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1. Introduction

The physical motivations behind the present study arise from the problem of acoustic and electro-
magnetic time-harmonic plane wave diffraction by a strip interacted with the boundary. In particular,
we deal with boundary value problems for the Helmholtz equation, where the strip is located in the
Oxz-plane (when adopting the Cartesian axes Oxyz) and perpendicular to y-axis — which may be
viewed as a boundary of an obstacle. Throughout this work we assume that the material is invariant
in the z-direction. Thus, in effect, the geometry of the problem is two-dimensional, which leads us
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from the strip to a finite interval [0, a[, a > 0. The problem is formulated for the complex (non-real)
wave number case and worked out in a framework of Bessel potential spaces.

Boundary value problems for the Helmholtz equation in singular configurations have been stud-
ied by several authors, partly focused on special cases, under extra assumptions on the geometry
or the underlying dimensions. Other concrete wave diffraction problems which have been stud-
ied in the literature and have some common points with our problem can be found, for instance,
in the works of Castro, Kapanadze, Krutitskii, Malyuzhinets, Meister, Merzon, Moura Santos, Penzel,
Rottbrand, dos Santos, Speck, Teixeira and others (cf. [2,6,7,13,21,24-32]). In special, Dirichlet and
Neumann problems for the dissipative Helmholtz equation in exterior planar domains bounded by
several closed curves and several open arcs (or cracks) have been studied in [17-19], and boundary
value problems for the 2D Laplace equation in exterior domains bounded by several closed curves
and several double-sided open arcs with a Dirichlet boundary condition on the whole boundary or
with setting either Dirichlet or Neumann boundary conditions on different parts of the boundary have
been studied in [20,22,23].

To treat the problems (mathematically formulated in the next section) we start by applying the so-
called potential method (in Section 3), which allows us to equivalently reduce the original problems
to the integro-differential equations on the boundary. It turns out that these equations are equivalent
to some others characterized by Wiener-Hopf plus and minus Hankel operators. Moreover, these op-
erators have oscillating Fourier symbols (see Section 4), which are additionally investigated. Namely,
explicit appropriate factorizations of the representatives at infinity of those Fourier symbols are ob-
tained and, therefore, uniqueness and existence results are concluded (in the last section). For all this
the use of operator relations in Section 5 revealed to be fundamental, which allows us to associate
a certain matrix Wiener-Hopf operator with Wiener-Hopf plus and minus Hankel operators. Addition-
ally, we represent solutions of the wave diffraction problems with a screen or a crack perpendicular
to the boundary by single and double layer potentials within Bessel potential spaces, and an improve-
ment of the smoothness space parameters is exhibited for which the existence and uniqueness of
solution (and continuous dependence on the data) is still guaranteed.

2. Formulation of the problems

In this section we establish the general notation which will already allow the mathematical for-
mulation of the problem.

As usual, S(R") denotes the Schwartz space of all rapidly vanishing functions and S’(R") the dual
space of tempered distributions on R". The Bessel potential space HS(R"), with s € R, is formed by
the elements ¢ € S’(R") such that ||@| ysgn) = IF 11+ |§|2)S/2 - F@llL,n) is finite. As the notation
indicates, || - || ysrny is @ norm for the space H*(R") which makes it a Banach space. Here, F = Fy ¢
denotes the Fourier transformation in R".

For a given Lipshitz domain D, on R", we denote by H*(D) the closed subspace of H(R") whose
elements have supports in D, and H*(D) denotes the space of generalized functions on D which have
extensions into R" that belong to HS(R"). The space H*(D) is endowed with the subspace topology,
and on H*(D) we introduce the norm of the quotient space HS(R”)/ﬁs(R” \ D). Throughout the paper
we will use the notation R" :={x = (x1,...,X,_1, Xn) € R": +x, > 0}. Note that the spaces HO(]R’}r)
and ITIO(RLL) can be identified, and we will denote them by L(R%).

Let 2 :={(x1, %) € R%: x1 >0, xp e R}, I :={(x1,0): x1 € R}, and I, :={(0, x2): x3 € R}. Let fur-
ther C := {(x1,0): 0 <x; <a} C I'| for a certain positive number a and £2¢ := 2\ C. Clearly, 32 = I
and 02¢ = UC.

For our purposes below we introduce further notations: 27 := {(x1, %) € R%: x; > 0, x > 0}
and £2; := {(x1,%2) € R%: x; > 0, x < 0}, then 02; =8;US, for j=1,2, where S := {(x,0):
x1 =20} c Iy, §1:={0,x3): x>0} C I3, and Sy :={(0,x2): x2 <0} C Iy. Finally, we introduce
the following unit normal vectors ny = (0, “T1)on Iy and ny = (—1, 0) on I}.

Let € € [0, %). We are interested in studying the problem of existence and uniqueness of an ele-
ment u € H'T¢(82¢), such that
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(A+k*)u=0 ins2e, (1)

and u satisfies one of the following four representative boundary conditions:

[l =g; onC, and [ulg, =h; ons;, 2)
[l =g5 onC, and [anu]gj =f; on§j, (3)
[0n,ulf =gf onC, and [u]}j =h; onS;j, 4)

[0n,ul; = g7 onC, and [n,ul§, = f; on ;. (5)

for j =1, 2. Here the wave number k € C \ R is given. The elements [u]jgj and [anzu]gj denote the

Dirichlet and the Neumann traces on Sj, respectively, while by [u]Zf, we denote the Dirichlet traces
on C from both sides of the screen and by [Bnlu% we denote the Neumann traces on C from both
sides of the crack.

Throughout the paper on the given data we assume that hj € HY/2+¢(S)), fj € HV/2HE(S)),
for j=1,2, and gijE € H/2-1+¢(C), for i = 0, 1. Furthermore, we suppose that they satisfy the fol-
lowing compatibility conditions:

xa(gg — g5) ercH*(0), (6)
Xa(gf —g7) ercH'2(0), (7)
and
xo(gd —rchioe'?), xo(gy —rchaoe™2) ercHY2+e(0), (8)
xo(gF +1cfioe'?), xo(gy —refroe™'7) ercH Y2 (C). (9)

Here, rc denotes the restriction operator to C and yq(x) := xo(a — x), where xo € C*°([0, a]), such
that xo(x) =1 for x € [0,a/3] and yo(x) =0 for x € [2a/3, a].
From now on we will refer to:

Problem Pp_p as the problem characterized by (1), (2), (6), and (8);
Problem Pp_py as the one characterized by (1), (3), (6);

Problem Py-p as the one characterized by (1), (4), (7);

Problem Py-pn as the one characterized by (1), (5), (7), and (9).

As about the just stated compatibility conditions, note that they are necessary conditions to the
well-posedness of the corresponding problems. Note also that, the compatibility conditions (7) and (9)
included in Problems Py—p and Py-p are additional restrictions only for £ = 0.

3. The fundamental solution and potentials

We start this section by proving the uniqueness result for the problems in consideration.
Theorem 3.1. The problems Pp—-p, Pn-p, Pp-n, and Pn-yn have at most one solution.

Proof. The proof is standard and uses the Green formula (being sufficient to consider the case ¢ =0).
Let R be a sufficiently large positive number and B(R) be the disk centered at the origin with
radius R. Set £2r := £2¢ N B(R). Note that the domain £2p has a piecewise smooth boundary Sg
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including both sides of C and denote by n(x) the outward unit normal vector at the non-singular
points x € Sg.

Let u be a solution of the homogeneous problem. Then the first Green identity for u and its
complex conjugate u in the domain £2, together with zero boundary conditions on Sy yields

/[|Vu|2—l<2|u|2]dx: / (8pu)i dSg. (10)
2r dB(R)NS2

Note that, since Imk # 0, the integral faB(R)ng(anu)ﬁdS tends to zero as R — oo. Indeed, in (R, ¢)
polar coordinates we have

5
(Opu)ttd¢p =R lim / (Opuw)ude
81,600+

s
s1-%

(Gpu)udS =R
IB(R)NS2 _

\M\)I:l

[N

and we take into account that the solution u € H!(£2) of the Helmholtz equation exponentially decays
at infinity. Therefore passing to the limit as R — oo in (10) it follows

/[|Vu|2 — K u*]dx=0.
2c
From the real and imaginary parts of the last identity, we obtain
/[|Vu|2 + (@mk)? — (Rek)?)[ul*]dx =0,
L2c

—2(mek)(3mk)/ [ul>dx =0.
Q¢

Thus, for the condition Imk # 0, it follows from the last two identities that u =0 in £2¢. O
Now, without lost of generality we assume that Smk > 0; the complementary case Imk < 0 runs

with obvious changes. Let us denote the standard fundamental solution of the Helmholtz equation
(in two dimensions) by

i
Kx):= _ZHg”(mxn,

where H(()l)(k\x|) is the Hankel function of the first kind of order zero (cf. [14, §3.4]). Furthermore, we
introduce the single and double layer potentials on I7j:

Vj(W)(X)=/’C(X—}/)¢(J’)dyrj» x¢ T,
]

Wj((ﬂ)(x):/[3nj(y)IC(X_Y)](p(Y)dyrja x¢ T,
I
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where j=1,2 and ¢, ¢ are density functions. Note that for j =1 sometimes we will write R instead
of I. In this case, for example, the single layer potential defined above has the form

v1<w)<xl,xz)=/ic<xl v dy, x2 £0.

R

Let us first consider the operators V := V¢ and W := Wy.
Theorem 3.2. (See [7].) The single and double layer potentials V and W are continuous operators
V:iHSR) — HPHE(RE), W H(R) — HPIHI(R2) (11)
foralls e R.

Clearly, a similar result holds true for the operators V, and W5.
Let us now recall some properties of the above introduced potentials. The following limit relations
are well known (cf. [7]):

_ 1
VaOlt = [V ]z =H@W),  [WV]; = [:FEI} W),

1 _
[W(w)]ﬁ =: [igl}«p), [BnW(rp)]g =[W(p)]p = L(p), (12)
where
H(Y)(2) :sz(Z—y)w(y)dy, zeR, (13)
R
L(p)(2) = lim Ran(x) /[3n<y>/C(y -0]eydy, zeR, (14)
+9X—>Z€
R

and I denotes the identity operator.
In our further reasoning we will make a convenient use of the even and odd extension operators
defined by

, Ry, ), yeRy,
ee — (p(}/) y € + d eO — ¢
2 {w(—y), y €eRg, an vQ) —p(=y), yeRg,

respectively.

Remark 3.3. (See [13].) The following operators
¢ HTI(Ry) — HEPI(R), €0 e, B2 (Ry) — HEPZ(R),
© H I (Ry) — HE2(R), €€ :rp, 2 (Ry) — HE 2 (R)

are continuous for all € € [0, 1/2).
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Lemma 3.4. (See [7].) If0 < & < 1/2, then

rrzoVoﬁol/JZO, rpzoWoﬁo(ﬁZO,
rrodn,Volty =0, rpod,Wollp=0

forall y € HE=2(S), ¥ e rsHE™2(S), ¢ € HE¥3(S), and ¢ € rs HEY2(S).

Note that analogous results are valid for the operators V, and W.

4. The problems in the form of Wiener-Hopf plus Hankel equations

In the present section, we will equivalently write our problems in the form of single equations
characterized by Wiener-Hopf plus Hankel operators. In view of this, the use of the pseudodifferential
operators introduced in the last section together with an appropriate use of odd and even extension

operators will be crucial. In addition, the reflection operator J given by the rule

JU(y)=v¥(—y) forally eR,

will also play an important role here.

The boundary value problem Pp-p can equivalently be rewritten in the following form: Find u; €

H'*(2;), j=1,2, such that
(A+k*)uj=0 ing2j,
1t _p. A
[u]]sj —h] OnS],
ilf =g5, [u2lg=g; onC,
and
[m]gc —[uz2]ee =0, [3n1u1]gc — [9n,u2]ge =0 onCf,

where C¢ =S\ C.
Let us consider the following functions

Uy = 2W5(€hy) 4+ 2W1 (€0 (L1 85 — [2W2(€2h1)]5) + (rse)) in 24
and

uy =2W3(£hy) —2Wq (€°(€1gy — [2W2(€°h2)]) + £2(rs@)) in £2,,

(15)
(16)

(17)

(18)

(19)

(20)

where ¢ is an arbitrary element of the space Hi+e (C% and Lrg;,’ c Hi+e (S) is any fixed extension
of g4 € H2%¢(C), while ligy € H3%¢(S) denotes the extension of g € H3+¢(C) which satisfies
the condition r¢c (Z+ga' —£+gy) =0. Note that such extension exists due to the compatibility con-
dition (6). Note also that, the compatibility conditions (8) ensure us that Z+g§ — [2W2(Keh1)]§ and

L8y — [2W2(£hy)]g are elements of rSFI e (8) and therefore we may apply the extension opera-

tor £°.
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Using the results from Section 3 it is easy to verify that u; belong to the spaces H”E(.Qj) and
satisfy Egs. (15)-(17). Moreover, on C¢ we have

[ul]é—c - [UZ]EC =0.
Therefore it remains to satisfy the condition
+ -
[On, 1T — [9n, U2]e =0,
which together with (19) and (20) leads us to the following equation
rec L(rsp) = @, (21)
where
l e e
P = Ercc(am W3 (€°hy — €°hy)
_ + -
— L(€°(Crgg + L8y — [2Wa(EM)] s — [2Wa(€°h2)]5)))-
Thus we need to investigate the invertibility of the operator
rec LT HIVE(CE) —> H™2+8 ().

With the help of the operator ] and the shift convolution operators F 11, - F (where we re-
call that F denotes the Fourier transformation and 7,(¢) := e, & € R), we equivalently reduce the
problem to the invertibility of the operator

MR (L= LF "Toga- FJ) =12, F 'toq- FLOTR, F ' 00 F: HIPE(Ry) — H (R,
Let us note here that due to Theorem 3.1 and having in mind the exhibited limit relations of the

potentials, we already know that Kerrg, (£ — LF ~'t_5q - F ) ={0}.
The boundary value problem Pp—_y can equivalently be rewritten in the following form: Find u; €

H™€(82)), j=1,2, such that

(A +k2)u]~ =0 in$2j,

[9n,uj15, = fj onSj,

wilf =g5. [u2lg =g, onC,
and
[urlfe — [u2lge =0,  [8nu1lde — [ u2lce =0 onCE.
For this problem let us consider the following functions
up = =2V (€0 f1) + 2W1 (€5 (€485 +1s9)) in 2 (22)

and
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upy = =2V, (€% f2) —2Wq (€6 (€48 +1s9)) in 2y, (23)
where ¢ is an arbitrary element of the space H %“(CC), while E+g§ are above introduced extensions

of goi.
Similarly as above, the boundary conditions on C¢ leads us to the following equation

rec L(Ersp) =@, (24)
where
@ = 2ree(Va(t° 1 — €0 o) — £(¢°(187 +E287))).
Thus we need to investigate the invertibility of the operator
recLeTs : H2HE(CE) — H™ 248 (CF).

As previously, with the help of the operators J and F~'7., - F, we are able to equivalently trans-
form this second problem into the invertibility of the operator

Mo, (L4 LF T g0 FJ) =1, F T q FLETR, F 7y F: HIPE(Ry) —> H 2R,

Again, let us note here that due to Theorem 3.1 and having in mind the exhibited limit relations
of the potentials, we already know that Kerrg, (£ + LF 1 5, FJ)={0}.

The boundary value problem Py-p can equivalently be rewritten in the following form: Find u; €
H'+(2;), j=1,2, such that

(A+Kk*)uj=0 ingj, (25)
o )
[ujl, =h; onsj. (26)
[On,u1lf =gf.  [Onu2l; =8; onC, (27)
and
[urlfe — [u2lge =0,  [8pu1lde — [ u2lze =0 onC,

where C¢ =S\ C.
Let us consider the following functions

uy =2W5(€°hy) — 2V (€°(¢4gf +rsy)) ins2 (28)
and
up =2Wo(£°hy) + 2V (€°(L4 87 +1sv)) in 82, (29)

where ¢ is an arbitrary element of the space Ha+e (CY and E+g;r € H‘%+‘9(8) is any fixed ex-

tension of g € H~2%¢(C), while ligy € H~3%¢(S) denotes the extension of g € H~2+¢(C) which
satisfies the condition rec (€4 gf — ¢4 g7) = 0. Note that such extension exists due to the compatibility
condition (7).
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Using the results from Section 3 it is easy to verify that u; belong to the spaces H”E(.Qj) and
satisfy Egs. (25)-(27). Moreover, on C¢ we have

[Bny 1 15 — [3n, U215 = 0.

Therefore it remains to satisfy the condition

[u1]de — [uzlge =0,
which together with (28) and (29) leads us to the following equation

recH(Crsy) =¥, (30)
where

1 _
v = Ercc (Wz(ﬁefh — eehz) — H(Z"(hgT —I—E+g1 )))
Thus we need to investigate the invertibility of the operator
recHers ﬁ_%+€ (Cc) — H%-H3 (Cc).

With the help of the operator | and the shift convolution operators F~ 7., - F, we equivalently
reduce the problem to the invertibility of the operator

o, (H—HF T 50 FJ)=re, F 't g FHEMR, F ' 1g- F: H 2 (Ry) — HITE(R).
Let us note here that due to Theorem 3.1 and having in mind the exhibited limit relations of the
potentials, we already know that Kerrg, (H — HF Yt 9q- FJ)=1{0}.

The boundary value problem Py-y can equivalently be rewritten in the following form: Find u; €
H*¢(£2), j=1,2, such that

(A +k2)uj =0 ing;,
[3n2uj]§j =fj on§j,
[On,u1)f =gf.  [0nu2lg =87 onC,
and
[u1lfe — [u2lge =0,  [dn,u1ldc — [Onu2lge =0 oncCE.
For this problem let us consider the following functions
+ .
up = =2V (€° f1) — 2V (€5 (€1 g7 +2[0n, V2(€° f1)] ) + L5 (rsy)) in £ (31)

and

up = =2V (€° f2) + 2V (€5 (187 +2[0n, V2(£° f2)]5) + L5 (rsv))  in £2,, (32)
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where v is an arbitrary element of the space ITI*%”(CC), while K+g1i are above introduced exten-
sions of gli. Note also that, the compatibility conditions (9) ensure us that £+g1+ + 2[0y, V2(£°f1)]§

and £y gy +2[0n, Vz(éofz)]g are elements of rgl:i‘%” (S) and therefore we may apply the extension
operator ¢£°.
Similarly as above, the boundary conditions on C¢ lead us to the following equation

recH(rsy) =, (33)

where

V= %rcr(Vz(Eofz —£° f1)
—H(E(Lrg" + 8™ + [0, V2 (€ 1) 5 + [0 V2 (€0 2)]5)))-

Thus we need to investigate the invertibility of the operator
recHers - H™ 348 (CC) — H2H(CF).

As previously, with the help of the operators J and F~ !ty -F, we are able to equivalently trans-
form this second problem into the invertibility of the operator

e, (HA+HF ' oq-FJ) =1p, F g FHETR, F '1g- F: H 3P (Ry) — HIFE(RY).

We observe that due to Theorem 3.1 and having in mind the exhibited limit relations of the po-
tentials, we already know that Kerrg, (H + HF V1_30- FJ)=1{0}.

5. Analysis of Wiener-Hopf plus and minus Hankel operators

In this section we will consider general operators with the global structure of Wiener-Hopf plus
and minus Hankel operators, and we will recall - in an appropriate framework for our purposes -
some known operator relations between these operators and Wiener-Hopf operators.

In view of this, let us also recall that two bounded linear operators T and S (acting between
Banach spaces) are said to be equivalent if T = ESF for some boundedly invertible operators E and F.
In such a case we will write T ~ S. In addition, when the use of identity extension operators is needed
in combination with the related operators T and S, such corresponding relations are denominated
(toplinear) equivalence after extension relations (see [1,12] for a detailed description about such operator
relations).

Let us define

ML) = £y = (1+8%) exp{siarg(t £ 1)},

with a branch chosen in such a way that arg(é £i) — 0 as &€ — +o0, i.e., with a cut along the negative
real axis (see Example 1.7 in [15] for additional information about the properties of these functions).
In addition, we will also use the notation

AE) b
=—= R.
CE=0e Ter oF
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Lemma 5.1. (See [15, §4].) Let s, r € R, and consider the operators
AL (D) = (D +1i),
A2(D) =rR, (D —i)t?,
where (D i) = F~1(¢ +i)* - F,and £ : H (R,) — H"(R) is any bounded extension operator in these

spaces (which particular choice does not change the definition of A (D)).
These operators arrange isomorphisms in the following space settings

A%(D): H'(Ry) — H(Ry),
A>(D):H'(Ry) — H' ™ (Ry)
(for any s,r € R).
Bearing in mind the purpose of this section, let A =Op(a) = F 'a-F and B = Op(b) be pseu-

dodifferential operators of order u € R; thus, (-)"#a, (-)"*b € L*°(R), where (£):=(1+ 52)%. Then
Cy := A £ B]J arrange continuous maps

rr, Cx : HS(Ry) — H A (R4) (34)

for all s € R. In addition, assume also that a~! exists and so (-)*a~! € L®(R).
Lemma 5.1 allows us to construct an equivalence relation between rg, C+ and

R, Cx : La(Ry) — La(Ry), (35)
which is explicitly given by the following identity
R, Ce = AT 1R, CL AT = 1R, (A £ B)), (36)
where
A=D—-i) " *AD+1)° and B: =D -1 ""BJ(D+i)*]. (37)

Indeed, due to the fact that A° # : HS"#(R,) — Ly(R,) and AL LRy — ES(RJr) are invertible
operators (cf. Lemma 5.1), the identity (36) shows that

R, C+ ~ 1R, Cxt. (38)
Note that
A(=E) =A% (§)eT, A (=E) = AL (e

which in particular allow us to describe the operators .A and B and their symbols in the following
way

A=0p@, aE) =A""Ea@AFE),
B= OP(B), B(S) = As:M(g)b(;;:)AIS(_E) — A:M(f)b(%‘)e*sm_
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Further, let us consider a pseudodifferential operator Op(&') with 2 x 2 matrix symbol

moey _ [(@116)  a12(8)
“@)‘(am@) azz@)) (39)

with

11(§) =) — b(€) (@)~ b(—)
= AT ©)aE) AT E) — AT EbE)(a(—8) T b5 AT ®), (40)
a12(6) = —b(E)(@(=5) ' = —ATFEbE) (a(=5) T A7 (§)e T
021(6) = (@(—£)) ' b(=§) = 1A (£)(a(—£)) " b(~E) AT ®),
022(§) = (@(—6)) 7 = A%(€)(a(=§)) " e@TITIAT ), (41)

Under the above conditions on a and b, it is straightforward to conclude that

rr, Op(2) : [La® )] - [La® )] (42)

is a continuous operator. Moreover, the determinant of the symbol of this operator is always nonzero.
Indeed, we have for the determinant of the corresponding 2 x 2 matrix symbol

det Z(&) = a1 (&)axn(E) — a1 (E)an§)

= ;25‘“(5)—0‘2(_‘2) eI £ 0 (43)

for all £ e R.
The importance of operator rg, Op(Z) is clarified in the next result.

Theorem 5.2. (See [8, §6].)

(i) The operators

TR+Ci = rR+Aj:rR+B] : Lz(R+) - Lz(R+)

(defined in (35)-(37)) are both invertible if and only if the operator rg, Op(&') (given in (42))is invertible.

(ii) The operators rg, Cy and rg, C_ have both the Fredholm property if and only if rr, Op(Z) has the Fred-
holm property. In addition, when in the presence of the Fredholm property for these three operators, their
Fredholm indices satisfy the identity

Indrg,Cy +Indrr, C_ =Indrg, Op(Z). (44)

In fact, this theorem is a consequence of a stronger fact which basically states that rg, Op(Z) is
(toplinear) equivalence after extension with a diagonal matrix operator whose diagonal entries are
the operators rg, C; and rg, C_. Moreover, it is interesting to clarify that all the necessary opera-
tors to identify such (toplinear) equivalence after extension relation can be built in an explicit way
(see [9-12]).
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6. Final conclusions

In this final section we would like to consider all the operators which we have equivalently asso-
ciated with our problems in the above sense, and look for their invertibility.

Considering the general structure of the Wiener-Hopf operator in the last section, for the cases
under study, we have

re, Op(E) : [LLRD]* - [LRD)] (45)

so that A= L and B = £L0p(1_y4) or A="H and B = H Op(t_24). Therefore, having in mind that our
goal is to analyze the invertibility of such operator, in a first stage we will start by studying its Fred-
holm property. In view of this, it is important to recall the complete symbol of the pseudodifferential
operators ‘H and L (cf. [7,8]):

i iw()
=——— and o(L)(E)=— , 46
o (H)(€) 2w E) and o (£)(&) 3 (46)
where w = w(&) := (0% + pz)élt (cos § +isin &), with
0 =0() := (Nek)* — (3mk)* — £°,
p:=2(MNek)(Imk)
and
arctan ‘%‘ ifo>0, p>0,
Z ifo=0, p>0,
n—arctanlg%l ifo<0, p>0,
N if p =0, (47)
Zn—arctan% ifo>0, p<0,
37” ifo=0, p<0,
n—i—arctan% ifo<0, p<0.

Now we provide detailed arguments for the operators A ="H and B = H Op(t_3q) with s = —% +¢,
i = —1. The remaining case can be treated analogously with obvious changes in the corresponding
places.

Computing formulas (40)-(41) for the present case (and using in particular the fact that w(¢) =
w(—§)), we obtain

( 0 —iL 3T (£)T_gq(£)etT ) s

) _lyg 1, )
—igT 2T () T (E)ef T 2iw(E)A_ 2T (8) AL (E)e2e T

We then realize that =, belongs to the very general C*-algebra of the semi-almost periodic two
by two matrix functions on the real line ([SAP(R)]?*2); see [33]. We recall that [SAP(R)]?>*? is the
smallest closed subalgebra of [L*(R)]**? that contains the (classical) algebra of (two by two) almost
periodic elements ([AP]>*?) and the (two by two) continuous matrices with possible jumps at infinity.

Due to a known characterization of the structure of [SAP(R)]?*2 (see [3,4,33]), we can choose
a continuous function on the real line, say y, such that y(—o0) =0, y(+00) =1 and

Ep=Q0—-y)Eph+v(Epr+(Epo
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where (&p)o is a continuous two by two matrix function with zero limit at infinity, and (&),
and (&p), are matrices with almost periodic elements, uniquely determined by =), and that in our
case have the following form (due to the behavior of &), at £o0):

(8p) = 0 l"LLZaE*gT”-
=/ = . i )
b iTyge &7 -2

(Z,), = 0 —iT_pqefTi
p’r _I.L.Zaeam _26287'[1

In here, it is worth noting that we had in consideration that w(¢) — i|€] as &€ — £o0, and

Y(E)—>1 asé — oo,

and

VE) > eV asE > —oo.

For a given Banach algebra (with unit element) M, by GM we will denote the collection of all
invertible elements of M.

Definition 6.1. (See, e.g., [16] or §6.3 in [5].) An invertible almost periodic matrix function @ €
G[AP]?>*? admits a canonical right AP-factorization if

d=P P, (49)

where &+ € G[AP*]2%2, with AP* denoting the intersection of AP with the non-tangential limits of
functions in H>°(CL) (the set of all bounded and analytic functions in C1).

Proposition 6.2. (Cf, e.g., [5, Proposition 2.22].) Let A C (0, co) be an unbounded set and let

{Iot}ozeA = {(XOt’ ya)}aeA

be a family of intervals I, C R such that |Iy| = yo — Xo — 00 as a — oo. If ¢ € AP, then the limit

M(p) := lim L ©(x)dx

oz—>oo|[a|

Iy
exists, is finite, and is independent of the particular choice of the family {I,}.

Definition 6.3. (i) For any ¢ € AP, the number that has just been introduced in Proposition 6.2, M(¢),
is called the Bohr mean value (or simply the mean value) of . In the matrix case the Bohr mean value
is defined entry-wise.

(ii) For a matrix function @ € G[AP]**? admitting a canonical right AP-factorization (49), we may
define the new matrix

d(@):=M(¢")M(o7), (50)

which is known as the geometric mean of ®.
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It is worth mention that (50) is independent of the particular choice of the (canonical) right AP-
factorization of @, and that this definition is consistent with the corresponding one for the scalar case
(which can be defined in a somehow more global way).

Theorem 6.4. For 0 < ¢ < 1/2, the operator rr, Op(&p) : [L2(R4)]? — [L2(R4)]?, with & given by (48),
is a Fredholm operator with zero Fredholm index.

Proof. The matrices (&)p); and (Zp), admit the following right canonical AP-factorizations:

1,-2¢emi 1; —emi
- —=e — 51T _pqe 1 0
= — 2 2 .
(“P)l - ( 0 1 ) <i.620678m _2) s (51)

1 1. —emi
— —5  5iT_4€ 1 0
("H‘p)r = ( 02 2 2? ) <—iT2ae€ﬂi _2628711') (52)

(in which the necessary factor properties are evident; cf. Definition 6.1).

Having built the factorizations (51)-(52), we can now apply Theorem 3.2 in [16] or Theo-
rem 10.11 in [5] in view of evaluating about the Fredholm property for rg, Op(&p). Indeed, within
our case of &y € GISAP(R)]>*? and whose local representatives at infinity admit canonical right AP-
factorizations (51)-(52), applying that theorems we have that rg, Op(Z}) is a Fredholm operator if
and only if

sp[d™!((Zp),)d((Ep)))] N (=00, 0] =1,
where sp[d‘l((Ep)r)d((Ep),)] stands for the set of eigenvalues of the matrix d‘l((Ep)r)d((Ep),) =
[d(Ep))17 1 (Ep)).

Noticing that directly from the definition of Bohr mean value we have M(1/2) =1/2, M(1) =1,
M(=2) = -2, M(134) =0 and M(71_3) =0, it follows

1,-2emi 1. —emi
- _ —5e —51T_p€ 1 ' 0
[ | (W
_ (e 0\ (1 0
0 1 0 -2

1,—2¢emi
_(—2¢ 0
- ( ). (53)
_ —1 Yit_geeem 1 0
d((dp)r) =M 1 M _i.’:zqesrri _De2¢emi
1
> 0
= <(2) 2626711) (54)

As a consequence,

and

sp[d™" ((Ep),)d((Ep);)] N (=00, 0] = [e" >} N (00, 0] = ¥, (55)
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which allows us to conclude that rg, Op(&)) : [L2(R4)]1® — [La(R4)]? is a Fredholm operator (for the
case in consideration of 0 < & < 1/2).
The zero Fredholm index is obtained from the formula (cf. Theorem 10.21 in [5])

2

. - 1 1 1
Indrg, Op(&)p) = —ind[det Zp] — Z(E — {5 ~om argSkD,
k=1

where ind[det Z)] denotes the Cauchy index of the determinant of &), the numbers &1,& € C\

(—00, 0] are the eigenvalues of the matrix d‘l((Ep)r)d((Ep),) and {-} stands for the fractional part
of a real number. O

From the proof of this last result, and in particular from (55), we realize that if we would allow
the case € =1/2 then our operators would not have the Fredholm property (and therefore would not

be invertible operators).

Corollary 6.5. Let 0 < € < % The Wiener-Hopf plus and minus Hankel operators

re, (L LF 1 g0 FJ): HEPE(Ry) —> H2HE(R ), (56)
e, (HEHF T 50 FJ): H2H(Ry) — HITER,) (57)
(which characterize our four problems) are invertible operators.

Proof. Bearing in mind the equivalence relation between the operators (34) and (35), we have for the
operators associated with our two problems:

dim CoKerrr, (H = HF 't_2¢ - FJ) = dimCoKerrg, Cx, (58)
dimKerrg, (H £ HF 't_2q- FJ) =dimKerrg, Cs. (59)

From Theorems 5.2 and 6.4, we obtain that rg,Cy and rg,C_ are Fredholm operators. Moreover,

recalling that Kerrg, (H £ HF 11 5 - FJ) = {0}, from identities (44), (58)-(59) and Theorem 6.4 it
follows

O0=Indrg, Cy +Indrg, C_
=Indrg, (H+HF "Taq- FJ) +Indre, (H —HF '1_3q - F))
= (0 —dimCoKerrg, (H +HF 't 2q- F]J))
+ (0 — dim CoKerrg, (H — HF 't_2q - FJ)).

Thus, we have

dim CoKerrg, (H +HF 't_2q- FJ) = —dimCoKerrg, (H — HF 't 2q- F]) =0

and so we reach to the conclusion that both operators in (56) are invertible.
Similarly, we obtain the invertibility results for both operators in (57). O

Due to a direct combination of the results of Sections 3 and 4, and Corollary 6.5, we now obtain
the main conclusion of the present work for the problems in consideration.



L.P. Castro, D. Kapanadze / ]. Differential Equations 254 (2013) 493-510 509

Theorem 6.6. Let 0 < & < 5.

(i) The problem Pp-p has a unique solution which is representable as a pair (u, uy) defined by the formu-
las (19), (20), where ¢ is the unique solution of Eq. (21).

(ii) The problem Pp—n has a unique solution which is representable as a pair (u1, uy) defined by the formu-
las (22), (23), where g is the unique solution of Eq. (24).

(iii) The problem Py—p has a unique solution which is representable as a pair (u1, uy) defined by the formu-
las (28), (29), where v is the unique solution of Eq. (30).

(iv) The problem Pn—-n has a unique solution which is representable as a pair (u1, uy) defined by the formu-
las (31), (32), where v is the unique solution of Eq. (33).
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