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FREE RESOLUTIONS FOR DIFFERENTIAL MODULES OVER
DIFFERENTIAL ALGEBRAS

T. Kadeishvili and P. Real UDC 512.661.4

ABSTRACT. A free resolution (R,d + h) — (M,d) for a DG-module (M,d) over a DG-algebra (A,d) is
constructed in the sense of a perturbation of the differential in a free bigraded resolution (R,d) — M of
the underlying graded module M over an underlying graded algebra A.
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Introduction

To obtain a differential homological algebra, i.e., to construct a free resolution for a differential graded
(DG) module (M, dys) over a DG-algebra (A, d4), the bar resolution

a: (A® B(A)® M,dy) — M
of the underlying graded module M over the underlying graded algebra A is usually taken, first with the

horizontal differential

du(alaq| -+ |aplm) = a- aias| - - - |an) +Zia[a1\'--|ak-akH\~--|an]mia[a1|-~-|an_1]an'm.
k

Then the differentials d4 and dj; automatically induce a suitable perturbation of dg — the vertical dif-
ferential

dy (alay|---|an)m) = daar[ar] - - |an] + Z +alar| - |daag|- - lan]m £ alaq|- - - Jan]drm,
k

so that
a: (A® B(A)® M,dy +dy) — (M,dy)
is a resolution of (M, dys) over (A, dy4). This happens since the bar resolution is too large and functorial
in a certain sense, which implies that d4 and dj; induce a perturbation h = dy, which, in general, is not
the case for smaller resolutions.
In this paper, we present the method of constructing the resolutions of differential graded (DG)-modules
over DG-algebras.

Translated from Sovremennaya Matematika i Ee Prilozheniya (Contemporary Mathematics and Its Applications),
Vol. 43, Topology and Its Applications, 2006.

1072-3374/08/1523-0307 (©) 2008 Springer Science+Business Media, Inc. 307



We are doing it in the spirit of Gugenheim et al. [3, 4] that a differential homological algebra is obtained
from a homological algebra by perturbing bigraded objects to graded filtered objects (citation from [5]).

Namely, to construct a free resolution of a DG-module (M, dys) over a DG-algebra (A, d4), we, for-
getting for a moment about the differentials d4 and djs, begin with a free bigraded resolution of M over
A:

My «—2— Rgg d Ryq ——

] ] , (0.1)
My Rip Ry ——
My «—>— Ryp d Ry &—— -~

where each column R, , is a free A-module, i.e., R, , = A® V, , for a certain free graded A-module V 4,
dd =0, ad = 0, and each row is acyclic. In this case, the total complex (R,,d), R, = >, Rpg, of the
ptq=n

bigraded complex {R,, 4, d}, together with «, is a free A-resolution of M. There is a large source of such
resolutions, starting from minimal (which exists under some conditions on A) till, say, mazimal in some
sense, bar resolution A ® B(A4) ® M.

Now we assume that A and M are equipped with differentials d4 and dj;, respectively. The main result
of our paper is the following theorem.

Theorem 1. There exists a perturbed differential (d4+h) on R, . such that the perturbation h : R, — Ry_;
consists of components

hE i Bpq— Rp_pgir—1, p,q=0,1,2,...; k=12,..p,
so that the same « forms a free resolution of (M,dyr) over (A,da), i.e.,
a: (R, d+h) — (M,duy)
is a weak equivalence of DG — (A, d4)-modules.

Here we note that the perturbation A is not uniquely defined. We describe the freedom in the construc-
tion of h and prove the suitable comparison theorem.

In the case where the ground ring A is a field, the bigraded resolution (0.1) is not only acyclic, but also
contractible: there exist A-homomorphisms

Be: My — Ry, Spx:Rps— Rpip1, p=0,1,...,
such that
aff =idy, Pa+ds=idg,,, sd+ds=id.
This actually means that we have a contraction
(M, B, a, (R, d), s),

where d and « preserve the action of A, but § and s are just A-mappings. In this case, it is possible to
present explicit formulas for A in terms of the above contraction.

As is seen from the theorem, the perturbation h consists of wvertical hll,’q down and right h’;;l compo-
nents. In the bar resolution, the perturbation h = dy has only a vertical component h'. The following
simple example shows the necessity of these down and right components in the general case.

Example 1. Let A = Z, A = Z (nongraded and nondifferential) and

U 1"
dl\l dM

(M, dpr) = (Zo Z

Zo 2 0 )
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with nontrivial d}, and d7;. Take the following bigraded resolution of M over A = Z:

My=Zy «2— Rog=Z «2— Ry1=Z 0

1 a0 (0.2)
Ml—Z4 A — RLOZZ — Rll—Z 0
My=25 «**— Roy=2 «®— Ry =2 0

where do(z) = 2z, di(x) = 4z, and da(z) = 22. Taking into account the differential dys, we can construct
(not canonically) vertical components of the perturbation h

hio:Rio=2— Roog=2; hyg:Reo=2Z— Rig=2;
hh :Ri1 =272 — Ro1=2; h%; Ro1 =72 — R =72,
satisfying
dyron = aphtg, dyae = arhyg, higdy =dohiy, hyoda = dihy;.
For example, we can take
h%,o(ﬂf) = h%,o(ff) = 2x; h%,l("f) = 2z; h%,l(iﬂ) = .

But the compositions hiohio and hilh%’l cannot be trivial and, therefore, (d + h) : Ry — R, is not
a differential. To correct this, we have to take one more component h%o : Rog = Z — Roy = Z,
h%o(:n) = z. Then (d+h)(d+h) = 0 is guaranteed and (R,d+h) — (M, dys) is a chain mapping inducing
an isomorphism in the homology.

The method of constructing of resolutions for differential modules described above differs from another
method passing through the homology used for the construction of free resolutions for DG — A-modules
by Berikashvili in [1] and for constructing free models for commutative DG-algebras by Halperin and
Stasheff in [5]. To obtain a free resolution (model) for a differential object (M, d), they first take a free
bigraded resolution « : (R,d) — H(M) of a nondifferential object H (M) and, perturbing the differential
d, obtain a free resolution o/ : (R,d + h) — (M, d).

Unfortunately, this method — passing through the homology — is not effective in the case of interest to
us (to construct a free resolution for the DG-module (M, dys) over a DG-algebra (A, dy4)): in general, the
homology H (M) is not an A-module.

Our approach is inspired by the approach of Huebschmann from [7], where a small resolution of a finite
metacyclic group is constructed, and by the blowing-up perturbation lemma from [8], where a small model
for a DG-algebra is constructed. This lemma allows one to transport perturbations from a smaller object
to a larger one (from M to (R,d) in our case), in contrast to the basic perturbation lemma.

In Sec. 1, bigraded resolutions in the nondifferential situation, for a graded module over a graded
algebra, are presented. In Sec. 2, the perturbation h is constructed, which gives a resolution for a
differential graded module over a differential graded algebra. The suitable comparison theorem is proved,
and the freedom in the construction of h is studied. In the final section, we consider Koszul resolutions.

1. Free Resolution for a Graded Module over a Graded Algebra

In this section, we prepare the grounds for the next: construct a bigraded resolution for a graded
module over a graded algebra. This material is quite standard.

Let A = {A,>0} be a graded algebra with unit and M = {M,>0} be a graded A-module, i.e., the
following structure mappings are given:

piA,®A; — Apyg, a®d — a-d;

viA, @My — Mpyy, a®@m — a-m,
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satisfying the standard conditions

a-(a-d)=(a-d)-d, a-(d-m)=(a-d)-m, 1gp-m=m.

A free graded A-module over a free graded A-module V' = {V,,} is just the tensor product A ® V; it
has the standard universal property (see, e.g., [10, VI, 8.2]): for a graded A-module M and a morphism
of graded A-modules 1) : V' — M there exists a unique morphism of graded A-modules fy,: A®V — M
such that fy(1 ® v) = v¥(v). In fact, fy = v(id®).

A differential graded A-module (DG — A-module) is a graded A-module M equipped with a differential
dyr : M, — M,_1, satisfying dprdys = 0, which is, in addition, a derivation, i.e., dys(a-m) = (=1)%™eq .
dyr(m).

A free resolution (or resolution) of a graded A-module M (a free A-resolution of M) is defined as a
DG — A-module (R,d), whose underlying graded A-module R is free, together with a weak equivalence
of DG — A-modules (R,d) — (M,dy = 0).

Below, we present such a free resolution of a special type, the so-called bigraded resolution.

By the bigraded free resolution of a graded A-module M, we mean a bigraded complex

My Rs Ry1 ——
« d
My Rip Rig +——
a d
My R0 Roqp «—— -+,

where each column R, 4 is a free A-module, dd = 0, ad = 0, and each row is acyclic. In this case, we have
a weak equivalence of graded A-modules (r,d) — (M,dy) = 0, where (R,d), R, = Y, R,, is the total
pt+q=n
complex of the bigraded complex {R, 4, d}.
The freeness of each column R, , means that it is the tensor product of A, and a certain free graded

vector space V 4, and, therefore, having a bigraded free resolution, we actually have a generating bigraded
P

free A-module {V,,} and R, = > A; ® V,—iq (actually, we have trigraded R; ;i = A; ® Vj; and
i=0

Rp7q = i Z Rivjvq)'

+J=p
Remark 1. We emphasize here that, in general, if R is the total complex of a certain bigraded A-module
R, 4, then an arbitrary differential on R can have many components
d;q : Rp7q — Rp—k—l,q+k7 k= —q,—q+ ]-7 AR _]-7 07 17 SRRy ]-7

and also the mapping o : R — M can have components a4 : R, — Mpyy, but here, in a bigraded
resolution, we have only a horizontal differential, having just components d,, ;, and « is also horizontal,
i.e., it has only the components oy, g.

The way to construct such a resolution is standard, based on the following lemma.

Lemma 1. For a graded A-module M there exist a free graded A-module V' and a homomorphism of
graded A-modules ¢ : V. — M such that the mapping of graded A-modules oo : A®V — M given by
ala ®@v) = ayp(V) is surjective.

Using this lemma, it is easy to construct a free bigraded A-resolution R, . = A® Vi, — M of M: let
Vi be V from the lemma, and let R, = > A; ® Vjo; then Ker(a: Ry o — M) is an A-module as well
i+j=p
and, using the lemma for Ker o, we obtain the surjective d : R,1 = A® Vi1 — Kerq, etc.
Proof. We present two constructions for V' and v, one very simple but large and another more complex
but smaller.
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Large construction. Let V be a free graded A-module which covers M, i.e., there exists an “onto”
mapping of graded A-modules ¢ : V. — M. Then A ® V is a free graded A-module, and the graded
A-module mapping a: A® V — M is onto.

Small construction. Now we assume that A is connected, i.e., Ag = A.

Let QM = M/(Aso - M) be the graded module of indecomposables of M, so that (QM), =

n—1
M/ (> Ap—g - My).
k=0
Let us take any free graded A-module V' which covers QM, i.e., there exists a surjective mapping
¢ 'V — QM. Because of freeness of V, we can construct ¥ : V. — M such that p» = ¢, where

p: M — QM is the standard projection.
It remains to show that a: A® V — M given by a(a ® v) = a - ¥ (v) is onto.

n
Let us denote R = A®V, ie, R, = >, Ay ® V. We are going to prove the surjectivity of
k=0

an : R, — M, by induction on n.
For n =0, we have: Ry = Vj, (QM)o = My and ag = g = ¢y is surjective by definition.
Now we suppose that
k

ak:Rk:ZAkfs(X)‘/S — M,
s=0
is surjective for k < n. Multiplying by A, _, we obtain that
k
Z Ap g Ap—s @ Vs — Ay - My,
s=0
is also surjective and, therefore,
k
ZATL75®‘/S — Apg - My (11)
s=0
is also surjective.
Now we take any m € M,,. Since
n—1
G Vi — (QM)n = Mn/(ZAn—k : Mk)

k=0

n—1
is surjective, there exists v € V,, such that piy)(v) = p(m) and, therefore, m — ¢(v) € > A,k - M.
k=0

n—1
But each A,_j - M is covered by the image of (1.1); therefore, there exists z € Y  A,_j - M} such that
k=0
m=¢(v)+ a(x) =alv+z).
Both constructions allow one to produce free bigraded A-resolutions for M, a large one, using the first
construction on each step and a small one, using the second. ]

Among various free A-resolutions of M, there are two remarkable ones — a minimal resolution and a
bar resolution — which we describe now.

1.1. Minimal resolution. Here we assume that A is a field and A is connected. If, for a graded
A-module M, we construct the above-mentioned small resolution, taking as V in Lemma 1 the graded
vector space of indecomposables QM itself (and the same at all subsequent steps), we obtain even smaller,
so-called minimal resolution.

Definition 1. A DG — A-module (R, d) is minimal if for any r € R the value of the differential d(r) is
decomposable, i.e., d(r) € Aso - R.
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This is the A-module version of Sullivan’s notion of minimal commutative DG-algebra.

Let us consider what the minimality means for free R, i.e., for R=A® V.

First, we examine the structure of a differential d : A® V — A ® V. Because of the freeness, d is
defined by the restriction y =di : V — A®V — A® V. Moreover, any A-homomorphismv:V — A®V
of degree —1 defines a derivation dy = (pa ® id)(id ®7) which is a differential, i.e., d,d, = 0 if and only
it dyd,i =0, or

(1a ®id)(id®@7)y = 0. (1.2)

Because of the connectedness of A, we have

A®V:V@A>O®V,
and, therefore, v is the sum of two components, v = 71 + 72,
Y1:V—V, %m:V—05A08YV,

which are called linear and quadratic parts, respectively.

It follows from (1.2) that 11 = 0 and, therefore, (V,~1) is a DG vector space over A.

Now we turn back to minimality. It is easy to observe that in terms of components, the minimality of
(A ®V,d,) means nothing other than v; = 0.

Now we similarly examine the structure of a mapping of free graded A-modules f: AQV — A® V.
Because of the freeness, f is determined by 8 = fi : V — A ® V'. Moreover, any A-homomorphism
B:V — A® V' of degree 0 defines a mapping of graded A-modules fg = (p4 ® id)(id ®3) which is a
chain mapping, i.e., dy fg = fgd, if and only if d/ fgi = fzd,i, or

(na ®id)(id @7)B = (na @ id)(id ®5)7. (1.3)

Since AQV' =V @ Ao ®@ V', 3 is the sum of two components, 3 = 31 + (32,

ﬁl:v—)vl7 ﬁQ:V—>A>O®V/7

the linear and quadratic parts, respectively.
It follows from (1.3) that 7} 31 = 171, so 1 : (V,71) — (V',~1) is a chain mapping.
We omit the proofs of the following two standard statements.

Proposition 1. A mapping of DG — A-modules

f3:AQV — AV’
is a weak equivalence if and only if the linear component

B (Vim) — (Vi,m)
18 a weak equivalence.
Proposition 2. A mapping of graded A-modules

f3: AV — A V'
is an isomorphism if and only if the linear component

Br:V—: V'

18 an isomorphism.
Corollary 1. Any weak equivalence of minimal free DG — A-modules is an isomorphism.

Proof. If f3 : AQV — A®V’ is a weak equivalence, then, by Proposition 1, 81 : (V,71 = 0) —: (V',4] = 0)
is a weak equivalence, but since v = ] = 0, £ is an isomorphism and, therefore, by Proposition 2, fz is
also an isomorphism.
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Now we can construct a minimal resolution for a graded A-module M using the small construction
from the proof of Lemma 1. If A is a field, there is no need to pass to free graded A-modules V, .. It is
possible to take V, o = (QM),, and ¢, : (QM),, — M, to be a section of p,, in the exact sequence

n—1
0— > Ang- My — My = (M) — 0,
k=0
so that in this case Rog = (QM)o = My and

Ruo = An i ® (QM)y,
k=0

the mapping o, : R, 0 — M,, being given by

ap(an—k @ Vgo) = an—kVr(Vr0),
where v 0 € Vio = (QM)y. O

n—1
Proposition 3. Kera,, C > A, ® (QM)g, i.e., Kera, has no (indecomposable) components in

k=0
(QM)n C Rn,O-

n
Proof. Take any rp0 = Y o € Ry with z; € A, ® (QM);, and suppose that r, o € Ker oy, i.e.,
k=0

Zan(azk) = 0. (1.4)
k=0

By the definition of «,, we have ay,(zr) € A,_ - My; therefore, acting on (1.4) by p,, we obtain (since
prop(z) = 0 for k < n)

0= pnan(xn) = pnwn(xn) = Tn.
O

This proposition allows us to show that the obtained free A-resolution is minimal. Indeed, Im(d :
R,1 — Ry0) = Ker(ay, : Ry 0 — M,), but according to the above proposition, Ker a;, consists only of
decomposable elements. Clearly, the same argument proves the decomposability of further differentials
d:Rpg— Ryg-1.

It follows from the standard comparison theorem and Theorem 4 that the minimal resolution for M is
unique up to an isomorphism of DG — A-modules.

Remark 2. If A is a free commutative graded algebra, then the minimal resolution is the well-known
Koszul resolution.

1.2. Bar resolution. In addition to the minimal resolution, there is one more remarkable resolution.
This is the so-called two-sided bar construction

AR B(A) @M — M,

where B(A) is the reduced bar construction of A. The bigraduation here is given by alai]...|aglm € R,
where p = |a| + ) |ax| + |m|, a,ap, € A, m € M.
k

This resolution appears when we use the large construction from the proof of Lemma 1, taking M itself
as V (and the same on subsequent steps).

The remarkable property of this resolution is that it is functorial in M and A, which gives some
advantages in the case where A and M are equipped with differentials (see the Introduction).
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2. Free Resolution for a DG-Module over a DG-Algebra

Now we assume that (A,dq : Ax — A._1) is a connected differential graded algebra (DG A-algebra),
ie, A, =0forn <0 and Ag = A.

Let (M,dps) be a DG-module over (A, dy) (we say DG — (A, d)-module), i.e., the action AQ M — M
is a chain mapping: dys(a-m) = da(a) -m+ (—=1)%a - dps(m).

Let us forget for a moment about the differentials d4 and dj; and consider a free bigraded resolution
of the underlying graded module M over the underlying graded algebra A

o d
My Ry Ry ——

a d )
M, Rig Riy ——

o d
My Ry Ry ——

p
here each column R, ; is a free A-module, i.e., Ry, = > A;®V,_;, for a certain free bigraded A-module
=0
{Vpq}. Since Ay = A, we have
Rpg=Vpq @ (A1 @ Vpo1,4) B+ & (4, @ Voq) (2.1)

p
and, therefore, R, , is a direct sum of the indecomposable part V, , and decomposable part Up, = > A;®
i=1

Vp—ig-
Since the resolution differential d : R, . — R,._1 is an A-mapping, i.e., d(a -v) = (—1)1%a - d(v), we
have
P
Ad(Ai @ Vpoig) C > A @V g1,
J=
and, therefore, the decomposable part (Up, «, d) is a subcomplex in (R, d).
Now we assume that both A and M are equipped with differentials d4 and djs, respectively. Our aim

is to construct on R, . a perturbed differential (d + h) : R, — R,_1 such that (R.,d + h) becomes a
DG — (A, dy)-module and the same « remains a weak equivalence

a: (Re,d+h) — (M,dy).
Our perturbation h : R, — R,_1 will consist of components {hl;’q}, where
hE i Rpq— Rp_pgir1, p,a=0,1,2,...; k=1,2,...,p, (2.2)
i.e., d+hin R, . will have only horizontal (the differential d), vertical (the components hj, ), and down
and right (the components h*>1

k
»g ) components.

Theorem 2. On R, ., there exists a perturbed differential (d + h) such that the perturbation h consists
of components hE | see (2.2), so that the same o forms a free resolution of (M, dyr) over (A,dy), i.e.,

P.q’
6 (Reyd+ h) — (M, dag)
is a weak equivalence of (A, d,)-modules.

The construction of the perturbation h will be based on the relative form of the standard comparison
theorem of the homological algebra.

Relative comparison theorem. Suppose that

T, d)=U_, <& VyalUy <2 viaU; —— -
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is a DG — A-module, where (Uy,d) C (U,d) is a sub-DG — A-module with U_1 = U_1, and the direct
complement Vi is a free graded A-module. Also, assume that an acyclic DG — A-module

(Ra d) =R = Ry do

is given and that F : U_1 — R_1 is a A-homomorphism, already lifted to a mapping of DG — A-modules
f*(U*vd)_)(R*ad)7 i.e., f*lZF- o
(1) Then there exists a lifting of F' on the whole U

F,:(U,d) — (R,d)

extending fx.
(2) Suppose that
F:(U,d) — (R,d)
is another lifting of F and that H : U, :— R.11 is a homotopy between the restrictions F|U, and F|Uy;
then there exists an extension of H on the whole U, which realizes the homotopy between F and F'.

Proof. In order that d + h be a correct differential satisfying the needed conditions, a perturbation h
should have certain properties, which we now consider.
1. To agree with the action of (A,d4) on R, the differential d + h should satisfy

(d+h)(a-r)=dala) - r+ (=1)%a- (d+ h)(r). (2.3)

Having in mind (2.1), we construct A}, on the indecomposable part Vi . of R. . and extend it on the
decomposable part U, . by the rules
(@i ® vp-ig) = da(ai) @ vp—ig + (=1)"lai - by _; (vp—ig), (2.4)
By (@i © vpig) = (1)l - By (vpmig). (2.5)
Then condition (2.3) is automatically satisfied.
2. For (d+ h) to be a differential, i.e., for (d + h)(d + h) = 0, a perturbation {h% } should satisfy
Brown’s condition [2] dh + hd 4+ hh = 0 (i.e., h must be a twisting element). This condition, in terms of
components, looks as follows:

k—1
k k k—i i
dhp,q + hp,qfld == Z hp—i,q+z‘—1hp,q- (2-6)
i=1

Let us denote by (I)];,q the right-hand side of Eq. (2.6):

k—1
Byy = - Z h’;:jf’qﬂflh;;’q Rpg — Rp—mgrm—2-
i=1
Then the condition dh + hd = hh can be rewritten as
dhy , +hE, d=®F (2.7)
3. Finally, we note that in order that o be a chain mapping, a perturbation should satisfy the condition
ahéjo =dya. (2.8)

We will construct the collection {h];q} by induction on k satisfying the conditions (2.2), (2.4), (2.5),
(2.8), and (2.7).
For k =1, let us first consider the 1st and Oth rows of the bigraded resolution

d
My «2— Rig=Vig@Ug «—— Ri1=V110U11 ¢+ ---

My <2~  Ropg=Vop <2~ Ro1=V0,0 .-
where Uy 4 = A1 @ V4.
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We write

dyrai(ar ® vo,0) = dar(ar - ap(vo,0)) = dar(ar) - ao(vo,) £ a1 - dar(von) =0,
i.e., the zero mapping 0 : Uy« — R« lifts dps : My — My; therefore, we are in the situation of part one
of the relative comparison theorem. Thus, there exists an extension of 0 : Uy« — R «, a chain mapping
hi* : Ry — Ros, e, hi* satisfies the conditions
h. (a1 ®voy) =0, aghtg=dyar, dhigzo=hi, 1d;

these are exactly conditions (2.4), (2.8), and (2.7) for £ = 1 and p = 1, respectively.

Now we suppose that h,la , are constructed for k < p.

We consider the pth and (p — 1)th rows of the bigraded resolution

«

M, «——— Ry0="V,0®Uppo 2 Rp1=Vp1®Upyr — -+

p—1 d
My 1 —— Ry 10 — Ry 11 — -

2
where Up,q = Z A ® V})—i,q-
i=1
The already defined h,1€<p7* determine hj, ,|Up.. : Up« — Ry, by condition (2.4):

hb (@i @ vp_ig) = da(a;) ® vp_iq+ (—1)1% L, (v, q).

A routine verification shows that, actually, h}o?* : Up« — Rp s is a chain mapping lifting dys @ M, —
M,_.
Thus, we are in the situation of part one of the relative comparison theorem. Thus, there exists a chain
mapping
hpw: Rps — Ry

! Up.«, and, therefore, it satisfies

p|

h}qu(ai X ’Up_i,q) = dA(a,-) @ Vp—1,¢ + a; - hzl;fi,q)a

lifting djs and extending h

ap_thyo = dyrop,  dh), oo =hp, 1d;
these are exactly conditions (2.4), (2.8), and (2.7) for k = 1, respectively. This completes the construction
of components hzla,q'

Until we go to the next step of the induction, we note that the constructed vertical components h}ﬁ’*
are well connected with the horizontal differential d, but hi,*hi,* = 0 is not guaranteed and, therefore,
d+ hi7* is not a differential. The meaning of the next component hi* is that h}ﬂ*h}k’* is homotopic to zero
and hi* is the suitable homotopy.

Now we suppose that kY = are constructed for k < n satisfying (2.4), (2.5), (2.8), and (2.7) for k = 1.
Note that, in this case, ®} , are also defined.

A standard routine calculation, using just (2.7), shows that

Aoy, =0, do,, =, d.
This means that
(I)Z’* : Rp,* — Rp—n,*—‘,—n—Q
is a chain mapping (of degree n — 2) lifting the zero mapping 0 : M, — Rp_p, r—3.
As above, we are going to construct hy , by induction on p starting, of course, from p = n.
Take the nth row and the part of the Oth row of the bigraded resolution

n d
M, e Rn,OZVn,O S Un,O — Rn,l :Vn,l S Un,l e

d d
Rop—3 «—— Ropn—o — Ron-1 —
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n
where Un,q = Z A; ® Vn—z’7q-
i=1
As mentioned above,

(I)Z,* : Rn,* — RO,*+7L72

is a chain mapping (of degree n — 2) lifting the zero mapping 0 : M, — Ry ,—3. Moreover, it is not
difficult to calculate just by dimensional reasoning that the restriction of @} , on decomposable U, . is
zero. Thus, by the second part of the relative comparison theorem, ®7 . is homotopic to the zero, and the
suitable homotopy hﬁ’* : Ry« — Ro+«+n—1 can be chosen so that the restriction of h&* on decomposable
Up,« 1s zero. Thus, we have hy, , satistying

hy (@i @ vn_iq) =0, dhy o+ hy ,1d=Pp

n7q’

which are exactly conditions (2.5) and (2.7) for K = n and p = n, respectively.
Now we suppose that hj , are constructed for k& < p. Note that these components determine hy , on
the decomposable Uy 4 by (2.5):

hz,q(ai ® Up—i,q) = (_1)‘%'“2' ’ hg—i,q(vp—i,q)?

therefore, what remains is to define h; , on V4.
Take the pth row and the part of the (p — n)th row of the bigraded resolution

ap d
M, ¢ p,0=Vp,0 & Up Ry1=Vp1 @& Up; < T

d d
Rp—n,n—3 A— Rp—n,n—2 A— Rp—n,n—l e

n
where Up g = > A @ Vp_iq.
i=1
As is mentioned above,

q)Z,* : Rp,* B Rp—n,*—‘,—n—Q
is a chain mapping (of degree n—2) lifting the zero mapping 0 : M, — R,,_,, n—3. Of course, the restriction
on decomposable

Q)Z* : Up,* — Rp—n,*+n—2
is also a chain mapping lifting the zero mapping. Moreover, conditions (2.5) and (2.7) which are satisfied
by the components h’;;" allow one to verify that

(dhzvq + h;q_ld)(ai & ’Upfi’q) = @qu(ai X ’L)p,i’q), 1=1,2,...,p,

i.e., already existing hg*\Up,* realizes the homotopy of @;L,*\Up,* to zero. Then by part two of the relative

comparison theorem, this homotopy can be extended to the whole Ry ., and we obtain hy, : R,. —
Ry, «+n—1 satisfying the conditions

hqu(a,- ® Up—iq) = (‘U‘ailai : hgfi,q(vp—z‘,q)v
and

th:‘] + hqu_ld = (bgvtp

which are exactly conditions (2.5) and (2.7) for k£ = n. This completes the construction of the perturbation
h.

Thus, we have obtained the collection h’;q satisfying Brown’s condition dh = hh. Thus, (d+h)(d+h) =
0.
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The differential (d + h) preserves the action of (A, d) on R, i.e., satisfies (d + h)(a-v) = da(a) - v +
(=D)lla - (d + h)(v). Indeed,

(d+h)(a-v) =d(a-v)+ (R +hr71)(a v)
= (=)l - d(v) + da(a) - v+ (=1)a - bt (v) + (=1)%a - B> (v)
=dy(a)-v+a-(d+h)(v).
Moreover, « : (Ry,d + h) — M, is a chain mapping. Indeed,
a(d+h) =a(d+h' + 1Y) = ah! = dya.

Finally, we mention that since d is horizontal and h goes down and right, the perturbed differential
(d + h) preserves the filtration Fj,(R. ) = {R<p«}, and the standard spectral sequence argument shows
that « is a weak equivalence. This completes the proof of the theorem. O

Remark 3. For the bar resolution
a:(A® B(A)®@ M,dg — M

of the underlying graded module M over the underlying graded algebra A, the resolution (horizontal)
differential is given by

di(alar] - - lanlm) = a - arlag| - - - |an)

+Zia[a1\~--|ak-akH\~--\an]mia[a1|-~-lan_1]an-m
k

and as the perturbation h, we can take the vertical differential
dy (alaq|- - - |an)m)

=daaifar] - |ay] +Za[a1|'~|dAak|-~|an]m+a[a1| - lap]darm;
k

actually, h = h' and all higher components h*>1 are trivial.

2.1. Comparison theorem. Suppose that a : (R,d) — M and ' : (R',d') — M are two bigraded
A-resolutions of M.

Using the standard arguments of comparison of free resolutions, based on the above-mentioned relative
comparison theorem, it is possible to construct a morphism of bigraded modules

{f;},q CRpg — R;,q}=

which defines a mapping of DG — A-modules f°: (R,d) — (R',d’) and o/ f' = a.

Having the differentials d4 and dj; in A and M, respectively, we can construct perturbations in each
of these two bigraded resolutions and obtain filtered resolutions « : (R,d + h) — (M,dys) and o :
(R, d'+ h') — (M, du).

Theorem 3. There exists a collection of homomorphisms

{fh :Rpg— Ry pgurr 1a=0,1,2,...5 k=1,2,... p} (2.9)
such that, together with {fg’q}, it defines a mapping of DG — A-modules f = i fﬁq : (Rey,d 4+ h) —
(R.,d +1'). =

Proof. In order that f be a mapping of DG — A-modules, a collection f;, should satisfy certain conditions,
which we now consider.
1. First of all, f should be a mapping of graded A-modules, i.e.,

fla-r)y=a- f(r). (2.10)
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Having in mind (2.1), we construct f;, first on Vi ., and then extend it on R. . by the rule

f;lf,q(ai ® Upfi,q) = Q- f;f—z‘,q(vpfi,q)- (2.11)
Then condition (2.10) will be automatically satisfied.
2. To be a chain mapping, i.e., for

(d+ 1) f=f(d+h), (2.12)
a collection f;, should satisfy
-1
! pk tk— _ rk
7S SRS ST ST (2.13)
=0 =1
or, denoting
k—1
!/ 1k
qu 1d + Z p—i tH—zhZ o Z hyp” zlq+lfp»f1’
i=0
this condition can be rewritten as
! ek _ gk
dfpg =Yy (2.14)
3. Finally, the condition o/ f = « in terms of components has the form
o f), =, (2.15)

and, therefore, it is actually a property of given fqu.

A collection {fﬁq} satisfying the conditions (2.9), (2.11), and (2.14) can be constructed exactly by the
same induction as in the proof of Theorem 2, which we omit here. U

2.2. Equivalence of perturbations. As is seen from the above inductive process of construction of
h, there is some freedom in choosing the components hk »q O1 each step, so that the perturbation A is not
uniquely defined. Here we describe this freedom, introducing, following [1], the set D(M) — the set of
equivalence classes of perturbations.

Thus, as above, let M be a graded A-module and « : (R,d) — M be its free bigraded A-resolution,
ie,a:Ryo— Mpandd: Ryy — Ry q-1.

Now we introduce the following class of A-endomorphisms:

G = {(id+f) : R. — R.}

of the totalization R, of the bigraded A-module R, ., where f consists (is the sum) only of the following
components:
{f;f,q Ry — Rp—k gk, 1, =0,1,2,...; k= 1,2,...,p},
i.e., there are only the identity and down and right components in f.
It is not difficult to verify that
(i) each (id4f) € G is an isomorphism;
(ii) for (id+f), (id +g) € G, the composition (id+f)(id +g) = (id+f + g + fg) also belongs to G.
Therefore, GG is a group with respect to the composition operation.
Now let P be the set of all perturbations h = {h’;yq} on (Ry ., d), satisfying (2.2), (2.4), (2.5), and (2.6).
The group G acts on P as follows:

(d4f) * h = (id+£)hid+f)"F + (df — fd)(id+f)~" (2.16)

We have to show that b’ = (id +f) x h belongs to P. It is clear that h' satisfies (2.2), since f acts down
and right. To show that h' satisfies (2.6), let us rewrite (2.16) as

h—K =Hf+ fh+df — fd (2.17)

or

(d+h)(id+f) = (id+f)(d+ h), (2.18)
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so that the isomorphism (id + f) is a chain mapping and, therefore, it is easy to conclude that (d+ h')(d+
R') = 0, which is equivalent to (2.6). It is also clear that d + h’ is an A-derivation (i.e., it satisfies (2.4)
and (2.5)), since d + h has this property and id +f is an isomorphism of DG — A-modules. Thus, h' € P.
Denote by Dr(M) the set of orbits of P with respect to the action of G. We will call perturbations
from the same orbit equivalent.
Now we are able to describe the freedom in the construction of h corresponding to a given differential
dpg.
Proposition 4. Let h’;vq and hgfq be two perturbations satisfying conditions (2.2), (2.4), (2.5), (2.6), and
(2.8). Then these perturbations are equivalent.

Remark 4. Actually, the equivalence of h and h’' means that there exists an isomorphism of (A, d4)-
resolutions (id +f) : (R«,d+h) — (Rs,d+h’), for which o/ (id + f) = . Therefore, different perturbations
define isomorphic free resolutions.

Proof. This proposition is an immediate consequence of Proposition 3, taking R = R’ and f° = id. ]
According to this proposition, we have a correct mapping from the set of all A-differentials on M:
Dif fa(M) = {dpn : My — M,_1, dydy =0, dy(a-m) = (—1)dimeag. m}
to the set of equivalence classes of perturbations Dr(M).
Proposition 5. There exists a bijection between Diff 4(M) and Dr(M).

Proof. Let us construct a converse mapping Dg(M) — Diff 4(M). For a given perturbation {h} } satis-
fying (2.2), (2.4), (2.5), and (2.6), the first component hzl,,o : Rp0 — Rp—1,0 induces the correct homomor-
phism

dM : Mp = Rpp/ Ker Qp — p—1 = Rpro/Kel” Qp—1;
the condition dysdps = 0 follows from h;1>—1,0h11>,0 = dhz%,0 (see condition (2.6)) and dps(a-m) = a-m follows
from (2.4). Moreover, if h is equivalent to A, then, in particular, hzl%o — h;’ol,o = df;z},()’ and, therefore, they
define the same djy. O

This proposition implies that, actually, Dr(M) does not depend on the bigraded resolution (R «,d)
and, therefore, we can denote it as D(M).

3. Application: Koszul Resolution

In this section, we apply our main theorem to the Koszul resolution of A over a free commutative
graded algebra. We start from some notation and facts from [5].

Assume that A is a field of characteristic 0, X is a connected graded vector space over A, and AX
is a free commutative graded A-algebra generated by X, i.e., it is the tensor product of the polynomial
algebra P(Xeven) and exterior algebra F(Xoqq)-

The Koszul resolution of A the over commutative graded algebra AX is given by

A2 AX <% AX AT < AXRAZK —— o (3.1)
where X is the suspension of X, i.e., 71, = X,,_1, and, therefore, there exists an isomorphism z « 7;

A™X denotes the subspace of AX spanned by Z7---Z, and T € X, « is the clear projection, and the
Koszul differential dg is given by

drg(a® Ty - Tp) = E +a-2;, Q%1 Ti—1 - Tit1- " Tn,
%

acAX, TeX.
q
We consider the Koszul resolution as a bigraded resolution: a 77 - - - Tq € Ry 4, where p = |a|+ > |z
k=1

and the Koszul differential dg is horizontal; it maps R, 4 to Ry q—1.
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Of course, the Koszul resolution is contractible as a DG — A-module, there exist A-homomorphisms
n:A— AX, s:AX®AX
such that
an=1id, na+dgs=id, sdx +dgs=id.
Assuming that X has a well-ordered basis {z;}icr, it is possible to give explicit formulas for s: for an
element xii . xiz QT T € AX @ AX with zp, <--- <y, and x4y < --- < 2y, we define
s{afy o ot ) =0

it xp,, < x4,
1
D1 DPm o =41 =qn) _ D1 Pm—1 o —q1 =qn+1
s(xkl--wkm & Ty, mtn) = " 1xk1-~~ka KTy, - Ty,

if xy,, = x4, and
s(agy afn @l T =agyafn T QT T T
if xg, > w4,. Note that a similar contraction is written in [6] and [9)].
Now we suppose that AX is equipped with a differential D : AX — AX turning (AX, D) into a

commutative DG-algebra. According to the main theorem, there exists a perturbation h of the Koszul
differential di such that

a:(AX®AX,dg +h) — A
is a resolution of A over (AX, D).
Using the contraction s it is possible to give an algorithm for computing the perturbation h.
First, let us mention that AX ® AX is a free commutative graded algebra with generators x; ® 1 and
1 ® TG, ; € {x;}ticr, and, therefore, it suffices to define h on z; ® 1 and 1 ® Z; and then extend as a
derivation.
First, we define h!(z; ® 1) = D(z;) ® 1 and
R 10%) = s(D®id)dg (1 @ %) = s(Dz; @ 1).
Extending it as a derivation, we obtain
Al AX @ AX — AX ® AX.
We define the next component h? on generators as h?(z; ® 1) = 0 and
Rlez)=sh'r(1lem),
and again extend it as a derivation.
By induction, assuming that h*<™ are already constructed, we define h"™(z; ® 1) = 0 and

W1 T) = s(mi:l R0 ),

k=1

and extend it as a derivation.

Example. Let us take AX = A(a,b,u, z) with |a| = [b] =1, |u| = 3, and |z| = 5. Assuming the order
a <b<u< z we can construct the contraction s. In particular, s(z ® 1) = 1 ® T for z = a,b, ¢, u, z;

_ 1 -
s(a-b®1)=a®b;s(b-u®l)=b@T; s(a-b@b):§a®b2, etc.

Now we suppose that AX is equipped with a differential given by
D(a) =0, D()=0, D(u)=a-b, D(z)=b-u.
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Then, using the procedure described above, we obtain for h'
htloa)=0, h'(1®b) =0,
Rl1@a) = s(D®id)dy(1 @7) = s(D ®@id)(u® 1)
=s(a-b®1l)=a®b,
R'1®%) = s(D®id)di(1 ®%) = s(D®id)(z @ 1)
=sb-u®l)=bxa.
Extending it as a derivation, we obtain
RfAea™-b" - wP - z9)
—paa” 0w g beam w2
For h?, we obtain
R(1ea)=0, h(1®b) =0, h(1e7)=0,
W (1©7z) =sh'h'(1©2) =sh'(b@ ) = s(a- b b) = %a ®b,
and, extending it as a derivation,

_ 1 _
R(lea™ b b z) = 5q.a®am.bn+2.ﬂp.§q_1‘

A straightforward verification shows that h'h?+h2h! = 0 and h?h? = 0, which yields h3 = h* = ... = 0.
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