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TRANSFERRED CHERN CLASSES IN MORAVA K-THEORY
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(Communicated by Paul Goerss)

ABSTRACT. Let n be a complex n-plane bundle over the total space of a cyclic
covering of prime index p. We show that for k € {1,2,...,np} \ {p, 2p, ..., np}
the k-th Chern class of the transferred bundle differs from a certain transferred
class wy, of by a polynomial in the Chern classes cp, ..., cnp of the transferred
bundle. The polynomials are defined by the formal group law and certain
equalities in K (s)*B(Z/p x U(n)).

1. STATEMENTS

Let p be a prime, and let 7 be the cyclic group of order p. For a given action of
m on a space X consider the regular covering

p:Enx X — Enx,X.

Let us write for short X3, := E7m X, X. For the permutation action of 7 on X = Y?
we have Y/ = E7 x, Y?. Let t be a generator of m and let Ny =1+¢+...+P!
be the trace map. For an n-plane bundle n™, the corresponding classifying map

f:X — BU(n)

induces the classifying map (f,tf,...,t*?~1f) for the bundle N,n" and thereby a
map of orbit spaces
fnn : Xhﬂ' — BU(n);ZW
For the covering
pr : Em x BU(n)? — BU(n)}
and the universal n-plane bundle £ — BU(n) consider the Atiyah transfer bundle
2]
& — BU(n)jrs
i.e., the np-plane bundle
& =B xx (§7)°F.

Then the map f,» classifies the Atiyah transfer bundle for ™ and p. So by natu-
rality of transfer [I] we can consider p, as the universal example.
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Let K(s)*, s > 1, be the sth Morava K-theory at p. We recall that by the
Kinneth isomorphism, K (s)*(BU(n)P) = F & T as a m module, where F' is free
and T is trivial.

Definition 1.1. Let w,gn) € F be defined modulo ker N = Im(1 —t) by

Na(wy”) = cx(Nx(€"),
where the ¢ are Chern classes, k € {1,...,np} \ {p, 2p, ..., np}.

By naturality of the transfer, Tr} = Trkt, where
Tt s K(s)*(Br x BU@)) — K(s)* (BU(M)},);
hence T'r (w,i")) is well defined.
We write wi(n™) for the pullback by the map f,» of orbit spaces defined above.
Recall that K (s)*(B7) = Fp[vs,v;][2]/(2P"), where z = ¢1(f) is the Chern class
of the canonical complex line bundle over Br.

Lemma 1.2. We can define a polynomial in n + 1 variables,
AN (P 20 Z) € K(5) (2, 20y ey Zn,
uniquely by the equation in K(s)*B(n x U(n)):

Cr —ve2? ~1p7t Z ( , P ) )c’f...cif = A,i")(z”_l,Cp,...,Cpn)
o , 10591, ey In
i14+2i24...+nin=k
ioti1+...+in=p

where C; = ¢;(E" @O0 R E" B ... P @ EM), ¢j = ¢;(£™) are Chern classes, and

k{1, np} \ {p, ~rmp}.
For example, in K (s)*(Bm x BU(1)) one has

s—1
s_q s_ i i—1
C = v, <zp c1 + g 2P pCZ’,’ );

i=1
thus
s—1 ) i1
Agl)(zpfl,Zl) :’USZZP\ 7p,Z{) .
i=1

)

Then using the polynomials A,(Cn we evaluate the transferred classes wy(n™) for

regular coverings:

Theorem 1.3. Let p : X — X/m be the regular cyclic covering of prime index p
defined by a free action of m on X, and let Tr* = T'r}, be the associated transfer
homomorphism. Let n* — X be a complex n-plane bundle, n? — X/m the pn-
plane bundle defined by Atyiah transfer, and ¢ — X/m be the complex line bundle
associated with p. Then

() = Tr(wi™)) = AL (7 (), ¢p (1), -oos on (1)),
where k € {1,...,np} \ {p, ..., np}.

Example 1.4. w; = ¢1(n™); hence if kK =1 we have

1 () = Tr*(es (™)) = AT (7 (W), €p (1), ooy Con (1))
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If, in addition, n = 1, then by the above example we have for the line bundle n — X
and the transferred Chern class,
s—1 o o
() = Tr*(ea(n)) = vs 3 27" P ey (o)
i=1
2. PROOFs

For the proof of Lemma 1.2 we need the following property of formal group laws
(FGL) observed in [3].

Lemma 2.1. For the formal group law in Morava K-theory K(s)*, s > 1, we have
(=0 (or modulo yp%_l))

Flzy)=z+y—vs » p ' (p.) (27" Y (P

0<j<p J

2
mod xP

Proof. As D. Ravenel explained, this result can be derived from the recursive for-

mula for the FGL given in [5l 4.3.8]: For the FGL in Morava K-theory it reads
F(z,y) = Flz +y. v,y ofwa(zy)? )

where w; is a certain homogeneous polynomial of degree p® defined by [5] 4.3.5] and

e; = (p*® —1)/(p® — 1). In particular, wg = x 4+ y (the first term in the formula

above),
w=- 3 pt <P> jypi
0<j<p J
and w; ¢ (zP,yP).
For s > 1 we can reduce modulo the ideal v$? (xp%_l) , yPQ(S_l)) and get
s—1
F(l‘,y)EF(l‘—f—y,Uswl(l‘,y)p )
s—1_, s—1

:F(a:+y+vsw1(x,y)pkl,vsw1(a:+y,vsw1(x,y)p L

2(s—1)

= F(z +y+ oo (z,9)” v (@ +y7 0wz, y)?

);

1

) we have F(z,y) = 2 +y+vswy (z,y)? . O

-1 2(s—1)

s 2(s—1)
and modulo v TP " (aP ,yP

Proof of Lemma 1.2. We begin by considering the case n = 1. Let o; be the i-th
symmetric functions in p variables. Then
Ci=oi(z, F(z,2),..., F(z,(p — 1)2)),

where x = ¢1(£1), 2 = ¢1(0) are Chern classes in K (s)*B(m x U(1)) = K(s)*[[z,z]]/
(2P"). Consider the equation

Crh=— Y NiCp+p (Z)xkzpsl; 1<k<p-1.
0<i<p®

s

We want to prove that such Aj; exist uniquely as elements in K(s)*[[z]]/(zF)
and to compute these elements as polynomials in zP~!. Then A,(Cl)(zp_l, Cp) =
Zogigps Aki G-

Cy. is the Chern class of the bundle £ ® (1 + 6 + 6% + ... + #”~!) and can be
written as a series in the Chern classes of &, that is x, and the Chern classes of
146+ 6%+ ...+ 6P~ But the Chern classes of the latter bundle are elementary
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symmetric functions in z,2z, ..., (p — 1)z, the Chern classes of 6,62, ...,67=1  all of
which vanish except for the (p — 1)-th class, which is —2P~!. Hence we can write
the classes C}, as series in « and 2P~!. Lemma 2.1 enables us to write C}, as explicit
polynomials in z and zP~!. Now noting that C, = z” mod zP~! we obtain from
the above equation a system of linear equations in variables Ap; by equating the
coefficients at x?, i > 0. Vanishing also implies that A\yg = 0, k = 1,...,p — 2 and
Ap—10 =Cp1(1+ 0+ ...+ 6P71) = —2P~ L,

Then equating the coefficients at =P ,...,mpsﬂ in the above equation after rewriting
it in terms of = and zP~! as above, we have a system of p°® linear equations in p°
variables Ag;, ¢ = 1,...,p° . The determinant of this system is invertible since the
diagonal coefficients are invertible and all other coefficients lie in the (nilpotent)
augmentation ideal. Thus the elements \g; are uniquely defined.

Of course, equating the coefficients at 2* for i # p,2p,...,p*T! will produce
other equations in Ag;, j = 1,...,p°. But these equations are derived from the old
equations above. These additional equations make the matrix upper triangular.
This defines A,(cl).

In the general n case we proceed analogously, noting that Cj, = ¢! mod 2P~

i =1,...,n. Our additional claim again is that the A,(Cn) are polynomials, that is,
only a finite number of elements Ay ;, ... ;, are nontrivial. Here we need the splitting
principle and Lemma 2.1 to express explicitly the elements C;, i = 1,...,np in terms
of polynomials in 2P~! and ¢y, ..., ¢,. For k € {1,...,np} \ {p, ..., np}, let

A’(ﬂn)(zp_l’cp"'vcpn) = Z )\k,il,...,iﬂ,C’;}...C’%.

0<i1enyin <p°

We define Mg .0 = cp(n + nb + ... + nfP~1) again by looking at reductions to
K (s)*(Bm). The other n(p®+1)—1 elements Mg, ... ;, can be defined as the solution
of a system of n(p® + 1) — 1 linear equations with an invertible determinant. This
system is obtained from the equation after using Lemma 2.1 to rewrite it in terms
of 2’1 and ¢4, ..., ¢, and equating coefficients at c¢{*'...cPin. The solution defines
Akyir,..in> 0 < 45 < p®. Again the additional equations in these elements arise from
the coeflicients of other monomials and are not new. The desired polynomials are

thus uniquely defined. O

Proof of Theorem 1.3. Consider the homotopy orbit space BU(n)) = Em X
BU(n)P as the universal example. The diagonal map BU(n) — BU(n)?P induces
the inclusion

i:Bm x BU(n) — Em x BU(n)P.
We use a result from [] (Proposition 4.2) which implies that since BU(n) is a
unitary-like space (i.e., K(s)*BU(n) has no nilpotent elements) the map (i V p,)*
is a monomorphism. Since piTr* = N, the difference

cr(n) — Tr(w)

belongs to ker p% and hence is detected by i*. The result now follows from Lemma
1.2. O

Note we can replace the cyclic group by the symmetric group ¥, and use the

polynomials AL") to evaluate the disparity or “gap” between Chern class ¢ ({gp)
and Im T'r§, , for py, : EX, x U(n)? — BU(n)jy, .
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Namely, the Euler characteristic of the coset space £, U (n)/mU(n) = (p—1)!
is prime to p. Hence the inclusion pr s : 7 — ¥, induces a monomorphism

K(s)"(B(XpU(n))) — K(s)"(B(m1U(n))).

Hence Hunton’s result above holds for B U(”)Zzp-
Now let g,in) € F be defined modulo ker Ny, by Ny, (g,gn)) = cx(Nz(€")). Again
Trs, (g,gn)) is well-defined: as above, ker N;; = Im(1 — t*) and therefore

a € FNker Ny, = Z g'a € Im(l —t*) = Trg ( Z ga) =0
gES, /T geES,, /T
= (p—DTr5, (a) = 0= 175, (a) = 0.

Then for the np-plane bundle over BU (n)ﬁzp,

&, = ES, x, ("),
the difference
ck(&8,) = Trs, (s")

belongs to ker P*zp and hence is detected by the polynomials

A (g, e (E8), cnp(E8)),
where
y € K(s)"(B(Xp)) = K(s)"[[yl)/(y™),

lyl =2(p—1), and m, = [(p* — 1/(p—1))] + 1.
Thus we have:

Theorem 2.2.
cr(€8 ) = Tr% () = AL (y, cp (€8 ), .. cap(€R)),

for ke {1,...np}\ {p,...,np}.
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