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The present paper is devoted to the study of the effective properties of 2D unbounded composite materials with temperature
dependent conductivities. We consider a special case of nonlinear composites, when the conductivity coefficients of the
matrix and the composite constituencies are proportional. This allows us to transform the problem for the nonlinear
composite to a problem for an equivalent linear composite and then to find a solution of the nonlinear type. Analyzing
the effective properties of the composites we derive relationships between their average properties. We show that, when
computing the effective properties of the representative cell of the nonlinear composite, the result may depend not only
on the temperature but also on its gradient.
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1 Introduction

Composite models with constant conductivities (linear models) have been exhaustively investigated by many authors,
using various methods dependent on the composite structures. In the case of randomly distributed components, effective
properties of such composites were successfully studied, for example, in [8, 10, 11, 13, 14,29-31], while analytical and
numerical results for composites with periodic structure can be found in [4, 12,15, 16,32,33]. An extensive and complete
overview of the methods employed can be found in the fundamental work [17].

The results for both types of the composite materials can be compared to each other in the case of small concentrations
of the components, when the interactions between them do not play an essential role (cf. [15, 19]). The upper and lower
bounds are extremely useful tools for practical evaluation of the effective constants (cf. [20-22]). One of the important
features of the linear problems (composites with constant physical properties) is the fact that, although the temperature can
be defined here with an accuracy up to a constant, the effective properties are independent of the applied external field (cf.
[4D.

Nonlinear models of the components can be divided into two major classes. The first class, when the material properties
depend on the gradient of the temperature, has been discussed in many works. The respective mathematical methods are
well developed and can be found in [2,23-27].

The second class of nonlinear composites corresponds to the case when the material properties depend only on
the solution and is less developed in the literature. The probable first fundamental theoretical result concerning the
homogenization problem for nonlinear composites of that type was published in [3]. In [7], the elementary and Hashin-
Shtrikman type bounds were extended for nonlinear models and further analyzed in [28]. The prevailing conclusion is that
homogenisation of nonlinear composites with temperature dependent components can be treated in the same manner as the
linear ones. Unfortunately, there are few examples when the solution can be found effectively. In the one dimensional case
such results can be found in [1], while in the two dimensional case such results have been recently obtained for composites
with the component conductivities proportional to that in the matrix in [2] for random composites, and in [6] for periodic
composites. However, even in this rather special case, the Eshelby approach that is so effective for linear composites is not
applicable (cf. [2]).

This paper is devoted to further analysis of nonlinear composites of periodic structure, when material characteristics
depend on the temperature and are proportional to each other. Specifically, using the fact that the solution can be obtained
analytically, we compute the effective conductivity of a separate cell of the nonlinear composites and establish a relationship
between its average properties and the corresponding model of a linear composite.
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We show that, even for this very specific case of nonlinear composites, the theory is much more complex than for the
linear equivalent. For instance, formally computed effective properties may depend not only on temperature but also on its
gradient. An exact solution to the problem allows us to evaluate a formula relating effective properties of the representative
cells of linear and nonlinear composites and to demonstrate that the conclusions reached on the average properties discussed
in [2,7,28] are valid only when the heat flux is negligibly small. We also deliver an estimate of those properties when the
difference between those results and the exact value is small.

The paper is organized as follows. In Sect. 2, we describe a geometry for the considered periodic composite materials,
and formulate the nonlinear boundary value problem and its linear equivalent. In Sect. 3, we establish a relationship
between the effective conductivity tensors of the representative cells of the linear and nonlinear composites. We then give
and discuss numerical examples in Sect. 4. The paper then closes with the Conclusion.

2 Statement of the problem and preliminary results

We consider a lattice defined by the two fundamental translation vectors 1 and 1 (where 1> = —1) in the complex plane
C = R? of the complex variable z = x + 1y. The representative cell is the unit square

1 1
Q0,0 == z:t1+lt26((::—§<t,,<§,p:l,2 .

Let £ := |J {m + 1m,} be the set of the lattice points, where m |, m, € Z. The cells corresponding to the points of
mi,myp

the lattice £ are denoted by
Qmim) = Qo0) +mi+1my:={z€C:z—my —imy € Qo)} -

Mutually non-overlapping disks (inclusions) of different radii Dy := {z € C : |z — a;| < rt} with boundaries d Dy, := {z €
C:lz—al=n}(k=1,2,..., N) are located inside the cell Q¢,0) and periodically repeated in all cells Q , m,). Let

N
Do := Q0,0 \ <U Dy U 3Dk>

k=1

be the connected domain obtained by removal of the inclusions from the cell Q(o,0). We consider the situation when the
matrix and inclusions occupy domains

Dyairix = U ((DO ) aQ(0,0)) +my + lmZ)

and

N
Djye = U U (Dk +m; +lm2)

my,my k=1

with thermal-sensitive conductivities A,, = A,,(T) and A, = A (T), respectively. Here, temperature T is defined in the
whole of R2. In general, the conductivities A, Ax (k = 1, ..., N) are continuous bounded positive functions on R.

The purpose of this paper is to investigate properties of the effective conductivity tensor for steady-state distribution of
the temperature and heat flux within such a nonlinear composite when the temperature function 7 = T'(x, y) satisfies the
nonlinear differential equations

V()"W(T)VT) = 07 ()C, y) € Dmatr‘i.m (1)
V(uw(T)VT) =0, (x,y) € Dine. 2)

We assume that the perfect (ideal) contact conditions on the boundaries between the matrix and inclusions hold:

T(s)=Ti(s), s€ U (0D + my +1my), 3)
AT (s) T (s)
An(T(8)) = = = e(Tils)) . se | 0D+ my+imy). ()
n on o
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Here, the vector n is the outward unit normal vector to d D;. According to the formulation, the flux and the temperature
are continuous functions in the entire structure. The average flux vector of intensity A is directed at an angle 6 to axis Ox
which does not coincide, in general, with the orientation of the periodic cell:

An(T)Tyds = —Asin6, ®)

o ~(top)
()Q(m],mz)
) Am(T)Tds = —A cos 6. (6)
(right
3Q (mymy)
2.1 Linear composite

Note that, if the conductivities A,, and X, are constants, we have the linear partial differential equation

AT = O, (.X, y) € Dmarrix ) Dinw (7)
with linear boundary conditions
T(s)=Ti(s), se | @Dc+mi+imy), 8)
mi,my

AT (s) Ty (s)

)\m an = )‘-k an s NS U (aDk +m + lmZ)’ (9)

miy,myp

A / Tyds = —Asinfl, A, / T.ds = —Acosf. (10)

a0, a0

As we discussed in the introduction, such a problem can be completely solved by various methods. Here, we present
only some results important for the nonlinear composite considered below.

Theorem 2.1. For any given data 6 and A the linear boundary value problem (7)—-(10) with ideal (perfect) contact
conditions has a unique (modulo real constants) real analytic solution.

For the proof cf. [4,5].
Note that an additional condition on the temperature 7' such as

T (x0, y0) =to, (X0, Y0) € Duarrix Y Dine, (11)

where 1, is a given value of the temperature at any point (xo, yo), will give us a unique solvability result. Specifically, the
following corollary holds true.

Corollary 2.2. The boundary value problem (7)—(11) has a unique real analytic solution.
Remark 2.3. Note that the calculation of the effective conductivity tensor A defined by the formula
(AVT) = A(VT), (12)
where

A=xr(z) =

)\ms Z € Dmatrix’
Ay 2 € Dipe,

does not depend on the chosen cell, cf. [4, 8]. Moreover, since the constants disappear in the expression VT, the effective
properties of the linear composites are independent of the additional condition (11) and, crucially, of the applied flux A.

2.2 Nonlinear composite with proportional components

In this section, investigation of the effective conductivity tensor A, corresponding to the nonlinear boundary value problem
(1)—(6) is carried out under the assumption that the ratio of the component conductivities is a given constant C:
)\m (T)
M(T)

In this case, the problem (1)—(6) is linearized and solved in [6].

=C forall k=1,...,N. (13)
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Theorem 2.4 (cf. [6]). The boundary value problem (1)-(6), (11) has a unique real analytic solution.

Let us recall that we have established in [6] a bijection between solutions of the linear and nonlinear boundary value
problems via the Kirchhoff transformation (cf. [9] and (26), (27) below). This fact, together with Theorem 2.1, allows
us to describe a solution of the boundary value problem (1)-(6) complemented by the condition (11), and to prove the
effectiveness of the numerical algorithm for evaluation of the effective properties of the composite.

Let us denote by T, a solution to the nonlinear boundary value problem (1)—(6), and

)\m(Tn(Z))v Z € Duatrixs
M(Ty(z)), 2 € Dijpe.

Following [6], we define the effective conductivity tensor A, of the representative cell of a nonlinear composite by the
same formula (12):

<)"n(Tn)VTn> = An(VTn> (15)

M (T(2) = (14)

It was shown in [6] that, in contrast to the linear composites, the effective conductivity tensor A,, varies from cell to cell
and thus represents a function of the problem solution. The question arises: what would be a minimal set of variables that
defines this function uniquely? For a chosen example of the nonlinear composite and the averaged flux flowing through it,
it was shown in [6] that the effective properties of the composite can be attributed to the average temperature:

Note that in case of holes (A¢(T) = 0), this paper’s assumption (13) is satisfied automatically, with 1/C = 0. This
special case was considered in [18] where, when considering average properties, an alternative reference parameter to the
average temperature (T') was utilized. Specifically, the author considered the jump of the temperature over the unit cell as
the parameter.

Below we will show that the tensor of the effective properties, A,, defined according to (14), may depend not only on
the average temperature, (7,), but also the flux intensity, A,

Ap = Ay ((Th), |A]). a7

The natural question may then be asked of whether such a periodic structure can be represented as a composite material
possessing average properties, or whether it is only the nonlinear periodic structure and the respective physical problems
that should be considered in the original formulation, without reference to its effective properties.

3 Relationship between the effective conductivity tensors of non linear and
respective linear models

We denote by T) = T;(Ax, Ay ) and A; = Aj(Ag, A,y) a temperature and the effective conductivity tensor for the respective
linear problem (7)—(10), respectively. Here, we establish the relationship between A, and the effective conductivity tensor
A, for the linear problem with the same ratio of constant conductivities A, and A:
A
2 —=C forall k=1,...,N. (18)
Y
In this section, we assume that data ry, ai, C, 6, A defined in Sect. 2 are given and fixed.
Let A; = 2(z) and Ao = A¢(z) be piecewise constant functions defined as follows

Ama Z € Dmatrixa 1’ Z € Dmutrix’
h(z) = ho(z) =1 |
A, Z € Din(?v < S Di}‘l(,"
Lemma 3.1. Let A, k =1,..., N, and ), be arbitrary positive constants satisfying the condition (18). Then, we have
A(hs ) = d Ay (C71 1) (19)

Lemma 3.1 is an immediate consequence of the definition of the effective conductivity and Theorem 2.1.

For further references, we recall the representation of the solution in terms of complex potentials. The linear boundary
value problem (7)—(10) can be equivalently reduced to the corresponding R-linear conjugation problem on each contour
|t — ar| =ry,

@(t) = oi(t) — oo (t) — Bt, (20)
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for unknown complex analytic functions ¢, ¢y, .. ., ¢y connected with the function 7; by the following equality (cf. [4]):

T(}\ N ) Re ((p(Z) + BZ), Z € Duarrix, 1)
I\Aky AmsZ) =
)»,,zl}\%kk Re(pk(z)a Z € DinL"

Here, o, = Ak+i”’ = hg, B = 1 B where

~ Acos0 Acos@,
B=-— — i, 22)
I1+1 I+ -1

is a constant complex number with some real constants / and / L uniquely determined by 7, a;, C (cf. [4]). Note that the
constant B does not depend on 1,, or A, but does depend on C. Then, from (20) we get

P(1) = @u(t) — pe@i(r) — Bt,

where (1) = Ju (1), @(t) = Ang (1), and
e (7; + BZ) Z € Dmatrixa
2C 23)
C+1 RC (pk Z€ Dinc~
Thus, we have
)\mTI()"ks )"m;Z) = TO(Z)- (24)
Lemma 3.2. Let the functions A,, and A satisfy the condition (13). Then
(M (T,)VT,) = (MoVTo). (25)

Proof. Using the same ideas as in [4], the nonlinear boundary value problem under the condition (13) can be reduced
to the boundary R-linear conjugation problem on each contour | — a;| = ry:
2 C-1—— 2B
cr PO =a)+ cqel) - =

where B is defined in (22). Denoting o (t) = @i(t) and (1) = §(1), we get

P(t) = @r(t) — pk&k_(t)_ Bt

where p; = % = 175 (cf. (20)).

Following [4] and [6], a solution of the nonlinear problem (1)—(6) can be found in the form
Re (¢(z) + Bz), 2 € Duarrix,
Re (23 (Z)’ Z€ Dinc:

where
T T
inl1) = [ nerde. () = [ rule)as, 26)
0 0
and
u(x, y) = fu(T(x, ), wue(x,y)= fi(Te(x, y)). (27
Or, in terms of ¢ and @, we can rewrite
Re (~(Z) + §Z), Z € Duatrixs
u(z) = (28)
C+1Re (pk( ) Z€ Di/1<'~
Comparing equalities (23) and (28), we get
1
M(Z) = TO(Z)’ for 7 € Dparrixs uk(Z) = ET()(Z), for z € Djy,e.
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For a solution 7}, of the nonlinear boundary value problem (1)—(6), we have

T.(z) = f,, ' (u(2)) = f,,'(To(z)).  for z € Duarrin, (29)

T.(z) = fi '(u(2)) = £ '(C7'To(2)),  for z € Dy, (30)
or

fn(T,(2)) = To(z), for z € Dyarrizs Cfi(T,(2)) = To(z), for z € Djpe. 31

Since f, (T) = Au(T) and f(T) = A (T), after differentiating the equalities (31) by x and y, and taking into account

m

condition (13), we arrive at
)"m(T;l)VTn = VTO’ for ze Dmatrixv

1
)"k(Tn)VTn = EVT()» for z e Diye, (32)

which imply (25). 0
We can now establish a relation between the effective conductivity tensors of the linear and nonlinear models.

Theorem 3.3. If the conditions (13) and (18) are fulfilled then the effective conductivity tensor A, of a nonlinear model
is related to the effective conductivity tensor A; of a linear model by the following equality:

A (VT,) = A(CT 1)(VT). (33)

Proof. Using equality (25) from Lemma 3.2, definition (15) can be rewritten as

A (VT,) = (MVT) = A(C 1)(VT).

O
Taking (13) into account, the equalities (32) give
I (T,)VT, = VT. (34)
Thus, equality (33) can be rewritten as
VT, .
A ——= )= A(C, 1){(VTy). 35
</\m(Tn)> i NV To) (35)

Here, it is worth mentioning that in some practical problems we may have sufficiently small |A,, (T, (z)) — A ({7 (2)))]
for all z € Q(o,0). In this case we can substitute 1, ((7,,(z))) for A,,(T,(z)) in (34), which gives

1

(VTn (Z)) ~ k,,,((Tn (Z)))

(VTo(z)),

where the latter becomes
Ap 2 M (T (D)) A (CTH ). (36)

A similar relation can be obtained for an arbitrary cell O, ,). This relation was first obtained in [2] for random composites
without discussion on its applicability.

Theorem 3.4. Let the functions f,, defined in (26) and X, be Lipschitz continuous with Lipschitz constants Cy and
C;, respectively. Then for any arbitrarily small value ¢ > 0, there exists A, > 0, (A, = A.(e)) such that for any intensity
satisfying an equality |A| < A, the following estimate holds,

|(An)i; = A ((Th(2))) A(CT 1) < e (37)
foralli, j=1,2.
Proof. Letusdenote by Ty (z) a solution Tp(z) in (23) when A = —1, then we have
To(z) = |A| To,1(2),
for any A < 0. Further, let us note that
1To.1(z) = (To.1(2))| < M, (38)
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for any z € Q(;n,,m,)» Where < - > is taken with respect to the cell Q,,, »,) and for some positive constant M > 0 which
is independent of the chosen cell Q,, m,). Note that the constant M depends on the contrast parameter C as well as the
specific distribution of the inclusions within the unit cell for the respective linear composite.

Since the function f,, ' is Lipschitz continuous with a Lipschitz constant C 7, we get

| (AN To.1(2)) = £ ' (Al o1 (2))] < Cr|IAl Toa(2) — (JAl To1 (2))] < CrlAIM.
Thus,
1 (AT Toa (2))] < 1f (AT To (2)))] + CrlAIM,

and, obviously,
(LA To 1 (2D < (U (1A Toa (2)1)
<11 (A To1 ()] + (CrlAl M)

=1/, (Al To.a ()] + CrlAI M.
Further, using the Lipschitz continuity of the function 1,,, together with (29) and the estimates obtained above, we get

Mm(Tn(Z)) - )‘m(<Tn(Z)>)| =< C)LlTn(Z) - <Tn(z)>)|
=Gl f, (To(z)) = (£ (To(2))]
= Cilf, (1A To.1(2) — £, (Al To.1(2)))

+ £ (WAl Toa (2))) = (£ (1A Toa ()]

< 2C,C/|AI M.
Let us set
)\min = ggﬂg{)‘m (5)},
Amax ‘= Sup{)‘m(g)}v
EeR
Ak,max ‘= Sup{)\k(‘i‘_)},
£eR
Amax = max{)"mm\'a )\k,max}-
Since
1 _ 1 — |)¥m(<Tn(Z)>) - )"m(Tn(Z))l
)»m(Tn(Z)) )\m((Tn(Z))) )‘m(Tn(Z»)‘m((Tn(Z)))
A ((T(2)) = A (T, (2))]
- )‘;znin
2C,C/|A|M
- )‘ﬁu‘n ’
we obtain
(VTO)J- _ (VTo)j > 2C,Cr|AIM .
e w et e e (MO

and, consequently,

< (VTy), >_ ((VTo);) L 266 AIM
A (T (2)) M ((Tu(2)) | — )‘rzm'n

I(VT0) ;).
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Further, we have

o L YTy ‘
(AZ(C ’ 1))U<(VT0)1) (An)lj )\m<<Tn(Z>>)
(VTO)J> ((VT0)1> ‘
= An ij - An i
e R P ey
A <(VT0)‘,->_ ((VTo);) ‘
O N\ A (T(2)))
2C,Cr|A| M A oy
< 200G A R 7y,
and we finally obtain
A
[AC ) (T ) = (A = 2 (39)
foralli, j = 1,2, where
A2
a* = min .
2)\max Amux CA Cf M
Thus, we have (37) provided |A| < A, = ea,. O

One can also conclude that for small values of ¢ < 1 (or equivalently for small values of the heat flux |A| < 1, the
following estimate holds true

Sa(A) =A™ Jmax [(A(CT 1)iAn((Th(2)) — (An)i | = 0(1), A= 0. (40)
lim 81 (4) = 8 = a..

Analogously to (39), we define

Su(A) =|AI"" max [(T,(z)) — T,(z)| <2C;y M, lim 8y (A) =6}, (41)
2€0Q(0,0) |A|—0

4 Numerical examples

In this section, we analyze the nonlinear composite considered in the paper [6] for various values of the flux intensity A.
Specifically, we will show that in the case when the temperature changes dramatically within cells, the average properties
formally defined by (35) will be different depending not only on the average temperature but on the flux intensity, A, which
contradicts the statements in [2,7] and [28].

We choose for calculations the representative cell Q (o), with one central inclusion of the radius rx, = R = 0.29, i.e.
the volume fraction of the inclusion is 0.2642. We consider the same material properties, as discussed in [6], where the
material conductivities are characterized by identical pike shapes satisfying the condition (13), and defined in the following
form:

ai, T < B,
o —Qap
oy + /3 T, /31 =< T =< 07
AMT) = ! (42)
o] — 0y
oy + T, 0T < B,
2
ar, T > p,
where 8 = =2, 8, =2, a) = 4.5, ap = 13.5 for the matrix conductivity, A,,, &; = 50, o = 150 for the inclusion con-

ductivities, Ay, and C = 0.09. We will examine the cases of flux intensities |A| = 0.01;0.1; 30; 100.
The effective conductivity tensor A;(C~!, 1) of the corresponding linear problem is

A(CT, 1) =1.56676 1, (43)

where I is the unit tensor.
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In Figs. 1 and 2, we present the temperature distributions within one cell for three values of the flux intensity. It is
clearly seen that the gradient of the temperature within the cell is closely correlated to the average heat flux intensity and
essentially depends on the latter.

-0.02 -0.01 0.00
0.4 1
y

0.2

0.00\ 0.01

0.02
T
0.4

Fig.1 Temperature distribution in the cell Q¢ ), with flux intensity [A| = 1,
for the nonlinear composite.

In Fig. 3 we show the properties of the nonlinear composite as evaluated by the formula (37) for 3 different values of the
average heat flux intensity: |A| = 1, 30, 100. Since, according to the composite geometry, we always obtain the unit tensor,
only the diagonal component of the tensor A, is presented, (A, ({7,)))11. For comparison, we also depict the value A, ((T,)) -
A;(C71, 1) corresponding to the model from [2]. Note that, for the smaller values of the average heat flux intensity, the
difference between those solutions and the result obtained by the model from [2] is invisible in the scale of the graph.

Finally, we can evaluate the constants from the estimates (39) and (41) in order to determine the accuracy of the
inequalities. For this reason, let us note that for the composite under consideration the functions A,, and f,~ ! are characterized
by their Lipschitz constants C, = 4.5, Cy =2/9, while the constant M seen in inequality (38) can be estimated as
M =~ 0.077. As a result, the constant A, = ¢a, in Theorem 3.4 can be computed to give a, =~ 0.06. Additionally, we
calculate constants 83 = 16.67 and 6, ~ 0.034.

We can expect that those two important estimates, (39) and (41), are rather conservative. Our computations confirm this at
least for the chosen configuration of the composite. Indeed, the values of the constants from the estimate are given in Fig. 4.

Moreover, as a result of the computations we can suggest more accurate and even double-sided inequalities for this
particular composite

8y <Oa(A) <8, 8y <6m(A) <6u, (44)
where §, ~ 0.09, 5, &~ 4.46 and §,, ~ 0.0195, §); ~ 0.0242.

20.59 035 20.12 3.64 217 -0.73
3.64
0.4 0.4 -
y 0.59 y
0.2 0.35 0.2 1
0.11 2.1
0.71
T T T T T T T T T T T T T r
-04| -03 -02 -01 O 0.1 0.2 .3 /0.4 -04 403 -02 -0.1 O 0.1 .4

~0.21 -0.2 1

0.4 -0.4 1

Fig.2 Temperature distribution in the cell Q¢,0) for the nonlinear composite, with the average flux intensities |A| = 30
and |A| = 100.
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~N
N
~N
\ ~ Fig. 3 Comparison of the diagonal components of the tensor
T 1
5 10 2 ({T)) - A;(C~1, 1) corresponding to the respective linear com-
posite to the diagonal components of the effective conductivity
- 14| =100 |4] =30 -l4l=1 tensors A, of the nonlinear model, for different intensities of the
— - formula (36) flux.

0.035——————————
10' T 5 \
A
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 6
b T 0.03f M
0 \ SA 5
100+ 1 8, "
\ M
v 5, 0025 / ,,,,,,,,,,,,,,,,,,,, \ ,,,,,,
3 ~~/ o By
A AR AL
1 e . Tl
TR DO e 002 T T Trerriiiiiiiiiiiis-ce
— : : 08 1 0 02 04 06 08 1

1?“/‘\/(1 0A6) nA /K A)

Fig.4 Constants calculated from the estimates (39) and (41), for different values of the heat flux in the chosen geometry.

5 Conclusions

In the special case of proportional conductivities, we have shown that the effective properties of the representative cell
of a nonlinear temperature dependent composite computed by the standard definition (15) may essentially depend on the
intensity of the flux penetrating the composite. We have proved that, for a sufficiently small flux intensity, the result for such
a nonlinear composite is indistinguishable from another obtained in [2]. However, if the flux intensity becomes sufficiently
large, the result developed for the periodic model differs from the corresponding result obtained in [2], where the classic
homogenization methods were utilised. In other words, if we use the simplest formula from [2] to solve a boundary value
problem for the respective composite, it is of crucial importance to analyse at the postprocessing stage the level of heat
flux locally developed in different parts of the nonlinear composite. In those parts of the composite where the flux is high
enough, the average properties cannot be assumed without taking into account a specific structure of the composite and the
flux level.
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