Chapter 10
Topological Interpretations of Provability Logic

Lev Beklemishev and David Gabelaia

In memory of Leo Esakia

Abstract Provability logic concerns the study of modality O as provability in formal
systems such as Peano Arithmetic. A natural, albeit quite surprising, topological
interpretation of provability logic has been found in the 1970s by Harold Simmons
and Leo Esakia. They have observed that the dual & modality, corresponding to
consistency in the context of formal arithmetic, has all the basic properties of the
topological derivative operator acting on a scattered space. The topic has become a
long-term project for the Georgian school of logic led by Esakia, with occasional
contributions from elsewhere. More recently, a new impetus came from the study of
polymodal provability logic GLP that was known to be Kripke incomplete and, in
general, to have a more complicated behavior than its unimodal counterpart. Topo-
logical semantics provided a better alternative to Kripke models in the sense that
GLP was shown to be topologically complete. At the same time, new fascinating
connections with set theory and large cardinals have emerged. We give a survey of the
results on topological semantics of provability logic starting from first contributions
by Esakia. However, a special emphasis is put on the recent work on topological
models of polymodal provability logic. We also include a few results that have not
been published so far, most notably the results of Sect. 10.4 (due to the second author)
and Sects. 10.7, 10.8 (due to the first author).
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10.1 Provability Logics and Magari Algebras

Provability logics and algebras emerge from, respectively, a modal logical and an
algebraic point of view on the proof-theoretic phenomena around Godel’s incom-
pleteness theorems. These theorems are usually perceived as putting fundamental
restrictions on what can be formally proved in a given axiomatic system (satisfying
modest natural requirements). For the sake of a discussion, we call a formal theory
T godelian if

e T is a first order theory in which the natural numbers along with the operations +
and - are interpretable;

e T proves some basic properties of these operations and a modicum of induction
(it is sufficient to assume that T contains Elementary Arithmetic EA, see [7]);

e T has arecursively enumerable (r.e.) set of axioms.

The Second Incompleteness Theorem of Kurt Godel (G2) states that a godelian theory
T cannot prove its own consistency provided it is indeed consistent. More accurately,
for any r.e. presentation of such a theory 7', Godel has shown how to write down
an arithmetical formula Provy (x) expressing that x is (a natural number coding)
a formula provable in T. Then the statement Con(T') := —Provy("_L™) naturally
expresses that the theory T is consistent. G2 states that T ¥ Con(T) provided T is
consistent.

Provability logic emerged from the question of what properties of formal prov-
ability Provr can be verified in 7', even if the consistency of T cannot. Several such
properties have been stated by Godel himself [33]. Hilbert and Bernays [36] and
then Lob [44] stated them in the form of conditions any adequate formalization of
a provability predicate in 7" must satisfy. After Godel’s and Lob’s work it was clear
that the formal provability predicate calls for a treatment as a modality. It led to the
formulation of the Godel-Lob provability logic GL and eventually to the celebrated
arithmetical completeness theorem due to Solovay [55].

Independently, Macintyre and Simmons [45] and Magari [46] took a very natural
algebraic perspective on the phenomenon of formal provability which led to the
concept of diagonalizable algebra. Such algebras are now more commonly called
Magari algebras. This point of view is more convenient for our present purposes.

Recall that the Lindenbaum-Tarski algebra of a theory T is the set of all T-
sentences Senty modulo provable equivalence in T, that is, the structure £ =
Sentr /~7 where, for all ¢, Y € Sentr,

o~y = TE(p<oy).

Since we assume 7 to be based on classical propositional logic, £ is a boolean
algebra with operations A, Vv, —. Constants L and T are identified with the sets of
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10 Topological Interpretations of Provability Logic 259

refutable and provable sentences of T, respectively. The standard ordering on Z7 is
defined by

[Pl =] < Tro—>¥ < [pA{¥]=][¢],

where [¢] denotes the equivalence class of ¢.

It is well known that for consistent gddelian theories T all such algebras are
isomorphic to the unique countable atomless boolean algebra. (This is a consequence
of a strengthening of Godel’s First Incompleteness Theorem due to Rosser.) We
obtain more interesting algebras by enriching the structure of the boolean algebra
Zr by additional operation(s).

Godel’s consistency formula induces a unary operator O acting on 47 :

O i o] — [Con(T + ¢)].

The sentence Con(T + ¢) expressing the consistency of T extended by ¢ can be
defined as —=Provy ("—¢™). The dual operator is O7 : [¢] —> [Provy ("¢ ™], thus
Orx = —=Op—x forallx € Y.

Hilbert-Bernays—Lob derivability conditions ensure that 7 is correctly defined
on the equivalence classes of the Lindenbaum-Tarski algebra of 7. Moreover, it
satisfies the following identities (where we write C7 simply as < and the variables
range over arbitrary elements of .Z7):

M. 0L =1; Oxvy =30xvOy;
M2, Ox = O(x A =Ox).

Notice that Axiom M2 is a formalization of G2 stated for the theory T’ = T + ¢,
where [¢] = x. In fact, the left hand side states that 7' is consistent, whereas the
right hand side states that T’ + —=Con(T") is consistent, that is, T’ ¥ Con(T’). The
dual form of Axiom M2, O(Ox — x) = Ox, expresses the formalization of Lob’s
theorem [44].

A Boolean algebra with an operator .Z = (M, <) satisfying M1, M2 is called
Magari algebra. Thus, the main example of a Magari algebra is the structure
(&r, ©Or) for any consistent godelian theory T .

Notice that M1 induces <& to be monotone: if x < y then OGx < <y. The tran-
sitivity inequality OOx < Ox is often postulated as an additional axiom of Magari
algebras, however, as discovered independently by de Jongh, Kripke and Sambin in
the 1970s, it follows from M1 and M2.

Proposition 1. In any Magari algebra # it holds that OGOx < Ox forall x € M.
Proof Given any x € M, consider y := x Vv <x. On the one hand, we have
OOx < (Cx v Oox) = Oy,

On the other hand, since Ox A =Oy = L we obtain
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Cy <O A=0Y) <O((x VOX)A=0Y) =0 A=Oy) vOL <Ox.

Hence, OOx < Ox. O

In general, we call an identity of an algebraic structure .# a formula of the form
t(x) = u(x), where ¢, u are terms, such that .#Z FE Vx (1(x) = u(x)). Identities of
Maragi algebras can be described in terms of modal logic as follows. Any term (built
from the variables using boolean operations and <) is naturally identified with a
formula in the language of propositional logic with a new unary connective <. If
¢(x) is such a formula and .# a Magari algebra, we write ./ F ¢ iff Vx (1,(x) =
T) is valid in .#, where 1, is the term corresponding to ¢. Since any identity in
Magari algebras can be equivalently written in the form # = T for some term ¢, the
axiomatization of identities of .# amounts to axiomatizing modal formulas valid in
M . The logic of M, Log(.#), is the set of all modal formulas valid in ., that is,
Log(A#) = {¢ : M E ¢}, and the logic of a class of modal algebras is defined
similarly.

One of the main parameters of a Magari algebra ./ is its characteristic ch(A) :=
min{k € w : O¥T = 1} and ch(.#) := oo if no such k exists. If T is arithmetically
sound, that is, if the arithmetical consequences of T are valid in the standard model,
then ch(Zr) = oco. Theories (whose algebras are) of finite characteristics are, in a
sense, close to being inconsistent and may be considered a pathology.

Solovay [55] proved that any identity valid in the structure (£7, <7) follows from
the boolean identities together with M1-M2, provided 7 is arithmetically sound. This
has been generalized by Visser [58] to arbitrary theories of infinite characteristic.

Theorem 1. (Solovay, Visser) Suppose ch(Zr, 1) = oo. An identity holds in
(&, O7) iff it holds in all Magari algebras.

Apart from the equational characterization by M1, M2 above, the identities of
Magari algebras can be axiomatized modal-logically. In fact, the logic of all Magari
algebras, and by the Solovay theorem the logic Log(-%7, ©r) of the Magari algebra
of T, for any fixed theory T of infinite characteristic, coincides with the familiar
Godel-Lob logic GL. Abusing the language we will often identify GL with the set
of identities of Magari algebras.

A Hilbert-style axiomatization of GL is usually given in the modal language
where O rather than < is taken as basic and the latter is treated as an abbreviation
for —=O—. The axioms and inference rules of GL are as follows.

Axiom schemata:

L1. All instances of propositional tautologies;
L2. O(p — ¢) — (Op — Ovy);

! For normal modal logics, going from an equational to a Hilbert-style axiomatization and back
is automatic, as they are known to be strongly finitely algebraizable (see [19, 31]). We do not
assume the reader’s familiarity with algebraic logic and prefer to give explicit axiomatizations for
the systems at hand.
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10 Topological Interpretations of Provability Logic 261
L3. O(@¢ — ¢) — Oep.

Rules: ¢, ¢ — /¥ (modus ponens), ¢ /0¢ (necessitation).

By a well-known result of Segerberg [51], GL is sound and complete w.r.t. the
class of all transitive and upwards well-founded Kripke frames. In fact, it is sufficient
to restrict the attention to frames that are finite irreflexive trees. Thus, summarizing
various characterizations above, we have

Theorem 2. Let T be a godelian theory of infinite characteristic. For any modal
formula ¢, the following statements are equivalent:

(i) GLF ¢;
(ii) @ isvalid in all Magari algebras;
(iii) (Z1,<1)F @)
(iv) @ is valid in all finite irreflexive tree-like Kripke frames.

10.2 Topological Interpretation

A natural, albeit quite surprising, topological interpretation of provability logic was
found by Simmons [53]. He observed that the topological derivative operator act-
ing on a scattered topological space satisfies all the identities of Magari algebras.
Esakia [28], working independently, considered a more general problem of set-
theoretic interpretations of Magari algebras.

Let X be a nonempty set and let &?(X) the boolean algebra of subsets of X.
Consider any operator § : Z(X) — Z(X) and the structure (£ (X), d). Can
(Z(X), §) be a Magari algebra and, if yes, when? Esakia [28] found what may be
called a canonical answer to this question (Theorem 4 below).

Let (X, t) be a topological space, where t denotes the set of open subsets of X,
and let A € X. Topological derivative d; (A) of A is the set of limit points of A:

xed(A) & YU et (xeU =3y £x (y € UNA)).

Notice that c; (A) := AUd;(A) is the closure of A and iso;(A) := A\ d;(A) is the
set of isolated points of A.

The classical notion of a scattered topological space is due to Georg Cantor. (X, 7)
is called scattered if every nonempty subspace A € X has an isolated point.

Theorem 3. (Simmons, Esakia) The following statements are equivalent:

(i) (X, 1) is scattered;
(it) (P(X),dy)isaMagarialgebra, thatis, forall A C X, d; (A) = d; (A\d;(A)).

Notice thatd; (A) = d; (A\d;(A)) means that each limit point of A is a limit point of
its isolated points. The algebra of the form (£?(X), d;) associated with a topological
space (X, t) will be called the derivative algebra of X. Thus, this theorem states
that the derivative algebra of (X, t) is Magari iff (X, t) is scattered.
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Proof Suppose (X, t) is scattered, A € X and x € d;(A). Consider any open
neighborhood U of x. Since (U N A) \ {x} is nonempty, it has an isolated point
y # x. Since U is open, y is an isolated point of A, thatis, y € A\ d;(A).
Hence, x € d; (A \ d:(A)). The inclusion d; (A \ d;(A)) C d;(A) follows from the
monotonicity of d;. Therefore Statement (ii) holds.

Suppose that (ii) holds and let A € X be nonempty. We show that A has an
isolated point. If d; A is empty, we are done. Otherwise, take any x € d; A. Since x
is a limit of isolated points of A, there must be at least one such point. O

We notice that the transitivity principle d:d; A C d; A topologically means that
the set d; A, for any A C X, is closed. We recall the following standard equivalent
characterization an easy proof of which we shall omit.

Proposition 2. Foranytopological space (X, 1), the following statements are equiv-
alent:

(i) Every x € X is an intersection of an open and a closed set;
(ii) Foreach A C X, the set d; A is closed.

Topological spaces satisfying either of these conditions are called Ty-spaces.
Condition (i) shows that T, is a weak separation property located between Tj and
T1. Thus, Proposition 1 yields, as a corollary, the modal proof of the following well-
known fact.

Corollary 1. All scattered spaces are T.

We have seen in Theorem 3 that each scattered space equipped with a topological
derivative operator is a Magari algebra. The following result by Esakia [28] shows
that any Magari algebra on £2(X) can be described in this way.

Theorem 4. (Esakia) If (Z(X), d) is a Magari algebra, then X bears a unique
topology t for which § = d;. Moreover; t is scattered.

Proof We first remark that if (Z(X),§) is a Magari algebra, then the operator
c(A) := AUJ A satisfies the Kuratowski axioms of the topological closure: ¢ = &,
c(AUB) =cAUcB, A C cA, ccA = cA. This defines a topology 7 on X in which
aset Ais t-closediff A = c(A) iff A C A. If v is any topology such that § = d,),
then v has the same closed sets, that is, v = 7. So if the required topology exists, it
is unique. To show that § = d; we need an auxiliary lemma. O

Lemma 1. Suppose (Z(X), 8) is Magari. Then, for all x € X,

(i) x ¢ 3({x});
(i) x €A <= x €8(A\ {x)).

Proof (i) By Axiom M2 we have §{x} € §({x} \ é{x}). If x € &{x} then §({x} \
8{x}) = §@ = @. Hence, §{x} = @, a contradiction.

(i) x € A implies x € §((A\ {x}) U{x}) =36(A\ {x}) US{x}. By (i), x ¢ 5{x},
hence x € 6(A \ {x}). The other implication follows from the monotonicity of §. O
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Lemma 2. Suppose (P (X),8) is Magari and t is the associated topology. Then
8 =d;.

Proof Let d = d;; we show that for any set A € X dA = §A. Notice that for any
B,cB=dBUB =3§BUB.Assume x € §A. Thenx € §(A\ {x}) Cc(A\{x}) C
d(A\ {x}) U(A\ {x}). Since x ¢ A \ {x}, we obtain x € d(A \ {x}). By the
monotonicity of d, x € dA. Similarly, if x € dA then x € d(A \ {x}). Hence,
x €c(A\{x}) =8(A\ {x}) U(A\ {x}).Sincex ¢ A\ {x} we obtainx € §A. O

From this lemma and Theorem 3 we also infer that t is a scattered topology.

Theorem 4 shows that to study a natural set-theoretic interpretation of provability
logic means to study the semantics of < as a derivative operation on a scattered
topological space. Derivative semantics of modality was first suggested in the fun-
damental paper by McKinsey and Tarski [48]. See [43] for a detailed survey of such
semantics for arbitrary topological spaces. The emphasis in this chapter is on the
logics related to formal provability and scattered topological spaces.

10.3 Topological Completeness Theorems

Natural examples of scattered topological spaces come from orderings. Two exam-
ples will play an important role below.

Let (X, <) be a strict partial ordering. The left topology or the downset topology
T on (X, <) is given by all sets A € X such thatVx,y (y <x € A = y € A).
We obviously have that (X, <) is well-founded iff (X, t) is scattered. The right
topology or the upset topology is defined similarly.

The left topology is, in general, non-Hausdorff. More natural is the interval
topology on a linear ordering (X, <), which is generated by all open intervals
(0, ) ={x € X | ¢ < x < B}suchthat o, 8 € X U {£oo} and ¢ < B. The
interval topology refines both the left topology and the right topology and is scat-
tered on any ordinal [52].

Given a topological space (X, ), we denote the logic of its derivative algebra
(L(X),d;) by Log(X, 1), and we let Log(%’) denote the logic of (the class of
derivative algebras associated with) a class ¢ of topological spaces. Thus, if € is a
class of scattered spaces, Log(%) is a normal modal logic extending GL.

Esakia [28] has noted that the completeness theorem for GL w.r.t. its Kripke
semantics (see [22, 51]) implies that GL is the modal logic of scattered spaces. In
fact, if (X, <) is a strict partial ordering, then the modal algebra associated with the
Kripke frame (X, <) is the same as the derivative algebra of (X, ) where t is its
upset topology. This implies that any modal logic of a class of strict partial orders,
including GL, is complete w.r.t. topological derivative semantics.

We can also note that GL is the logic of a single countable scattered space.
Abashidze [1] and Blass [18] independently proved a stronger completeness result.

Theorem 5. (Abashidze, Blass) Let « > w® be any ordinal equipped with the
interval topology. Then Log(a) = GL.
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Thus, GL is complete w.r.t. a natural scattered topological space. The rest of this
section is devoted to a new proof of this result. We need some technical prerequisites
that will be also useful later in this chapter.

Ranks and d-maps. An equivalent characterization of scattered spaces is often
given in terms of the following transfinite Cantor—Bendixson sequence of subsets of
a topological space (X, 7):

e d’X =X; d*"'X =d;(d*X) and
o d*X = () d’ X if o is a limit ordinal.
B<a

It is easy to show by transfinite induction that for any (X, 7), all sets d¥ X are

closed and that d¥ X D df X whenever « < f.

Theorem 6. (Cantor) (X, 7) is scattered iff d¥ X = @ for some ordinal a.

Proof Letd = d,. If (X, 7) is scattered then we have d*X D d**!X for each «
such that d* X # . By cardinality arguments this yields an « such that d* X = @.

Conversely, suppose A € X is nonempty. Let o be the least ordinal such that
A §Z d“X. Obviously, o cannot be a limit ordinal, hence « = 8 + 1 for some 8
and there is an x € A \ dPT1X. Since A € dPX, we also have x € d?X. Since
x ¢ dPY'X = d(dPX), x is isolated in the relative topology of d# X, and hence in
the relative topology of A C d# X. O

Call the least  such that d¥ X = @ the Cantor—Bendixson rank of X and denote
itby p; (X). Let On denote the class of all ordinals. Then the rank function p; : X —
On is defined by

pr(x) :=minfa : x ¢ d®T1(X)).

Notice that p; maps X onto p;(X) = {a : ¢ < p(X)}. Also, pr(x) > o iff
x € d¥ X. We omit the subscript T whenever there is no danger of confusion.

Example 1. For an ordinal equipped with its left topology, p(a) = « for all . When
the same ordinal is equipped with its interval topology, p is the function ¢ defined
by £(0) = 0; £(a) = Bifa = y + P for some y, . By the Cantor normal form
theorem for any @ > 0, such a 8 is uniquely determined, thus ¢ is well-defined.
Notice that £(«) = 0 iff @ is a non-limit ordinal.

Let (X, tx) and (Y, ty) be topological spaces, and let dx, dy denote the cor-
responding derivative operators. A map f : X — Y is called a d-map if f is
continuous, open and pointwise discrete, that is, £ ~!(y) is a discrete subspace of X
for each y € Y. d-maps are well known to satisfy the properties expressed in the
following lemma (see [16]).

Lemma 3.

(i) f~'(dy(A) =dx(f~(A)) forany AC Y;
(ii) f_1 (LX), dy) —> (P(X),dy) is a homomorphism of derivative algebras;
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(iii) If f is onto, then Log(X, tx) C Log(Y, ty).

Property (i) is easy to check directly; (ii) follows from (i), and (iii) follows from
(ii). Each of the conditions (i) and (ii) is equivalent to f being a d-map.
A proof of the following lemma can be found in [5].

Lemma 4. Let 2 be the ordinal p (X) taken with its left topology. Then

(i) pr: X — 2 is an onto d-map;
(ii) If f : X — X is a d-map, where A is an ordinal with its left topology, then
f(X) =S8 and f = p..

An immediate corollary is that the rank function is preserved under d-maps.

The d-sum construction. The constructions of summing up structures, in par-
ticular, topological spaces or orderings ‘along’ another structure play an important
role in various branches of logic and mathematics (see, e.g., [34]). Here we present
another construction of this type, called d-sum, which can be used to recursively
build both finite trees and ordinals. Given a tree 7', one can construct a new tree by
‘plugging in’ other trees in place of the leaves of 7'. Similarly, given an ordinal «,
one can ‘plug in’ new ordinals «; for each isolated point i € « to obtain another
ordinal. The d-sum construction turned out to be rather useful for proving topological
completeness theorems. Its particular case called d-product serves as a tool in the
proof of topological completeness of GLP in [5].

Definition 1 Let X be a topological space and let {Y; | j € iso(X)} be a collection
of spaces indexed by the set iso(X) of isolated points of X. We uniquely extend it
to the collection {Y; | j € X} by letting Y; = {j} forall j € dX.

We define the d-sum (Z, tz) of {Y;} over X (denoted Z?ex Y;) as follows. The
base set is the disjoint union Z := |_|j€X Y;. Define the map w : Z — X by putting
7(y) = j whenever y € Y;. Now let the topology 7z consist of the sets V U N )
where V is open in the topological sum U./ ciso(x) Yj and U is open in X. It is not
difficult to check that tz qualifies for a topology.

Example 2. (trees) Consider finite irreflexive trees equipped with the upset topology.
Note that the leaves of a tree are the isolated points in the topology. Therefore, taking
the d-sum of trees 7; over a tree T simply means plugging in 7;’s in place of the
leaves of T'.

Let us call an n-fork a tree §, = (W,, Ry,), where W, = {r, wo, wi, ..., wy—1}
and R, = {(r,w;) | 0 <i < n}. Observe that any finite tree is either an irreflexive
point, or an n-fork, or can be obtained (possibly in several ways) as a d-sum of trees
of smaller depth.

Example 3. (ordinals) Consider ordinals equipped with the interval topology. If
(@;)iep is afamily of ordinals such that o; = 1 for limit i, then the d-sum Zf'leﬁ o; 18
homeomorphic to the ordinal sum »; . p @i This can be checked directly by examin-
ing the descriptions of neighborhoods in respective spaces. Thus, a d-sum of ordinals
along another ordinal is homeomorphic to an ordinal.
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The following lemma shows that d-sums, in a way, commute with d-maps.

Lemma 5. Let X and X' be two spaces and let {Y; | j € iso(X)} and {Y] |
k € iso(X")} be collections of spaces indexed by iso(X) and iso(X'), respectively.
Suppose further that f : X — X' is an onto d-map, and for each j € iso(X) there
isanontod-map fj : Y; — Y}(j). Then there exists an onto d-map g : Zd Y, —

p jeX
!/
Zkex/ Yk'

Proof First note that since f is a d-map, f(j) is isolated in X’ iff j is isolated in
X. Indeed, by openness of f, if {j} € 7, then {f(j)} € 7’. Conversely, if f(j)
is isolated, then f~! f(j) is both open and discrete by continuity and pointwise
discreteness of f. Hence, any point in f~! f(j), and j in particular, is isolated in
X. For convenience, let us denote fx = f[, x and f* = f[;5,(x)- It follows that
f* iiso(X) — iso(X') and fy : dyX — dp X’ are well-defined onto maps and
f = f*U fi. Thus, in particular, the space Y }( n in the formulation of the theorem
is well-defined.

Take g to be the set-theoretic union g = f, U | y fj- We show that g

is a d-map. Let = and 7’ be the ‘projection’ maps associated with Z?E x Y; and

jeiso(X

Zfe v Y/, respectively. To show that g is open, take W = V U ~1(U) € 17. Then
g(W) = g(V)Ug(r~'(U)). That g(V) is open in the topological sum of Y[ is clear
from the openness of the maps f;. Moreover, from the definition of g and the fact
that all f; are onto it can be easily deduced that g(ﬁ_l ) = n’_l(f(U)). Since
f is an open map, it follows that g(W) is open in 7/,. To see that g is continuous,
take W' = V' Ux'~'(U") € t,. Then g7 '(W) = g '(U) U g 'z~ (U').
Again, the openness of g~ (U”) is trivial. It is also easily seen that g~ (7'~ (U")) =
L (f~1W")). It follows that g~!(W’) is open in 7. To see that g is pointwise
discrete is straightforward, given that f and all the f; are pointwise discrete. O

The following lemma is crucial for a proof of Theorem 5.

Lemma 6. For each finite irreflexive tree T there exists a countable ordinal ¢ < w®
andanontod-map f :a —» T.

Proof The proof proceeds by induction on the depth of T'. It is clear that the claim
is true for a one-point tree. If T is an n-fork §, we definead-map f : 0w+ 1 - §,
by letting f(X) := Wymodn for x < w and f(w) :=r.

Now consider a tree T of depth n > 1 and suppose the claim is true for all trees of
depth less than n. Clearly T can be presented as a d-sum of trees of strictly smaller
depth in various ways. Using the induction hypothesis, each of the smaller trees is an
image of a countable ordinal under a d-map. Applying Lemma 5 and observing that
a countable d-sum of countable ordinals is a countable ordinal produces a countable
ordinal ¢ and an onto d-map f : « — T. Since the rank function is preserved under
d-maps, the rank of « is equal to the rank of 7', that is, to n. It follows that ¢ < w®,
which completes the proof. O
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Now we prove Theorem 5.

Proof Take a non-theorem ¢ of GL. Then ¢ can be refuted on a finite irreflexive tree
T by theorem 2. By Lemma 6, there exists an ordinal 8 < »® that maps onto 7" via
a d-map. By Lemma 3 (iii), ¢ can be refuted on 8. But g is an open subspace of «.
It follows that ¢ can be refuted on «. o

Another, perhaps the simplest, proof of Theorem 5 appeared recently in [17, The-
orem 3.5]. It relied on a direct proof of Lemma 6 rather than on Lemma 5. However,
we believe that our approach illuminates the underlying recursive mechanism and
may lead to additional insights in more complicated situations (see [5]).

10.4 Topological Semantics of Linearity Axioms

For a godelian theory T consider the O-generated subalgebra ,,2”}) of (Zr, Or), that
is, the subalgebra generated by T.If ch(.%Zr, O7) = oo, thenalso ch (.,2”}), Or) = o0.
In fact, the modal logic of the Magari algebra (Z}) , &7) is known (see [37]) to be
GL.3 which is obtained from GL by adding the following axiom:

.3) OpAOGg—> C(pAg) V(P AL VOOPAQG).

This is the so called ‘linearity axiom’ and, as the name suggests, its finite rooted
Kripke frames are precisely the finite strict linear orders. Since GL.3 is Kripke
complete (see, e.g., [24]), its topological completeness is immediate. However, it
is not immediately clear what kind of scattered spaces does the linearity axiom
isolate. To characterize GL.3-spaces, let us first simplify the axiom (.3). Consider
the following formula:

(lin) O@O*tpvOty) — OpvOg,

where O is a shorthand for ¢ A Og.
Lemma 7. In GL the schema (.3) is equivalent to (lin).

Proof To show that (/in) kgL (.3), witness the following syntactic argument.
Observe that the dual form of (lin) looks as follows:

OpACGg— O(OTpAOTg) (%)
where OF¢ := ¢ v Og. Furthermore, an instance of the GL axiom looks as follows:
OOTpAOTg) = O(OTp AOTg AD@OT =p v O T—g)).

By the axiom (lin) we also have: O(O% =p v Ot =g) — (O—p Vv O=q). So, using
the monotonicity of & we obtain:
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OpACGg = O(OTp AOTg A (O-p v O-g)).
By boolean logic
OTPAOTg & (PADV(PACYV(OPAPV(OPAOG  (+%)

and
(@O=p v O=g) < =(Op A Ogq).

Using these, together with the monotonicity of & we finally arrive at:
OpACGg = Op A V(P ACGV(CpAg)),

which is equivalent to (.3) since < distributes over V.

To show the converse, we observe that (.3) implies (/in) even in the system K.
Indeed, the formula (), which is the dual form of (/in), can be rewritten, using ()
and the distribution of & over V as follows:

OpACG = C(pAg)VO(PAOHNVO(OpAg)VO(COpACg),

which is clearly a weakening of (.3). Therefore (.3) Fgr (lin). O

It follows that a scattered space is a GL.3-space iff it validates (/in). To charac-
terize such spaces, consider the following definition.

Definition 2 Call a scattered space primal if foreachx € X and U,V € 7, {x} U
UUV etimplies {x}UU etor{x}UV er.

It can be shown that X is primal iff the collection of punctured open neighborhoods
of each non-isolated point is a prime filter in the Heyting algebra 7.

Theorem 7. Let X be a scattered space. Then X = (lin) iff X is primal.

Proof Let X be a scattered space together with a valuation v. Let P := v(p) and
0 := v(q) denote the truth-sets of p and g, respectively. Then the truth sets of OF p
and O%g are I; P and I; Q, where I, is the interior operator of X. We write x = ¢
for X, x F, ¢.

Suppose X is primal and for some valuation x F O(O% p v O%g). Then there
exists an open neighborhood W of x such that W \ {x} & O"p v O%gq. In other
words, W\ {x} C LPUI,Q.LetU =WNI;PetandV =WNI.Q € 7. Then
{x}UU UV =W e t. It follows that either {x} UU € 7 or {x} UV € 7. Hence
x F Op or x E Og. This proves that X F (lin).

Suppose now X is not primal. Then there exist x € X and U, V € 7t such that
{x}UUUV e r,but {x}UU ¢ 7t and {x} UV & 7. Take a valuation such that
P = U and Q = V. Then clearly x F O(O%p v O%¢). However, neither x F Op
nor x F Og is true. Indeed, if, for example, x = Op, then there exists an open
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neighborhood W of x such that W\ {x} € P = U.Butthen {x}UU = WUU €,
which is a contradiction. This shows that X F (lin). O

Example 4. (primal spaces) The left topology of any well-founded linear order is
clearly primal. To give an example of a primal space not coming from order, consider
any countable set A, a point b ¢ A and a free ultrafilter u over A. Then the set AU{b}
with the topology ¢ (A) U {U U {b} | U € u} is easily seen to be primal. This space
is homeomorphic to a subspace of the Stone-Cech compactification of a countable
discrete space A defined by A U {u}.

The primal scattered spaces are closely related to maximal scattered spaces of [5].
A scattered space is called maximal if it does not have any proper refinements with
the same rank function. It is easy to see that each maximal scattered space is primal,
but there are primal spaces which are not maximal. The two notions do coincide
for the scattered spaces of finite rank. It follows that the logic of maximal scattered
spaces is GL.3.

10.5 GLP-Algebras and Polymodal Provability Logic

A natural generalization of provability logic GL to a language with infinitely many
modal diamonds (0), (1), ... has been introduced in 1986 by Japaridze [40]. He
interpreted (1)¢ as an arithmetical statement expressing the w-consistency of ¢ over
a given godelian theory 7.2 Similarly, (n)¢ was interpreted as the consistency of the
extension of 7 4 ¢ by n nested applications of the w-rule.

While the logic of each of the individual modalities (n) over Peano Arithmetic was
known to coincide with GL by a relatively straightforward extension of the Solovay
theorem [20], Japaridze found a complete axiomatization of the joint logic of the
modalities (n) for all n € w. This result involved considerable technical difficulties
and lead to one of the first genuine extensions of Solovay’s arithmetical fixed-point
construction. Later, Japaridze’s work has been simplified and extended by Ignatiev
[39] and Boolos [21]. In particular, Ignatiev showed that GLP is complete for more
general sequences of ‘strong’ provability predicates in arithmetic and analyzed the
variable-free fragment of GLP. Boolos included a treatment of GLB (the fragment
of GLP with just two modalities) in his popular book on provability logic [22].

More recently, GLP has found interesting applications in proof-theoretic analysis
of arithmetic [2, 6, 7, 9] which stimulated some further interest in the study of modal-
logical properties of GLP [11, 15, 23, 38]. For such applications, the algebraic
language appears to be more natural and a different choice of the interpretation of
the provability predicates is needed. The relevant structures have been introduced in
[6] under the name of graded provability algebras.

2 A godelian theory U is w-consistent if its extension by unnested applications of the w-rule
U' :=U+ {Vx ¢(x) : Yn U  ¢(n)} is consistent.
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Recall that an arithmetical formulais called I7,, if it can be obtained from a formula
containing only bounded quantifiers Vx <t and 3x < ¢ by a prefix of n alternating
blocks of quantifiers starting from V. Arithmetical X, -formulas are defined dually.

Let T be a godelian theory. T is called n-consistent if T together with all true
arithmetical I7,-sentences is consistent. (Alternatively, T is n-consistent iff every
3,-sentence provable in T is true.) Let n-Con(T) denote an arithmetical formula
expressing the n-consistency of T (it can be defined using the standard I7,,-definition
of truth for I1,-sentences in arithmetic). Since we assume 7" to be recursively enu-
merable, it is easy to check that the formula n-Con(T) itself belongs to the class
I n+1-

The n-consistency formula induces an operator (n)7 acting on the Lindenbaum—
Tarski algebra 7 :

(n)r : [9] —> [n-Con(T + ¢)].

The dual n-provability operators are defined by [rn]rx = —(n)r—x for all x €
Zr. Since every true IT,-sentence is assumed to be an axiom for n-provability, we
notice that every true X, 1-sentence must be n-provable. Moreover, this latter fact
is formalizable in T, so we obtain the following lemma (see [54]). (By the abuse of
notation we denote by [n]7¢ the arithmetical formula expressing the n-provability
ofpinT.)

Lemma 8. For each true ¥, 1-formula o (x), T - Vx (o (x) — [n]ro(x)).
As a corollary we obtain a basic observation probably due to Smorynski [54].
Proposition 3. For each n € w, the structure (X7, (n)7) is a Magari algebra.

A proof of this fact consists of verifying the Hilbert—Bernays—Lob derivability con-
ditions for [n]7 in T and of deducing from them, in the usual way, an analog of L6b’s
theorem for [n]7.

The structure (Z7, {{n)7 : n € w}) is called the graded provability algebra of T
or the GLP-algebra of T. Apart from the identities inherited from the structure of
Magari algebras for each (n), it satisfies the following principles for all m < n:

P1. (m)x < [n](m)x;
P2. (n)x < (m)x.

The validity of P1 follows from Lemma 8 because the formula (m)r¢, for any ¢,
belongs to the class I7,,+1. P2 holds since (n) 7 ¢ asserts the consistency of a stronger
theory than (m)r¢ form < n.

In general, we call a GLP-algebra a structure (M, {(n) : n € w}) such that each
(M, (n)) is a Magari algebra and conditions P1, P2 (that are equivalent to identities)
are satisfied for all x € M.

At this point it is worth noticing that condition P1 has an equivalent form that has
proved to be quite useful in the study of GLP-algebras.
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Lemma 9. Modulo the other identities of GLP-algebras, Pl is equivalent to

PI’. (n)y A (m)x = (n)(y A (m)x) forallm < n.

Proof First, we prove P1’. We have y A (m)x < y, hence (n)(y A (m)x) < (n)y.
Similarly, by P2 and transitivity, (n)(y A (m)x) < (n)(m)x < (m)(m)x < (m)x.
Hence, (n)(y A (m)x) < (n)y A (m)x. In the other direction, by P1, (n)y A (m)x <
(n)y A [n]{m)x. However, as in any modal algebra, we also have (n)y A [n]z <
(n)(y A z). It follows that (n)y A [n]{m)x < (n)(y A {(m)x). Thus, P1’ is proved.
To infer P1 from P1’ it is sufficient to prove that (m)x A =[n](m)x = L. We have
that —=[n](m)x = (n)—(m)x. Therefore, by Pl’, (m)x A (n)={(m)x = (n)(=(m)x A
(m)x) = (n)L = L, as required. O

An equivalent formulation of Japaridze’s arithmetical completeness theorem is
that any identity of (7, {(n)1 : n € w}) follows from the identities of GLP-algebras
[40]. It is somewhat strengthened to the current formulation in [13, 39].

Theorem 8. (Japaridze) Suppose T is godelian, T contains Peano Arithmetic, and
ch(Zr, (n)1) = oo foreachn < w. Then, an identity holds in (£7, {{n)r : n € w})
iff it holds in all GLP-algebras.

We note that the condition ch(Z7, (n)1) = oo, for each n € w, is equivalent
to T + n-Con(T) being consistent for each n € w, and is clearly necessary for the
validity of Japaridze’s theorem.

The logic of all GLP-algebras can also be axiomatized as a Hilbert-style calculus
(see the footnote in Sect. 10.1). The corresponding system GLP was originally
introduced by Japaridze. GLP is formulated in the language of propositional logic
enriched by modalities [n] for all n € w. The axioms of GLP are those of GL,
formulated for each [n], as well as the two analogs of P1 and P2 for all m < n:

PL. (m)ep — [n](m)e;
P2. [m]p — [n]e.

The inference rules of GLP are modus ponens and ¢/[n]¢ for each n € w.

We let GLP,, denote the fragment of GLP in the language with the first » modal-
ities; thus GLB is GLP,.

For any modal formula ¢, GLP ¢ iff the identity #, = T holds in all GLP-
algebras. Hence, GLP coincides with the logic of all GLP-algebras as well as with
the logic of the GLP-algebra of T for any theory T such that T + n-Con(T) is
consistent for each n < .

10.6 GLP-Spaces

Topological semantics for GLP has been first considered in [14]. The main diffi-
culty in the modal-logical study of GLP comes from the fact that it is incomplete
with respect to its relational semantics; that is, GLP is the logic of no class of
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frames [22]. Even though a suitable class of relational models for which GLP is
sound and complete was developed in [11], these models are not so easy to handle.
So, it is natural to consider a generalization of the topological semantics we have for
GL. As it turns out, topological semantics provides another natural class of GLP-
algebras which is interesting in its own right, and also due to its analogy with the
proof-theoretic GLP-algebras.

As before, we are interested in GLP-algebras of the form (£ (X), {(n) : n €
w}), where Z(X) is the boolean algebra of subsets of a given set X. Since each
(Z(X), (n)) is a Magari algebra, the operator (n) is the derivative operator with
respect to some uniquely defined scattered topology on X. Thus, we come to the
following definition [14].

A polytopological space (X, {t, : n € w}) is called a GLP-space if the following
conditions hold for each n € w:

DO. (X, 1) is a scattered space;
D1. Foreach A C X, d,(A) is T,41-0pen;
D2. 1, C 141

‘We notice that the last two conditions directly correspond to conditions P1 and P2
of GLP-algebras. By a GLP,,-space we mean a space (X, {t, : n < m}) satisfying
conditions D0-D2 for the first m topologies.

Proposition4. (i) If (X,{r, : n € w}) is a GLP-space, then the structure
(Z(X),{dy, : n € w}) is a GLP-algebra.

(i) If (P(X),{(n) : n € w}) is a GLP-algebra, then there are uniquely defined
topologies {t, : n € w} on X such that (X, {t, : n € w}) is a GLP-space and
(n) =dy, foreachn < w.

Proof (i) Suppose (X, {t, : n € w}) is a GLP-space. Let d,, := d, denote the
corresponding derivative operators and letcf denote its dual J (A) := X\d,(X\A). 3
By Theorem 3 (£ (X), d,) is a Magari algebra for each n € w. Notice that A € 1,
iff A C d A.If m < n, thend,;A € 1, s0d,,A C d d, A, hence P1 holds. Since
T, € Ty41, we have d,, 1A C d, A, thus P2 holds.

(ii) Let (Z(X), {{n) : n € w}) be a GLP-algebra. Since each of the algebras
(Z(X), (n)) is Magari, by Theorem 4 a scattered topology t, on X is defined for
which (n) = d;,. In fact, we have U € 1, iff U C [n]U. We check that conditions
D1 and D2 are met.

Suppose A is t,-closed, that is, (n)A € A. Then (n + 1)A C (n)A C A by P2.
Hence, A is t,41-closed. Thus, t, € 7,41

By P1 for any set A we have (n)A C [n+1](n)A.Hence, d;, (A) = (n)A € 7,41.
Thus, (X, {t, : n € w}) is a GLP-space. O

To obtain examples of GLP-spaces let us first consider the case of two modalities.
The following basic example is due to Esakia (private communication, see [14]).

3 There is no conventional name for the dual of the derivative operator. Sometimes it is denoted by
t. Here we choose the notation d to emphasize its connection with d.
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Example 5. Consider a bitopological space (£2; 79, 71), where £2 is an ordinal, ¢
is its left topology, and 77 is its interval topology. Esakia noticed that this space is a
model of GLB, that is, in our terminology, a GLP;-space. In fact, for any A C £2 the
set dp(A) = (min A, £2) is an open interval, whenever A is not empty. Hence, D1
holds (the other two conditions are immediate). Esakia also noticed that such spaces
can never be complete for GLP as the linearity axiom (.3) holds for (0).

In general, to define GLP,,-spaces forn > 1, we introduce an operation 7 —> 77
on topologies on a given set X. This operation plays a central role in the study of
GLP-spaces.

Given a topological space (X, 7), let T+ be the coarsest topology containing ©
such that each set of the form d;(A), with A € X, is open in 7t. Thus, t7 is
generated by 7 and {d; (A) : A C X}. Clearly, 7 is the coarsest topology on X such
that (X; 7, tT) is a GLP;-space. Sometimes we call tT the derivative topology of
(X, 7).

Getting back to Esakia’s example, it is easy to verify that, on any ordinal §2, the
derivative topology of the left topology coincides with the interval topology. (In fact,
any open interval is an intersection of a downset and an open upset.)

Example 6. Even though we are mainly interested in scattered spaces, the derivative
topology makes sense for arbitrary spaces. The reader can check that if t is the
coarsest topology on a set X (whose open sets are just X and @), then t7 is the
cofinite topology on X (whose open sets are exactly the cofinite subsets of X together
with @). On the other hand, if T is the cofinite topology, then ™ = 7. We note that
the logic of the cofinite topology on an infinite set is KD45 (see [57]).

For scattered spaces, T is always strictly finer than 7, unless 7 is discrete. We
present a proof using the language of Magari algebras.

Proposition 5. [f (X, t) is scattered, then d.(X) is not open, unless d (X) = @.

Proof The set d; (X) corresponds to the element T in the associated Magari alge-
bra; d; (X) being open means ¢T < OCT. By M2 we have OOT <01 = =0T,
Hence, ©T < =0T, thatis, &T = L. This means d; (X) = @. O

We will see later that T+ can be much finer than t. Notice that if t is 7y, then
each set of the form d; (A) is t-closed. Hence, it will be clopen in t. Thus, 71 is
obtained by adding to T new clopen sets. In particular, T will be zero-dimensional
if sois 7.4

Iterating the plus operation yields a GLP-space. Let (X, t) be a scattered space.
Define: 79 := 7 and 7,11 := 7,/ Then (X, {1, : n € w}) is a GLP-space that will be
called the GLP-space generated from (X, t) or simply the generated GLP-space.

Thus, from any scattered space we can always produce a GLP-space in a natural
way. The question is whether this space will be nontrivial, that is, whether we can
guarantee that the topologies 7, are non-discrete.

4 Recall that a topological space is zero-dimensional if it has a base of clopen sets.
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In fact, the next observation from [14] shows that for many natural 7 already the
topology T will be discrete. Recall that a topological space X is first-countable if
every point x € X has a countable basis of open neighborhoods.

Proposition 6. If (X, t) is Hausdorff and first-countable, then T is discrete.

Proof Itis easy to see thatif (X, 7) is first-countable and Hausdorff, then every point
a € d(X) is a (unique) limit point of a countable sequence of points A = {a, }ncw-
Hence, there is a set A € X such that d;(A) = {a}. By DI this means that {a} is
7T -open. m

Thus, if 7 is the interval topology on a countable ordinal, then =T is discrete. The
same holds, for example, if 7 is the (non-scattered) topology of the real line.

We remark that the left topology T on any countable ordinal >  yields an example
of anon-Hausdorff first-countable space such that T+ is non-discrete. In the following
section we will also see that if 7 is the interval topology on any ordinal > wy, then
T is non-discrete (w1 is its least non-isolated point). However, we do not have any
topological characterization of spaces (X, ) such that 7 is discrete. (See, however,
Proposition 8, which provides a characterization in terms of d-reflection.)

Given an arbitrary scattered topology 7, it is natural to ask about the separation
properties of 7. In fact, for T+ we can infer a bit more separation than for an arbitrary
scattered topology. Recall that a topological space X is 77 if for any two different
points a, b € X there is an open set U such thata € U and b ¢ U.

Proposition 7. Let (X, T) be any topological space. Then (X, tV) is Ty.

Proof Leta, b € X,a # b. Consider the set B := d; ({b}), which is openin +. We
either have a € B (and b ¢ B by definition) or a belongs to the complement of the
closure of {b}. O

The following example shows that, in general, 7™ need not always be Hausdorff.

Example 7. Let (X, <) be a strict partial ordering on X := w U {a, b}, where w is
taken with its natural order, a and b are <-incomparable, andn < a, b foralln € w.
Let 7 be the left topology on (X, <). Since < is well-founded, 7 is scattered.
Notice that for any A € X we have d;(A) = {x € X : 3y € A y < x}. Hence,
if A intersects w, then d; (A) contains an end-segment of w. Otherwise, d; (A) = .
It follows that a base of open neighborhoods of a in T consists of sets of the form
I U{a}, where I is an end-segment of w. Similarly, sets of the form 7 U {b} are a base
of open neighborhoods of . But any two such sets have a non-empty intersection.

10.7 d-Reflection

In the next section we are going to describe in some detail the GLP-space generated
from the left topology on the ordinals. Strikingly, we will see that it naturally leads
to some of the central notions of combinatorial set theory, such as Mahlo operation
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and stationary reflection. In fact, part of our analysis can be easily stated using
the language of modal logic for arbitrary generated GLP-spaces. In this section we
provide a necessary setup and characterize the topologies of a generated GLP-space
in terms of what we call d-reflection.

Throughout this section we fix a topological space (X, 7) and letd = d-.

Definition 3 A point a € X is called d-reflexive if a € dX and, foreach A C X,
ac€dA=acd(dA).

In modal logic terms this means that the formula ¢T A (Op — OO p) is valid at
a € X for any evaluation of the variable p in (X, 7).

Similarly, a point a € X is called m-fold d-reflexive if a € dX and for each
A, ..., Ay € X,

a€dAiN---NdAy =acddAN---NdAy).

2-fold d-reflexive points will also be called doubly d-reflexive points. Expressed
with the help of the modal language, @ € X is doubly d-reflexive iff the formula
CT AP AOG — O(Op Aq)) is valid at a for any evaluation of p, g.

Lemma 10. Let (X, t) be a Ty-space. Each doubly d-reflexive point x € X is m-fold
d-reflexive for any finite m.

Proof The argument goes by induction onm > 2. Suppose x € dA1N---NdAu+1,
thenx e dAjN---NdA,, and x € dA,,+1. By induction hypothesis, x € d(dA; N
---NdA,;,) and by 2-fold reflection x € d(d(dA1N---NdAn)NdAn+1). However,
by T, property d(dAyN---NdA,) CdA;N---NdA,,, hencex e d(dA1N---N
dA, NdAn+1), as required. O

Proposition 8. Ler (X, 1) be a Ty-space. A point x € X is doubly d-reflexive iff x
is a limit point of (X, TT).

Proof For the (if) direction, we give an argument in the algebraic format. In fact, it is
sufficient to show the following inequality in the algebra of (X, t) for any elements
P.q S X:

(DT AP A(0)g = (0)(0)p A (0)q).

Notice that by Lemma 9, (1) T A (0)p = (1)(T A {0)p) = (1)(0) p. Hence, using
P1’ once again, we obtain: (1) T A{0) p A (0)g = (1){0) p A (0)g = (1)({0) p A (0)q).
The latter formula can be weakened to (0)((0) p A (0)q) by P2, as required.

3 Curiously, the reader may notice that the notion of reflection principle as used in provability logic
and formal arithmetic matches very nicely the notions such as stationary reflection in set theory.
(As far as we know, the two terms have evolved completely independently from one another.)
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For the (only if) direction, it is sufficient to show that each doubly d-reflexive point
of (X, t)isalimit pointof *. Suppose x is doubly d-reflexive. By Lemma 10, x is m-
fold d-reflexive. Any basic opensubset of ™ hasthe form U := AgNdA|N---Nd A,
where Ag € t. Assume x € U, we have to find a point y # x such that y € U.

Since x € dA1N---NdA,,, by m-fold d-reflexivity we obtainx € d(dA;N---N
dA;,). Since Ay is an open neighborhood of x, there is a y € Ag such that y # x
andy e dA1N---NdA,. Hence, y € U and y # x, as required. O

Letd™ denote the derivative operator associated with 1. We obtain the following
characterization of derived topology in terms of neighborhoods.

Proposition 9. Let (X, t) be a Ty-space. A subset U < X contains a t7-
neighborhood of x € X iff one of the following two cases holds:

(i) x is not doubly d-reflexive and x € U;
(ii) x is doubly d-reflexive and thereisan A € t anda B suchthatx € ANdB C U.

Proof Since (i) ensures that x is T1-isolated by Proposition 8, each condition is
clearly sufficient for U to contain a T ™-neighborhood of x. To prove the converse,
assume that U contains a t " -neighborhood of x. This means x € ANdA; N---N
dA,, € U for some A, Ay, ..., A, with A € 7. If x is T T-isolated, condition (i)
holds. Otherwise, x € dTX.Let B:=dA; N---NdA,,. Since B is closed in T we
have dB C B, hence ANdB C U. It remains to show that x € A NdB. By Lemma
9,BNdTX =d"B CdB.Hence,x e ANBNdTX C ANdB. m

Remark 1. Since in clause (ii) of Proposition 9 the set A is open, we have ANdB =
ANd(AN B) for any B. Hence, we may assume B C A.

Corollary 2. Let (X, 1) be a Ty-space. Then, forallx € X and A C X, x ¢ dTA
iff the following two conditions hold.:

(i) x is doubly d-reflexive;
(ii) ForallB C X, x €edB = x € d(ANdB).

Proof The fact that (i) and (ii) are necessary is proved using Proposition 8 and the
inequality dtANdB =d*T(ANdB) € d(ANdB). We prove that (i) and (ii) are
sufficient. Assume x € U € t+. By Proposition 9 we may assume that U has the
form V N dB, where V € 1. By (ii), from x € dB we obtain x € d(A N dB).
Hence, there isa y # x such that y € V and y € A NdB. It follows that y € A and
yeVNdB=U.- O

10.8 The Ordinal GLP-Space

Here we discuss the GLP-space generated from the left topology on the ordinals,
that is, the GLP-space (£2; {1, : n € w}), where £2 is a fixed ordinal, g is the left
topology on §2 and 7,41 = 1, for each n € w. The material in this section comes
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from a so far unpublished manuscript of the first author [10]. Our basic findings are
summarized in the following table, to which we provide extended comments below.

The rows of the table correspond to topologies 7,,. The first column contains the
name of the topology (the first two are standard, the third one is introduced in [14],
the fourth one is introduced here). The second column indicates the first limit point of
T, which is denoted 6,,. The last column describes the derivative operator associated
with 7,,. We note that 03 is a large cardinal which is sometimes referred to as the first
cardinal reflecting for pairs of stationary sets (see below), but we know no special
notation for this cardinal.

| Name | 6, | dn(A)
9| Left 1 {a:ANa # @}
71| Interval | o [{o € Lim : AN «is unbounded in o}

7| Club | o) |{a:cf(a) > wand A N« is stationary in o}
73| Mahlo | 63 | ... ...

We have already seen that the derivative topology of the left topology is exactly
the interval topology. Therefore, basic facts related to the first two rows of the table
are rather clear. We turn to the next topology 1.

Club topology. Recall that the cofinality cf(«) of a limit ordinal « is the least
order type of a cofinal subset of «; cf (o) := 0 if ¢ ¢ Lim. (We use the words cofinal
in a and unbounded in o as synonyms.) An ordinal « is regular if cf (o) = «.

To characterize 7o we apply Proposition 9, hence it is useful to see what corre-
sponds to the notion of doubly d-reflexive point of the interval topology.

Lemma 11. Foranyordinal o, o is dy -reflexive iff o« is doubly di -reflexive iff cf (o) >
o.

Proof dj-reflexivity of « means that € Lim and, forall A C «, if A is cofinal in «,
then dj (A) is cofinal in «v. If cf (o) = w, then there is an increasing sequence (¢, )neew
such that sup{w, : n € w} = «. Then, for A := {a, : n € w} we obviously have
di1(A) = {a}, hence A violates the reflexivity property. Therefore, d;-reflexivity of
« implies cf («) > .

Now we show that cf (o) > wimplies « is doubly d; -reflexive. Suppose cf («) > w
and A, B C « are both cofinal in «. We show that d| A Ndj B is cofinal in «. Assume
B < «a.Using the cofinality of A, B we can construct an increasing sequence (¥, )new
above B suchthaty, € Aforevenn,andy, € Bforoddn.Lety := sup{y, : n < w}.
Obviously, both A and B are cofinal in y whence y € di A NdjB. Since cf () > @
and cf(y) = w, we have y < «. O

Corollary 3. Limit points of 1, are exactly the ordinals of uncountable cofinality.

It turns out that topology 17 is strongly related to the well-known concept of a
club filter, i.e., the filter generated by all clubs on a limit ordinal. Recall that a subset
C C aiscalledaclubin « if C is closed in the interval topology of & and unbounded
in o.
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Proposition 10. Assume cf(«) > w. The following statements are equivalent:

(i) U contains a 1o-neighborhood of a;
(it) Thereisa B C o suchthata € diB C U;
(iii) a € U and U contains a club in o;
(vi) o € U and U N« belongs to the club filter on «.

Proof Statement (ii) implies (iii) since « N d; B is a club in &« whenever o € d; B.
Statement (iii) implies (iv) for obvious reasons.

Statement (iv) implies (i). If C is a club in «, then C U {«} contains a 7-
neighborhood dC of «. Indeed, d;C is 12-open, contains «, and diC € C U {«}
since C is t1-closed in «.

Statement (i) implies (ii). Assume U contains a 12-neighborhood of «. Since
cf(o) > w, by Lemma 11 and Proposition 9 there is an A € 71 and a B; such that
a € ANdiB; C U. Since A is a t-neighborhood of &, by Proposition 9 again
there are Ag € 19 and By such that @ € Ay N dyBy. Since 1y is the left topology, we
may assume that Ag is the minimal tp-neighborhood [0, «] of «. Besides, we have
o € dyByo Nd1By = di(B1 NdyBp) € U. Since [0, ] is t1-clopen, d1(C N ) =
[0, ] Nd;C for any C, so we can take B} N dpBp N « for B. O

Corollary 4. 1> is the unique topology on §2 such that

e [fcf(a) < w, then « is an isolated point;
o [fcf() > w, then, for any U C §2, U contains a neighborhood of o iff « € U
and U contains a club in o.

Hence, we may call 1, the club topology.

The derivative operation for the club topology is also well known in set theory.
Recall the following definition for cf (o) > w.

A subset A C « is called stationary in « if A intersects every club in «. Observe
that this happens exactly when « is a limit point of A in 13, so

dr(A) = {o : cf(o) > wand A N « is stationary in o }.

The map d» is usually called the Mahlo operation (see [41], where d5 is denoted
Tr). Its main significance is associated with the notion of Mahlo cardinal, one of the
basic examples of large cardinals in set theory. Let Reg denote the class of regular
cardinals; the ordinals in d; (Reg) are called weakly Mahlo cardinals. Their existence
implies the consistency of ZFC, as well as the consistency of ZFC together with the
assertion ‘inaccessible cardinals exist.’

Now we turn to topology 73.

Stationary reflection and Mahlo topology. Since the open sets of t3 are gener-
ated by the Mahlo operation, we call t3 Mahlo topology. It turns out to be intrinsically
connected with stationary reflection, an extensively studied phenomenon in set the-
ory (see [32, Chaps. 1, 15]).

We adopt the following terminology. An ordinal A is called reflecting if cf(A) > w
and, whenever A is stationary in A, there is an ¢ < A such that A N « is stationary in
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«. Similarly, X is doubly reflecting if cf(A) > w and whenever A, B are stationary
in A there is an « < A such that both A N« and B N « are stationary in «.

Mekler and Shelah’s notion of reflection cardinal [49] is somewhat more general
than the one given here, however it has the same consistency strength. Reflection
for pairs of stationary sets has been introduced by Magidor [47]. Since d> coincides
with the Mahlo operation, we immediately obtain the following statement.

Proposition 11. (i) A is reflecting iff A is da-reflexive;
(ii) X is doubly reflecting iff A is doubly d>-reflexive;
(iii) X is a non-isolated point in 73 iff A is doubly reflecting.

Together with the next proposition this yields a characterization of Mahlo topology
in terms of neighborhoods.

Proposition 12. Suppose X is doubly reflecting. For any subset U C $2, the follow-
ing conditions are equivalent:

(i) U contains a 13-neighborhood of A;
(ii) A € U and thereisa B C A such that A € dyB C U,
(iii) A € U and there is a 12-closed (in the relative topology of 1) stationary C C A
such that C C U.

Notice that the notion of 72-closed stationary C in (iii) is the analog of the notion
of club for the 75-topology.

Proof Condition (ii) implies (iii). Since A is reflecting, if A € d» B, then A € d>d> B,
that is, A N d> B is stationary in A. So we may take C := A NdB.

Condition (iii) implies (ii). If C is 72-closed and stationary in A, then doC C
CU{A} C U and A € drC. Thus, A N d,C can be taken for B.

Condition (ii) implies (i). If (ii) holds, U contains a subset of the form d> B. The
latter is 73-open and contains A, thus it is a neighborhood of A.

For the converse direction, we note that by Proposition 9 U contains a subset of the
form ANd, B, where A € 70, B € Aand A € ANd;B. Since A is a 7o-neighborhood
of A, by Proposition 10 there is a set By such that A € [0, A]Nd;B; € A. Then

rel0,A]Nd By NdyB =10, A]Ndx(BNdiBy).

Since [0, A] is clopen, we obtain A € d,C with C := B Nd;B; N A. O

Reflecting and doubly reflecting cardinals are large cardinals in the sense that their
existence implies consistency of ZFC. They have been studied by Mekler and Shelah
[49] and Magidor [47] who investigated their consistency strength and related them
to some other well-known large cardinals. By a result of Magidor, the existence of a
doubly reflecting cardinal is equiconsistent with the existence of a weakly compact
cardinal.® More precisely, the following proposition holds.

6 Weakly compact cardinals are the same as IT ll—indescribable cardinals, see below.
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Proposition 13. (i) If A is weakly compact, then A is doubly reflecting.
(ii) (Magidor) If A is doubly reflecting, then A is weakly compact in L.

Here, the first item is well known and easy. Magidor originally proved the analog
of the second item for A = R, and stationary sets of ordinals of countable cofinality
in 8,. However, it has been remarked by Mekler and Shelah [49] that essentially the
same proof yields the stated claim.”

Corollary 5. Assertion “t3 is non-discrete” is equiconsistent with the existence of
a weakly compact cardinal.

Corollary 6. If ZFC is consistent, then it is consistent with ZFC that t3 is discrete
and hence that GLP3 is incomplete w.r.t. any ordinal space.

Recall that 6,, denotes the first non-isolated point of 7, (in the space of all ordinals).
We have: 6y = 1, ) = w, 6, = wy, 63 is the first doubly reflecting cardinal.

ZFC does not know much about the location of 63, however the following facts
are interesting.

e 03 is regular, but not a successor of a regular cardinal;

e While weakly compact cardinals are non-isolated, 63 need not be weakly compact:
If infinitely many supercompact cardinals exist, then there is a model, where R, 1
is doubly reflecting [47];

e If 65 is a successor of a singular strong limit cardinal, then it is consistent that
infinitely many Woodin cardinals exist, see [56].3

Further topologies. Further topologies of the ordinal GLP-space do not seem
to have prominently occurred in set-theoretic work. They yield some large cardinal
notions, for the statement that t,, is non-discrete (equivalently, 6, exists) implies the
existence of a doubly reflecting cardinal for any n > 2. We do not know whether
cardinals 6, coincide with any of the standard large cardinal notions.

Here we give a sufficient condition for the topology 7,12 to be non-discrete. We
show that if there exists a H,} -indescribable cardinal, then t,1 is non-discrete.

Let Q be a class of second order formulas over the standard first order set-theoretic
language enriched by a unary predicate R. We assume Q to contain at least the class
of all first order formulas (denoted 17(%). We shall consider standard models of that
language of the form (V,, €, R), where « is an ordinal, V,, is the «-th class in the
cumulative hierarchy, and R is a subset of V.

We would like to give a definition of Q-indescribable cardinals in topological
terms. They can then be defined as follows.

Definition 4 For any sentence ¢ € Q and any R C V., let U, (¢, R) denote the set
{a <k : (Vo, €, RNVy) E @}. The Q-describable topology T on §2 is generated
by a subbase consisting of sets U, (¢, R) forall k € 2,9 € Q,and R C V.

7 The first author thanks J. Cummings for clarifying this.
8 Stronger results have been announced, see [50].



826

827

828

829

830

831

832

833

834

835

836

837

838

839

840

841

842

843

10 Topological Interpretations of Provability Logic 281

As an exercise, the reader can check that the intervals («, «] are open in any 7¢
(consider R = {a} and ¢ = Jx (x € R)). The main strength of the Q-describable
topology, however, comes from the fact that a second order variable R is allowed to
occur in ¢. So, all subsets of £2 that can be ‘described’ in this way are open in 7g.

Let dp denote the derivative operator for tg. An ordinal ¥ < 2 is called Q-
indescribable if it is a limit point of 7p. In other words, x is Q-indescribable iff
k €dp(£2)iff k € dg(k).

It is not difficult to show that, whenever Q is any of the classes Hnl, the sets
Ui (@, R) actually form a base for to. Hence, our definition of 17,{ -indescribable
cardinals is equivalent to the standard one given in [42]: k is Q-indescribable iff, for
all R C V, and all sentences ¢ € Q,

Ve, €&, R)F @ = Ja <k (Vy,€, RNVy) E o.

Itis well known that weakly compact cardinals coincide with the I7 11 -indescribable
ones (see [41]). From this itis easy to conclude that the Mahlo topology 73 is contained
in ) The following more general proposition was suggested to the first author by
Ph111pp Schlicht (see [10]).

Proposition 14. For any n > 0, 1,4 is contained in T
Proof We shall show that for each n, there is a 17,} -formula ¢, 1 (R) such that

k €dyy1(A) &= (Vi,€,ANk) ':(pn+1(R)- (k%)
This implies that for each k € dj,+1(A), the set Uy (¢n+1, ANK)isa Ty71-open subset
of d,+1(A) containing k. Hence, each d,,41(A) is Ty71-open. Since T, is generated
over 7,41 by the open sets of the form d,,1.1(A) for various A, we have 7,12 C Tl

We prove () by induction on n. For n = 0, notice that ¥ € d{(A) iff (« € Lim
and A N k is unbounded in «) iff

Vi, €, ANk)EYa 3B (R(B) Ao < B).

For the induction step recall that by Corollary 2, k € d,,41(A) iff

(1) « is doubly d,-reflexive;
) VY Cxk (k €dy(Y) > da <k (@ e Ara ed,(Y)).

By the induction hypothesis, for some ¢, (R) € H _1» we have
@ €dy(A) < (Vo, €, ANa) F gu(R).
Hence, part (ii) is equivalent to

(Vie,€,ANk) EVY COn (¢, (Y) = Ja (R(x) A (p,‘l/"‘(Y Na))).



844

845

846

847

848

849

850

851

852

853

854

855

856

857

858

859

860

861

862

863

864

865

866

867

868

869

870

871

872

873

874

875

876

877

878

282 L. Beklemishev and D. Gabelaia

Here, (pVa means the relativization of all quantifiers in ¢ to V. We notice that V, is
first order definable, hence the complexity of (p,Y“ remains in the class I'Inl_ 1~ So, the

resulting formula is IT.
To treat part (i) we recall that k < £2 is doubly d,-reflexive iff k¥ € d,(£2) and

VY1, Y2 Ck(k ed,(Y1)Nd,(Y2) > o <k a ed, (Y1) Nd,(Y2)).

Similarly to the above, using the induction hypothesis this can be rewritten as a
1! -formula. O

Corollary 7. Ifthere is a HJ-indescribable cardinal k < $2, then T, has a non-
isolated point.

Corollary 8. Iffor each n there is a I'I,} -indescribable cardinal k < $2, then all T,
are non-discrete.

By the result of Magidor [47] we know that 63 need not be weakly compact in
some models of ZFC (e.g. in a model, where 63 = X, 11). Hence, in general, the
condition of the existence of I7-indescribable cardinals is not a necessary one for
the nontriviality of the topologies t,+>. However, Bagaria et al. [4] prove that in L
the IT!-indescribable cardinals coincide with the limit points of 7,2.

10.9 Topological Completeness Results for GLP

As in the case of the unimodal language (cf. Sect. 10.3), one can ask two basic
questions: Is GLP complete w.r.t. the class of all GLP-spaces? Is GLP complete
w.r.t. some fixed natural GLP-space?

In the unimodal case, both questions received positive answers due to Esakia and
Abashidze—Blass, respectively. Now the situation is more complicated.

The first question was initially studied by Beklemishev et al. in [14], where only
some partial results were obtained. It was proved that the bimodal system GLB
is complete w.r.t. GLP,-spaces of the form (X, 7, "), where X is a well-founded
partial ordering and t is its left topology. A proof of this result was based on the
Kripke model techniques coming from [11].

Already at that time it was clear that these techniques cannot be immediately
generalized to GLP3-spaces since the third topology T+ on such orderings is suffi-
ciently similar to the club topology. From the results of Blass [18] (see Theorem 10
below) it was known that some stronger set-theoretic assumptions would be needed
to prove completeness w.r.t. such topologies. Moreover, without any large cardinal
assumptions it was not even known whether a GLP-space with a non-discrete third
topology could exist at all.

First examples of GLP-spaces in which all topologies are non-discrete are con-
structed in [5], where also the stronger fact of topological completeness of GLP
w.r.t. the class of all (countable, Hausdorff) GLP-spaces is established.
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Theorem 9. (i) Log(%) = GLP, where € is the class of all GLP-spaces.
(ii) There is a countable Hausdorff GLP-space X such that Log(X) = GLP.

In fact, X is the ordinal &9 = sup{w, ©®, ®®”, ...} equipped with a sequence of
topologies refining the interval topology. However, these topologies cannot be first-
countable and are, in fact, defined using non-constructive methods such as Zorn’s
lemma.” In this sense, it is not an example of a natural GLP-space. The proof of
this theorem introduces the techniques of maximal and limit-maximal extensions of
scattered spaces. It falls outside the present survey (see [5]).

The question whether GLP is complete w.r.t. some natural GLP-space is still
open. Some partial results concerning the GLP-space generated from the interval
topology on the ordinals (in the sense of the plus operation) are described below.
Here, we call this space the ordinal GLP-space. (The space described in Sect. 10.8
is not an exact model of GLP as the left topology validates the linearity axiom.)

As we know from Corollary 6, it is consistent with ZFC that the Mahlo topology
is discrete. Hence, it is consistent that GLP is incomplete w.r.t. the ordinal GLP-
space. However, is it consistent with ZFC that GLP is complete w.r.t. the ordinal
GLP-space? To this question we do not know a full answer. A pioneering work has
been done by Blass [18] who studied the question of completeness of the Godel-Lob
logic GL w.r.t. a semantics equivalent to the topological interpretation w.r.t. the club
topology 2. He used the language of filters rather than that of topological spaces as
is more common in set theory.

Theorem 10. (Blass)

(i) If V=L and 2 > R, then GL is complete w.r.t. (§2, 13).
(ii) If there is a weakly Mahlo cardinal, there is a model of ZFC in which GL is
incomplete w.r.t. (§2, 12) for any §2.

A corollary of (i) is that the statement “GL is complete w.r.t. 7o is consistent
with ZFC (provided ZFC is consistent). In fact, instead of V = L Blass used the
so-called square principle for all X,,, n < ®, which holds in L by the results of
Ronald Jensen. A proof of (i) is based on an interesting combinatorial construction
using the techniques of splitting stationary sets.

A proof of (ii) is much easier. It uses a model of Harrington and Shelah in which
Ry is reflecting for stationary sets of ordinals of countable cofinality [35]. Assuming
Mahlo cardinals exist, they have shown that the following statement holds in some
model of ZFC:

If S is a stationary subset of 8, such that Yo € § cf(a) = w, then there is a B < « (of
cofinality @) such that § N B is stationary in S.

In fact, this statement can be expressed in the language of modal logic. First, we
remark that this principle implies its generalization to all ordinals A of cofinality R,
(consider an increasing continuous function mapping N to a club in A). Second, we

9 It seems to be interesting to study the question of topological completeness of GLP in the absence
of the full axiom of choice, possibly with the axiom of determinacy.
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remark that for the club topology the formula & T represents the class of ordinals of
cofinality at least 8,,. This is a straightforward generalization of Lemma 11. Thus, the
formula 03 L A G2 T represents the subclass of §2 consisting of ordinals of cofinality
3.

Hence, the above reflection principle amounts to the validity of the following
modal formula:

DBLAOPTAO(pAOL) —> OX(p AOL). (%)

In fact, if the antecedent is valid in X, then cf(X) = w; and the interpretation of
p A OL is aset S consisting of ordinals of countable cofinality such that § N A is
stationary in A. The consequent just states that this set reflects. Thus, formula (%)
is valid in (§2, 12) for any £2. Since this formula is clearly not provable in GL, the
topological completeness fails for (£2, 72).

Thus, Blass managed to give an exact consistency strength of the statement “GL
is incomplete w.r.t. 7o”.

Corollary 9. “GL is incomplete w.r.t. 72" is consistent iff it is consistent that Mahlo
cardinals exist.

It is possible to generalize these results to the case of bimodal logic GLB [12].
The situation remains essentially unchanged, although a proof of Statement (i) of
Theorem 10 needs considerable adaptation.

Theorem 11. [fV = L and 2 > X, then GLB is complete w.r.t. (§2; t1, T2).

10.10 Topologies for the Variable-Free Fragment of GLP

A natural topological model for the variable-free fragment of GLP has been intro-
duced by Icard [38]. It is not a GLP-space and thus it is not a model of the full
GLP (nor even of GLB). However, it is sound and complete for the variable-free
fragment of GLP. It gives a convenient tool for the study of this fragment, which
plays an important role in proof-theoretic applications of the polymodal provability
logic. Here we give a simplified presentation of Icard’s polytopological space.

Let £2 be an ordinal and let £ : 2 — $2 denote the rank function for the interval
topology on §2 (see Example 1). We define (@) = a and £F (@) = 05 ().

Icard’s topologies v, for each n € w, are defined as follows. Let vy be the left
topology, and let v,, be generated by vy and all sets of the form

U ={a € 2:0"@) > p)

form <nand 8 < £2.

Clearly, v, is an increasing sequence of topologies. In fact, v; is the interval
topology. We let d,, and p, denote the derivative operator and the rank function for
vy, respectively. We have the following characterizations.
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Lemma 12. (i) €: (82, vy41) — (82, vy) is a d-map;

(ii) vpy1 IS the coarsest topology v on S2 such that v contains the interval topology
and { : ($2,v) — (82, vy,) is continuous;

(iii) £" is the rank function of vy, that is, p, = £";

(Vi) vn41 is generated by v, and {d,‘f+l (£2) :a < p,(£2)}.

Proof (i) The map £ : (£2, v,4+1) — (£2,v,) is continuous. In fact, £71[0, ) is
open in the interval topology v since £ : (§2, v1) — (£2, vp) is its rank function,
hence a d-map. Also, if m < n, then ¢! (U/g”) = U/g”“, hence it is open in vy 1.

The map ¢ is open. Notice that v, 1 is generated by v; and some sets of the form
¢~ (U), where U € v,. A base of Up+1 consists of sets of the form V N ¢~L(U) for
some V € vy and U € v,. We have £(V N £~ (U)) = £(V) N U. £(V) is vg-open
since £ : (£2,v1) — (£2, vp) isad-map and V € vy. Hence, the image of any basic
open in v, is open in v,.

The map ¢ is pointwise discrete since £~ ! {«} is discrete in the interval topology
v1, hence in v, 41.

(i) By (1), € : (£2, vp4+1) — (82, vy) is continuous, hence v C vy, 1. On the other
hand, if £ : (£2,v) — (£2, v,) is continuous, then Z’I(Ug’) € v foreachm < n.
Therefore, U g’ € v for all m such that 1 < m < n. Since v also contains the interval
topology, we have v,4+1 C v.

(iii) By (i), we have that p, o £ is a d-map from (£2, v,+1) to (§2, vg). Hence, it
coincides with the rank function for v,+1, py4+1 = pp o £. The claim follows by an
easy induction on n.

(iv) By (iii),

it (@) =la e 2:pula) > By ={a e 2: ") > B} = Uj.

Obviously, v,+1 is generated by v, and U /’; for all 8. Hence, the claim. O

We call an Icard space a polytopological space of the form (£2; vg, vy, .. .). Icard
originally considered just £2 = gy. We are going to give an alternative proof of the
following theorem [38].

Theorem 12. (Icard) Let ¢ be a variable-free GLP-formula.

(i) If GLP & ¢, then (£2; vy, vy, ...) F .
(ii) If 2 > g9 and GLP ¥ ¢, then (£2; vy, vy, ...) ¥ ¢.

Proof Within this proof we abbreviate (§2; vg, vy, ...) by £2. To prove part (i) we
first remark that all topologies v, are scattered, hence all axioms of GLP except for
P1 are valid in 2. Moreover, Log(£2) is closed under the inference rules of GLP.
Thus, we only have to show that the variable-free instances of axiom P1 are valid in
§2. This is sufficient because any derivation of a variable-free formula in GLP can
be replaced by a derivation in which only the variable-free formulas occur (replace
all the variables by the constant T).

Let ¢ be a variable-free formula. We denote by ¢* its uniquely defined interpre-
tation in £2. The validity of an instance of P1 for ¢ amounts to the fact that d,, (¢*)
is open in v,, whenever m < n. Thus, we have to prove the following proposition.O
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Proposition 15. For any variable-free formula ¢, d,(¢*) is open in v, 11.

Let ¢ denote the result of replacing in ¢ each modality (n) by (n + 1). We need
the following auxiliary claim.

Lemma 13. If ¢ is variable-free, then £~ (¢*) = (¢ T)*.

Proof This goes by induction on the build-up of ¢. The cases of constants and boolean
connectives are easy. Suppose ¢ = (n)1r. We notice that since £ : (£2, vy41) —
(£2, v,) is a d-map, we have £~!(d,(A)) = d,,_H(Z_l(A)) for any A € 2. There-
fore, £7'(¢*) = €1 d(¥") = dur1(C' W) = durt((PH) = ()", as
required. U

We prove Proposition 15 in two steps. First, we show that it holds for a subclass of
variable-free formulas called ordered formulas. Then we show that any variable-free
formula is equivalent in §2 to an ordered one.

A formula ¢ is called ordered if no modality (m) occurs within the scope of (n)
in ¢ for any m < n. The height of ¢ is the index of its maximal modality.

Lemma 14. If (n)y is ordered, then d, (¢*) is open in vy41.

Proof This goes by induction on the height of (n)g. Ifitis 0,thenn = 0. If n = 0,
the claim is obvious since dy(A) is open in v; forany A € 2. If n > 0, since (n)g is
ordered, we observe that (n)¢ has the form ((n — 1)v)™ for some v. The height of
(n— 1) is less than that of (n)¢. Hence, by the induction hypothesis, ({(n — 1)y)* €
vy. Since £ : (§2, vy41) — (£2, vy,) is continuous, we conclude that ¢~ ((n — y)*
is open in u,41. By Lemma 13, this set coincides with ({(n)g)* = d, (¢*). O

Lemma 15. Any variable-free formula ¢ is equivalent in §2 to an ordered one.

Proof We argue by induction on the complexity of ¢. The cases of boolean connec-
tives and constants are easy. Suppose ¢ has the form (n)1, where we may assume
to be in disjunctive normal form v/ = \/; A ; &(n;;);;. By the induction hypothe-
sis, we may assume all the subformulas (n;;);; (and  itself) are ordered. Since (n)
commutes with disjunction, it will be sufficient to show that for each i the formula
0; = (n) /\j +(n;;)¥i; can be ordered.

By Lemma 14 each set ({n;;)v;;)* is open in v, whenever n;; < n. Being a
derived set, it is also closed in vy, i and hence in v,. Thus, all such sets are clopen.

If U is open, then d(ANU) = d(A) N U for any topological space. In particular,
for any A C £2 and nj; <n, d, (AN (:f:(nij>lﬂ[j)*) =d,(A)N (:t(nij)wij)*- This
allows us to bring all the conjuncts 4=(n;;);; from under the (n) modality in 6;. The
resulting conjunction is ordered. O

This concludes the proof of Proposition 15 and thereby of Part (i).

A variable-free formula A is called a word if it is built-up from T only using
connectives of the form (n) for any n € w. We write A -+ B for GLP - A — B.

To prove Part (ii), we shall rely on the following fundamental lemma about the
variable-free fragment of GLP. For a proof of this lemma we refer to [6, 8].
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Lemma 16. (i) Every variable-free formula is equivalent in GLP to a boolean
combination of words;
(ii) For any words A and B, either A + (0)B, or B = (0)A, or A and B are
equivalent;
(iii) Conjunction of words is equivalent to a word.

We prove Part (ii) of Theorem 12 in a series of lemmas. First, we show that any
word is true at some point in £2 provided £2 > &y.

Lemma 17. For any word A, gy € A*.

Proof We know that p,(g9) = £"(e9) = &o. Hence, &y € d,(£2) for each n. Assume
n exceeds all the indices of modalities in A and A = (m)B. By Proposition 15 the
set B* is open in v,. By the induction hypothesis 9 € B*. Hence, &y € d,(B*) C
dpy (B*) = A*. This proves the claim. O

Applying this lemma to the word (0) A we obtain the following corollary.
Corollary 10. For every word A, there is an o < &g such that o € A*.

Let min(A*) denote the least ordinal o € §2 such that @ € A*.
Lemma 18. For any words A, B, if A¥ B, then min(A*) ¢ B*.

Proof 1If A ¥ B, then, by Lemma 16 (ii), B I (0) A. Therefore, by the soundness of
GLP in £2, B* C dp(A™). It follows that for each 8 € B* there is an « € A™* such
that « < B. Thus, min(A*) ¢ B*. O

Now we are ready to prove Part (ii). Assume ¢ is variable-free and GLP ¥ ¢. By
Lemma 16 (i) we may assume that ¢ is a boolean combination of words. Writing ¢
in conjunctive normal form we observe that it is sufficient to prove the claim only
for formulas ¢ of the form /\; A; — \/; B;, where A; and B; are words. Moreover,
/\; Ai is equivalent to a single word A.

Since GLP ¥ ¢ we have A ¥ B; foreach j. Let« = min(A*). By Lemma 18 we
have o ¢ B;‘ for each j.Hence, o ¢ (\/j Bj)* and o ¢ ¢*. This means that £2 ¥ ¢*.

10.11 Further Results

Topological semantics of polymodal provability logic has been extended to the lan-
guage with transfinitely many modalities. A logic GLP 4 having modalities [«] for all
ordinals @ < A is introduced in [8]. It was intended for the proof-theoretic analysis
of predicative theories and is currently being actively investigated for that purpose.

David Fernandez and Joost Joosten undertook a thorough study of the variable-
free fragment of that logic mostly in connection with the arising ordinal notation
systems (see [25, 27] for a sample). In particular, they found a suitable generalization
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of Icard’s polytopological space and showed that it is complete for that fragment
[26]. Fernandez [30] also proved topological completeness of the full GLP 4 by
generalizing the results of [5].

The ordinal GLP-space is easily generalized to transfinitely many topologies
(Ta)a<4 by letting 7y be the left topology, ty+1 = tj and, for limit ordinals X,
T, be the topology generated by all 7, such that « < X. This space is a natural model
of GLP 4 and has been studied quite recently by Bagaria [3] and further by Bagaria et
al. [4]. In particular, the three authors proved that in L the limit points of t, > are /7, ,% -
indescribable cardinals. The question posed in [14] whether the non-discreteness of
T,42 is equiconsistent with the existence of 17, ,} -indescribable cardinals still appears
to be open.
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