lomadze / Linear Algebra and its Applications 435 (2011) 2870-2888

Corollary 3. Forn > 1and A € F,

n—1
1 X x

u= e
(s—A)n (n—1)!

* U.

Proof. This is immediate by the lemma because

S

L(oo)zo and ( ! ) = .o
(s —n)" (s —A)" (s —A)"

This corollary together with the partial fraction expansion theorem permits us to compute in the
complex case all products gu with g € O and u € U. (Again, the real case is left to the reader.)
Let now

G(@)w = 0. (9)
be a differential equation, where G is a rational matrix, say, of size p x q. We shall assume that G has
full row rank. (In view of Lemma 3, there is no loss of generality in such assumption.)

The cases p = gand p < q are possible.
Case p = q: Let G = Us"B be a Wiener-Hopf factorization (that is, a factorization, where U is a
unimodular polynomial matrix, © a sequence of integers and B is a biproper rational matrix). The
matrix G is strongly equivalent to the matrix s*B. Hence, (9) is equivalent to the equation

H*Bw =0, weuPl.

This is easy to solve. Indeed, w is a solution if and only if Bw is a solution of the equation

e =0, £cur.

This latter is a trivial equation; its solution set is equal to F[t]ﬂ h. Thus, we have the following:
Theorem 1. The mapping

X L(B”x)

establishes a bijection of F[t]ﬁ onto the solution set of (9).

Case p < g: To treat this case, we need the following:

Lemma 6. Up to order of the columns, the matrix G has the form (the so-called input/output form)
¢=[-ca].
where Gy is a square nonsingular rational matrix and G, a rational matrix satisfying the conditions:

e det(Gy) #0;
° Gfl G, is a proper rational matrix.

Proof. We can find a proper rational matrix H such that the sequence

0 0m 2 01 & sy,
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where m = q — p, is exact. This must be a left invertible proper rational matrix. Hence, it contains a
square biproper rational submatrix Hy of size p. Reorder (if necessary) the components in [F9, so that

. I
HH; ' = :
A

where I is the unit matrix of size m x m and A is a proper rational matrix of size p X m. Our matrix G
can be written then as

G=[-G 6.

where G; is a square rational matrix of size p and G, is a rational matrix of size p x m. In view of the

exact sequence
1
A [—Gz G1 ]

00" = 0"@o’ " — ~F(s)P,

we have
GiA— Gy, = 0.

Further, because [ -Gy Gy ] is of full row rank, the sequence

I

A [—Gz Gy ]
0— F(s™ =~ F(s)" @ F(s)? — F(s)’ — 0.

is exact. From this, we see that the IF(s)-linear map Gy : F(s)? — F(s)? is bijective; hence, det(G1) #
0. From the equality above, we therefore have: G~1G, = A.
The lemma is proved. [

Remark. We could write G = d~ 'R, where d is a nonzero polynomial and R a polynomial matrix, and
derive the lemma from Theorem 3.3.22 in Polderman and Willems [6].

Thus, we may assume that our matrix G has the special form given in the above lemma.
Rewrite our equation as

G1(d)y = G2(d)u.
It is clear that every solution of this equation can be represented in a unique way as the sum of a
particular solution and a solution of the equation G;(d)y = 0.

Put A = Gl_]Gz. Using Corollary 1, it is easy to see that (u, Au), where u € ¢™, is a particular
solution. Indeed,

[-G2 61| [:u} —0¢e A
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We already know how to treat the equation G;(d)y = 0. Letting G; = Us*B be a Wiener-Hopf
factorization of Gy, we thus have the following:

Theorem 2. The mapping

u u
H
(x) <Au~|—L(B_1x)>

establishes a bijection of U™ @ F[t]ﬁ onto the solution set of (9).

Example 4. Consider the equation

9 —20°+9  9*—1
22 +79—4" 0

u1

which comes from the rational matrix [ -2 &1 } where

s —2s2+5 d s2—1
= ——— an = .
817 1754 £
We have
RN 4_l d g’ oyt 2
=s|{—+——- - an =— -+ =
&1 s—1  (s—1)2 &1 & s sz s—1
We conclude that

CRe*+xe* —4), CeF

are the "homogeneous" solutions and the "input/output” relation between y and u is given by the
formula

o) = —2u(0) + [ u(@)dg +4 [ - uerde +2 [ e Fu(ede.

3. Transfer function, initial conditions

In this section, we assign to a rational matrix two important invariants, called the transfer function
and the initial condition space. The importance of these invariants is due to Theorem 3, which is the
main result of the section.

A transfer function with signal number ¢ is a submodule T € 07 such that 09/T is free (see [4]). It
can be defined also as a submodule of the form T = EN0Y, where E is an IF (s)-linear subspace of IF (s)9.

For any submodule T C 09, we let T/ denote the set of all finite sums of trajectories gu withg € T
andu € U.

Let G be an arbitrary rational matrix of size p x g, say, and let B denote the behavior of G.

We define the transfer function of G to be

T={gec0?|Gg =0}
In view of the exact sequence
0>T—015% F(s)?,

this indeed is a transfer function.
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As we have remarked in Introduction, ¢/ is a torsion free module. One knows well that, for modules

over a principal ideal domain, the property of torsion freeness is equivalent to the property of flatness.
Therefore, tensoring the above sequence by i/, we obtain an exact sequence

05 TRU— Ul S MP.

We see that the kernel of
Ut P

is TU. As already remarked, B = {w € 9 | Gw € AP}; whence,
TU C B.

Trajectories of B that lie in T/ are called transfer trajectories of G.
The initial condition space of G is defined to be

X =F[s]° NntGoT.

Clearly, this is a finite-dimensional linear space (over IF); its dimension is called the McMillan degree
of G.

Lemma 7. The image of B under the operator U4 —G> MP is equal to X§.
Proof. By definition, the image is equal to AP N Gu/9.
Let r denote the rank of G, and choose a full column rank rational matrix D such that GO? = DO".
We then have
AP NGut = AP NDu" = AP NF(s)PhNDU".
We claim that [F(s)P A N D™ = DO" h. To show this, take any C such that CD = L. If w € /" is such that
Dw € F(s)Ph, thenw = CDw € F(s) h. Because 4" N F(s)"h = O"h, it follows that w € O"h. The
claim is proved, and thus our image is equal to AP N\ DO h.
Further, we have
AP N DO"h = (sF[s]P N DO")h = (F[s]? NtG07)§ = X§.
The proof is complete. []

G . — . L
Thus, the operator 49 — MP induces a surjective map of Bh(G) onto X§. Composing this with the
evident bijective map X§ — X, we obtain a canonical [F-linear surjective map

B — X.

If w is a trajectory of G, then its image under this map is called the initial condition of w.
We have proved the following:

Theorem 3. There is a canonical exact sequence
0—-TU - B—X—0.

Notice that transfer trajectories are precisely trajectories having zero initial condition.
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The frequency response of G is defined to be
& ={f € 07| Gf e sF[s]"}.
It is clear that
BNLOY) = L().
Proposition 1. B = TU + L(®P).
Proof. Let w € B, and let x be its initial condition. There is f € ® such that G(f) = sx. Then L(f) is a
trajectory with the same initial condition x. Hence, w — L(f) € Tu.
This completes the proof. [
Remark. If we know the frequency response, we certainly know the transfer function. The proposi-
tion says therefore that knowledge of the frequency response (or, what is equivalent, the set of Bohl
trajectories) implies knowledge of the whole behavior.

The following corollary will be very helpful for us.

Corollary 4. Let Gy and Gy be two rational matrices (with the same column number), and let ®1 and &
be their frequency responses. Then

Bh(Gy) € Bh(Gy) & @1 C 5.

4. Duality theorem

Let G be a rational matrix of size p x q.
Consider the bilinear form

Fls!x y? - F
defined by the formula
{f,w) = (F"(@)w)(0).
Notice that this is the composition of the well-known pairing
Flsl? x u? — u, (f,w)— fT@)w
and the canonical map
U—TF, ur u(0).
In this section we are interested in computing the orthogonal of Bh(G) with respect to this bilinear
forr;:;r asubset X C [F(s)9, let us write X_ to denote the set of the polynomial parts of all elements in

X. We need the following technical:

Lemma 8. Let M be a finitely generated [F[s]-submodule of F(s)4 and E an F(s)-linear subspace of IF (s)?
such that M C E. The following conditions are equivalent:

(a) E is the fraction space of M;
(b) E_ /M_ has finite dimension (over IF).
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Proof. Consider the canonical epimorphismE — E_ /M_.We claim that its kernel is equal to M+ (EN
t09.Indeed, assume thatx+ty € E,wherex € [F[s]?andy € 09, goes to zero. Thenx+tz € M for some
z € 0%.Because M C E, we must havey —z € E.Hence,x+ty = (x+tz) +t(y —z) € M+ (EN09).
The claim is proved, and thus we have a canonical isomorphism
E/(M+ (ENt0%) ~E_/M_.
The assertion follows now from Lemma 3 in [4]. [J
Theorem 4 (Duality Theorem). There holds
Bh(G)* = Ass(G)_.
Proof. We can easily reduce to the full row rank case. So, we shall assume that G has full row rank.
Choose D so that D™1G is right biproper rational matrix. Note that the initial condition space of G
is equal to

F[s]” N tGo? = F[s]P N tDOP = H°(D).

(Initial conditions are 0-dimensional cohomologies!)
Put

B = KerG(d) and M = Ass(G).
We have to prove that
Bt=M_.

The inclusion "D" is easily verified. Indeed, take any x € M_. Then x + ty = G'f for some y € 09
and f € IF[s]P. For each trajectory w of 3B, we have

(x, w) = (G"f — )T (@W(0) = (fT(3)G(@)W)(0) — (ty"w)(0) = ((F"(9)0)(0) — 0 = 0.

Thus, B D M_.
Further, we have T/ C B, and consequently B C (T¢/)*. We claim that

(Tt =E-,
where E = GYIF(s)P. Indeed, we have T = Ker(G) N 09. (Here, in this proof, by Ker(G) we mean the
set {u € F(s)? | Gu = 0}.) Let Ker(G)° denote the orthogonal of Ker(G) with respect to the standard
bilinear form

F(s)? x F(s)? — F(s), (x,y) > x"y.
For every u € Ker(G) and every v € F(s)?, we have

u"G"v = (Gu)v = 0.
Hence,

E C Ker(G)°.
Both these spaces have the same dimension over IF(s), which is p. Therefore, we have

E = Ker(G)°.
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The claim follows now from Lemma 11 and Lemma 8 in [4].
Thus, there is a tower

M_CB-CE_.
We want to prove that
dim(E_ /B*) = dim(E_ /M_).

If we can prove this, it will follow that Bt =M_.
Consider the canonical bilinear form

(Tu)* /B x B/Tu — F.

This clearly is nondegenerate from the left. To see that it is nondegenerate from the right as well, take
an arbitrary & € B such that (f, &) = O for each f € E_. Write § = &, + yh, where & € Tu and
y € 09. By Lemma 11 in [4], {f, &) = O for each f € E_. It follows that

VfeE_, (f,yh)=0.

We see that yh is orthogonal to E_. In view of Lemma 8 in [4], y € T. Thus, our bilinear form is
nondegenerate, and we conclude that the dimension of E_ /B is equal to the dimension of 3/Ti(. The
latter is equal to dim H%(D).

Further, G"D* is a left invertible proper rational matrix. (This is because D1 is a right invertible
proper rational matrix.) Therefore

GYD*0P = GY'F(s)» N0 = EN oY,
It is easily seen that G : F(s)P? — [F(s)? induces an isomorphism

F(s)P _ E
F[s]P + tD*0P ~— M+ (ENt0%)"

The left side is none other than H! (D*); the right side, as we saw in the proof of Lemma 8, is canonically
isomorphic to E_ /M_. Thus, dim(E_ /M_) = dim H' (D*).
Using the formula (8), we complete the proof. []

5. Equivalence theorem

As already remarked, two strongly equivalent rational matrices determine the same behavior. How-
ever, the converse is not true.

Example 5. The rational functions 1 and t have the same behavior (which is {0}), but they are not
strongly equivalent.

To handle the equivalence problem, we have to introduce a somewhat weaker equivalence relation.
Let G1 and G, be two rational matrices. Say that G; is more powerful than G, (and write G; > Gy)
if, for every nonnegative integer n, there exists a polynomial matrix P such that

s"Gy — PGy

is a strictly proper rational matrix.

This concept naturally generalizes the one introduced in Willems [12]. Indeed, one can easily verify
that, in the case when both Gy and G, are polynomial matrices, G; is more powerful than G, if and
only if there exists a polynomial matrix P such that G, = PGj.
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Lemma 9. Let G; and G, be two rational matrices with the same column number q. Then
G1 = Gy & Ass(Gy)_ C Ass(Gy)—.

Proof. Letr; be the row number of G; and r, the row number of G,. Saying that Ass(G,)— C Ass(Gq)—
is equivalent to saying that

Gy F[s]”? C G'F[s]”" + t09.

"=" Let (e;) be the canonical basis of F1*"2_ For each n > 0, choose a polynomial matrix P, such
that

s"Gz — PGy € to”>4,
Denote by Py ; the i-th row of P,,. Then
s"eiGy — PpiGy € t0'*1,
and consequently
Gys"el" — GI'Py; € 0.
The assertion follows because the columns s"e!" form a basis of F[s]".
"«" Left to the reader.
The lemma is proved. []

The lemma implies, in particular, that the ">" is a partial order.

Lemma 10 (Inclusion Lemma). Let G; and G, be two rational matrices (with the same column number).
Then

Bh(Gy) € Bh(G2) < Gi > Gp.
Proof. "=" This is immediate from Duality Theorem (and Lemma 9).
"«<" In view of Corollary 4, it suffices to show that Bohl trajectories of G; are trajectories of G,. Let
w be an arbitrary Bohl trajectory of Gy. Then G, (d)w is a Bohl function, and to show that it is zero it
suffices to show that all the coefficients in its Taylor expansion are zero. )
Take i to be an arbitrary nonnegative integer, and choose a polynomial matrix P so that s'G, — PGy
is strictly proper. We then have
(0'G2(0)w)(0) = (P(3)G1 (3)w)(0) = (P(3)0)(0) = 0.
The proof is complete. []

Two rational matrices will be said to be equivalent if each of them is more powerful than the other.
Two strongly equivalent rational matrices are equivalent, of course; but not conversely.

Example 6. The rational functions 1 and t are not strongly equivalent; but they are equivalent.
For polynomial matrices, it is clear that "equivalence" = "strong equivalence".
As an immediate consequence of Inclusion Lemma, we have the following:

Theorem 5 (Equivalence Theorem). Two rational matrices determine the same linear system if and only
if they are equivalent.
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It is interesting to compare this result with the main result of Gottimukkala et al. [3]. Let G; and G,

be two rational matrices with the same column number g. By the theorem above, G; and G, have the
same behavior if and only if

Ass(G1)— = Ass(Gy)—.

Theorem 6.3 in [3] says that G; and G, have the same behavior in the sense of Willems and Yamamoto
if and only if

Ass(Gy) N F[s]? = Ass(Gy) NF[s]9.

6. Linear differential and integral systems

In the class of all rational matrices polynomial and proper rational matrices form two extreme
subclasses. Linear systems determined by polynomial matrices are called, as is well-known, linear
differential systems (see Polderman and Willems [9]). In an analogy, let us call linear systems that are
determined by proper rational matrices linear integral systems.

A natural question to ask is: What is special with linear differential systems and what is special
with linear integral systems?

To proceed, we need to recall the main result of [4].

Let S be an [F-linear subspace of /4. Letting T denote the submodule

{geo?|gucsycol,

we define the relative dimension of S to be the dimension of S/Tu/ (over IF). Theorem 3 in [5] states
that S is the behavior of a polynomial matrix if and only if it satisfies the following two conditions:

(1) S is differentiation-invariant;
(2) S has finite relative dimension.

Lemma 11. The relative dimension of a linear system is finite; it is equal to the McMillan degree of any its
representation.

Proof. Let B a linear system, and let G be its representation. Let p x g be the size of G and T the transfer
function. We claim that

T={ge0|gucnB}.
The inclusion "C" is obvious. Indeed, if g € T, then
Yueu, G(gu)=(Ggu=0u=0.

To show the inclusion "2", take any g € 07 that does not belong to T, i.e., Gg # 0. Choose a sufficiently
large integer n so that t"Gg € OP. We then have

G(gt"h) € OPh.

Hence, the trajectory gt" i does not lie in B. Consequently, g is not an element of the right side above.
The claim is proved.
It remains now to apply Theorem 3. [
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From this lemma and from the result that we have recalled, we obtain the following:
Proposition 2. A linear system is differential if and only if it is differentiation-invariant.

The case of linear integral systems is easier.

First, prove the following proposition that gives an intrinsic characterization of the transfer trajec-
tories of a linear system.
Proposition 3. Let G be a rational matrix, and let B be its behavior. Then

TU ={w e B|t"w e B Vn > 0};

in other words, w € B is a transfer trajectory if and only if all its n-fold integrals also are trajectories of B.

Proof. "C" is obvious. To prove "2", take any trajectory w of G and assume that its initial condition x
is not zero. Let x = ags" + - - - + a, with ag # 0. Then

G(t"'w) = t"T1x8 = (ap + - - - + apt™A.

We see that t"T 1w is not a trajectory of G. [J

The proposition says that, if B is a linear system with transfer function T, then the biggest
integration-invariant subset in B is T¢{. It follows that linear systems that are integration-invariant
have the form Tu.
Proposition 4. A linear system is integral if and only if it is integration-invariant.
Proof. "If" Let G be a proper rational matrix. Then saying that Gw is purely impulsive is the same as
saying that Gw is zero. Consequently, if T is the transfer function of G, then KerG(d) = Tu.

"Only if" Let B be a linear integral system. As we said above, B = Tu/, where T is a transfer function.

The module 09/T is free. Therefore, letting p denote its rank, we can find a proper rational matrix G of
size p x q such that the sequence

05T 01300
is exact. Tensoring this by ¢/, we get an exact sequence
0> TRU— U S uP >0

As already remarked, G(9) is the same as /4 S UP. Hence, G represents B = TU.
The proof is complete. []

Corollary 5. The mapping
TH— Tu
establishes a one-to-one correspondence between transfer functions and linear integral systems.
Proof. The mapping is injective due to the equality Ti/ N L(07) = L(T), which was shown in Section

5 of [4]. The surjectivity follows from the above proposition.
The proof is complete. []



2888 V. Lomadze / Linear Algebra and its Applications 435 (2011) 2870-2888

References

[1] P.A. Fuhrmann, Algebraic system theory: an analyst’s point of view, . Franklin Inst. 301 (1976) 521-540.
[2] PA. Fuhrmann, A study of behaviors, Linear Algebra Appl. 351/352 (2002) 303-380.
[3] S.V. Gottimukkala, S. Fiaz, H.L. Trentelman, Equivalence of rational representations of behaviors, Systems Control Lett. 60 (2011)
119-127.
[4] V. Lomadze, When are linear differentiation-invariant spaces differential?, Linear Algebra Appl. 424 (2007) 540-554.
[5] V. Lomadze, State and internal variables of linear systems, Linear Algebra Appl. 425 (2007) 534-547.
[6] V.Lomadze, Relative completeness and specifiedness properties of continuous linear dynamical systems, Systems Control Lett.
59 (2010) 697-703.
[7] V. Lomadze, Behaviors and symbols of rational matrices, Systems Control Lett., submitted for publication.
[8] J.W. Polderman, A new and simple proof of the equivalence theorem for behaviors, Systems Control Lett. 41 (2000) 223-224.
[9] J.W. Polderman, ].C. Willems, Introduction to Mathematical Systems Theory, Springer, New York, 1998.
[10] H.Trentelman, On behavioral equivalence of rational representations, in: Perspectives in Mathematical System Theory, Control,
and Signal Processing, Lecture Notes in Control and Inform. Sci., vol. 398, Springer, Berlin, 2010, pp. 239-249.
[11] J.M. Schumacher, Transformations of linear systems under external equivalence, Linear Algebra Appl. 102 (1988) 1-33.
[12] J.C. Willems, Paradigms and puzzles in the theory of dynamical systems, IEEE Trans. Automat. Control 36 (1991) 259-294.
[13] J. Willems, Y. Yamamoto, Behaviors defined by rational functions, Linear Algebra Appl. 425 (2007) 226-241.
[14] J. Willems, Y. Yamamoto, Behaviors described by rational symbols and the parametrization of the stabilizing controllers, in:
Recent Advances in Learning and Control, Lecture Notes in Control and Inform. Sci., vol. 371, Springer, London, 2008, pp. 263—
277.



	Rational differential operators and their kernels
	0. Introduction
	1 Linear differential/integral systems
	2 Solving rational differential equations
	3 Transfer function, initial conditions
	4 Duality theorem
	5 Equivalence theorem
	6 Linear differential and integral systems
	References


