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Abstract

We find the normal form of nilpotent elements in semisimple Lie algebras that generalizes the Jordan
ormal form in slN , using the theory of cyclic elements.
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1. Introduction

Let g be a semisimple finite-dimensional Lie algebra over an algebraically closed field
F of characteristic 0 and let f be a non-zero nilpotent element of g. By the Morozov–
Jacobson theorem, the element f can be included in an sl2-triple s = {e, h, f }, unique, up
o conjugacy by the centralizer of f in the adjoint group G [9], so that [e, f ] = h, [h, e] = 2e,
h, f ] = −2 f . Then the eigenspace decomposition of g with respect to ad h is a Z-grading of g:

g =

d⨁
j=−d

g j , where g±d ̸= 0. (1.1)

The positive integer d is called the depth of the nilpotent element f in g. Choose a Cartan
ubalgebra h in g0 of g (it contains h since h is central in g0) and a subset of positive roots of
, compatible with the Z-grading (1.1), and let α1, . . . , αr be simple roots. Then the Dynkin
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labels α1(h), . . . , αr (h) take the values 0, 1, or 2 only, and determine f up to conjugation [4].
et gev =

⨁
j∈Z g2 j .

An element of g of the form f + E , where E is a non-zero element of gd , is called a
yclic element, associated to f . In [9] Kostant proved that any cyclic element, associated to a
rincipal (= regular) nilpotent element f , is regular semisimple, and in [12] Springer proved
hat any cyclic element, associated to a subregular nilpotent element of a simple exceptional Lie
lgebra, is regular semisimple as well, and, moreover, found two more distinguished nilpotent
lements in E8 with the same property.

A systematic study of cyclic elements began in the paper [6]. Let us remind some
erminology and results from it. A non-zero nilpotent element f of g is called of nilpotent
resp. semisimple) type if all cyclic elements, associated to f , are nilpotent (resp. there exists a
emisimple cyclic element, associated to f ). If neither of the above cases occurs, the element
f is called of mixed type. The element f is said to be of regular semisimple type if there exists

regular semisimple cyclic element associated to f .
An important rôle in the study of cyclic elements, associated to a non-zero nilpotent element

f , is played by the centralizer z(s) in g of the sl2-triple s and by its centralizer Z (s) in G. Since
h ∈ s, the group Z (s) preserves the grading (1.1), so that we have the linear algebraic groups,
btained by restricting the action of Z (s) to g j , which we denote by Z (s)|g j , j ∈ Z. The vector
pace g j carries a Z (s)-invariant non-degenerate bilinear form

(x, y) = ~((ad f ) j x, y), x, y ∈ g j ,

here ~ is the Killing form. The bilinear form (·, ·) is symmetric (resp. skew-symmetric) if j
s even (resp. odd) [6,10].

The first main result of [6] is the following theorem.

heorem 1.1.

(a) A non-zero nilpotent element f is of nilpotent type if and only if the depth d of f is
odd. In this case Z (s)|gd = Sp(gd ).

(b) A non-zero nilpotent element f is of semisimple type if and only if the set

Sg( f ) = {E ∈ gd | f + E is semisimple} (1.2)

contains a non-empty Zariski open subset. The set Sg( f ) is a union of closed orbits of
Z (s) in gd and is conical.

The set Sg( f ) ⊆ gd for all nilpotent elements f of semisimple type in all semisimple Lie
lgebras g is explicitly described in [5].

The positive integer d̃ = d − 1 (resp. = d) if f is of nilpotent (resp. semisimple or mixed)
ype in g is called the reduced depth of f in g. Note that d̃ is the depth of f in gev. The
imension of the affine algebraic variety gd̃//Z (s) is called the rank of f in g. Obviously the
ank of f in g equals the rank of f in gev.

The key notion of the theory of cyclic elements is that of a reducing subalgebra for a
ilpotent element f in g. It is a semisimple subalgebra q of g, normalized by s, such that

Z (s)(q∩ gd̃ ) contains a non-empty Zariski open subset. Note that if q is a reducing subalgebra
or f in g, then q ∩ gev is as well. In [6] the following conjecture was proposed.

onjecture 1.1. For any non-zero nilpotent element f and sl2-triple s containing it, there is
unique minimal reducing subalgebra, up to conjugacy by Z (s).

In the present paper we prove this conjecture (see Theorem 2.1).
2
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The next important result of [6] is the following theorem (which is stated here in a slightly
ifferent form).

heorem 1.2. Let f be a non-zero nilpotent element of g of reduced depth d̃. Then there
exists a reducing subalgebra q ⊆ gev for f , f ∈ s ⊆ n(q) = q ⊕ z(q), where n(q) (resp. z(q))
tands for the normalizer (resp. centralizer) of q in g, such that the decomposition

f = f s
+ f n, where f s

∈ q, f n
∈ z(q), (1.3)

as the following properties:

(a) f s is an element of semisimple type in q.
(b) If (a) holds, then the reduced depth of f n in [z(q), z(q)] is smaller than d̃.
(c) If f is of semisimple type, f is of regular semisimple type in q.

A collection of all nilpotent elements f with the same f s in (1.3), is called the bush,
ontaining the nilpotent element f s of semisimple type.

A stronger version of Theorem 1.2(c) was proved in [5]:

heorem 1.3. If f is a nilpotent element of semisimple type in g, then there exists a reducing
ubalgebra q for f , such that q∩gd is a Cartan subspace of the linear algebraic group Z (s)|gd .

Here we should recall the notion of a polar linear algebraic group G|V and its Cartan
ubspace C ⊂ V , introduced in [2]. It is a finite-dimensional faithful representation of a
eductive algebraic group G in a vector space V , which admits a subspace C , called a Cartan
ubspace, having the following properties, similar to that of a Cartan subalgebra in a simple
ie algebra:

C1) G-orbits of all v ∈ C are closed,
C2) any closed G-orbit in V intersects C by a non-empty finite subset,
C3) all Cartan subspaces are conjugate by G.

e omit the formal definition of a polar representation; it is proved in [2] that it does satisfy
roperties (C1)–(C3), which suffice for this paper.

It is proved in [5] (by a case-wise verification) that all linear groups Z (s)|gd̃ are polar.
The first main result of the paper is Theorem 2.1 which proves Conjecture 1.1. Namely,

or a nilpotent element f of reduced depth d̃ , let C ⊆ gd̃ be a Cartan subspace for the
olar linear group Z (s)|gd̃ . Let q( f, C) be the subalgebra of g, generated by f and C . We
how that q( f, C) is a minimal reducing subalgebra for f if f is of semisimple type, and that
( f, C) = q( f s, C) ⊕ C f n, where f = f s

+ f n is the decomposition (1.3) for f of nilpotent
r mixed type, where q( f s, C) is a minimal reducing subalgebra for f ( f n may be 0 if f is
f nilpotent type).

A nilpotent element f of g is called irreducible if its only reducing subalgebra is g itself.
ll irreducible nilpotent elements in simple Lie algebras g are listed in [6, Remark 5.4]. They

re listed in Table 1, reproduced from [5, Table 1]. Note that d = d̃ is even for all of them.
Here in all cases k ⩾ 1, and σn denotes the n − 1-dimensional nontrivial irreducible

epresentation of Sn . Throughout the paper we use notation for nilpotent elements from [1]; in
articular Xk stands for the principal nilpotent element in the simple Lie algebra of type Xk .

Note that a nilpotent element f in a semisimple Lie algebra g is irreducible if and only if
he projection f j of f to each simple component g j of g is irreducible in g j , and the depth of

f j in g j is the same for all j .

3
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Table 1
Irreducible nilpotent elements in simple g [5, Table 1].

g Nilpotent f Depth dim gd Z (s)|gd

A2k A2k 2 2 ... 2 2 4k 1 1
Ck Ck 2 2 ... 2 2 4k − 2 1 1

Bk , k ̸= 3 Bk 2 2 ... 2 2 4k − 2 1 1

D2k+2 D2k+2(ak ) 2 0 2 ... 2 0
2

2
4k + 2 2 1 ⊕ 1

G2 G2 22 10 1 1

F4 F4 22 22 22 1 1
F4 F4(a2) 20 02 10 2 σ2 ⊕ 1

E6 E6(a1)
2

2222002222 16 1 1

E7 E7

2

222222222222 34 1 1

E7 E7(a1)
2

222200222222 26 1 1

E7 E7(a5)
0

000022000022 10 3 σ3 ⊕ 1

E8 E8

2

22222222222222 58 1 1

E8 E8(a1)
2

22220022222222 46 1 1

E8 E8(a2)
2

22220022002222 38 1 1

E8 E8(a4)
0

22002200220022 28 1 1

E8 E8(a5)
0

22002200002200 22 2 σ2 ⊕ 1

E8 E8(a6)
0

00002200002200 18 2 σ3

E8 E8(a7)
0

00000022000000 10 4 σ5

An easy consequence of the theory of cyclic elements is Theorem 2.2, which provides
normal form of any non-zero nilpotent element f of reduced depth d̃ in a semisimple

ie algebra g in the following sense. There exist semisimple commuting subalgebras g[ j],
j = 1, . . . , s, of g, and irreducible nilpotent elements f [ j] of reduced depth d̃ j in g[ j], such
that:

(i) f =
∑s

j=1 f [ j];
(ii) d̃ = d̃1 > d̃2 > · · · > d̃s ;

(iii) the reduced depth and the rank of f [ j] in g[ j] are the same as the reduced depth and
the rank of f −

∑
k< j f [k] in g( j − 1) for all j ⩾ 1, where g( j) is defined inductively

as the derived subalgebra of the centralizer of g[ j] in g( j − 1), starting with g(0) = g.

uch a normal form exists for any non-zero nilpotent element f and is unique up to conjugation
y the centralizer of f in G.

In the case g = slN this normal form coincides with the Jordan normal form. We list normal
forms of all nilpotent elements of all simple Lie algebras g (the case of semisimple g obviously
4
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reduces to the simple ones). The case of classical g is treated in Section 3, and normal forms
of nilpotent elements in exceptional g are described in Tables 3–7 in Section 4.

In our next paper we use the normal form of a nilpotent element f to construct a map from
he set of nilpotent orbits in a simple Lie algebra g to the set of conjugacy classes [w f ] in the

eyl group W of g. It extends the construction of [6], where [w f ] was constructed for f of
egular semisimple type (based on the idea of [9], see also [12]), to all f , using the normal form
f f , since all irreducible nilpotent elements in a simple Lie algebra are of regular semisimple
ype. This map coincides with that in [8] for f of regular semisimple type (in particular, for
rreducible f , given by Table 8). However it is different in general (cf. [11]).

Throughout the paper the base field F is algebraically closed of characteristic 0.

. Minimal reducing subalgebras and the normal form of a nilpotent element

heorem 2.1. Let f be a nilpotent element in g of reduced depth d̃. Let C ⊆ gd̃ be a Cartan
ubspace of the Z (s)-module gd̃ . Denote by q( f, C) the subalgebra of g, generated by f and
. Then

(a) If f is of semisimple type, then q( f, C) is a minimal reducing subalgebra for f .
(b) If f is of nilpotent or mixed type, let f = f s

+ f n be the decomposition (1.3) with
respect to a reducing subalgebra q for f . Then q( f, C) = q( f s, C) ⊕ C f n (direct sum
of ideals), and q( f s, C) is a minimal reducing subalgebra for f .

(c) Any minimal reducing subalgebra for f of semisimple (resp. nilpotent or mixed) type is
obtained as in (a) (resp. (b)).

(d) Any two minimal reducing subalgebras for f are conjugate by Z (s).

roof. (a) Let q be a minimal reducing subalgebra for f , with induced from (1.1) Z-gradation
=

⨁
j∈Z q j . By [5, Theorem 4], s ⊆ q, Z (s)|qd̃ is a finite linear group, and qd̃ is a

artan subspace for Z (s)|gd̃ . Since Cartan subspaces of Z (s)|gd̃ are conjugate to each other,
e may assume that C = qd̃ . Let q̃ be the subalgebra of q, generated by the s-submodule
=

∑
j⩾0(ad f ) jqd̃ . q̃ is semisimple by [6, Proposition 3.10], hence it is a reducing subalgebra

or f in q. Due to minimality of q, q̃ = q, and since q( f, C) contains m, we conclude that
( f, C) contains q̃, hence coincides with q.

(b) Let q be the reducing subalgebra for f in g from Theorem 1.2, and let f = f s
+ f n be

he decomposition (1.3), hence f s, f n
∈ g−2, f s

∈ q, [ f s, f n] = 0. Then obviously we have

q( f, C) ⊆ q( f s, C) ⊕ C f.

n order to prove the reverse inclusion, note that q( f, C) is an algebraic Lie algebra. By
3, Theorem 3.15], the element f + E , where E is a non-zero element of C with closed

Z (s)-orbit, is integrable, which means that the nilpotent part of the Jordan decomposition of
f + E is f n. Hence f n

∈ q( f, C), proving the reverse inclusion.
(c) and (d) follow since any two Cartan subspaces of the Z (s)-module gd̃ are conjugate. □

emark 2.1. Let f be a nilpotent element of even depth d in a simple Lie algebra g. It was
roved in [3] (by a case-wise verification) that Z (s)|gd−1 is a polar linear group as well. One
an show that an analogue of Theorem 2.1 holds in this situation as well. Namely, provided that
here exists a non-zero Cartan subspace C ⊆ gd−1, the subalgebra q( f, C) is either semisimple,
r is a direct sum of semisimple subalgebra and a 1-dimensional center spanned by a nilpotent
lement. In the first (resp. second) case f + E is semisimple for generic E ∈ gd−1 (resp. never
emisimple).
5
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Now it is easy to prove the existence and uniqueness of a normal form.

heorem 2.2. Let f be a non-zero nilpotent element of reduced depth d̃ in a semisimple
ie algebra g. Then there exist semisimple commuting subalgebras g[ j], j = 1, . . . , s, and

rreducible nilpotent elements f [ j] of reduced depth d̃ j in g[ j], such that

(i)

f =

s∑
j=1

f [ j]; (2.1)

(ii) d̃ = d̃1 > d̃2 > · · · > d̃s;
(iii) the reduced depth and the rank of f [ j] in g[ j] are the same as the reduced depth and

the rank of f −
∑

k< j f [k] in g( j − 1) for all j ⩾ 1, where g( j) is defined inductively
as the derived subalgebra of the centralizer of g[ j] in g( j − 1), starting with g(0) = g.

Two such normal forms are conjugate to each other by the centralizer of f in G.

Proof. Consider a minimal reducing subalgebra q of f in g, provided by Theorem 2.1, and
the decomposition (1.3): f = f s

+ f n. Let f [1] = f s, g[1] = q, d̃1 = reduced depth of f [1]
in g[1].

Let g(1) be the derived Lie algebra of the centralizer of q in g. Then f n
∈ g(1) and we

apply the same procedure as above with f replaced by f n and g replaced by g(1). Note that
the reduced depth d̃2 of f n in g(1) is strictly smaller than d̃1 due to Theorem 1.2(b). After
finitely many such steps we obtain a normal form of f in g.

The uniqueness, up to conjugacy by the centralizer of f in G, follows from conjugacy of
sl2-triples, containing f , and of minimal reducing subalgebras for f . □

Definition 2.1. Decomposition (2.1) is called the normal form of the nilpotent element f in
the semisimple Lie algebra g.

3. Normal forms of nilpotent elements in classical simple Lie algebras

3.1. g = slN , N ⩾ 2

Non-zero nilpotent elements f , up to conjugation, are parametrized by partitions of N

p = (p(r1)
1 , p(r2)

2 , . . . , p(rs )
s ), N =

∑
i

ri pi (3.1)

where

p1 > · · · > ps ⩾ 1, ri ⩾ 1. (3.2)

Then the associated to the partition p nilpotent element f is of semisimple type if and only if

p = (p(r1)
1 , 1(r2)), (3.3)

and the bush, containing the nilpotent element, associated to this partition, consists of all
nilpotent elements, associated to partitions of N with the same p and r [6, Section 4]. Hence
1 1

6
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the decomposition (1.3) of f can be described as follows. Consider the following (regular)
ubalgebra of slN :

slp1 ⊕ · · · ⊕ slp1  
r1 times

⊕slN1 , where N1 = N − p1r1, (3.4)

and denote by f [ j], j = 1, . . . , r1, the nilpotent Jordan block of size p1 in the j th copy of
lp1 . Then

f s
=

r1∑
j=1

f [ j], f n
= f − f s. (3.5)

Consequently the first r1 summands of the normal form of f are f [1], . . . , f [r1], with
f [ j] ∈ g[ j], where g[ j] is the j th copy of slp1 in (3.4) if p1 is odd, and the subalgebra
pp1

of slp1 , containing f [ j], if p1 is even.
Next, we apply the same procedure to the nilpotent element f n in slN1 , which is associated

o the partition (p(r2)
2 , . . . , p(rs )

s ) of N1, etc.
We thus obtain the following

heorem 3.1. Let g = slN , and let f = Jn1 ⊕ · · · ⊕ Jnr be the Jordan normal form of f ,
here Jn is the nilpotent Jordan block of size n. Then the normal form of f is as follows: we

et f [ j] = Jn j ∈ g[ j], where g[ j] is the subalgebra sln j (resp. spn j
⊂ sln j ), containing f [ j],

f n j is odd (resp. even).

.2. g = spN , N ⩾ 2, even

Non-zero nilpotent elements f , up to conjugacy, are parametrized by partitions of N of the
orm (3.1), (3.2), where ri is even if pi is odd. Then the associated to the partition p nilpotent
lement f is of semisimple type if and only if p is of the form (3.3), and the bush, containing
he nilpotent element, associated to this partition, as for slN , consists of all nilpotent elements,
ssociated to partitions of N with the same p1 and r1 [6, Section 4].

In order to describe the decomposition (1.3) of f , consider two cases.
Case (a): p1 is even. Consider the following subalgebra of spN (cf. (3.4))

spp1
⊕ · · · ⊕ spp1  

r1 times

⊕spN1
, where N1 = N − p1r1, (3.6)

nd denote by f [ j], j = 1, . . . , r1, the nilpotent Jordan block of size p1 in the j th copy of
pp1

. Then (3.5) holds. Consequently the first r1 summands of the normal form of f are f [1],
. . , f [r1], with f [ j] ∈ g[ j], where g[ j] is the j th copy of spp1

in (3.6).
Case (b): p1 is odd, then r1 is even: r1 = 2k1. Consider the following subalgebra of spN :

slp1 ⊕ · · · ⊕ slp1  
k1 times

⊕spN1
, N1 = N − p1r1, (3.7)

where slp1 is the subalgebra of spp1
in (3.6) embedded via the map a ↦→ diag(a, −a⊺). This

subalgebra contains the matrix J̃p1 = Jp1 ⊕ (−J ⊺
p1 ). Denote by f [ j], j = 1, . . . , k1, the

ubmatrix J̃p1 in the j th copy of slp1 . Then (3.5) holds. Consequently the first k1 summands
f the normal form of f are f [1], . . . , f [k1] with f [ j] ∈ g[ j], where g[ j] is the j th copy of

lk1 in (3.7).

7
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Next, we apply the same procedure to the nilpotent element f n in spN1
, associated to the

artition (p(r2)
2 , . . . , p(rs )

s ) of N1, etc.
We thus obtain the following

heorem 3.2. Let g = spN , and let f be a non-zero nilpotent element of g. Then f is a direct
um of Jordan blocks Jn j , where n j is even, and the blocks J̃n j = Jn j ⊕(−J ⊺

n j ) if n j is odd. The
ormal form of f is then as follows: we let f [ j] = Jn j ∈ g[ j], where g[ j] is the subalgebra
pn j

containing f [ j], if n j is even, and f [ j] = J̃n j ∈ g[ j], where g[ j] is the subalgebra sln j ,
ontaining f [ j], embedded in sp2n j

via the map a ↦→ (a, −a⊺) if n j is odd.

.3. g = soN , N ⩾ 7

We may assume that N ⩾ 7 since so3 = sp2, so4 = 2sp2, so5 = sp4, so6 = sl4. Non-zero
ilpotent elements f , up to conjugation, are parametrized by partitions of N of the form (3.1),
3.2), where ri is even if pi is even. Such a partition is called orthogonal. The associated to
he partition p nilpotent element f is of semisimple type in the following cases [6]:

(a) p = (3, 1(r2));
(b) p = (p1, 1(r2)), p1 ⩾ 5 odd;
(c) p = (p1, p1 − 2, 1(r3)), p1 ⩾ 5 odd;
(d) p = (p(r1)

1 , 1(r2)), p1 ⩾ 2 even, r1 ⩾ 2 even;
(e) p = (p(r1)

1 , 1(r2)), p1 ⩾ 3 odd, r1 ⩾ 2 even.

he depth d of f is equal to 2p1 − 4 in cases (a)–(c), and to 2p1 − 2 in cases (d), (e).
Bushes, containing the nilpotent elements of semisimple type, consist of nilpotent elements,

ssociated to the following partitions of N (with all even parts having even multiplicities) [6]:

(a) the partition itself;
(b) all partitions with the same p1 and r1 = 1, satisfying p2 < p1 − 2;
(c) all partitions with the same p1, r1 = 1, and p2 = p1 − 2;
(d) all partitions with the same p1 and the same r1;
(e) all partitions with the same p1 with multiplicity r1 or r1 + 1.

It is easy to deduce from [6] or [5] the following
The embeddings are constructed as follows. We view soN as the Lie algebra so(V ), where

V is an N -dimensional vector space with a non-degenerate symmetric bilinear form.
(a), (b), (c). Taking a subspace U ⊆ V for which the restriction of the bilinear form is

on-degenerate, we obtain the embedding so(U ) ⊆ so(V );
(b)7 G2 ⊂ so7 by taking the irreducible 7-dimensional representation of G2;
(d) If we view spm as the Lie algebra sp(U ), where U is an m-dimensional vector space

ith a non-degenerate skewsymmetric bilinear form, then U ⊗C2, where C2 is endowed with
non-degenerate skew-symmetric bilinear form, defines an embedding spm ⊂ so2m ⊆ soN .
(e) If we view slm as the Lie algebra sl(U ), then taking U + U ∗ with the non-degenerate

ymmetric bilinear form defined by letting U and U ∗ to be isotropic, defines an embedding
lm ⊂ so2m ⊆ soN .

Given a partition p of the form (3.1), (3.2) of N with even number of even parts we break
t in a union of boxes b1, b2, . . . , which are partitions of integers ⩽ N as follows:

Case 1. p1 is odd ⩾ 3, r1 = 1, p2 ̸= p1 − 1.
(α) p2 < p1 − 2, then we let b1 = (p1)

(β) p2 = p1 − 2, then we let b1 = (p1, p1 − 2)

8
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Table 2
Normal forms of nilpotent elements of semisimple type in soN .

f Normal form Embedding

(a) (3, 1(r2)) 2C1 so4 ⊂ soN
(b)7 (7, 1(r2)) G2 G2 ⊂ so7
(b) (2k + 1, 1(r2)), k ̸= 1, 3 Bk so2k+1 ⊂ soN
(c) (2k + 3, 2k + 1, 1(r3)) D2k+2(ak ) so4k+4 ⊂ soN
(d) ((2k)(2n), 1(r2)) nCk n sp2k ⊂ soN
(e) ((2k + 1)(2n), 1(r2)) nA2k n sl2k+1 ⊂ soN

Case 2. p1 is even ⩾ 2, r1 ⩾ 2 is even. Then we let b1 = (p(r1)
1 ).

Case 3. p1 is odd ⩾ 3, r1 ⩾ 2.
(α) r1 is even, then we let b1 = (p(r1)

1 )
(β) r1 is odd, then we let b1 = (p(r1−1)

1 )
Case 4. p1 is odd ⩾ 3, r1 = 1, p2 = p1 − 1. Then the associated nilpotent element f is

f nilpotent type, and we let p = pev
∐

podd, where pev (resp. podd) is the subpartition of the
artition p, consisting of its even (resp. odd) parts. Obviously, both are proper subpartitions,
hich correspond to even nilpotent elements of mixed type in the subalgebras so| pev| (resp.
o| podd|) of soN .

Next, we remove the box b1 from the partition p and continue this procedure in cases 1–3;
n Case 4 we apply this procedure to the partitions pev and podd.

Alternatively, we may begin by splitting the partition p in the disjoint union of pev and podd
nd apply the above procedure separately to these subpartitions. Then Case 4 does not occur.

We thus obtain a collection of subalgebras g̃[ j] of soN and nilpotent elements f [ j] of
emisimple type in these subalgebras, and we replace g̃[ j] by its subalgebra g[ j], in which
f [ j] is an irreducible nilpotent element, using Table 2.

The following theorem is now clear.

heorem 3.3. The above procedure defines a normal form of any non-zero nilpotent element
f in soN , N ⩾ 7. □

xample 3.1. Consider the nilpotent orbit for type A corresponding to the partition

(24(3), 23(4), 21(5), 18, 13(4), 10(5), 8(6), 3(2), 2, 1(5)). (3.8)

rom the even parts (24(3), 18, 10(5), 8(6), 2) one obtains the decomposition 3C12 + C9 + 5C5 +

C4 + C1, and the odd parts (23(4), 21(5), 13(4), 3(2), 1(5)) give 4A22 + 5A20 + 4A12 + 2A2. The
ormal form of (3.8) is then the sum of these two sums, arranged in decreasing order of depths:

3C12 + 3A22 + 5A20 + C9 + 3A12 + C5 + C4 + 2A2 + C1.

For type C take, for example, the partition

(19(8), 17(4), 12(6), 11(10), 10(3), 6, 5(4), 2(7), 1(2)). (3.9)

he even parts (12(6), 10(3), 6, 2(7)) of this partition produce the decomposition 6C6 + 3C5 +

C3 +7C1, and the odd parts (19(8), 17(4), 11(10), 5(4), 1(2)) give rise to 4A18 +2A16 +5A10 +2A4.
The normal form of (3.9) is again the sum of these two, arranged in decreasing order of depths:

4A + 2A + 6C + 5A + 3C + C + 2A + 7C .
18 16 6 10 5 3 4 1

9
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For an orthogonal example consider the partition

(20(4), 17(5), 15(6), 13(4), 10(2), 9(4), 8(2), 7(3), 5(4), 4(4), 3(8), 2(8), 1(6)). (3.10)

ere the even parts (20(4), 10(2), 8(2), 4(4), 2(8)) give the decomposition 2C10 +C5 +C4 +2C2 +

C1, whereas the odd parts (17(5), 15(6), 13(4), 9(4), 7(3), 5(4), 3(8), 1(6)) become subdivided into
locks

(17(4)
| 17, 15 | 15(4)

| 15, 13 | 13(2)
| 13 | 9(4)

| 7(2)
| 7, 5 | 5(2)

| 5, 3 | 3(6)
| 3, 1(6)),

nd this gives 2A16 +D16(a7)+2A14 +D14(a6)+A12 +B6 +2A8 +A6 +D6(a2)+A4 +D4(a1)+
A2 + 2C1. Also here, the normal form of (3.10) is the sum of these two sums, arranged in
ecreasing order of depths:

2C10 + 2A16 + D16(a7) + 2A14 + D14(a6) + A12 + B6 + C5 + 2A8 + C4 + A6 + D6(a2)
+ A4 + (2C2 + D4(a1)) + 3A2 + 6C1

. Normal forms of nilpotent elements in exceptional Lie algebras

We will use the following embeddings of subalgebras for the normal forms.

I Regular subalgebra (i.e. normalized by a Cartan subalgebra).

II Folding of the Dynkin diagram:
(1)n Bn ⊂ A2n

(2)n Cn ⊂ A2n−1
(3)n Bn ⊂ Dn+1
(4) G2 ⊂ D4
(5) F4 ⊂ E6

III Restriction:
(1) G2 ⊂ B3; e1, e2 + e3 are root vectors attached to simple roots of G2,

where e1, e2, e3 are root vectors, attached to simple roots of B3.
(2)n1,...,nt son1 ⊕ · · · ⊕ sont ⊂ son1+···+nt +···

(3)n sln ⊂ sp2n
(4)n sln ⊂ so2n

IV Centralizer of a simple subalgebra:
(IV)B3⊂D4 , where B3 is folding of D4, z(B3) ∼= C1
(IV)B4⊂E7 , where B4 is folding of D5 ⊂ E7, z(B4) ∼= C1 ⊕ C′

1,
with C1 (resp. C′

1) a regular (resp. not regular) subalgebra of E7
(IV)F4⊂E7 , where F4 is folding of E6 ⊂ E7, z(F4) ∼= C1
(IV)B4⊂E8 , where B4 is folding of D5 ⊂ E8, z(B4) ∼= B3,

with B2 and C1 + C̃1 regular subalgebras in B3
(IV)B3⊂E8 , where B3 is folding of D4 ⊂ E8, z(B3) ∼= B4
(IV)B5⊂E8 , where B5 is folding of D6 ⊂ E8, z(B5) ∼= B2 = C2
(IV)F4⊂E8 , where F4 is folding of E6 ⊂ E8, z(F4) ∼= G2, z(G2) ∼= F4.

In Tables 3–7 we list all nilpotent elements f , up to conjugacy, in exceptional Lie algebras
, in the increasing order of their depths d, their representatives in g, their normal forms

f =
∑

j f [ j], and describe embeddings g[ j] ⊆ g. In each block of the tables we list first
he element of semisimple (resp. nilpotent) type, and after that all elements in the same bush
10
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Table 3
Normal forms of nilpotent elements in G2.

f d Representative Normal form Embedding

A1 2 f10 C1 Regular
Ã1 3 f01 C̃1 Regular
G2(a1) 4 f10 + f13 A2 Regular
G2 10 f pr G2 Regular

Table 4
Normal forms of nilpotent elements in F4.

f d Representative Normal form Embedding

A1 2 f0100 C1 Regular
Ã1 2 f0100 + f0120 2C1 Regular
A1 + Ã1 3 f0100 + f0120 + f0122 3C1 Regular

A2 4 f1000 + f0100 A2 Regular
A2 + Ã1 + f0001 + C̃1 Regular

Ã2 4 f0010 + f0001 Ã2 Regular
Ã2 + A1 5 f0010 + f0001 + f1000 Ã2 + C1 Regular

B2 6 f0100 + f0010 B2 Regular
C3(a1)(=B2 + A1) + f0111 + C1 Regular

F4(a3) 6 f1000 + f0100 + f0120 + f0122 D4(a1) Regular
B3 10 f1000 + ( f0100 + f0010) G2 III(1)
C3 10 f0001 + f0010 + f0100 C3 Regular
F4(a2) 10 f0100 + f0120 + f1110 + f0001 F4(a2) Regular
F4(a1) (= B4) 14 f0100 + f0120 + f1000 + f0001 B4 Regular
F4 22 f pr F4 Regular

with the element of semisimple type. The normal forms of these elements are obtained by
adding to the normal form of the element of semisimple type the summands given for them in
the tables.

It turns out that for all exceptional g the bush of f of nilpotent type in g contains f only,
amely, f is a nilpotent element of semisimple type in gev.

In all tables f pr denotes the sum of all root vectors, attached to negative simple roots.
An element fk1...kr denotes a root vector, attached to the negative root −

∑
i kiαi . The

representatives of f in the Tables are given in terms of these root vectors. In most of the
cases the roots occurring there are linearly independent, and we can take all coefficients equal
1. However, in a few cases, namely, for nilpotent elements D5(a1) in E6, D6(a1), E7(a4), E7(a2)
n E7, and D5(a1) + A2, D7(a2), E7(a4), E7(a2) in E8, the roots occurring there are linearly
ependent; in these cases we use the choice of root vectors from [7].

These tables are deduced from Tables 5.1–5.4 of [6]. Again, we use notation for nilpotent
lements used in [1]. However, in some cases the more adequate notation of [4] is given in
arentheses.

The column with the heading “representative” contains a linear combination of negative
oot vectors that belongs to the required nilpotent orbit. Linear combinations grouped in
quare brackets represent the separate summands of type f [ j] irreducible in a subalgebra g[ j]
ccording to normal form. Linear combinations grouped in parentheses represent single root

ectors in non-regular semisimple subalgebras.

11
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Table 5
Normal forms of nilpotent elements in E6.

f d Representative Normal form Embedding

A1 2 f1 0 0
0

0 0 C1 Regular

2A1 2 f1 0 0
0

0 0 + f0 0 0
0

0 1 2C1 Regular

3A1 3 f1 0 0
0

0 0 + f0 0 1
0

0 0 + f0 0 0
0

0 1 3C1 Regular

A2 4 f0 0 1
0

0 0 + f0 0 0
1

0 0 A2 Regular

A2 + A1 + f0 0 0
0

0 1 + C1 Regular

A2 + 2A1 + f1 0 0
0

0 0 + f0 0 0
0

0 1 + 2C1 Regular

2A2 4 [ f1 0 0
0

0 0 + f0 0 0
0

0 1] + [ f0 1 0
0

0 0 + f0 0 0
0

1 0] 2A2 Regular

2A2 + A1 5 [ f1 0 0
0

0 0 + f0 0 0
0

0 1] + [ f0 1 0
0

0 0 + f0 0 0
0

1 0] + f0 0 0
1

0 0 2A2 + C1 Regular

A3 6 f1 0 0
0

0 0 + ( f0 1 0
0

0 0 + f0 0 1
0

0 0) C2 Folding of A3

A3 + A1 + f0 0 0
0

0 1 + C1 +regular

D4(a1) 6 f0 1 0
0

0 0 + f0 0 0
1

0 0 + f0 0 1
0

0 0 + f0 1 1
0

1 0 D4(a1) Regular

A4 8 f1 0 0
0

0 0 + f0 1 0
0

0 0 + f0 0 1
0

0 0 + f0 0 0
1

0 0 A4 Regular

A4 + A1 + f0 0 0
0

0 1 + C1 Regular

D4 10 ( f0 1 0
0

0 0 + f0 0 0
1

0 0 + f0 0 0
0

1 0) + f0 0 1
0

0 0 G2 Folding of D4

D5(a1) + ( f1 1 1
1

0 0 + f1 1 1
0

1 0) + C1 +(IV)B3⊂D4

A5 10 ( f1 0 0
0

0 0 + f0 0 0
0

0 1) + ( f0 1 0
0

0 0 + f0 0 0
0

1 0) + f0 0 1
0

0 0 C3 Folding of A5

E6(a3)(= A5 + A1) 10 ( f1 0 0
0

0 0 + f0 0 0
0

0 1) + ( f0 1 0
0

0 0 + f0 0 0
0

1 0) + f0 0 1
0

0 0 + f1 1 1
1

1 1 F4(a2) Folding of E6

D5 14 f1 0 0
0

0 0 + f0 1 0
0

0 0 + f0 0 1
0

0 0 + ( f0 0 0
0

1 0 + f0 0 0
1

0 0) B4 Folding of D5

E6(a1) 16 f1 0 0
0

0 0 + f0 1 0
0

0 0 + f0 0 0
0

1 0 + f0 0 0
0

0 1 + f0 0 1
1

0 0 + f0 1 1
0

0 0 E6(a1) Regular

E6 22 ( f1 0 0
0

0 0 + f0 0 0
0

0 1) + ( f0 1 0
0

0 0 + f0 0 0
0

1 0) + f0 0 1
0

0 0 + f0 0 0
1

0 0 F4 Folding of E6

The column with the heading “normal form” lists types of the summands f [ j] as occurring
n Table 1 of irreducible nilpotent elements.

For example, normal form D4(a1) + 2C1 of the nilpotent element f of type A3 + A2 in
= E7 (in Table 6) means that g[1] = D4, f [1] is of type D4(a1) (fourth row of Table 1 with
= 1), while both f [2] in g[2] and f [3] in g[3] are of type C1 (second row of Table 1 with
= 1).
For another example, the nilpotent with label A4 + A3 in E8 (Table 7) with representative

f10000
0

00 + f01000
0

00 + f00100
0

00 + f00010
0

00]+[( f12345
2

31 + f00000
0

10)+ f00000
0

01] has normal form A4 +C2; here,
he first sum in square brackets is the principal nilpotent element represented by the sum of
egative simple root vectors of the regular simple subalgebra of type A4, while in the second
quare brackets we have the principal nilpotent element in a non-regular simple subalgebra of
ype C2, where ( f12345

2
31 + f00000

0
10) is a short negative simple root vector of this subalgebra and

f00000
0

01 is its long negative simple root vector.

. A map from nilpotent orbits to conjugacy classes in the Weyl group

Recall the following construction ([6], cf. [9] and [12]). Let g be a simple Lie algebra and
et W be its Weyl group. Let f be a nilpotent element of g of regular semisimple type. This
12
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Table 6

Normal form Embedding

C1 Regular

2C1 Regular

(3C1)′′ Regular

(3C1)′ Regular

4C1 Regular

A2 Regular

+ f1 0 0 0
0

0 0 + C1 Regular

+ f1 0 0 0
0

0 0 + 2C1 Regular

+ f1 0 0 0
0

0 0 + 3C1 Regular

2A2 Regular

+ f0 0 0 0
0

0 1 2A2 + C1 Regular

C2 Folding of A3

+ f0 0 0 0
0

1 0 + C1 +regular

+ f0 0 0 0
1

0 0 + C1 +regular

+ f0 0 0 0
0

1 0 + 2C1 +regular

D4(a1) Regular

+ f1 0 0 0
0

0 0 + C1 Regular

+ f1 0 0 0
0

0 0 + 2C1 Regular

+ f1 0 0 0
0

0 0 + (3C1)′′ Regular

A4 Regular

+ f1 0 0 0
0

0 0 + C1 Regular

+ f1 0 0 0
0

0 0 + A2 Regular

(continued on next page)
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Normal forms of nilpotent elements in E7.

f d Representative

A1 2 f1 0 0 0
0

0 0

2A1 2 f1 0 0 0
0

0 0 + f0 0 1 0
0

0 0

(3A1)′′ 2 f1 0 0 0
0

0 0 + f0 0 1 0
0

0 0 + f0 0 0 0
1

0 0

(3A1)′ 3 f1 0 0 0
0

0 0 + f0 0 1 0
0

0 0 + f0 0 0 0
0

1 0

4A1 3 f1 0 0 0
0

0 0 + f0 0 1 0
0

0 0 + f0 0 0 0
0

1 0 + f0 0 0 0
1

0 0

A2 4 f0 0 0 0
0

1 0 + f0 0 0 0
0

0 1

A2 + A1

A2 + 2A1 + f0 0 1 0
0

0 0

A2 + 3A1 + f0 0 0 0
1

0 0 + f0 0 1 0
0

0 0

2A2 4 [ f1 0 0 0
0

0 0 + f0 1 0 0
0

0 0] + [ f0 0 0 1
0

0 0 + f0 0 0 0
1

0 0]

2A2 + A1 5 [ f1 0 0 0
0

0 0 + f0 1 0 0
0

0 0] + [ f0 0 0 1
0

0 0 + f0 0 0 0
1

0 0]

A3 6 ( f1 0 0 0
0

0 0 + f0 0 1 0
0

0 0) + f0 1 0 0
0

0 0

(A3 + A1)′

(A3 + A1)′′

A3 + 2A1 + f0 0 0 0
1

0 0

D4(a1) 6 f0 0 1 0
0

0 0 + f0 0 0 1
0

1 0 + f0 0 0 0
1

0 0 + f0 0 1 1
0

0 0

D4(a1) + A1

A3 + A2 (= D4(a1) + 2A1) + f1 2 2 2
1

1 0

A3 + A2 + A1(= D4(a1) + 3A1) + f1 2 3 4
2

3 2 + f1 2 2 2
1

1 0

A4 8 f0 0 0 0
0

0 1 + f0 0 0 0
0

1 0 + f0 0 0 1
0

0 0 + f0 0 0 0
1

0 0

A4 + A1

A4 + A2 + f0 1 0 0
0

0 0
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Normal form Embedding

G2 Folding of D4

0 0
0

0 0 + C1 +regular

0 0
0

0 0 + 2C1 +regular

0 0
0

0 0 + (3C1)′′ +regular

C3 Folding of A5

C3 Folding of A5

0 0
0

0 1 + C1 +regular

D6(a2) Regular

F4(a2) Folding of E6

3 4
2

3 1 E7(a5) Regular

A6 Regular

B4 Folding of D5

0 0
0

0 0 + C1 +regular

3 3
1

2 1) + C′

1 +IVB4⊂E7

0 0
0

0 0 + C′

1 + C1 +IVB4⊂E7 +regular

E6(a1) Regular

B5 Folding of D6

3 4
2

3 2 + C1 +regular

F4 Folding of E6

1 2
1

2 1) + C1 +IVF4⊂E7

0 1
1

0 0 E7(a1) Regular

E7 Regular

14
Table 6 (continued).

f d Representative

D4 10 ( f0 0 1 0
0

0 0 + f0 0 0 0
0

1 0 + f0 0 0 0
1

0 0) + f0 0 0 1
0

0 0

D4 + A1 + f1 0

D5(a1) (= D4 + 2A1) + f1 2 2 2
1

1 0 + f1 0

D5(a1) + A1 (= D4 + 3A1) + f1 2 3 4
2

3 2 + f1 2 2 2
1

1 0 + f1 0

A′

5 10 ( f1 0 0 0
0

0 0 + f0 0 0 0
0

1 0) + ( f0 1 0 0
0

0 0 + f0 0 0 1
0

0 0) + f0 0 1 0
0

0 0

A′′

5 10 ( f1 0 0 0
0

0 0 + f0 0 0 0
1

0 0) + ( f0 1 0 0
0

0 0 + f0 0 0 1
0

0 0) + f0 0 1 0
0

0 0

A5 + A1 (= (A5 + A1)′′) + f0 0

D6(a2) 10 f1 0 0 0
0

0 0 + f1 1 0 0
0

0 0 + f0 1 1 0
0

0 0 + f0 0 1 1
0

0 0 + f0 0 0 1
0

1 0 + f0 0 0 0
1

0 0

E6(a3) (= (A5 + A1)′) 10 ( f0 1 0 0
0

0 0 + f0 0 0 0
0

0 1) + ( f0 0 1 0
0

0 0 + f0 0 0 0
0

1 0) + f0 0 0 1
0

0 0 + f0 1 1 1
1

1 1

E7(a5) (= D6(a2) + A1) 10 f1 0 0 0
0

0 0 + f0 1 0 0
0

0 0 + f0 0 1 0
0

0 0 + f0 0 0 1
0

0 0 + f0 0 0 0
1

0 0 + f0 0 0 0
0

0 1 + f1 2

A6 12 f1 0 0 0
0

0 0 + f0 1 0 0
0

0 0 + f0 0 1 0
0

0 0 + f0 0 0 1
0

0 0 + f0 0 0 0
0

1 0 + f0 0 0 0
0

0 1

D5 14 f0 0 0 0
0

0 1 + f0 0 0 0
0

1 0 + f0 0 0 1
0

0 0 + ( f0 0 1 0
0

0 0 + f0 0 0 0
1

0 0)

D5 + A1 + f1 0

D6(a1) + ( f1 2 2 3
2

2 1 − f1 2

E7(a4) (= D6(a1) + A1) + ( f1 2 2 3
2

2 1 − f1 2 3 3
1

2 1) + f1 0

E6(a1) 16 f0 1 0 0
0

0 0 + f0 0 1 0
0

0 0 + f0 0 0 0
0

1 0 + f0 0 0 0
0

0 1 + f0 0 0 1
1

0 0 + f0 0 1 1
0

0 0

D6 18 f1 0 0 0
0

0 0 + f0 1 0 0
0

0 0 + f0 0 1 0
0

0 0 + f0 0 0 1
0

0 0 + ( f0 0 0 0
0

1 0 + f0 0 0 0
1

0 0)

E7(a3) (= D6 + A1) + f1 2

E6 22 ( f0 1 0 0
0

0 0 + f0 0 0 0
0

0 1) + ( f0 0 1 0
0

0 0 + f0 0 0 0
0

1 0) + f0 0 0 1
0

0 0 + f0 0 0 0
1

0 0

E7(a2) + ( f1 2 2 2
1

1 0 + f1 1 2 2
1

1 1 + f1 1

E7(a1) 26 f1 0 0 0
0

0 0 + f0 1 0 0
0

0 0 + f0 0 1 0
0

0 0 + f0 0 0 0
0

1 0 + f0 0 0 0
0

0 1 + f0 0 0 1
0

1 0 + f0 0

E7 34 f pr
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Normal form Embedding

C1 Regular

2C1 Regular

3C1 Regular

4C1 Regular

A2 Regular

0
0

0 1 + C1 Regular

0
0

0 1 + 2C1 Regular

0
0

0 1 + 3C1 Regular

2A2 Regular

0
0

0 0 2A2 + C1 Regular

0
0

0 0 2A2 + 2C1 Regular

C2 Folding of A3

0
0

0 1 + A1 +regular

0
0

0 1 + 2A1 +regular

D4(a1) Regular

0
0

0 0 + C1 Regular

0
0

0 0 + 2C1 Regular

0
0

0 0 + 3C1 Regular

0
0

0 0 + A2 Regular

2C2 2 foldings of A3

(continued on next page)
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Table 7
Normal forms of nilpotent elements in E8.

f d Representative

A1 2 f1 0 0 0 0
0

0 0

2A1 2 f1 0 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0

3A1 3 f1 0 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 0 1
0

0 0

4A1 3 f1 0 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 0 1
0

0 0 + f0 0 0 0 0
0

0 1

A2 4 f1 0 0 0 0
0

0 0 + f0 1 0 0 0
0

0 0

A2 + A1 + f0 0 0 0

A2 + 2A1 + f0 0 0 0 0
1

0 0 + f0 0 0 0

A2 + 3A1 + f0 0 0 1 0
0

0 0 + f0 0 0 0 0
1

0 0 + f0 0 0 0

2A2 4 [ f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0] + [ f0 0 0 0 0
0

1 0 + f0 0 0 0 0
0

0 1]

2A2 + A1 5 [ f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0] + [ f0 0 0 0 0
0

1 0 + f0 0 0 0 0
0

0 1] + f1 0 0 0

2A2 + 2A1 5 [ f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0] + [ f0 0 0 0 0
0

1 0 + f0 0 0 0 0
0

0 1] + f0 0 0 0 0
1

0 0 + f1 0 0 0

A3 6 ( f1 0 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0) + f0 1 0 0 0
0

0 0

A3 + A1 + f0 0 0 0

A3 + 2A1 + f0 0 0 0 1
0

0 0 + f0 0 0 0

D4(a1) 6 f0 0 0 1 0
0

0 0 + f0 0 0 1 1
0

0 0 + f0 0 0 0 1
0

1 0 + f0 0 0 0 0
1

0 0

D4(a1) + A1 + f1 0 0 0

A3 + A2 (= D4(a1) + 2A1) + f1 2 2 2 2
1

1 0 + f1 0 0 0

A3 + A2 + A1 (= D4(a1) + 3A1) + f1 2 2 3 4
2

3 2 + f1 2 2 2 2
1

1 0 + f1 0 0 0

D4(a1) + A2 + f0 1 0 0 0
0

0 0 + f1 0 0 0

2A3 7 [( f1 0 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0) + f0 1 0 0 0
0

0 0] + [( f0 0 0 0 1
0

0 0 + f0 0 0 0 0
0

0 1) + f0 0 0 0 0
0

1 0]
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Normal form Embedding

A4 Regular

+ f0 0 0 0 0
0

0 1 + C1 Regular

0 0 + f0 0 0 0 0
0

0 1 + 2C1 Regular

1 0 + f0 0 0 0 0
0

0 1 + A2 Regular

1] + f0 0 0 0 0
1

0 0 + A2 + C1 Regular

0 0 0 0
0

0 1] A4 + C2 regular + folding
of A3

G2 Folding of D4

+ f1 0 0 0 0
0

0 0 + C1 +regular

0 0 + f1 0 0 0 0
0

0 0 + 2C1 +regular

0 0 + f1 0 0 0 0
0

0 0 + 3C1 +regular

0 0 + f1 0 0 0 0
0

0 0 + A2 +regular

1 + f0 0 0 1 1
0

1 1) + A2 + C1 +regular+IVF4⊂E8

C3 Folding of A5

+ f0 0 0 0 0
0

0 1 + C1 +regular

F4(a2) Folding of E6

+ f1 0 0 0 0
0

0 0 + C1 +regular

D6(a2) Regular

3 1 E7(a5) Regular

0 1 + f0 0 0 0 0
1

0 0 E8(a7) Regular

A6 Regular

+ f0 0 0 0 0
0

0 1 + C1 Regular

(continued on next page)
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Table 7 (continued).

f d Representative

A4 8 f1 0 0 0 0
0

0 0 + f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0

A4 + A1

A4 + 2A1 + f0 0 0 0 0
1

A4 + A2 + f0 0 0 0 0
0

A4 + A2 + A1 + [ f0 0 0 0 0
0

1 0 + f0 0 0 0 0
0

0

A4 + A3 9 [ f1 0 0 0 0
0

0 0 + f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0] + [( f1 2 3 4 5
2

3 1 + f0 0 0 0 0
0

1 0) + f0

D4 10 ( f0 0 0 1 0
0

0 0 + f0 0 0 0 0
1

0 0 + f0 0 0 0 0
0

1 0) + f0 0 0 0 1
0

0 0

D4 + A1

D5(a1) (= D4 + 2A1) + f1 1 0 0 0
0

D5(a1) + A1 (= D4 + 3A1) + f1 2 2 2 2
1

1 0 + f1 1 0 0 0
0

D4 + A2 + f0 1 0 0 0
0

D5(a1) + A2 + [ f0 1 0 0 0
0

0 0 + f1 0 0 0 0
0

0 0] + ( f0 0 0 0 1
1

1

A5 10 ( f1 0 0 0 0
0

0 0 + f0 0 0 0 1
0

0 0) + ( f0 1 0 0 0
0

0 0 + f0 0 0 1 0
0

0 0) + f0 0 1 0 0
0

0 0

A5 + A1 (= (A5 + A1)′)

E6(a3) (= (A5 + A1)′′) 10 ( f0 0 1 0 0
0

0 0 + f0 0 0 0 0
0

0 1) + ( f0 0 0 1 0
0

0 0 + f0 0 0 0 0
0

1 0) + f0 0 0 0 1
0

0 0 + f0 0 1 1 1
1

1 1

E6(a3) + A1 (= A5 + 2A1)

D6(a2) 10 f0 1 0 0 0
0

0 0 + f0 1 1 0 0
0

0 0 + f0 0 1 1 0
0

0 0 + f0 0 0 1 1
0

0 0 + f0 0 0 0 1
0

1 0 + f0 0 0 0 0
1

0 0

E7(a5) (= A5 + A2) 10 f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 0 1
0

0 0 + f0 0 0 0 0
1

0 0 + f0 0 0 0 0
0

0 1 + f0 1 2 3 4
2

E8(a7) (= 2A4) 10 f1 2 3 4 5
2

3 1 + f1 0 0 0 0
0

0 0 + f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 0 0
0

1 0 + f0 0 0 0 0
0

A6 12 f1 0 0 0 0
0

0 0 + f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 0 1
0

0 0 + f0 0 0 0 0
1

0 0

A6 + A1
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Table 7 (continued).

Normal form Embedding

B4 Folding of D5

+ f0 1 0 0 0
0

0 0 + C1 +regular

5 6
3

4 2 + f0 1 0 0 0
0

0 0 + 2C1 +regular

0 0
0

0 0 + f1 0 0 0 0
0

0 0 + A2 +regular

3
2

2 1 − f0 1 2 3 3
1

2 1) + B2 +IVB4⊂E8

3
2

2 1 − f0 1 2 3 3
1

2 1) + C1 + C̃1 +IVB4⊂E8

f0 0 0 1 0
0

0 0 C4 Folding of A7

E6(a1) Regular

+ f1 0 0 0 0
0

0 0 + C1 Regular

5 6
3

4 2 + f1 0 0 0 0
0

0 0 + A2 Regular

B5 Folding of D6

+ f2 3 4 5 6
3

4 2 + C1 +regular

3 4
2

3 2 + f2 3 4 5 6
3

4 2 + 2C1 +regular

0 0
0

0 1 + f0 1 2 3 4
2

2 1 E8(a6) Regular

F4 Folding of E6

+ f1 0 0 0 0
0

0 0 + C1 +regular

2
1

1 1 + f0 1 1 1 2
1

2 1) + C̃1 +IVF4⊂E8

5 6
3

4 2 + f1 0 0 0 0
0

0 0 + A2 +IVF4⊂E8

0 0 0
1

0 0) B6 Folding of D7

0 1
0

1 0 + f0 0 0 0 0
1

0 0 E8(a5) Regular

0 1
1

0 0 E7(a1) Regular

+ f2 3 4 5 6
3

4 2 + C1 Regular

(continued on next page)
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f d Representative

D5 14 f0 0 0 0 0
0

0 1 + f0 0 0 0 0
0

1 0 + f0 0 0 0 1
0

0 0 + ( f0 0 0 1 0
0

0 0 + f0 0 0 0 0
1

0 0)

D5 + A1

D6(a1) (= D5 + 2A1) + f2 3 4

D5 + A2 + f0 1 0

D7(a2) (= D5 + A3) + f1 0 0 0 0
0

0 0 + ( f0 1 2 3

E7(a4) (= D6(a1) + A1) + f0 1 0 0 0
0

0 0 + ( f0 1 2 3

A7 15 ( f1 0 0 0 0
0

0 0 + f0 0 0 0 0
0

0 1) + ( f0 1 0 0 0
0

0 0 + f0 0 0 0 0
0

1 0) + ( f0 0 1 0 0
0

0 0 + f0 0 0 0 1
0

0 0) +

E6(a1) 16 f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 0 0
0

1 0 + f0 0 0 0 0
0

0 1 + f0 0 0 0 1
1

0 0 + f0 0 0 1 1
0

0 0

E6(a1) + A1

E8(b6) (= E6(a1) + A2 = D8(a3)) + f1 3 4

D6 18 f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 0 1
0

0 0 + ( f0 0 0 0 0
0

1 0 + f0 0 0 0 0
1

0 0)

E7(a3) (= D6 + A1)

D7(a1) (= D6 + 2A1) + f0 1 2

E8(a6) (= A8) 18 f1 0 0 0 0
0

0 0 + f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 0 1
0

0 0 + f0 0 0 0 0
0

1 0 + f0 0 0

E6 22 ( f0 0 1 0 0
0

0 0 + f0 0 0 0 0
0

0 1) + ( f0 0 0 1 0
0

0 0 + f0 0 0 0 0
0

1 0) + f0 0 0 0 1
0

0 0 + f0 0 0 0 0
1

0 0

E6 + A1

E7(a2) +( f0 1 2 2 2
1

1 0 + f0 1 1 2

E8(b5) (= E7(a2) + A1) + f1 3 4

D7 22 f1 0 0 0 0
0

0 0 + f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 0 1
0

0 0 + ( f0 0 0 0 0
0

1 0 + f0 0

E8(a5) (= D8(a1)) 22 f0 1 2 3 4
2

3 2 + f1 0 0 0 0
0

0 0 + f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 1 1
0

0 0 + f0 0 0

E7(a1) 26 f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 0 0
0

1 0 + f0 0 0 0 0
0

0 1 + f0 0 0 0 1
0

1 0 + f0 0 0

E8(b4) (= E7(a1) + A1)
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Normal form Embedding

0 0 0
0

1 0 + f0 0 0 0 0
1

0 0 E8(a4) Regular

0 0 0
0

0 1 E7 Regular

+ f2 3 4 5 6
3

4 2 + C1 Regular

0 0 0
0

1 0 + f0 0 0 0 0
0

0 1 E8(a2) Regular

0 0 1
1

0 0 + f0 0 0 0 0
0

0 1 E8(a1) Regular

E8 Regular

18
Table 7 (continued).

f d Representative

E8(a4) (= D8) 28 f0 1 2 3 4
2

3 2 + f1 0 0 0 0
0

0 0 + f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 0 1
0

0 0 + f0 0

E7 34 f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 0 1
0

0 0 + f0 0 0 0 0
0

1 0 + f0 0 0 0 0
1

0 0 + f0 0

E8(a3) (= E7 + A1)

E8(a2) 38 f1 0 0 0 0
0

0 0 + f0 1 0 0 0
0

0 0 + f0 0 1 1 0
0

0 0 + f0 0 0 1 1
0

0 0 + f0 0 0 0 1
0

1 0 + f0 0 0 0 1
1

0 0 + f0 0

E8(a1) 46 f1 0 0 0 0
0

0 0 + f0 1 0 0 0
0

0 0 + f0 0 1 0 0
0

0 0 + f0 0 0 1 0
0

0 0 + f0 0 0 0 0
0

1 0 + f0 0 0 0 1
0

1 0 + f0 0

E8 58 f pr
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Table 8
Diagrams of w ∈ W , corresponding to irreducible nilpotent elements in simple g.

f Diagram of w f Order of w f Characteristic polynomial of w f

A2k 1 1 ... 1 1

1

2k + 1 x2k
+ x2k−1

+ ... + 1
Ck 1 1 1 ... 1 1 2k xk

+ 1

Bk

1

1

1 1 ... 1 1 2k xk
+ 1

D2k+2(ak )
1

1
0 1 0 ... 1 0

1

1
2k + 2 (xk+1

+ 1)2

G2 1 1 1 6 φ6
F4 1 1 1 1 1 12 φ12
F4(a2) 1 0 1 0 1 6 φ2

6
E6(a1) 1 1 0 1 1

1

1

9 φ9

E7 1 1 1 1 1 1 1

1

18 φ18φ2

E7(a1) 1 1 1 0 1 1 1

1

14 φ14φ2

E7(a5) 1 0 0 1 0 0 1

0

6 φ3
6φ2

E8 1 1 1 1 1 1 1 1

1

30 φ30

E8(a1) 1 1 1 1 1 0 1 1

1

24 φ24

E8(a2) 1 1 1 0 1 0 1 1

1

20 φ20

E8(a4) 1 1 0 1 0 1 0 1

0

15 φ15

E8(a5) 1 0 1 0 0 1 0 1

0

12 φ2
12

E8(a6) 1 0 1 0 0 1 0 0

0

10 φ2
10

E8(a7) 1 0 0 0 1 0 0 0

0

6 φ4
6

means that there exists E ∈ gd (in the Z-grading (1.1)), such that f + E is a regular semisimple
lement of g. Its centralizer is a Cartan subalgebra h′ of g.

Let si = αi (h), i = 1, . . . , r , be the Dynkin labels for f , and let s0 = 2. Let

m =

r∑
i=0

ai si ,

here
∑r

i=1 aiαi is the highest root, and let ε = e
2π i
m . Define an inner automorphism σ f of g

y letting

σ f (eαi ) = εsi eαi , σ f (e−αi ) = ε−si e−αi , i = 1, . . . , r. (5.1)

The order of σ f is m if f is not even and m/2 if f is even.
It was pointed out in [6] that all f of regular semisimple type are even, with the exception

(m)
of the nilpotent elements in sln , associated to partitions (k , 1), where k is even (hence

19
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n = mk + 1 is odd); but these f are even in sln−1, hence we may assume that f is even.
hen all the si are either 0 or 2, and we replace the 2’s by the 1’s. Thus, σ f can be depicted
sing an extended Dynkin diagram of f by dividing the labels by 2 and letting s0 = 1.

Since f + E is an eigenvector of σ f with eigenvalue ε−1, the Cartan subalgebra h′ is
f -invariant, hence σ f induces an element w f of the Weyl group W .

Since all irreducible nilpotent elements are of regular semisimple type and even, we thus
btain a map from the set of orbits of irreducible nilpotent elements in g to the set of conjugacy
lasses in W . This map is depicted in Table 8.

Taking the normal form of an arbitrary nilpotent element

f =

∑
j

f [ j], f [ j] ∈ g[ j],

e can extend the map, given by Table 8, to all f by letting

w f =

∏
j

w f [ j],

here w f [ j] is the image in W of the element of the Weyl group of g[ j] under the embedding
[ j] ⊂ g.

Note, however, that, though the map f ↦→ w f coincides with that of Kazhdan–Lusztig [8,11]
n the set of regular semisimple type f , in general it is different. We will study this question
n a subsequent publication.
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