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Abstract

We consider the impedance boundary-value problem for the Helmholtz equation originated by the problem of wave diffraction by
an infinite strip with imperfect conductivity. The two possible different situations of real and complex wave numbers are considered.
Bessel potential spaces are used to deal with the problem, and the identification of corresponding operators of single and double
layer potentials allow a reformulation of the problem into a system of integral equations. The well-posedness of the problem is
obtained for a set of impedance parameters (and wave numbers), after the incorporation of some compatibility conditions on the
data. At the end, an improvement of the regularity of the solution is derived for the same set of parameters previously considered.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

We consider a boundary-transmission problem for the Helmholtz equation which arises within the context of wave
diffraction theory (for related works, we refer to [1-10], [12—15], and [17-25]). The problem is formulated in both
situations of a real and a complex wave number k, and worked out in a framework of Bessel potential spaces. The
boundary under consideration consists of an infinite strip where certain impedance conditions are assumed. Operator
theoretical methods are used to deal with the problem and, as a consequence, several integral operators are constructed
to help in the characterization of the problem. At the end, the well-posedness of the problem is shown for a range of
smoothness orders of the Bessel potential spaces (which includes the finite energy norm space).

As initially mentioned, the physical motivations behind the present study arise from the classical problem of
electromagnetic wave diffraction by a strip. Such kind of problems have been extensively discussed in the applied
mathematics literature (including also other canonical geometries like the half-plane case originated by the famous
Sommerfeld problem). Depending on the kind of boundary conditions in use, and on the geometry of the problem,
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different studies have been made about the type of the spaces which are more appropriate to deal with such kind of
problems (cf., e.g., [15] and [19]).

Within this context, a great part of the mathematical interest is naturally devoted to the question of finding out
the largest set of possible spaces where it is possible to show the existence of a unique solution, and continuous
dependence on the known data. From the physical point of view, the choice of appropriate function spaces is influenced
by the physical argument to have local finite scattering energy, and outgoing scattered waves (i.e., radiation condition).

It is also important to mention that in the real (non-complex) wave number case some of the known methods fail.
This last peculiarity can be seen, e.g., in the standard techniques of the Wiener—Hopf method (where there is the
necessity to use integral representations through Fourier transformations). A combination of this last method with a
strong concern about the use of appropriate classes of Bessel potential spaces can be found in the work of Meister and
Speck and their collaborators (cf., e.g., [14—16], and [21-23]).

In the present paper we provide new results on the possible smoothness orders of Bessel potential spaces for the
well-posedness of the announced problem in the strip geometry case, with impedance boundary conditions on both
faces of the strip.

Although we will present below the problem within the context of Hilbert Bessel potential spaces H* := H, (also
known as Sobolev spaces), we would like to mention that the present methods also work for settings where the
integrability parameter p = 2 assumes values other than 2. For example, without significant changes, we can perform
the below study for (Banach) Bessel potential spaces H,, (cf. [27]) with a Lebesgue index p € (1, +00). Anyway,
from the Physical point of view it makes more sense to study those problems for p = 2.

As for other possible geometrical generalizations, it is clear that we can substitute the finite interval X~ by some
other C*°-smooth, non-self-intersecting, open curve, and all the below results will still be valid.

The paper is divided as follows. In Section 2, after introducing the necessary notation, we give the precise formula-
tion of the problem to be dealt with in the next sections. In Section 3 the uniqueness of solution for the homogeneous
problem is worked out. This is done by the use of Green’s formula, the Sommerfeld radiation condition at infinity, and
the Rellich—Vekua theorem. In Section 4 we recall the fundamental solution of the Helmholtz equation, and exhibit
some properties of single and double potentials in the context of Bessel potential spaces. In the final section, the prob-
lem is reformulated into an equivalent system of integral operators where the previously introduced potentials appear.
Then, for a range of impedance parameters, the problem is shown to be uniquely solvable upon a representation for-
mula. In addition, in this Section 5, an improvement of the smoothness orders of the solution is also obtained based
on a detailed study of certain pseudo-differential operators derived from the initial problem.

2. Formulation of the problem

In this section we establish the general notation, and present the mathematical formulation of the problem.

As usual, S(R") denotes the Schwartz space of all rapidly vanishing functions and S’'(R") the dual space of
tempered distributions on R”". The Bessel potential space H*(R"), with s € R, is formed by the elements ¢ € S’ (R")
such that

ol = |71+ 1EP) - Fol o) < oo

As the notation indicates, || - || gs(rny is @ norm for the space H*(IR") which makes it a Banach space. Here, F = Fy\ ¢
denotes the Fourier transformation in R”.

For Lipschitz domains D of R” we denote by H* (D) the closed subspace of H®(R") whose elements have supports
in D, and H*(D) denotes the space of generalized functions on D which have extensions into R” that belong to
H*(R") (note that these spaces are only defined for Lipschitz domains whereas the necessary spaces for the slit
domain—which is not Lipschitz—are defined below). The space H* (D) is endowed with the subspace topology, and
on H®(D) we put the norm of the quotient space H*(R")/ H* (R™\ D). For unbounded open subsets D C R”", we
are also going to use the corresponding (usual) local Bessel potential spaces H;; (D) (which formal definition can be
found, e.g., in [26]).

Use will often be made of the restriction operator

rs: H'(R) — HY(X)
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that, by the definition of H*(X'), can be identified with the quotient map from H*(R) onto H*(R)/ H R\ ¥), where
Y C R,. Anyway, in what follows we will not distinguish between elements of H (X)andry H (X).

Let us adopt the Cartesian axes Oxyz, and consider a differential formulation of the diffraction problem. We will
deal with a boundary value problem originated by the diffraction of plane waves by an infinite strip located in the O xz-
plane (perpendicular to the y-axis), and with an edge chosen to coincide with the z-axis. We assume throughout this
work that the material is invariant in the z-direction. Thus, in effect, the geometry of the problem is two-dimensional,
leading us from R3 to R?, and consequently from the mentioned infinite strip to a finite interval X = 10, a[ (where
0<a<oo0).

Set 2 :=R2\ X. Besides H%(§2) = L»(£2), we will also consider the Bessel potential spaces on £2 for smoothness
orders s > 0, in the following way: first, for s € N, let H*(£2) be the completion of {# € C°(£2): |u|ls < oo} with
respect to the norm ||u||s := {ngs ||8"‘u||i2(9)}1/2; second, by using the complex (-,-)g interpolation functor, for
non-integer orders s = (1 — 8)sg + 6s1 (with sg, s1 € Ngp and 0 < 6 < 1), the space H*(2) is defined by the complex
interpolation method

H'(2) = (H(2), H'(2)),.

Moreover, we say that u € lOC(OQ)(.Q) if and only if Y |ou € H*($2) for every ¥ € C°°(R2)

We are interested in studying the problem of existence and uniqueness of an element u € H, Lt+e )(.Q) for a given

loc(co
wave number k € R\ {0} or u € H'*€(£2) for the case of k € C\R (with 0 < € < 1), subject to the Helmholtz equation
” + ” + k2 in £2 2.1)
— in £2, .
ax2 dy?
and satisfying the boundary condition
=ht,
{ —iptug=ht.o s (2.2)
u; +ip uy, =h

where the impedance parameters p* € C are given, and the Dirichlet and Neumann traces are denoted by u(jf = Uly=+0
and uf = —(0u/dy)|y=+0, respectively. In addition, the elements ht e HEY 2(2 ) are arbitrarily given since the
dependence on the data is to be studied for well-posedness.

Note that the conditions in (2.2) are understood in the distributional sense (cf. [13]). The Dirichlet traces on X' are
due to the Trace Theorem, and the Neumann traces can be in fact defined by means of Green’s formula and the duality
arguments.

We emphasize that we will deal with both situations of a dissipative and a non-dissipative medium reflected by
the conditions Imk # 0 and Imk = 0, respectively. Thus, for the real wave number case (k € R) it is natural to
require that the eventual solution of (2.1)—(2.2) should also satisfy the Sommerfeld radiation condition at infinity,
u € Som(£2):

d _3
mu(x)—llldu(x)— (|x| 2) for |x| — oo (2.3)

see, e.g., [9]. Therefore, in what follows it is assumed that for a real k we have a radiating u (2.3), while for a complex k
it is assumed that u exponentially decays at infinity.
In particular, conditions (2.1)-(2.2) lead to

ut —uy =0 =
9% == R\ Z. 2.4
{MT—M1=0 ot .

Thus, when computing
W == ()~ it +ip Ty ).
we realize that we necessarily need to have

Wt —h~ e H3 (D). (2.5)
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This occurs because from (2.4) and (2.2) it follows uf —uy € ﬁ€_1/2(2), and also due to ieru(J)r +ipTu, €

HETY/2(3) (which does not change the space in (2.5) because HH/2(3) ﬁG_I/Z(Z’) is continuously embedded).
Anyway, since ﬁS(E) = H*(XY)ifand only if s € (—1/2,1/2) (cf., e.g., [27]), it follows that for the proposed values
of € the condition (2.5) is an additional restriction only for € = 0. Therefore, in the case of € =0, (2.5) is a necessary
condition for the above problem to be solvable and we may recognize it as a compatibility condition between the
data [16].

From now on we will refer to Problem Py, as the one characterized by (2.1)—=(2.3) and (2.5) in the case of
k € R\ {0}, and by (2.1), (2.2) and (2.5) in the case of k ¢ R.

3. Uniqueness of solution

In view of the proof of the next uniqueness result, let us now assume that X' is a part of some smooth and simple
curve S which separates the space R? into two disjoint domains £2%+ and 2~ =R?\ £, such that 2+ is a bounded
domain and S = 8£2%. In this case, let us denote by n(x) = (n1(x), n2(x)) the outward unit normal vector at the point
xeS=00"T.

Theorem 1.

@) If Smk =0, NRe pjE 2> 0 and € =0, then the homogeneous Problem Py, (i.e., Problem Py, in the particular
case of h™ = 0) has only the trivial solution u = 0 in the space HILC(OO) (£2) N Som($2).
(i1) If Smk #£ 0, € =0, and one of the following situations holds:

(@) (Mek)(Imk) >0, NRep™ >0,
(b) (Rek)(Imk) <0, NRep* <0,

(¢) |Imk| > |Mek|, ImpT >0,

NRe p~

(d) Rek=0, NRept#0, Smp >Imp™ P ,
NRept
_ N _Nep™

(e) Nek=0, NRep #0, Imp"™ =>Jmp ,
Ne p~

(f) Rek#£0, p~ =0, Rep™#0, ImpT #0,

X +
@mk)? — Nek) — 2Mek)@Smi) ol > o,
NRept
(@) Nek#0, pT=0, Nep” #0, Imp~ #0,
Smk)? — Mek)? — 2(Re k) (Smk) =P > 0,
Ne p~

then the homogeneous Problem Py, has only the trivial solution u = 0 in the space H L2).

Proof. (i) We start by considering the case of Smk =0, fie pT > 0 (and € = 0). Let R be a sufficiently large positive
number and B(R) be the disk centered at the origin with radius R, such that .Q_+ C B(R). Set 2 := 2~ N B(R),
and let u be a solution of the homogeneous Problem Ppy,;,. Then, Green’s formula for u and its complex conjugate u
(in the domains 27 and £2y) yields

f [IVul® = K2 ul*] dx = ([8au1F (15 3.1)
N+
/ [IVul* = K ul*] dx = —([8,uly . [ulg)s + / dpuids. (3.2)

25 0B(R)
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Here, the symbols [-]* denote the non-tangential limit values on S from 2% and (-,-)s, (-,-)5 denote the duality
brackets between the dual spaces H_%(S) and H%(S), or ﬁ_%(Z’) and H%(Z’), or H_%(Z‘) and ﬁ%(E). For
regular functions, e.g., f, g € L>(M), we have

e / FEdM,
M

forM=SorM=2X%.

Note that the interior regularity in §2 of solutions of the Helmholtz equation (2.1) gives us [u]‘S"\f = [u];\f and
[Bnu];L\f = [a,,u];\f. Then, by summing up (3.1) and (3.2), we obtain
/ [|Vu|2 —k2|u|2] dx = <uT, u8‘>2 — (ul_, ”6)2 + / opuudS
+tuey dB(R)
=ipHug.uf)y +ip (ug . ug)s + / duuii dS. (3.3)
3B(R)

Since we are assuming R to be sufficiently large, we can apply the Sommerfeld radiation condition on the
circle dB(R). Let us now separate the imaginary part of Eq. (3.3), and use the fact that u € Som(£2) implies

u(x) = O(|x|~2) as |x| — oco. Then we obtain
mep+/|ug|2d2+mep—/|ug\2d>:+|k| / ul>ds = O(R™"),
> X dB(R)
which yields
lim / ul>dS =0,
R—o0
3B(R)

due to the conditions Jie pi > 0. Therefore, from the Rellich—Vekua Theorem [28], it follows that u = 0 in £2.

(i1) For the second case, we can repeat the same reasoning as in the case (i) up to the step of formula (3.3).
Additionally, since Imk 5 0, the function u exponentially decays at infinity and so (passing to the limit as R — oo
in (3.3)) it follows

/[IVM|2 —k2|u|2] dx = ip+(u6r, uar)z —I—ip_(ua, ”6)):'
2

From to the real and imaginary parts of the last identity, we obtain

/[|W|2 + (mk)? — (Rek)?)|ul*] dx
2

=—3mpH(uf ., uf)y —Smp~(ug, uy )y — 2(Rek)(Imk) f || dx
Q
= melﬁ(”a—* ”(ﬂz +%Rep~(ug, “6)2'
Thus, for each of the conditions (a)—(g), it follows from the last two identities that u =01in 2. O
4. The fundamental solution and potentials
In the present section (without lost of generality) we will assume that £ > 0 when in the case of a real wave number

(the complementer case of k < O runs with obvious changes).
Let us denote the standard fundamental solution of the Helmholtz equation (in two dimensions) by
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I, == Hy (klxl),

where Hél)(k|x|) is the Hankel function of the first kind of order zero. Recall that the fundamental function I" (x, k)
satisfies the Sommerfeld radiation condition (for a real positive k), and it has the following logarithmic singularity in
the neighborhood of the origin

1 1 1
F(x,k)=—Elnm+(’)(|x|zln|x|), |x|<5
(cf. [9, §3.4]). Then the corresponding single and double layer potentials are of the form

V) x) = f Fx—y. Oy ()dS, x ¢S,

S

W(p)(x) 2/[3n(y)F(x -y, b]eMds, x¢s,
s

where ¥ and ¢ are density functions.
Note that by the standard arguments of the Green identities we obtain the following integral representation of a
radiating solution u € HILC(OO) (£2) N Som(£2) of the homogeneous Helmholtz equation (cf. [28])

+
+ / {[Buin T x = 3, ][] = T x = 3, ) [dayun ] =} dS = {g(x) gi < g;’ @.1)
QT

In particular, by summing up we have
u(x) =Wud —uy)x) = V(u —u])x), xeg. 4.2)

Thus, formula (4.2) holds for a solution u € HILC(OO) (£2) N Som(£2) when k is a positive real number, as well as for

a solution u € H'(£2) of the Helmholtz equation when k is a complex (non-real) wave number.
Let us now recall some mapping properties of the above introduced single and double layer potentials (cf., e.g.,
[10] and [11]):

viHS) - HTR @) nsom(27) [ (S) - HUHE(27)],
W:H(S) - Hl‘:%(fe*) NSom(27) [H'(S) — H”%(sﬁ)] (4.3)

for a real positive wave number &, and
ViHS(S) > HOT(QF), Wi HY(S) > HUTI(2Y), (4.4)

for a complex (non-real) k.
The following jump relations are also well-known

_ 1
vanlt =[valy =HW),  [aVe]; = [;51 + /c] W),

(W]t = [i%l + /c*]«o), [0, W@ = [0 W @] = L), (45)
where
K@= [ F@=ybymds. zes, 4.6)
S
KW (@) = / [buo P — v, O]Y () S, z€S, 47

S
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K*(p)(z) := /[8n<y)F(y -2k ]e()dS, zes, (4.8)
S
L(p)(z) = xgrznes In(x) /[a,,(y)r(y —x,k)]e()dS, zeS, (4.9)
S

and I denotes the identity operator.

Theorem 2. (See [11].) The operators (4.6)—(4.9) can be extended to the following bounded mappings:

rsHH (D) — HSTL(Y), (4.10)
rslk, reK* s HY(Z) — HY (X)), 4.11)
rs L HSTU(D) > HY (D), (4.12)

for arbitrary s € R.
Moreover, they are pseudo-differential operators of order —1, 0, 0, and 1, respectively. The operators (4.10) and
(4.12) are invertible provided that —1 < s < 0.

Note that for the finite interval geometry the operators rx/C and rx/C* turn out to be zero. However, we prefer
to keep them in the reasoning in view of the announced possible generalization to other C°°-smooth, non-self-
intersecting, open curve, instead of X' (cf. the introduction) in which case those operators may not be zero.

5. Existence and regularity of solutions

We look for a solution of Problem Py, in the form

ux) =W -vV@)kx), xef, (5.1
where the unknown densities ¢ and 1 are related to the source u# and its normal derivative by the following equations
(ctf. (4.2)):

p=ug —ug,  Y=u —uy. (5.2)

The boundary conditions (2.2) (together with (2.5)) can be equivalently rewritten in the form

{uf—ul —ipTud —ip~uy = fo, (5.3)

ui’_ — ip'*'ubF = f1,
where fo:=h* —h~ e H 2(¥)and f1 :=ht € H™2 ().
The representation formula (5.1) together with the jump relations (4.5) and the boundary conditions (5.3) lead to
the following system of pseudo-differential equations on X with unknown ¢ and ¥

{ re( 1 —ip*[GI+ K9 = Hy 1 = ip~ (=31 + K)o = Hy 1} = fo, 5.4)
re{le — (=31 + Ky —ip* G+ K)o —Hy 1} = f1.
Let us introduce the notations

Lo (THIPTHAIpTH —ipt (31 +K*) —ip~ (=31 + K*)

T\ 3 -K+iptH L—ip*(GI+K")

and

o=,  F:=(fo. ).
Then, from (5.4), we have

rsA® =F onX, (5.5)

where @ € H-3(X) x H2(X)and F € H (X)) x H™1(X).
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Theorem 3. (i) If Smk = 0 and Ne pjt = 0, then Problem Ppy, has a unique solution in the space Hlfx(oo)(ﬂ) N
Som(£2), which is representable in the form (5.1) with the densities ¢ and  defined by the uniquely solvable pseudo-
differential equation (5.5).

(ii) If Smk # 0 and one of the conditions (a)~(g) of Theorem 1 is satisfied, then Problem Py, has a unique
solution in the space H'(82), which is representable in the form (5.1) with the densities ¢ and  defined by the
uniquely solvable pseudo-differential equation (5.5).

Proof. We will analyse the invertibility of the matrix operator

~_1 ~ 1 ~_1 1
re A H 2(X)x H2(X) > H 2(X) x H 2(X). (5.6)

Due to the mapping properties (4.10)~(4.11), and the continuous embeddings HY2(¥X) < H'Y2(¥) and
H'2(%)— H1/2(X), the operators

rel rsK* HY () —> H3(5),  relrsK*: HY(5)— H (),
and
reH:H3(5) > H (%)

are compact. Moreover, the operators in (4.11) are also compact, since their kernel have a weak singularity. Therefore,
(5.6) is a compact perturbation of the triangular matrix operator with the invertible operators rx / and rx £ in the main
diagonal. Consequently, (5.6) is a Fredholm operator with zero index. Then Theorem 1 implies that Kerry.A = {0},

and therefore Eq. (5.5) is uniquely solvable for arbitrary F € a2 (X)x H -3 (X). O

Note that p™ = p~ =0 gives us so called crack type (Neumann) conditions on X'

{Lfl|r =ht,

X,
u, =h" on

Then we easily obtain v =ht —h~ ¢ ﬁ_%(Z‘) and
1 ~
@= E‘I{E(h‘ —hT)+K(nt —h—)} cH1(2).

Theorem 4. Let

(i) Imk =0 and Re pT >0, or
(i) Smk # 0 and one of the conditions (a)—(g) of Theorem 1 be satisfied.

If the boundary data satisfy the condition
(h*.h™) e HT1T(D) x H-1V4(), for0<e < %

and additionally
ht—hT e H2(X), ife=0,

then the solution u of Problem Py, possesses the following regularity
ue H'FE (2)NSom(R), in the case (i),

loc(c0)

ue H'7(2), inthe case (ii).

Proof. The solvability result follows from Theorem 3. Due to the continuity results in (4.3)—(4.4), and the represen-
tation formula (5.1), it is sufficient to show that (¢, ¢) € Hote (X) x Hi+e (X).
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The operator .4 can be written as
A=B+T,

where
I 0
I L

T=Tj)ji=12:=rx (

and
ipT+pHOH ST —pH—ilpT+ p)K*)
—K+ip*H —ipT(3 +K*)
Due to Theorem 2, we have that
reB: H3H(D) x H3T6(X) > H37(X) x H-3(x)

is an invertible operator for every —% <e< % The inverse is provided by the formula

_ I 0
rgBlzrg( 1 e _).
—Qﬁl L1

The operator rx T is a compact operator between the spaces ﬁ’% (X) x 17% (X) and ﬁ’% (X)) x H’% (X). More-
over, the entries T11, T12, 121, and T>, are pseudo-differential operators of orders —1, 0, 0 and 0, respectively (cf.
Theorem 2).

Then, from ry AP = F,wehave ® =rxB-LF —rsB~1T®, ie.

Y= fo—Tuy — T, (5.7

and
Vs B 1 . 1
p=rxLl —§f0+f1 —rsl T21—§T11 Y —rxl T22—§T11 . (5.8)

The equality (5.7) together with (, ) € a2 () x H 2 (X)), and the continuity properties of 71; and T7,, imply
v e H _%“(ZJ ). Taking into account this result for the equality (5.8), and noting that £~! is a pseudo-differential
operator of order —1, we finally obtain that ¢ € H %“(Z‘). O

To end up, we would like to point out that the above seven conditions (a)—(g) (cf. Theorem 1), as well as the condi-
tions in proposition (i) of Theorem 1, include several possibilities of concrete wave numbers k and impedance parame-
ters p* which are relevant from the physical point of view. In particular, it is pertinent to mention that the possible situ-
ations of Imk < 0 correspond to a surrounding medium which is slightly conducting/lossy. As for the case Smk =0,
it corresponds to the situation of a non-dissipative medium. Additionally, the parameters p* incorporate already the
contribution of the wave number k in their values and the factors p*/k describe the surface material impedances
(being also functions of the angular frequency). Thus, from the physical point of view p¥/k may assume a great
variety of values reflecting each type of material (see [20, §4.1.1] and references cited there). For example, it is known
[7] that if ¥ models a rigid frame porous then p*/k should take values strictly in the sector of the complex plane
defined by £3e(p*/k) >0, £3m(p*/k) <0, and |p*/k| < 1. In any case, the condition £Re(p®/k) > 0 must be
satisfied when the material located at X is to absorb rather than to emit energy. In a stronger way, if £Re(p™/k) > 0
is fulfilled then the corresponding boundary condition (2.2) is describing an absorbing boundary where the magnitude
of the reflection coefficient for plane waves is less than 1. All these examples turn clear that the above conditions
(a)—(g) reflect a great variety of possible combinations of the parameters k and p* with physical significance.
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