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1. Introduction

Let C be a sufficiently smooth hypersurface in the Euclidean space R" with Lipschitz boundary I" := 9C
(see Section 4 for definitions).

In the present paper we investigate Basic Boundary Value Problems (Basic BVPs) for the “anisotropic"
Laplace-Beltrami equation

diveAVep(x) = f(x), xeC. (1.1)
Here diveV =DVi+---+D,V,, V= (Vi,...,V,) T and Ve = (D1, ..., Dyp) " are the surface
divergence and surface gradient on C and Dy, ..., D,, are the Giinter’s tangent derivatives (see Section 4
for details). A is a positive definite n x n matrix function

(A(X)E,E) = ClEP >0  forall &= (&,...,6,)" € R, (1.2)

where (n, &) = Z?Zl n;&; denotes the scalar product in R™.

If A is the identity matrix, the "anisotropic" Laplace-Beltrami equation (1.1) transforms into the clas-
sical Laplace-Beltrami equation

Acp(x) = f(x),  xeC, (1.3)

where the well-known Laplace-Beltrami operator on the surface A¢, written in the Giinter’s tangent
derivatives, acquires the following simple form

Acp = diveVep = Dip+ ...+ D3p. (1.4)

The operator in equation (1.1) is positive definite and Lax-Milgram Lemma applies to prove solvability
of Basic BVPs for such equations in the classical setting o € W!(C) (see Section 5). Namely, is proved
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the unique solvability of the Dirichlet and mixed (Dirichlet-Neumann) BVPs, while for the Neumann
BVP the right-hand side f and the Neumann condition on the boundary have to satisfy one condition (cf.
Theorem 5.1).

For 1sotropic Laplace-Beltrami equation with Dirichlet and Neumann boundary conditions solvability
was proved in [9] with the help of potential method and in [15] for Mixed, Dirichlet and Neumann
boundry conditions using Lax-Milgram Lemma.

Moreover, for the Dirichlet (5.2) and Neumann (5.3) BVPs and non-classical setting

1

weHls(C), feliAC), geH, *(I), hel) ' *(I), (1.5)

1 1
l<p<oo, —-<s<1l+ -
p p

in case of a hypersurface with the smooth boundary, the unique solvability holds as well (see [9]).

For the mixed BVP (5.3) in the non-classical setting

weH(C), fEMSAC), geH, *(I'p), heH, = "(Iy), T=TpUly, (1.6)

1 1
l<p<oo, —-<s<l+4 -,
p p
even for a hypersurface with the smooth boundary and for Dirichlet (5.2) and Neumann (5.3) BVPs for
a hypersurface with the Lipshitz boundary and the non-classical setting (1.5), the solvability conditions
change dramatically (cf. [13, 14, 10]).

Mixed BVPs for the Laplace equation in domains were investigated by Lax-Milgram Lemma by many
authors (see, e.g., [27] and the recent lecture notes online [23] for survey).

The paper is organized as follows: in the first Section 1 we expose auxiliary material about Bessel
potential, Sobolev spaces on Euclidean R" space, on domains in R" and on hypersurfaces without and
with boundary, prove a couple of Lemmata. In Section 2 we expose necessary auxiliary information
from the operator theory and prove part of them, including the celebrated Lax-Milgram Lemma, used
later in Section 4 to prove the main Theorem 5.1 of the present paper. In Section 3 we expose calculus of
Giinter’s tangent differential operators on a hypersurface, which is the main tool to write and investigate
boundary value problems for the anisotropic Laplace-Beltrami equation (1.1). In Section 4 we formulate
precisely Dirichlet, Neumann and Mixed type BVPs for an anisotropic Laplace-Beltrami equation (1.1)
on a hypersurface C with the Lipschitz boundary I' = OC in classical W!(C) space setting. After proving
some auxiliary propositions, we prove the main Theorem 5.1 on the solvability of the above mentioned
3 classical BVPs in the classical W!(C) space setting.

2. Bessel potential spaces

S(R™) denotes the Schwartz space of all rapidly decaying functions and S'(R"™) — the dual space of
tempered distributions. Since the Fourier transform and its inverse, defined by

Fole) = / ¢S o(z)de and  Flh(a) = (27)" / CIEG(E)IE, 2,6 € R
Rn R»
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are continuous in both spaces S(R™) and S'(R™), the convolution operator
a(D)p=W02p:=F 'aFp with acS(R"), ¢cSR") (2.1)
is a continuous transformation from S(R") into S'(R™) (see [6, 12]).

The Bessel potential space H(R"), —oo < s < oo is the space of functions from S'(R") which have
finite norm

[Ju|H(R™)]] = [|A%u| Ly(R™)]] < o0.

Here AY = F~1(1+¢]?) 2 F is the Bessel potential operator, which arranges the isometrical isomorphism
of the Bessel potential spaces A’ : H(R") — H3(R") for all —oo < 5,60 < oc.

For an integer m = 1,2,... and 1 < p < oo, the Bessel potential space H)(R") coincides with the
Sobolev space W' (R") of those functions in ¢ € L, (R") which have distributional derivatives 9“ of
order || < m in the same space 0“¢ € L, (R"™). The space is endowed with the natural equivalent norm

1/p

IF W R = | D 110°f [Ly(®R™)|IP

|a|<m

for 1 < p < oo, with the usual sup-norm modification for p = oo:

If [WERM| == sup |0°f(x)].

la|<m reR”

Let
RY = {:1: = (21, Tp_1,Tn) ER" ¢ 2, > O} . (2.2)

R” denote the half space. The space ]ﬁg(Ri) is defined as the subspace of HY(R") of those functions
s Hﬁ(R”), which are supported in the half space, supp ¢ C R, whereas ]H[g(R’}r) denotes the quotient

space HY(R") = HY(R™) / ]ﬁ[z(R’i), R™ := R"\ R" and can be identified with the space of distributions
¢ on R”} which admit extensions up to a function in Hg(R”). Therefore T+Hg(R”) = ]H[z(R’}r), where

r. = rr» denotes the restriction from R” to the half space R"!.
+ i -

The subspace ]ﬁlg(R’}r) inherits the norm the of the ambient space HY(R"), while the norm in Hj(R")
is defined by

1 [H (R|| = inf |2 f [HG(R)]],
where £ f stands for any extension of f to a distribution in H(R).

Note that H(R™) is always continuously embedded in H?(R™) and for s € (1/p — 1,1/p) these two
spaces coincide.

The spaces HY(2), ]ﬁlg((l), HY(M) and lﬁlz(./\/l) on a domain {2 C R" with the boundary 92 # () and
on a smooth manifold (on a hypersurface in particular) M with the boundary M ## () are defined in a
standard way using a coordinate diffeomorphisms and the partition of the unity (see [29, 30] for details).
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Let M be a compact, smooth closed or open hypersurfacea with a non-trivial measure mes M # 0 and
s € R, 1 < p < oo. If M is definitely closed, we use S, while in case M is definitely open, we use C.

By X7 (M) we denote one of the spaces: Hj(M), Sobolev-Slobodecki W; (M) (if M is closed or
open) and by XZ(C ) denote one of the spaces: ﬁ;(c ) and W;(C). Consider the space

s 4(M) = {p e X3M) : (p,1) =0}, 2.3)

where (p, 1) = / () (t)dt denotes the scalar product in Lo(M) for s > 0, while for s < 0 is

M
interpreted as the functional ¢» € X_,*(M) applied to ¢ € X;(M). Note, that (p, 1) exists if ¢ € X} (M)

for s > 0 because X)) (M) C Li(M) and for s < 0 because 1 € X *(M).
It is obvious that X , (M) does not contain constants: if ¢y = const € X7 , (M), then
0= (co, 1) = cp(1,1) = coymes M

and ¢y = 0. Moreover, X (M) decomposes into the direct sum

X5(M) =X} 4 (M) + {const } (2.4)
and the dual (adjoint) space is
s * —s / p
( p7#<M)> = Xp/,#(M>7 p = ]i (2.5)

Indeed, decomposition (2.4) follows from the representation

Y = @0+ Qaver, Yo € X;,#(M>7 Paver = (Soy 1)

mes M
of arbitrary function p € X7 (M), because (¢o)aver = (¥ — Paver)ayer = 0-

aver

Description (2.5) of the dual space follows from the fact that the dual space to Xj(M) is X *(M)
(see [30]) and, therefore, due to the decomposition (2.4) and Hahn—Banach theorem, the dual space to
X5 4 (M) should be embedded into X ;*(M). The only functional from X *(M) that vanishes on the
entire space X #(M) is constant 1 € X;,S(M) (see definition (2.3)). After detaching this functional the
remainder coincides, due to (2.4), with the space X_°, (M), which is the dual to X7 ,(M).

Let I'y C I' be a non-trivial subset of the boundary I' = OC of the surface C and XZ(FO, C), s> 1/p,
1 < p < 0o, denote the subspace of X7 (C) which consists of functions with vanishing trace on I'.

The equivalent norm in the space W;’#(M) is defined as follows
e[ Wy (M)l 2= [[VselLa(M)]) 2.6)
and the equivalent norm in the space W},(Fo, C) is defined as follows
[elWy(To, €}l := [[VslLy ()] 2.7)

Indeed, the proofs in the both cases are similar and well known. Therefore we will sketch the proof of
only (2.6) for the readers convenience.

Note first that (2.6) defines a norm indeed, since from ¢ € W;#, Vggo‘Lp(/\/l) || = 0 follows Vgp =
0 and, therefore, ¢ =const (cf. Corollary 4.4 below). Then ¢ = 0 due to the representations (2.4).
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On the other hand, W; #(/\/l) is a subspace of W}?(./\/l) with the induced norm
[ol W s MOl i= D [P p[Lp(M)]] 2.8)
0<|e<1

From (2.6) and (2.8) follows the trivial inequality
el W3 (MO < o[ Wi (M) (2.9)

which ensures the continuous embedding of the space W;#(./\/l) with the norm (2.8) into the same space
with the norm (2.8). Due to the Banach theorem the continuity of the inverse embedding follows and
ensures the inverse inequality between norms

W5 (M)ly < Clig|Whp(M)]

with some constant C', which is independent of a function ¢. Equivalence of the norms in (2.6) and in
(2.8) is proved.

3. Auxiliary from the operator theory and Lax-Milgram Lemma

Lemma 3.1. Let B be a Banach space. A linear bounded operator Let A € L(*B) satisfies the
inequality

|A¢ | B = C|le | B (3.1)

with some constant C' > 0 if and only if the operator A is injective, Ker A = {0} and is normally
solvable, i.e., has the closed image ImA = ImA. .

Proof: If inequality (3.1) holds, then Ap = 0, ¢ € B, implies ¢ = 0 and Ker A = {0}. Now let
Y; = Ap; — 1y (convergence in the norm). The inequality (3.1) implies the convergence p; — .
Due to continuity of A this implies Apy = 1y € Im A and the image Im A is closed.

Vice versa, let A be normally solvable and Ker A = {0}. Then ImA is a Hilbert space, subspace
of B and the operator A : B — ImA is bijective. Due to the Banach Inverse mapping theorem, A is
invertible: there exists B € £(ImA, ) such that ABx = z and BAy = y for all z € ImA and all
y € B. Inserting in | By |B|| < C||¢|ImA|| := ||¢)|B| the equality ¢ = Ay, ¢ € B, we get (3.1). O

Further the present section we assume that §) is a Hilbert space with respect to some continuous scalar
product, a bilinear form (-, -) : $ x §§ — C. Recall that the dual operator (A*p, 1)) = (p, A1) maps
continuously the same space A™ : § — $ and A € L($)) is self-adjoint operator if

(Ap, ) = (¢, AY), YVp,¥ €. (3.2)
A € L($,9) is positive definite (or coercive) if the inequality
2
(Ap.0) = Clle | 5| (3.3)

holds for some constant C' > 0 and all ¢ € §.
Definition 3.2. For an operator A € L($)) the closed set
Y(A) = {(Ap,0): v €N}, (3.4)

where the overbar denotes closing of the set, is called the spectral set of A.
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Lemma 3.3 (cf. [19], § V.5.2). If the spectral set 3(A) of an operator A € L($)) is real-valued
Y(A) CR, then A is self-adjoint.

Corollary 3.4. If an operator A € L(%)) is positive definite, it is self-adjoint and invertible.

Proof: If A is positive definite, its spectral set is real-valued and A is self-adjoint.
From the boundedness of A and the coerciveness inequality (3.3) we get
A | 9| ]l¢ | 9] = A, ) > Clle | 9°
and, further,
lac sl =Clelsl,  veen. (33)

Due to Lemma 3.1, inequality (3.5) implies that A is normally solvable and has a trivial kernel
KerA = {0}. Being self-adjoint A* = A, the operator has the trivial cokernel as well
dim Coker A = dim Ker A = 0. Therefore, A is invertible. O

Let $ be a Hilbert space and consider a linear Variational problem
a(p, ) = L(¢) Vi eh, (3.6)
where ¢ € §) is unknown and
a(,) : HxH—->R, L) :H—-R (3.7)
are, respectively, a continuous bilinear form and a continuous linear form (a functional) on §).

Definition 3.5. We say the Variational problem (3.4) is well-posed if, and only if, for all 1) € %), it has
one and only one solution ¢ € $*, with continuous dependence ||o|$H*|| < M|||$|| for some constant

M > 0.
We expose the proof of the next assertion, because it not well known.

Let Coker Ay, 9, Coker Ag, o, denote a direct complement to the image 3 Ay, 9, , which is not
unique in general.

Theorem 3.6. Let
A€ F(B1,91) N F(Bs, Ds),
where 81, 1, Bo and D4 are Banach spaces and the first embedding
B, CBy, D CDOy (3.8)
holds, while the second embedding is dense. If the indices of A in both pairs of spaces coincide
Ind Ay, o, = Ind Ag,0,, (3.9)
then the corresponding kernels and the cokernels coincide as well:

Ker Aglﬁgl = Ker A%QH’DQ, (3 10)
Coker Ay, o, = Coker Ay, 9, - '
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Proof: Due to the first embedding in (3.8)
a; < ag, where ay:=dim Ker Ay, 9, . (3.11)
Since
dim Coker Ag, o, = dim Ker A%Z%‘BZ’

the density of the second embedding in (3.8) yields ®5 C ©j. Indeed, any functional /' € D3 is
automatically included in D3: we get [(F,u) < || F||||u|D2| < C||F||||u|D:]| and, therefore, F € Dj.

On the other hand, any non-trivial functional F' € ®J5, ' # 0, restricted to ©1, does not vanish
F|©1 # 0. Otherwise, the dense embedding ©; C ©, implies F' = 0. This completes the proof that the
embedding ©35 C D7 holds.

Analogously to (3.11) we get
PBo < B1, where [ :=dim Coker Ay, 90, . (3.12)
From (3.11), (3.12) and (3.9), which can yet be written as follows
ap — B = az — P,
we obtain
0281 —fo=0a1 —az <0.

The latter relations show that ar; = «a, 51 = 2. These equalities and embedding (3.8) entail (3.10). O

Next, we expose the simple but very powerful Lax-Milgram Lemma, but only part of it, which is suffi-
cient for our purposes (the second part deals with the minimization problem of the non-linear functional

sa(p, ) — L(p)).

Lemma 3.7 (Lax-Milgram). Let a continuous bilinear form a(-,-) : $ x $ — R in be coercive (cf.

(3.3)).
Then the Variational problem (3.4), is well posed: has a unique solution p € 8 for all 1) € B.

For the proof see [22] or, e.g., [27, §1.2.3, Theorem 1.5].

4. Partial differential operators on hypersurfaces

Let S be a hypersurface given by a collection of charts {(S;, @j)}jj‘il, where
M
0w =S, S=J8;, wycR™Y, j=1,.. M (4.1)
j=1
The corresponding differentials
DO;(p) := matr[0:10;(p), ..., 0n-10;(p)] (4.2)

have the full rank rankDO;(p) =n—1, Vpe Q, j=1,..., M.
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The derivatives
g, =00, k=1,...,n—1, 4.3)

are tangent vector fields on S; and this system is a basis in the space of tangent vector fields to the
surface. The symmetric Gram matrix

Gs(z) = [(9x(x), 9 (X)), 1y = [(OkOs(2), 0mO5(x)], 101> (4.4)
T €w; CR"L j=1,..., M,

defines the natural metric on the space of tangent vector fields on the surface.

The unit normal vector field to the surface S, also known as the Gaull mapping, is defined by the
vector product of the covariant basis
L 9N g (@)

91(X) A~ A gy (%))
The choice of sign in this formula determines the orientation of the hypersurface. In what follows, we

v(x): , xeS. 4.5)

will choose the orientation corresponding to the plus sign in (4.5).

The system of tangent vectors {gk}Z;% to S (cf. (4.3)) is known as the covariant basis. The system of
the vector fields
k_ 1

det Gg
where G s(x) is the Gram matrix (see (4.3)), is biorthogonal to {g,,}?_{ and is known as the contravari-
ant basis:

g GIN NG  AVAGEa A AGpy, K=1,...,n—1, (4.6)

<gj,gk> =0k, Jyk=1,...,n—1
v(x) is the outer unit normal vector field to S, which has the most important role in the calculus of
tangent differential operators we are going to apply.

The next definition of a hypersurface, an implicit one, is equivalent with the definition given in (4.1)—
4.2).

Definition 4.1. Let k > 1 and w C R" be a compact domain. An implicit C*-smooth (an implicit
Lipschitz) hypersurface in R" is defined as the set

S={recw: Vg(x) =0}, 4.7)
where U : w — R is a C*-mapping (or Lipschitz mapping) which is regular: V¥ (x) # 0.

It is well known that using implicit surface functions gradient from (4.7) we can write an alternative
definition of the unit normal vector field on the surface (see (4.5)):

v(x) = lim (Vi¥s)(z)

P S. 4.8
A Vs ()] Y C (4.8)

Let N'(z) = (Ni(z), Na(z), N3(x))" be an extension in the neighbourhood U¢ of the surface C of the
normal vector field v(x) = (v1(x), va(x), v3(x))" on C.
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Definition 4.2. A vector field N' € C*(Qs) in a neighborhood Qs of S will be referred to as a proper
extension if N' | s = v, itisunitary (IN| = 1) in Qs and if N satisfies the condition

OiNy(x) = OpNj(x) forall z € Qs, jk=1,...,n. (4.9)

In [11] is proved that there exists a unique proper extension of the normal vector field v(x) =
(v1(x), v2(x),3(x)) ", x € C, from the surface C in some neighbourhood of the surface.

Let

P(V)u = Zajaju +bu, aj,be CHR™™), (4.10)
j=1
be a first-order differential operator with real-valued (variable) matrix coefficients, acting on vector-
valued functions (u = (ug)j_,) in R", and its principal symbol is given by the matrix-valued function

o(P;€) =) ai&, £ ={§} R (4.11)
j=1

We say that P is a tangent operator to S if the symbol vanishes on the normal vector field of the
surface:

o(P;v)=0 on S. (4.12)
The most important tangent differential operators to the hypersurface for us are Giinter derivatives

Dj = 8]‘—Vj8y=8j—l/jzyk8k, j=1,...,n. (413)
k=1

Giinters derivatives are derivation along the tangent vectors to the surface
Dj = 8,1]- = dj : V,

' ' ' n 4.14
d’:=mngel =€ —vv = Z@‘k —vp)e, j=1,...n, “

k=1
where 7 is the projection on the tangent space to the surface and e’ is the canonical basis in the Eu-
clidean space R":

el .= (1,0,...,0)7,...,e":==(0,...,0,1)7 (4.15)
Therefore, D; can be applied to functions which are defined only on the surface S.

Note that in a strongly tangent operator the coordinate derivatives J; can be replaced by the Giinter’s
derivatives D;:

P(V)u= Z a;0u + bu = Z a;Dju+bu= P(D)u, a;,b e C'R™™). (4.16)

J=1 J=1

The generating vector field {d’ }?:1 is not a frame since it is linearly dependent, as well as Giinter’s

derivatives:
n

i”ﬂx)df(x) =0, ) v(x)D;=0. (4.17)

J=1
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Consider the following differential 1-form w;

n—1 n—1
wi(V) =Ly f=> Viopf for feClS), V=) VFg eTs. (4.18)
k=1 k=1

The form is correctly defined because the differential operator £y is tangential and can be applied to a
function f defined on the surface S only.

Then, for a given f, there exists a vector field Vs f € IS such that
wr(V):=(Vsf,V) forall V eV(X), (4.19)

which is, in classical differential geometry, the definition of surface Gradient of a function f € C}(S)
and maps

Vs : C*(S) = TS. (4.20)
The surface divergence

divs : V(S) — C*(S) (4.21)
of a smooth tangent vector field is, by the definition, the dual operator with the opposite sign

(divsV, f):= —(V,Vsf), YV eTS, VfeClS). (4.22)

These operators recorded in intrinsic parameters of the surface S (tangent vector fields, Metric tensor
etc.) have rather complicated form. In [8] was proved the following.

Theorem 4.3. For any function o € C*(S) we have

-
Vsp = {Dip, Dag,.... Dup} - (4.23)
Also, for a 1-smooth tangent vector field V =3 Vie; € w(S),
j=1
divs V =-V5V:=>» D;jV/, divs=-Vs. (4.24)

J=1

The Laplace—Beltrami operator As on S takes the form
Astp=divsVst) = —V5(Vs) = Y Dl Vb € CX(S). (4.25)
j=1

Corollary 4.4 (cf. [8]). Let S be a smooth closed hypersurface. The homogeneous equation
Asy =0 (4.26)
has only a constant solution in the space W'(S).

Proposition 4.5 (cf. [9]). For the operator dive AV on the open hypersurface C with the boundary
OC := T the following I and Il Green formulae are valid

(diveAVep, ¥)e = (vr(s), A(Veu) (s)), v ) — (AVeyp, Ve,
(diveAVep, ¥)e — (p, dive AVer))e (4.27)
= (vr(s), A(Veu)™(s)), v r — (0, (wr(s), A(Veu) " (s))r,
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where (p,1)c denotes the scalar product of functions in 1Ly(C), (£,n) denotes the scalar product of
vectors in R"™ in and (vr(s), A (Veu)™(s)) is the Neumann trace operator:

In particular, for the Laplace-Beltrami operator the following I and Il Green formulae are valid
(AC% ¢)c = ((allrgp>+7 ¢+)F - (VC§07 VC¢)C s
(AC§07 '¢)C - (807 AC¢)C = ((aUFSO)Jr? '¢+)I‘ - (§0+7 (angD>+)p,

where (0,.0)" := (vr, (Vep)t) is the Neumann trace operator.

(4.28)

5. Solvability of BVPs for the anisotropic Laplace-Beltrami equation on a hypersurface in the
classical setting

In the present section we investigate solvability of the Basic BVPs for the "anisotropic" Laplace-
Beltrami equation. We use the notation introduced in (1.1)-(1.3) and in Section 3: A is a positive definite
n X n matrix function (see (1.2)), dive is the surface divergence and V¢ is the surface gradient (see
(4.23) and (4.24)).

We study solvability of the Mixed BVP

diveAVeu(x) = f(x), x eC,

ut(s) = g(s), on I'p, (5.1)

(vr(s), A(Veu)™(s)) = h(s), on Iy,
of the Dirichlet BVP

diveAVeu(x) = f(x), x €C,

ut(s) = g(s), on T’ (5-2)
and of the Neumann BVP

{ dive A Veu(x) = f(x), x e, 53
(vr(s),A(Veu)™(s)) = h(s), on T.

Here v (x) denotes the outer normal vector field to the boundary I', which is tangent to S and (vr(s), A (Veu)
denotes the “Neumann trace operator, which appears in the Green formula (4.27)). For A(x) = 1, the
operator diveA Ve becomes the Laplace—Beltrami operator diveVe = A and the Neumann trace
operator becomes the trace of normal derivative (0,,.u)" = (vr, (Veu)™).

The BVPs (5.1)—(5.3) are investigated in the following classical weak settings in the spaces of n-vector
functions

weH'(C), feH;C), geHATp), heH (), I=CpUly (5.4)
for the mixed BVP (also cf. (1.2)), and in the weak settings
feH MC), geHYX D), heH XI) (5.5)
for the Dirichlet and Neumann BVPs.
The main objective of the present section is to prove the following
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Theorem 5.1. Let C C R3 be a hypersurface with the Lipschitz boundary I' := OC.
The Mixed BVP (5.1) in the classical setting (5.4) has a unique solution.
The Dirichlet BVP (5.2) in the classical setting (5.5) has a unique solution.

For the solvability of the Neumann problem (5.3) in the classical setting (5.5) the following necessary
and sufficient compatibility condition has to hold:

(f7 1)C = (h7 1)F (56)
Note that if f and h are regular integrable functions, the compatibility condition (5.6) acquires the form

/f(y) do — f{h(s)ds = 0. (5.7)
c r

The formulated theorem will be proved at the end of the present section. Prior to this, we will expose
auxiliary material for the proof.

Theorem 5.2. Let S be (-smooth { = 1,2,..., 1 < p < o0, |s| < £ and A(x) be a positive definite
3 x 3 matrix function. Let X;(S) be the same vector-space as above.

Let the matrix-function H € [C*~1(R"™)]>*® have one of the following properties:

i. H has a non-negative definite real part (Re Hy, )¢ = 0 and mes supp Re H # 0;
ii. messupp ImH # 0 and the complex part Im H. is either positive definite or negative definite:
clmHp,p)e = C >0 forall |p|L(C)| =1, (5.8)

where ¢ = 1 ore = —1.

Then the perturbed operator
divsAVs —HI : X3TH(S) = X571(S) (5.9)
is invertible.

Moreover, the operator divs A Vs is also invertible in the space setting with detached constants (see

(2.3))
divsAVs : X3L1(S) = X2 1(S) (5.10)
and, therefore, divs A Vs has the fundamental solution in setting (5.10).

The invertibility is also interpreted as the existence of the fundamental solution to the operators
divsAVs — HI and divs A Vs in the corresponding spaces.

In particular, the perturbed Laplace—Beltrami operator As — HI (the particular case A(x) = 1) is
invertible in setting (5.9) (has the fundamental solution), while the Laplace—Beltrami operator Ag is
invertible in setting (5.10) (has the fundamental solution).
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Proof: First of all note that the operators in (5.8) and (5.9) are bounded. For the operator in (5.8) this
is trivial, while for the operator in (5.9) we need to check that the image of the operator belongs to the
subspace Xffl (S), i.e., is orthogonal to the identity 1 (see (2.3)). Indeed, by applying formula (4.24) we
get

(divs AVsp,1)s = (AVsp,Vsl)s = 0.

This operator in the setting
divs AVs 1 X5 4(S) = X, 4(S) (5.11)
is coercive:
—(divs A Vs, 9)s = (AVsp, Vsp)s = ClloX4(S)I (5.12)
Then, due to Corollary 3.4, this operator is invertible in the setting (5.11).

Moreover, this operator divs.A Vs is elliptic and even has negative definite symbol £ A, € € R™
(ellipticity follows from the invertibility in setting (5.12), as well). As an elliptic operator on the closed
hypersurface the operator in (5.10) is Fredholm for all s € R and 1 < p < oo (it has a parametrix if S is
infinitely smooth, see [18, 25, 28] for a similar arguments). Since all operators in the homotopy

By = (1 - \divsAVs — AA%*(x,D), 0< A<,
where
Ag(x, D) = XoHH(S) — X 1(S)

is the Bessel potential operator with positive definite symbol and arrange the isometrical isomorphism of
the spaces (see Corollary (3.4)), have positive definite symbol, they are Fredholm operators in the setting

B, : X0H(S) = X0 (S)
forall0 < A < 1,1 < p < oo, |s| <L Then
InddivsAVs = Ind By = Ind By = Ind B; = Ind A\*(x, D) =0

and Theorem 3.6 can be applied, which states that the operator in (5.10) is invertible for all 1 < p < oo,
ls| < L.

Since the operator in (5.9) is the perturbation by lower order operator H / (i.e., by a compact operator)
of the invertible operator in (5.9), the operator in (5.9) is Fredholm and has trivial index Ind [divs. A Vs—
‘H] = 0. Then to prove that the operator in (5.9) is invertible we just need to check that it has trivial kernel,
i.e., if (diveAVs — H)p = 0, then ¢ = 0. Due to equality (4.24),

(— (divsAVs —H)p, ©)s
= (AVsp, Vsp)s + (ReHep, ©)s + ilmHe, p)s, Vo € WiS). (5.13)

If ¢ is a solution to the homogeneous equation (divs. A Vs — H)p = 0, equality (5.10) takes the form

(AVsp,Vsp)s + (ReHp,p)s =0, (ImHe,p)s = 0. (5.14)
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Now let Re H(x) > 0 for all ¥ € S and mes supp Re H # 0 (case (i)). Then from the first equality in
(5.13) it follows

C||Vsel < (AVsp,Vsp)s =0, ReHp,p)s =0

(the inequality is due to the positive definiteness of A). From the first inequality we get Vsp = 0
and, consequently, ¢ = C' = const (this is easy to ascertain by analysing the definition of Giinter’s
derivatives; see, e.g., [9]). By inserting this in the second equality in (5.13) we get

0=ReHp,p)s= C’/’H(X)da,
S

and the conclusion ¢(x) = C' = 0 is immediate, because mes supp Re H # 0.
In the case (ii), from the second equality in (5.14) we have
Cllell < emH ¢, Vsp)s =0
(the inequality is due to the positive definiteness of eIm #) and, again, ¢ = 0. O

Note that a function ¢ € W3(C) (and » € H?(C)) has the trace ¢ € W, ?(I') on the boundary,
provided 1 < p < oo and s > %} (see [30] for details). Therefore, if we look for a solution to Dirichlet

BVP (5.2) in the space W' (C), the trace u™ on I'p exists and belongs to the space H'/?(I'p).

Concerning the existence of the Neumann trace (v, AVeu)™t in (5.1) and (5.3) for a solution u €
WL(C), it is not guaranteed by the general trace theorem. But in this case, the first Green formula
(4.27) ensures the existence of the Neumann trace. Indeed, by setting ¢ = w and inserting the data
(diveAVe)u(x) = f(x) from (5.1) into the first Green formula (4.27) we obtain

(vr, (AVew) ™), v — (AVeu, Ve)e = (dive(AVeu), ¥)e = (f, ¢)e
and, finally, we get
((vr, (AVeu) ), v ) = (AVeu, Ve)e + (f, ¥)c (5.15)

for arbitrary ¢» € W'(C). Since ¥)* € HY2(I"), the scalar product (AVcu, V) in the right-hand side
of equality (5.15) is correctly defined and defines correct duality in the left-hand side of the equality.
Since )" € H'/?(T") is arbitrary, by the duality argument this gives that (vr, (A Veu)t) should be in the
dual space, i.e., in H~'/2(T).

To prove the above formulated Theorem 5.1, we need more properties of trace operator (called retrac-
tion) and their inverses, called co-retractions (see [30, § 2.7]).

To keep the exposition simpler we recall a very particular case of Lemma 4.8 from [7], which we apply
in the present investigation.

A differential operator
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on a hypersurface C C R3 with the Lipschitz boundary I' = 9C is called normal if its symbol (the
characteristic polynomial)

B(x,&) = Y an(x)(=i€)*, xeC, ¢eR?
|a|<m
does not vanish on normal vactor field on the boundary infcr | det B(s, v(s))| > 0.
Proposition 5.3 (see Lemma 4.8 in [7]). Let s ¢ N, 1 < p < o0, and C be a hypersurface with the
Lipschitz boundary I' = OC. Further, let s > 0, B(D) be a normal differential operator of the first order

defined in the vicinity of the boundary I and A(D) be a normal differential operator of the second order
defined on the surface C. Then there exists a continuous linear operator

1
s+1
+5

R : W) @ Wy H(I') — H, " (C) (5.16)

such that

~s—2+%

(R®)" =, (B(D)R®)" =¢1, A(D)B®cH, "(C) (5.17)

for arbitrary pair of functions ® = (g, 01)", where g € We(T) and o1 € W5 (D).

Proof of Theorem 5.1: We commence by the reduction of the BVP (5.1) to an equivalent one with
the homogeneous Dirichlet condition. For this, we extend the boundary data ¢ € W'/ 2(T'p) up to
some function § € W'/2(I") on the entire boundary I" and apply Proposition 5.3: there exists a function
G € WY(C) such that G*(x) = g(x) for x € I'p (actually G = § almost everywhere on the boundary)
and dive(AVeG) € W-1(C).

For a new unknown function v := u — G we have the following equivalent reformulation of the BVP
(5.1):
dive(AVev)(x) = fo(x), xeC,
vT(s) =0, on I'p, (5.18)
(vr(s), (AVev)™(s)) = ho(s), on T,
where
fo = f +dive(AVeG) € W1 (©), hoi=h+{vr, (A VeG) ) € WD), 5.19)
vt e WHT'p, O)WY2(I'y).

To justify the last inclusion vt € W'/2(I'y) note that, due to our construction, the trace of a solution
vanishes on I'p: v |p,= 0.

By inserting the data from the reformulated boundary value problem (5.18) into the first Green identity
(4.27), where ¢ = 1) = v, we get

(AVev, Vev)e = (vr, (AVer) ), v ), + (vr, (AVer) ™), v )p, (5.20)
— (dive(A Vev),v)e = (ho, v)ry — (fo, e, v € W, C).

In the left-hand side of equality (5.20) we have a symmetric bilinear form, which is positive definite

(AVev, Vev)e = C||Vev|? = [[o|WHTp, CO)|]> Vv e WHTp,0),
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because A(s) is strictly positive definite matrix and we have applied the equivalent norm (2.7) in the
space W!(I'p, C).

(ho, U+)1“N and (fo,v)c in equality (5.20) are correctly defined continuous functionals, because hy €
Wfl/ 2(T), fo € W;l (C), while their counterparts in the functional belong to the dual spaces v €
WY2(I'p) and v € W (T'y,C) € WH(C).

Application of the Lax-Milgram Lemma 3.7 accomplishes the proof of the unique solvability of the
mixed BVP (5.1) in setting (5.4).

Now we prove the unique solvability of the Dirichlet BVP (5.2) in setting (5.5). We commence, as
above, with an equivalent reformulation: due to Proposition 5.3, we can pick up a function G € WL(C)
such that G* = g and dive (A VeG) € WH(C).

For a new unknown function v := u — G we have the following equivalent reformulation of the BVP

(5.2):
{ dive(AVev)(x) = fo(x), x€C,

(5.21)
vt(s) =0, on T,

where
fo = f+dive(AVeG) € W1(C), veWLC).

By inserting the data from the reformulated boundary value problem (5.21) into the first Green identity
(4.27), where ¢ = ¢ = v, we get

(AVev, Vev)e = (vr, (AVev) ™), v)p — (dive(A Vew), v)e = —(fo, v)e, v € W (C).

What we get is similar to identity (5.20) which we derived in the foregoing case: the positive definite
form in the left-hand side and a single correctly defined functional in the right-hand side. Again, applying
the Lax—Milgram Lemma 3.7, the unique solvability of the Dirichlet BVP (5.2) can be proved in setting
(5.5).

In conclusion, we prove the unique solvability of the Neumann BVP (5.3) in setting (5.5). Let us insert
the data from the boundary value problem (5.3) into the first Green identity (4.27), where ¢ = ¥ = w.
We get

(AVeu, Veu)e = ((vr, AVeu) ™t uM)p — ((diveA Ve)u, u)e
= (h,wr — (f,u)e,  u € Wy 4(C). (5.22)
We have to look for a solution in the subspace W% #(C) (see (2.3)) because the constants are trivial
solutions of the homogeneous BVP (5.1) with f = h = 0. Since identity (5.22) has to be valid for

constant u(x) = 1 and the left-hand side vanishes for such solution, we get the necessary condition of
solvability (h, 1)r — (f, 1)¢ = 0, which is the compatibility condition (5.6).

In the left-hand side of equality (5.22) we have a symmetric bilinear form, which is positive definite
(AVev, Vevle = C[[Vev|)* = [[o]Wa 4 (C)F Vv € Wy 4(C),

because A(s) is strictly positive definite matrix and we have applied equivalent norms (2.6) in the space
7#
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Further, both functionals in the right-hand side of (5.22) are bounded on the subspace W% #(C ). Appli-
cation of the Lax-Milgram Lemma 3.7 accomplishes the proof of the unique solvability of the Neumann

BVP (5.3) in setting (5.5), provided the compatibility condition (5.5) holds. O
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