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TRANSFERRED CHARACTERISTIC CLASSES
AND GENERALIZED COHOMOLOGY RINGS

M. Bakuradze UDC 515.16

ABSTRACT. In this paper, we study the interaction between transferred Chern classes and Chern classes
of transferred bundles. We calculate the algebra BP* (X,’ZEP) and show that its multiplicative structure
is completely determined by the Frobenius reciprocity. We also give some tables of the initial segments
of the formal group law in the Morava K-theory which are often useful in calculations.
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1. Introduction

The stable transfer map and its applications is already a subject of a whole branch of algebraic
topology. For the constructions and formal properties of the transfer map, the best reference is the
book [1] where J. F. Adams suggested that all topologists become acquainted with the transfer map
as a major tool in applications and proofs. For axiomatic approach, see [10].

Our aim here is to give some applications of the transfer map in the presentation of the cohomology
rings in the explicit form.

A considerable part of the material is collected from joint publications with Stewart Priddy, Vladimir
Vershinin, and Mamuka Jibladze [3-7].

For various examples of finite groups, the complex oriented cohomology ring coincides with its
subring generated by Chern classes [36, 39, 40]. Even more groups are good in the sense that their
Morava K-theory is generated by transferred Chern classes of complex representations of subgroups
[23]. Special effort was needed to find an example of a group not good in this sense [28]. Thus, the
relations in the complex oriented cohomology ring of a finite group derived from formal properties of
the transfer should play a major role. The purpose of the first part is to elucidate for finite coverings
the interaction between transferred Chern classes and Chern classes of transferred bundles.

Translated from Sovremennaya Matematika i Ee Prilozheniya (Contemporary Mathematics and Its Applica-
tions), Vol. 77, Complex Analysis and Topology, 2012.
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Let p be a prime and let G < ¥, be a subgroup of the symmetric group. In the first part we
consider the complex oriented cohomology of homotopy orbit spaces X}’Z’G = EGxqgXP. Several
authors have calculated these cohomology groups [23-25]; however, we are particularly interested in
the ring structure and thereby explicit formulas for the transfer. Thus we are led to consider Frobenius
reciprocity, the relation between cup products and transfer:

Tr*(z)y = Tr*(zp*(y))
where p: EGXxX?P — X}’ZG is the covering projection and
Tr* : E*(XP) —» E* (X))

is the associated transfer homomorphism.

Let 7 < 3, be the subgroup of cyclic permutations of order p. Our results for MU*(X} ), X =
CP°, and the canonical complex line bundle & — CP®, provide a universal example which enables
us to write explicitly the Chern classes ci,...,c,—1 of the transferred bundle {; as a certain formal
power series in the Euler class ¢,(&;) with coefficients in E*(Bm) plus certain transferred classes of
the bundle £&. We give an algorithm for calculating these coefficients. In particular for £ = BP,
Brown—Peterson cohomology, the coefficients of this formal power series are invariant under the action
of the normalizer of 7 in X,. This enables us to give similar results for X, coverings. Moreover, we
calculate the algebra BP* (Xi’zp) and show that its multiplicative structure is completely determined
by Frobenius reciprocity. In addition to the Morava K-theory E = K(s), calculations become easier:
we show that the formal power series in the algorithm above descends to polynomials. We derive an
alternative way for calculation and give some examples. Finally we give some tables of the initial
segments of the formal group law in the Morava K-theory which are often useful in calculations.

The author would like to thank Mamuka Jibladze for Maple programs used in the examples.

2. Transferred Chern Classes

2.1. Preliminaries. We recall that a multiplicative cohomology theory E* is called complex ori-
ented if there exists a Thom class, that is, a class u € E?(CP>) that restricts to a generator of the
free one-dimensional E* module E?(CP!). The universal example is the complex cobordism MU*.
Then
EX(CP%) = E*[[z]],
where z is the Euler class of the canonical complex line bundle £ over CP* = BU(1). Further,
E*(BU(1)P) = E*[[x1, ..., )],

where x; = ¢1(&;) and §; is the pullback bundle over BU(1)P by the projection BU(1)? — BU(1) on
the 7th factor.

Much of our paper is written in terms of transfer maps [1, 27] and formal group laws. Let us give
a brief review of formal properties of the transfer. For a finite covering

p: X — X/G,
there is a stable transfer map
Tr = Tr(p) : X/GT — XT.

For any multiplicative cohomology theory E*, the Frobenius reciprocity holds, i.e., the induced map
Tr* is a map of E*(X/G) modules possessing the following properties:

(i) Tr (29" () = T (2)y, = € B*(X), y € B*(X/G).
For example,

(i) T (p* () = T* (1),
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The element Tr*(1) € E°(X/G) is called the index or stable Euler class of the covering p. The
following additional properties of the transfer will be used:

(iii) the transfer is natural with respect to pullbacks;

(iv) Tr(pr % p2) = Tr(p1) A Tr(p2);

(v) if p = p2p1, then Tr(p) = Tr(p2) Tr(p1).

More generally, for a covering projection

PH,G : X/H — X/G
with H < G, there is a stable transfer map
Trug: X/GT — X/HT.

To simplify notation, we write projection and transfer in equivalent ways p = pg and Tr = Tr(p) =
Trq if H =e.

The reverse composition to (ii) is as follows:

(vi) (double coset formula) if K, H < G, then

1

* * _ * —1%* *
Picc TG =Y Tinpe gor o Pre= .

T
where the sum is taken over a set of double coset representatives x € K\G/H and H* = xHx !,

For a regular covering py g, i.e., H <G,

pire Tira(z) = N(@) = Y g°(2),

where N(z) is called the norm or trace of x.
In subsequent sections, the reduced transfer

Trog: X/G— X/H

is used.
We recall Quillen’s formula [16, 30]. First,

E*(BZ/p) = E*[[2]l/(Ip](2)),

where x is the Euler class of a faithful one-dimensional complex representation of Z/p and [p](z) is
the p-series or p-fold iterated formal sum. Then

where Try, /p 18 the transfer homomorphism for the universal Z/p-covering EZ/p — BZ/p. The relation
[p](2) = 0 is equivalent to the transfer relation

2 Trg,(1) = Trg,,(c1(C)) = Trg,,(0) = 0

obtained by applying (ii). Of course, since the transfer is natural, Quillen’s formula enables us to
calculate the stable Euler class for any regular Z/p covering.
In this spirit, let
T=(t) <%,
be the subgroup of cyclic permutations of order p. For a given free action of m on a space Y with a
given complex line bundle n — Y we have an equivariant map

Ne = (91,...,9p) : Y = BU(1)?,

where g; classifies the line bundle #~11.
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So by the naturality of the transfer, the calculation of transferred Chern classes Tr* (¢t (n)), i > 1,
for cyclic coverings can be reduced to the covering

pr: Em x (BU(L))? — En x» (BU(1))P,

as the universal example.

For the symmetric group, the arguments are similar.

Let & be the canonical complex line bundle over CP*>° = BU(1) and &; be the pullback bundle over
BU(1)P by the projection on the ith factor as before. Then

MU*(BU(1)P) = MU*[[z1,...,z,)],

x; = c1(&) and 21 - - - xp is the Euler class of the bundle £*P = @ &;.
Note that by transfer property (v), Tr(pr)* has the same value on the Chern classes z1, ..., z,: the
group 7 permutes the z; and p;t = pr, t € w. Thus in calculations of the transfer we sometimes write

these Chern classes in an equivalent way z,tz, ..., P lz.
For the sphere bundle S(£*P), we have
MU*(S(&*P)) = MU*[[z1, ..., zp]]/(x1 - - xp). (2.2)

Then for the trace map
N=1+t+--+tr!

we have ker N = Im(1 —¢), ¢t € 7 in MU*BU(1)?, and after restricting N to MU*(S({*P)) we have
the exact sequence

= MU*(S(€XP)) &5 MU*(S(£7P)) =X MU*(S(£7P)) &L MU*(S(€7°P)) - ... (2.3)
Then let &, = Em X, £*P be the Atiyah transfer bundle [2],
S(gw) = Em x; S(fxp) (2‘4)

be its sphere bundle, and
D(&r) = Em x; D(E7P) (2.5)
be its disk bundle. Let X = CP>°; then D(r) is homotopy equivalent to X7 = B(m1U(1)).
The cofibration D(&:)/S(&x) = (XP )= gives a long exact sequence
co = MU*(S(&x)) < MU*(XP ) &2 MU*((XP)6) ... (2.6)

where (X ﬁw)g’* is the Thom space of the bundle &, and the right homomorphism is multiplication by
the Euler class ¢, = ¢p(&x).
Since the diagonal of BU(1)P is fixed under the permutation action of 7, the inclusion

Em — Em x BU(1)?, x — («,fixed point)
defines the inclusions
i:Br— X) , ig: B — S(&).
The projection ¢ : X} — Bm induced by m2U(1) — m defines the projection
¢o : S(&x) — B (2.7)

and the compositions ¢pip and @i are the identities. We can consider S(&;) as a bundle over Bm with
fiber S(&£*P).
Let 1 be the canonical line bundle over Bxw and

0 =" (n) — X;.
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be the pullback bundle. Thus
'0)=n, i"(E)=CHn+- -+
Consider the pullback diagram
En x S(¢*P) —— Em x BU(1)?
pol lp
S(éx) X

Let Tr = Tr(p) be the transfer of the covering p, and Trg : S(§;) — S(£*P) the transfer map of po.
We will often refer to the following lemma which follows from (2.3) and the Frobenius reciprocity.

Lemma 2.1. In MU*(X} ), we have

Im Tr* NKer(p*) = 0.

Proof. We have
p (Tr*(a)) = N(a) =0 = a€Im(l—t) = Tr*(a) =0.

The lemma is proved. O

Remark 2.2. Lemma 2.1 is valid only in a complex oriented cohomology E* with a torsion-free
coefficient ring. This lemma is used in the proof of Theorem 2.3 in a complex cobordism and in the
second statement of Theorem 3.6 in the Brown—Peterson cohomology. By the naturality, these results
hold for all £* in the first case and all p-local E* in the second.

2.2. Transferred Chern classes for cyclic coverings. In this section, we prove our main result
for cyclic coverings, Theorem 2.4.
In the notation of the previous section, the kth Chern class of the bundle £*P is an elementary

symmetric function oy (1, ..., xp) in the Chern classes z; and is the sum of (i) elementary monomials.
The action of 7 on the set of these monomials yields p~* i orbits, and the transfer homomorphism

is constant on orbits by transfer property (v) or (iii).
Let E* be a complex oriented cohomology theory. For k =1,...,p—1, let

wr = wi(x1,...,2p) € EX(BU(1)P)

be the sum of representative monomials one from each of these orbits. The value of Tr*(wy) does not
depend on the choice of wy since wy is defined modulo Im(1 — ¢) and on the elements of Im(1 — )
the transfer homomorphism is zero again by (v). In other words, we can take any wy for which
Nwy, = og(x1,...,xp) holds. As we shall explain in Corollary 2.8 of Theorem 2.3, the following result
enables us to calculate the transfer on all elements whose norm is symmetric.

To simplify the notation, we set X = CP*> and ¢; =¢;j(&#),j=1,...,p.

Theorem 2.3. We can construct explicit elements
o™ e E*(Br), k=1,....p—1,

such that
* k ]
Te*(wp) = cx + > " (017)e)
i>0
for the transfer of the covering p : X¥ — X} .

)

Before constructing the elements 52-(k by proving Theorem 2.3, we prove their existence.
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2.3. Complex cobordism of (CP>)} .
Theorem 2.4. In MU*(X} ), we have:

(a) the annihilator of the Chern class ¢ = ¢1(0) coincides with ITm Tr*;
(b) multiplication by ¢, = ¢,(&x) is a monomorphism;
(¢) any element of Ker(p*) has the form

> @ (r)ey
k>0

for some elements &, € MU (Br);
(d) form =172,

MU*B(mU(1)) = MU[[c, c1, e2]] /(e1 — ], e — ) = MU (Bm)[[Tr*(2), c2]] /(cT'r" (),
where ¢; = ¢i(&x), ¢ = ¢i(&x ®c 0), and x are Chern characteristic classes with
x € MU*(BU(1)?) = MU*[[z, tz]].

Lemma 2.5. The left homomorphism in the long exact sequence (2.6) is an epimorphism and thus
gives a short exact sequence

0 MU*(S(&x)) = MU*(XP ) &2 MU*(XP_)é « 0.
Moreover, there is a space X, and a stable equivalence
poV fr:S(&) = BV Xn,

with fr factoring through the composite map

S(&) = XP 5 B x BU(1)P
and g as in (2.7).
Proof. Consider the Serre spectral sequence for the fibration (2.7):

S(6*7) = S(&x) = B,

E;] = Hi(m, H7(S(£*P); F,)) with the action of 7 on H*(S(£*P); F,) by permutations of the cohomo-

logical Chern classes.
When ¢q = p, ‘ ‘
YT = BI(S(EP):F,)", E)° = H'(BrF,).
Then in positive dimensions
H*(S(EP);Fy) = Fylwr, ... ap) /(w1 7p)

is a permutation representation of m acting on monomials which have degree zero in at least one
indeterminate. This is a free F,[r]-module since all the monomials that are fixed under this action
have been factored out after quotienting by the ideal (x1---z,). Hence the cohomology of = with
coefficients in this module is trivial in positive dimensions, i.e., E;] = 0 when 4,5 > 0. Thus the
spectral sequence collapses and we have

H*(S(éx); Fp) = H*(B; Fy) © H(S(67); Fp)".
Also if g # p, we have
H*(S(&x); Fy) = H™(S(7F); Fy)™
Let X, be a stable summand of BU(1)P defined as follows. The action of 7 on BU(1)? induces
an action of 7 on the stable decomposition of BU(1)P as a wedge of all smash products of length
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1,...,p—1, say Y;, and a smash product of length p. Then choose X such that NX, = Y,, where
N =1+t+---+tP~L. By the stable equivalence
S(E*?) = BULY — Yy, (2.8)

we can consider X as a stable summand of S({*P). For any choice of X, consider the composition
of stable maps

friS(&r) = X2 5 Ex x BU(1)? — BU(1)” — X, (2.9)
We must show that the stable map ¢ V fr induces an isomorphism in cohomology for any group of
coefficients Fy, ¢ is a prime, and hence gives a stable equivalence by the stable Whitehead lemma. It
follows from the above arguments that

H*(S(fw)§ Fp) = ‘PSH*(BW; Fp) @ Trg g*(s(£Xp)§ Fp)>
and

H*(S(&x); Fg) = Tog H*(S(6*7); Fy),
when g # p. The restriction of Trg on X, induces a monomorphism on Im Tr since by the transfer
property (iv),
po Trg = N,

and the restriction of N on H* (Xr;Fy) is a monomorphism. Hence (¢o V Trg | Xr)* is an isomorphism
and so is (o V fr)* by the commutative diagram

S(&) X7, (2.10)

Tml [

S(£XP) —= Er x BU(1)?

This proves Lemma 2.5. 0

Proof of Theorem 2.4. (a) We consider the restriction of any element y € MU*(X} ) to MU*(S(éx)).
By Lemma 2.5, we see that this restriction has the form ¢f(u) + f7(w) for some u € MU (Br),
w € MU*(X,). Since the composition

S(&) — X2 % Br
coincides with g, ¢*(u) also restricts to ¢f(u). By diagram (2.10), there is an element v €
MU*(BU(1)?) such that Tr*(v) restricts to f}(w). By the exactness
y =" (u) +Tr'(v) + yicy,

for some y; € MU*(X} ). For use in the proof of (c) we observe that (2.2) and (2.8) imply that v
can be chosen in the direct summand MU*[[z1,...,2p|]/(x1---zp). Thus we can assume that this
expression for y is unique and if v # 0 then Tr*(v) restricts nontrivially in MU*(S(&x)).

Then we suppose that cy = 0. We know that p*(0) = C, hence p*(c¢) = 0 and

cTr*(v) = Tr* (p*(c)v) =0
by the Frobenius reciprocity. So we have
cp*(u) + cyicp = 0.
We prove that
©*(u) € ImTr*.
Applying ¢* we have
0=1i"(cp™(u)) + i*(cyicp) = 2zu
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since
i"o* =id, c=¢"(2), i"(cp) =0.
Hence
u € Ann(z) = ImTry,

by the naturality of the transfer ¢*(u) € ImTr*. Thus, c¢*(u) = 0 and therefore cyic, = 0. Multi-
plication by ¢, is injective by Lemma 2.5, hence cy; = 0. Since dim(y;) = dim(y) — 2p, iterating this
argument gives us statement (a).

Item (b) follows from the fact that the right homomorphism in the short exact sequence from

Lemma 2.5 is multiplication by the Euler class ¢,(&x).
(c) Let y € Ker p*. Since pp = * we have

0=p"(Tr"(v)) + p" (y16p)-
If the first summand is not zero, it restricts nontrivially in MU*(S(£*P)) by the definition of v.
However, the second summand restricts to zero since
prcp) = a1 xp, P (Y1cp) = p (y1)x1 -~ xp,
x1---xp restricts to zero as the Euler class. Hence both summands are zero. Furthermore, multipli-
cation by z1 - - -z}, is a monomorphism hence p*(y1) = 0. Thus
y =" () +yicp = " (u) + (9" (1) + y2cp)cp = 9* (u) + ¢ (w1)cy + yacy.

Repetition of this process proves c).
(d) The fact that ¢, ¢1, and co multiplicatively generate MU*B(w 1 U(1)) follows from Lemma 2.5.
The relations ¢; = cJ, c2 = ¢ follow from the bundle relation

&x @c 0= (E@c p"(0))r = &r,

which in turn follows from transfer property (i).
So we must prove that the Chern classes ¢, ¢, and co with these relations are a complete system of
generators and relations. Let us use the splitting principle to write formally

Ee=m+m2, wi=ci(m), u2=ci(n2).
Let
F(z,y) = Z aijxiyj
be a formal group law. Using the bundle relation above and applying the Whitney formula for the
first and second Chern classes, we obtain two relations of the form

F(uy,c)+ F(ug,c) =c1, F(uy,c)F(ug,c)=cy; (2.11)

or in terms of ¢, ¢ = u1 + ug, and ¢y = ujus,
F(uy,c) + F(ug,¢) —c1 =¢ (2 + Zﬁijkcic{cg) =0, (2.12)
F(ur, ¢)F(uz,c) — ca = ¢ <c1 + Z%jkcic{c’g) —0 (2.13)

for some coeflicients S;ji, vijx € MU*(pt).
We claim that relations (2.12) and (2.13) are equivalent to the following two obvious transfer
relations for Tr* : MU*[[z, tz]] — MU*(B(m1U(1))):

cTr*(1) =0, cTr*(z)=0.
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Rewrite relations (2.12) and (2.13) as follows:

ca =0, where a=2+ajic;+ Zakl(u’f + ub) + o(c),
k>2

cb =0, where b=c+2aq1c0+ Zakl(u’f_l + ug_l)CQ + o(c),
k>2

and the «;; are the coefficients of the formal group law.
By the first part of Theorem 2.4, a € Im Tr*. Also by transfer property (vi)

p*(a) = p"(Tr* (1) + an Tr*(z) + Y _ opg Tr*(2F)).
E>2
Thus by Lemma 2.5

F F _
Tr*(l) + a1 Tr*(x) +Zak1 Tr*(xk) _ (Ulyc) + (UQ,C) Cl;

C
k>2

similarly, b € Im Tr* and
F(ui,c)F(ug,c) — co

r* () + a1 Tr*( )CQ—f—Zakl (2" ) e .

k>2

Now since
a¥ =N+ tr) — 282 (at),
transfer property (i) and the calculation of Tr*(z) is sufficient for the calculation of Tr*(z*), k > 2
(see also Corollary 2.8 and Remark 2.2). So we have

F(ui,c)+ F(ug,c) — 1

Tr*(1)(1 + go) + Te*(2)ho = - , (2.14)
T (1)g1 + T (2) (1 + hy) = L0 C)FS“LQ’ )= (2.15)

where go, ho, g1, h1 € MU*(B(wU(1))). This proves (d).
This completes the proof of Theorem 2.4. O

Formula (2.15) for calculating Tr*(x) is complicated; let us give a simpler form. Consider again
(2.13). Note that the coefficient oo € MU™*(pt) contains a factor 2: the element

c1 + Z %-jkcic{cé
annihilates ¢ and hence belongs to Im Tr*. On the other hand,
PPt =1+t p"(c)=0, p"(ar)=z+tx, p*(c2)=xtz,
hence applying p* we obtain that
rtr+ > yojule + ta) (vtz)”

belongs to Im(1 4 t). So
Yook (wt)* = 2 (wtx)",
that is, ygor = 27 for some coefficient ~.
Recall that, on the other hand, F(c,c) = 0, that is, 2¢ = o(c?). So ygoxc = o(c?), hence taking into
account the relation F'(c,c) = 0 we can rewrite (2.13) after division by

i k
L+ ) yrc'cs
i k>0
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(the coefficient at cc;) as follows:
ccy = doc+ daycct 4 -+ + dpect + .. (2.16)

where dj, = di(c, c2) € MU*|[c, c2]] and do(0, c2) = 0; the subscript n indicates the coefficient at ccf.
Since

p (T (z) —e1) = 0,
it follows from Theorem 2.4c) that there exist elements
§; € MU (Bn)

such that
Tr*(z) = 1 + Zcp*(dj)c;.

J=0
Using the inclusion i : Br — B(mw{U(1)) we have
i*(c1) = ig(c), *Tr*(x) =0, i*(c2) =0;

therefore,
©*(do) = —c.
For the calculation of the other elements §; recall that ¢I'r*(x) = 0, hence
ccl = —cp*(0"), n>1, (2.17)
where
0=—c+ Z 53-0%.
Jj=1

Combining (2.16) and (2.17), we obtain the following assertion.

Proposition 2.6. The elements 0;, j > 0, can be determined from the recurrence relations which
arise from the following formula in MU*(B)[[ca]]:

§=do+ Y did'.
i>2
Proof. By definition, the element
§—do— Y did’
i>2

belongs to Ker p*. On the other hand, this element is annihilated by ¢, hence
§—do— Y did" € Im Tr* NKer(p*) =0

i>2

by Lemma 2.5. 0

Corollary 2.7. For the elements d; € MU*(BZ/2) constructed in Proposition 2.6, the following
formula holds in MU*B(Z/2:U(1)):

Tr*(x) =c1 —c+ Z 90*(5]-)0;.

j=1

In fact, we have proved Theorem 2.3 for p = 2. The general case, similar but more cumbersome,
will be examined below.
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Proof of Theorem 2.3. Note that by the definition of wy, the difference Tr*(wy) — ¢i is an element of
Ker(p*). Thus, Theorem 2.4(c) implies the existence of the elements 5§k)

First, let us elucidate the meaning of the relations

£7r®00:§7r

in Theorem 2.3.

in the general case of B(m{U(1)).
Again, we can use the splitting principle and write formally

Sr=m+m+-+0 un=ci(nm), m=1,...,p.
Applying the Whitney formula for the relation
mcl+--+np@cl=m+---+n

and taking into account the fact that ¢, = ¢;,,(&7) is an elementary symmetric function oy, (u1, . . ., up),
we have
om(F(ui,c),...,F(up,c)) =cm, m=1,...,p, (2.18)
or, in terms of ¢, c1,...,¢p,
<p+z 0,01, ..c;p>:0
and
((p k)ex + Zﬁm i cocht, .c;p) =0 (2.19)

for k=1,...,p— 1 and some BZO i1 BZO’“, iy € MU*(pt).
We claim that these relations are equivalent to the obvious relations

cTr*(1) =0, c¢Tr*(wg) =0

for the elements wy, € MU*(BU(1))P, k=1,...,p— 1, defined above.
For the proof of our claim, multiply the kth relation from (2.19) by py, = (p — k)~! in F,,. Then by
Theorem 2.4, Ann(c) coincides with Im Tr* and hence (2.18) implies that

pr(oks1(F(uy,c), ..., F(up, ) — cpr1) /e = Tr* (ag)
for some a; which we have to find. Let us write
o (o (o1 (F(ur,0), o, Plugs ))exin) fe) = gP(en,. . )

(1 —i—g(k)(al,...,ap)) + Z O'jg](~k)(0'j70'j+1, e Oy e ,op)

J7k
1<j<p—1
k k .
= N(wk)(l —I—g/,(C )(0'1,...,Up)) + Z N(wj)gJ( )(O'j,Uj+1,...,O'k,...,O'p).
J#k
1<j<p—-1

Here the symbol ¢} indicates absence of the corresponding term. So we have

pr(oks1(F(ur, ), ..., Flup,c)) — cpy1)/c
:Tr*(wk)(l—f—g,(ck)(cl,...,cp))—|— Z Tr*(wj)g§k)(cj,cj+1,...,c'k,...,cp)

J#k
1<5<p-1

and
[o1(F(u1,¢),...,F(up,c)) —c1]/c
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¥ 0 ¥ 0
=Tr*(1)(1+ g((J )(cl, ) F Z Tr (wj)g](- )(Cj,Cj+1, ceyCp)-
1<j<p—-1
This proves our claim.
(k)

For calculating §;"’, we start with Egs. (2.19) and rewrite them as follows:

cfile,cr,...,0p) =0, k=1,...,p—1. (2.20)

These are equations in a power series algebra MU*(B)[[cp]], since we know ccy, € cMU* (B)|[cp)].
Now we find explicitly formal series

5 (ey) = 8 (c)ey’ (2:21)
i>0
such that
Tr* (wg) = ek + 5 (cp)
and hence
cc), = —c(0W(cp)), j>1. (2.22)
For this, we replace Egs. (2.20) by the equations
cfe(c,6M(cy), ..., 677V (cy), ¢) = 0, (2.23)

where f;, € Ker p% is a series whose coefficient at 6(%) is invertible.
In fact, fr = 0 since we know that
Ann(c) =ImTr*, Ker(p*) NImTr* =0

by Lemma 2.5.
Then equating each coefficient of the resulting series

gi(ep) = fr(e, 80 (cp), ..., 6P V() ¢p) = 0 (2.24)
in the ring MU*(B)|[[cp]] to zero, we obtain p — 1 infinite strings of equations in MU*(Bn). Assuming

that 51-(1) are already found for i < n, we get

60 = e (i s O i, oo 0 Vs ) (2.25)
which is a system of linear equations in 57(1[ ), l=1,...,p—1, with invertible determinant and coefficients

in MU*[[c]]. Since 5(()1) are already known as Ith Chern classes of the bundle 1 + 6 + --- + 6P~1 by
induction on n we can solve formally (2.25) to get

58(0) = P((3;)icn)- (2.26)
This yields
6 = ) (2) e MU*(Bn),

obviously satisfying our equations.

Now for the remaining equation (2.23) we proceed as follows. Let us look at the term
cfr(0,0,...,0,¢p) in Egs. (2.20). Note that f;(0,0,...,0,¢p) is divisible by p:

fr € Amn(c) =ImTr* = prfp € ImN = f;(0,...,0,0p) €eImN = f(0,...,0,0p).

Next using the relation [p]r(c) = 0 we know that pc is divisible by ¢?; hence each occurrence of
pc in these equations can be replaced by terms with higher powers of c. So ¢f;(0,0,...,0,¢p) can be
replaced by a term divisible by c?.

Also the kth relation from (2.20) contains the term c¢(p — k)ck, and for the condition (2.24) we
multiply the kth equation from (2.20) by (p — k)~!, the inverse of p — k in F,, and as above we can
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replace ¢(p — k)ci by cep+(terms divisible by ¢2). Then we use (2.22) and substitute the series 6¢) in
the resulting equations, thus obtaining (2.23).

This completes the proof for E = MU, which is the universal example of complex oriented coho-
mology theories. From this result we can descend to all F. O

We now turn to calculation of Tr* in general.

Corollary 2.8. For all primes p, Theorem 2.3 enables us to explicitly calculate the transfer homo-

morphism for those polynomials a € MU*[[xl, <oy xp]] for which Na = a+ta+---+tP~La is symmetric
M T1,...,Tp.
Proof. If
Na = alal(al, e ,O'p) + -+ Up_lap_l(al, S ,Up>,
then

Tr*(a) = Tr*(wi)ai(er, .- -, ¢p) + -+ -+ Tr(wp—1)ap—1(c1, - .., ¢p))-
To see this, we set
a= wlal(ol, . 7(‘J'p) + -+ wpflap,l(al, PN ,O'p).
Then N(a —a) = 0, that is, a — a € Im(1 — ¢), hence Tr*(a) = Tr*(a). O

Remark 2.9. For p = 2, we have the recurrence formulas for Tr*(z*), k > 1:
Tr*(z) = Tr* (wy), Tr*(af) = Te* (2% Y)ep — Tr* (2F2)e,.

This follows from the formula

¥ = PN+ tr) — 2F 2 (ata).

3. Transferred Chern Classes for },-Coverings

If we consider a p-local, complex, oriented cohomology E*, then by standard transfer arguments
(see Lemma 3.2 below), E*(BY,) is isomorphic to the subring of E*(Br) invariant under the action
(k)

of the normalizer of  in 3,. The results of this section imply that the elements §," € E*(Bm) from

Theorem 2.3 are invariant under this action. This defines elements gz(k) € E* (BY,) which we use for
calculating the transfer.
In this section, we consider BP*(X,pr) for X = CP®°, and for the covering projection

ps, : EX, x XP — Xﬁzp,
we give the formula for the transfer homomorphism
Try," : BP*(X?) — BP*(X,JZEP) (3.1)
using the elements Sgk)
We need definitions similar to those of Sec. 2, with the cyclic group replaced by the symmetric

group. The p-fold product £*P of the canonical line bundle over X? extends to an p-dimensional
bundle

{s, = EX)p xx, &7 (3.2)
over Xﬁzp classified by the inclusion
Xly, = BS,10(1)) = BU().
Let ¢; = ¢i(€s,). Then
ps," (i) = ci(§F) = oy,

the ith symmetric polynomial in the x;, where BP*(X?) = BP*[[z1,...,zp]].
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Then we have the projection

©p: X}fzp — BY, (3.3)
induced by the factorization ¥, U(1)/U(1)? = £, and the inclusion

. p

i B, = XJ, | (3.4)

induced by the inclusion of ¥, in ¥, U(1).
Definition 3.1. Let ¢; = Trg, " (2122 --2;) fori=1,...,p— L.
Lemma 3.2. The following relation holds:
ps,” (6) = il(p —i)lo.
Proof. We have
ps, " (G) = ps,” Trs, (122 - @) = Ny, (122 -~ 25).
For each subset of ¢ integers {j1, jo, ..., i} such that 1 < j, < p, there are i! bijections
{1,2,...,i} = {j1,d2, - -, Ji}
and (p —4)! bijections
{i+1i+2,....,p} = {L,2,....,p0\{J1,72,---,Ji}
Thus, there are i!(p —4)! summands of zj, xj, ...z, in Ny, (v122...2;). O

We recall that
BP*(Bm) = BP*[[2]]/([p]=)
with |z| = 2. The corresponding calculation for BP*(BY,) is also known (see [35]). For the reader’s
convenience, we derive this result in a form useful for our purposes.

Lemma 3.3. As a BP*-algebra,

(i)  BPY(BX,) = BP[[y]l/(yTrs, (1)),
where y and Trgp(l) are uniquely determined by p;zp (y) = 2P71, and

(i)  prx, (Try (1) = (p — D!'Trz(1) = (p — 1)![pl(2)/2.
In particular, |y| =2(p — 1).

Proof. (ii) If we apply the double coset formula (transfer property (vi)) to

* Trz’zp * p;’z *
BP*(Be) —%" BP*(BY,) —% BP*(Br),

the statement follows from Quillen’s formula.
(i) The relation y Trs; (1) = 0 is a consequence of the Frobenius reciprocity. To see that it is the
defining relation, we recall that the cohomology of B, with simple coefficients in Z,) is

H*(BXp; Zy)) = Zgy)lyl/ (py),

where |y| = 2(p — 1). This easily follows from the mod-p cohomology and the Bockstein spectral

sequence.
Also

H*(Bm; Zy)) = Zy) 2]/ (p2),
where |z| = 2. The map
pry, : Bm— BY,
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yields
prs, (y) = 2P~
Now the Atiyah-Hirzebruch-Serre spectral sequence for BP*(BY,) is
Ey = H*(BX,p; BP*) = BP*[y]/(py) = BP"(B%,).
Since y is even-dimensional, the sequence collapses at Ey = Eo. Thus, BP*(BX,) is generated by y
as a BP*-algebra.
For the group W = Ny (7)/m ~ Z/(p — 1), |W| is prime to p, hence by the standard transfer
argument
Pry, : BP"(BY,) - BP*(Bm)
is an injective map of BP* algebras. Since
Pz, (v Ty (1)) = p!2P~! 4 terms of higher filtration,
we see that
YT, (1) = 0
is the unique relation. ]

Relating m and %,,, we have a lift of pr 5,

Pr,Tp

p
X X5,
% lw
Br Pr,Tp sz

Lemma 3.4. We have

Prs, (Ck) = Kl(p — k) Tr7 (wg).
Proof. Note that modulo Im(1 — t), we have

Yg*(x1me - - xp) = kl(p — k)lwy,

summed over ¥, /7. Applying the double coset formula we have

P, (@) = pr, Tl (wra o) = Tey ) g (wawz - ap) = Kl(p — k)! T (o).

gES, /T
The lemma is proved. O
Let
c=¢*(y) € BPPPU(X] ).
Lemma 3.5. Im Tr*zp is contained in the BP*-algebra generated by c,cq,...,¢p—1,Cp.

Proof. By the Kiinneth isomorphism,
BP*(X?P) = BP*(X)** =FaT (3.5)
as a m-module, where F is free and T is trivial. Explicitly, a BP*-basis for T is {z%---2%, i > 0},

while a BP*-basis for F' is {a:lll - ~:c§,” , i; > 0}, where not all the exponents are equal.
By Lemma 3.3, Tr5; (1) is a power series in ¢. Now recall (see [22, p. 44]) that we can consider

BP*(XP), X = CP™, as a free BP*[[oy,...,0,]]-module generated by 1 and the elements z?" - - - x;p €
F, with 0 <1i; < p—j. So by the Frobenius reciprocity, it suffices to calculate the transfer on these
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monomials. Summed over the symmetric group Y ¢*(z}' - 2y

has the form
Z Z g*(afill . -x;”) =0181+ -+ 0p—1Sp—1 = Z(wlsl + - wp_15p-1)

s Ep/ﬂ- s

) is a symmetric function and hence

for the elements wj, from Theorem 2.4 and some symmetric functions si,...,s,—1. Hence modulo
ker Ny = Im(1 —t), t € m, we have the following equation in F":

Z g (@) - ay) = wist+ - Wpo1spot.
Yp/m
The left sum consists of (p — 1)! elements each having the same transfer value. Also wy, is the sum of

pt <z> elements x;, - - - z;,; on each of these elements the transfer evaluates to Tlr*ép (1 xK) = Ck-

Thus, the Frobenius reciprocity and Lemma 3.4 are all that is needed for calculating Trgp. 0
Recall the elements 5§k) € BP" (Bm) derived from Theorem 2.3 by the naturality. By the standard
transfer argument again, the map induced by
Py Xi = Xiig,
the lift of prx, : Bm — BY,, is also injective. Moreover, for BP*(X,’;EP) the ring structure is
completely determined by the following theorem.

Theorem 3.6. As a BP*-algebra,
BP*(X,IZZP) = BP*[[c,é1,. .., Ep1, )] /(¢ THS; (1), ¢6)
and we have the formula

B — K(p — R)lex = Bizop” (5)el

» k=1,...,p—1,

where the elements 5~Z(k) e BP (BX,) are determined by
* <(k k .
P, (87) = Kp = ks, j > 0.
For the proof, we follow that of Theorem 2.4. Let
S(s,) = EXp x5, S(€7P)
be the sphere bundle of the bundle {5, of (3.2)). Xﬁzp is homotopy equivalent to the disk bundle
D(és,) = EXp x5, D(§7P).
Then we have the obvious inclusion
io : sz — S(fzp)
and the projection
vo: S(&s,) = B,
with fiber S(£*P); @oio is the identity. Thus, stably BY, is a wedge summand of S(&s,). As for the
other summand, let 4
Xy, = VI ES; x5, BU(1).
By the standard transfer argument localized at p, Xy, is a stable summand of

p—1
\/ EZi x BU(1)Y
i=1
and hence of EX,, x BU(1)*P. From this we derive the following result.
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Lemma 3.7. One has a stable equivalence localized at p
oV fg, : S(&s,) = BE,V Xy,

with fs,, the composition of stable maps

TI‘E
fr, : 8(Es,) = Xfy, —2 ES, x BUY - Xx,.
Proof. The inclusion iq splits off of H*(BY,) in H*(S({x,)). Furthermore, in mod-p cohomology

H*(S(&7)) = Fplz1, ..., 2]/ (0p),
hence
H*(S(gxp))zp ~ Fp[éb R EP—IL

by Lemma 3.2.
Then H := H*(S({*P)) is a free m module and H*(X,; H) C H*(m; H). Thus

H™ if =0,

H* (% H) = {0 if %> 0

Therefore, there is an isomorphism

H*(S(&s,)) 225 [7(S(€°7)% @ H*(BY,),

where p : S(£*P) — S(£x,) is the projection. We have to prove that the first summand is fgpﬁ*(Xgp).
By the naturality of the transfer we have the commutative diagram

S(&*?) —= BU(1)P — X5,

vl o

S(&s,) — Xis,

Thus, fx, coincides with fz}p, the map Trg followed by the horizontal maps in the above diagram. We
show that the restriction of Tr§ to the image of H*(Xy; ) is an isomorphism onto H*(S(£*?))>r.
Now considering the transfer for the 3; coverings

EY; x BU()N — EYX; xx, BU(1)™,

it follows from transfer properties (ii) and (vi) that H*(EYX; xy, BU (1)) is a submodule of H*(EY; X
BU (1)) generated by ¥; norms of monomials in 21,9, ..., 2;, with nonincreasing degrees. From
this it is straightforward that H*(Xy,) and H*(S(£*?))*r have the same ranks in each dimension.
Thus, we are reduced to showing the desired map is injective.

However, for any monomial x in z1,xo,...,z;, we have

Trg(Ny, (z)) = il Trg(z)

by the naturality of the transfer. Thus, the restriction of Trj to the image of H*(Xyx,) will be a
monomorphism if Tr{ is nonzero on polynomials consisting of monomials with nonincreasing degrees.
This in turn will follow if the norm Ny is non-zero on such polynomials. In fact we claim:

ip_1

(1) Ny, is nonzero on any monomial z* = z' --- 7"}, and
(2) different monomials with nonincreasing degrees in z1,...,z;, ¢ < p are in different ¥, orbits.
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Claim (2) is obvious. To prove (1), we set J = (ji,...,jp) and 7 = x{l---xip, all of whose
exponents are not equal. Then we will show that the coefficient of z” in Ny, (x”7) is prime to p. The
isotropy subgroup of 7 is the finite product ,, x %, x --- < X,,, where n; is the number of terms

of J equaling j. This group has order nilns!. .., which is prime to p. Hence
Ny, (z) = (n1lna!. .. )z? + other monomials.
This proves the claim. Thus, ¢gV fx, induces an isomorphism and hence is a p-local stable equivalence.
O
This implies

Lemma 3.8. The long evact sequence for the pair (D(s,),S(€s,)) gives the following short exact
sequence:
0 BP*(S(¢s,)) + BP*(X}y ) BP*((X,’zEp)fzp) 0.

Indeed, the left arrow is an epimorphism by Lemma 3.7 and hence the right arrow is a monomor-
phism.

Now the proof of Theorem 3.6 is completely analogous to that of Theorem 2.4 taking into account
additionally that any element y € BP*(X} ) has the form

Yy = ‘P*(u) +g(517 e 76}0—1) +ylcp

for some u € BP*(X] ), where g is a formal power series and y; € BP*(X} ). This follows by
Lemmas 3.7 and 8.4.

4. Calculation of the Elements (51-(’6) and Sl(k) in the Morava K-Theory

In this section, we work in the Morava K-theory K(s)* and give an alternative, better algorithm
for explicit calculations.
Fix a prime p and an integer s > 0; then
K(s)" = Fp[”&?)sil]a

where |vs| = —2(p® — 1). By a result of Wiirgler [38], there is no restrictions on p: although K(s) is
not a commutative ring spectrum for p = 2, we shall consider only spaces whose Morava K-theory is
even-dimensional. This implies the deviation from commutativity is zero.
We recall that
K (s)"(Br) = K(s)"[2]/(z""),
where |z| = 2.
Similarly to Lemma 3.3, we obtain the following assertion.
Lemma 4.1. (i) The map pxyx, : Bn — BY, induces an isomorphism of K(s)*-algebras
Pz, K ()" (BEp) = {K(s)"(Bm)}",
where
W = Ny, (r)/7 ~ Z/(p — 1),

Computing invariants yields

K(s)"(BXp) = K(s)*[yl/(y™),
where

p;krzp(y):’zp_la ms = [(ps—l)/(p—l)]+1

’

(i) Trg, (1) = —vsy™ .
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Then combining Theorem 3.6 and Remark 2.2 we obtain
K(s)*(XﬁEp) = K(s)*[[c,¢1,. .., Ep—1,¢p]]/ (™, cC;).

Our main result in this section is the following proposition.

Proposition 4.2. We can construct explicit elements 5§k) € K(s)*(Bm) such that the following as-
sertions hold.

(1) in K(s)*(X7 ), we have
er(Er) = Tri(wn) = D oh(8")ep (&)
0<i<p®
(2) in K(s)*(XﬁEp), we have

crlEs,) = Trg, (1..a) = Y 0%, (0()cj(Es,)
0<i<p®
with
P, (517) = Ki(p — R)16 R
(3) the value of Try(c1(&;)) is determined by
(&) =Tp(cr(&) +vs Y. TP E (g,
1<j<s—1
where &; is the pullback of the canonical line bundle & by projection BU(1)? — BU(1) on the
ith factor.

We are grateful to D. Ravenel for supplying us with the proof of the following result.

Lemma 4.3. For the formal group law in the Morava K -theory K(s), s > 1, we have

Fly)=z+y—v, » p ' (‘?> S C (T L
0<j<p J

)

2(s—1 2(s—1
modulo 27 (or modulo yP ( )).

Proof. This result can be derived from the recursive formula for the FGL given in [31, 4.3.9]. For the
FGL in the Morava K-theory it reads

Fo_ i(s—1)
F(ZE,y) = Z U?wi(wvy)p )

i>0

where w; is a certain homogeneous polynomial of degree p’ defined in [31, 4.3.5] and

iS5 1
€; = b .
pP—=1
In particular, wg = x + v,
wp = — Z pil <p) jypijv
0<j<p J

and w; ¢ (P, yP).
We find it more convenient to express F(z,y) as
s—1 2(s—1)
Fla,y) = F(+y, ver (o) otwn(a, )™ "),

2(s—1) 2(s—1)
S

Then for s > 1, we can reduce modulo the ideal v$2(z? and get
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F(z,y) = F(x + 9, vswl(x,y)pkl)

= F(fv +y + vswi(z,y)?

s—1

s—1 s—1
) Usw1($+y> Uswl(xvy)p )p ) )

1 —1 2(s—1)
) Ugs wl(xvy)p ’ ))7

s—1

= F(w +y+vawi(z,y)f, vew (96”571 + 9

and modulo Uiers_l(me(kD,yp2(571>) we have
Fz,y) =z +y+vaw (2,y)"
The lemma is proved. O

For brevity, we write oy, = o (z, F(z,2),..., F(z,(p — 1)z)).
Corollary 4.4. In K(s)*(BU(1) x Bm), the following formula holds:

o) = — Z )\gk)aé +p ! (g) P P 1

0<i<p®

where )\Z(k) = )\Ek)(zp_l) are polynomials in 2’1 and )\(()j) =0,j=1,....,p—2, )\gpfl) = P71
Proof. For 1 < k < p — 1, equating the coefficients of z??, 1 < i < p*, we obtain a system of linear
equations with invertible matrix of the form Id +nilpotent. Thus, the elements )\gk), ce )\](ﬁ) can be
defined as the solution of this system. Of course, equating the coefficients at z* for i # p,2p,...,p**!,
we obtain other equations for )\g.k), j = 1,...,p°. But these equations are derived from the old
equations above. These additional equations make the matrix upper triangular. ]

Now we prove Proposition 4.2 and show that one necessarily has (Sl(k) = )\Z(k), 1=0,...,p° for )\Sk)

encountered in Corollary 4.4. Thus by Lemma 4.1, 62-(k) is invariant under the action of W and we can
define Sgk) by
s, (01) = Kl(p — k)16,
The diagonal map A : BU(1) — BU(1)? induces an inclusion Br x BU(1) — X} and the
commutative diagram

En x BU(1) —— Em x BU(1)?

ml |+

Br x BU(1) xP

Then

xare) =t (§)et 2=a

Hence by transfer properties (i) and (iv), we have for the transfer Tr = Tr(m x 1):

T (1 x A)*(wp) = ! (Z) T (1) = ! (Z) o,

(k)

On the other hand, by the existence of the elements J,’ we have

Tr (1 % A)*(wy))
= (2, F(2,2),...,F(z,(p— 1)2)) + Y 8. ol (¢, F(,2),..., Flz,(p — 1)2));

>0
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&x Testricts to Y€ ® 60 on BU(1) x B, and thus cx(&;) to

O'k(ZL',F({L‘,Z), vy F(z, (p— 1)z));

by Lemma 4.3 and the fact that 2?° = 0, [i]z can be replaced by iz. By Corollary 4.4,
Uk([L‘, F(IL’, Z)7 s ,F($7 (p - 1)2))

S Z )\Z(-k)U;(.%',F<l’, 2),...,F(x,(p— l)z)) +pt (i)xkvszps_l.

Then the restriction of (1 x A)* to Ker p* is a monomorphism (see [24]). This proves Proposition 4.2

and shows that 5i(k) = )\Ek) for 0 <1 < p® and zero otherwise. Statement (2) follows from Lemma 3.4.
Then statement (3) follows from the following explicit formula for oy.

Lemma 4.5. In K(s)*(Bm x BU(1)), we have

s—1
s _ S_ i 1—1
01 = s (zp e+ g 2P ob )

i=1
Proof. One has

or=x+F(z,2)+--+ F(z,(p—1)z)

s—1

:x—l—:c—i—z—{—vswl(mp‘ !

J((p—1)2)P )

s—1

,Zps_l)+--‘+:E+(p—1)z+vsw1(a:p

s—1 p

plp— 1) = ’ g N
= px + TZ+US <Z w1(x,iz)> = vy ZZ—p‘1<j>z’]mp_Jz]

i=1 i=1 j=1

o (E) )

j=1 i=1

ps—l

p=1
Now > i/ is an integral linear combination of 0% (1,2,...,p — 1) with k£ < 4, hence by it is zero for
i=1

it<p—1andfori=p—1itisp—1. Thus,

1 p 1 1 P S s—1 s—1
o1 = —Us ((p— 1)p~ (p 1>zp_ aP~ (- )> =gzl TP 2P (4.1)

Now since F(z,2)P = aP 4 2P, we have
ob = (z(x+2)...(x+(p—-1)2)".
But again we have
z(xz4+2)...(x+(p—1)z2) =aP —zP 1.
Substituting this we obtain

s—1
S _ S__ it i—1
ve | 227w + E 2P b

=1

s—1
S _ S__ S__ ot _ 1—1
= v <zp 1z + 27" Po, + g 2P (P — P Iy )P )

=2
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s—1
S __ S __ S__ it 7 _ i—1 i—1
) (Zp Lp 4 27" P, 4 E :Zp P (QCP — H=1p" p )) .

=2
But it is straightforward to see that

V=1 i S ¢ < s
E:Zp p _ ,=Dp 7 p )= TP P P PP,
1=2

Hence

s—1
S _ S__ it i—1 S _ S _ s__s—1 s—1 S _
Vs <zp Yy 4+ E 2P b ) = v (zp T A o Y T p:z:p> .

i=1
Now we have

P (z, k) = 2P P (2 4 kz 4 vewy (2P

s—1

L(k2)?)) = 2P (@ + k2),
hence
PP, = P Py 4 2) (x4 (p— 1)2) = 2P P (2P — 2P ).

Substituting this into (4.2) we obtain

s—1
s (zpslx + Z zpsplagl) = 0,27
i=1
which is o7 by (4.1).
Now we calculate some of the elements (51-(19) and Sz(k)
First, recall (see [21, 31]) that generators for

m«BP - H.BP

i |

Z(p)[vl,vg,...] C Z(p)[ml,mg,...]
where
vn| =2(p" = 1) = [mal,
are given by

n—1 )
Up = pMy, — Z mivl ..
i=1
Given a formal group law over a graded ring R.,
Za o'y’ € Rulle,yll,  aif € Rogiyjony,
there is a ring map
g: MU, — R,
which induces the formal group law, that is,
MU R
g ( z] ) aij‘

We use also the following well-known formulas:

F(z,y) = exp(logzx +logy), logx = Z My T
n>0

for calculating the elements §; in BP theory by the algorithm of Sec. 2.

(4.2)
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Example 4.6. For §; € BP*(BZ/2) = BP*[[z]]/([2](2)), we have modulo z8:
61 = 0322 4+ (V3 + v9) 2% + w1zt + (V) + v3u) 28 + (vivg 4+ 3 + v3)2".

5. Transfer and K(s)*(Xf;Ep)

Let X be a CW-complex whose Morava K-theory K (s)*(X) is even-dimensional and finitely gen-
erated as a module over K (s)*.

In this section, we study the transfer homomorphism in this more general context. We extend some
results of Hopkins—Kuhn—Ravenel [23] to spaces. We consider the Atiyah—Hirzebruch—Serre (AHS)
spectral sequence:

Ex**(m,X) = H*(m; K(s)"XP) = K(s)" (X} ). (5.1)
By the Kiinneth isomorphism,
K(s)"XP 5 K(s)"X)®P, (5.2)

Then K (s)*X? is a m-module, where 7 acts by permuting factors (see [23, Theorem 7.3]).

An element x € K(s)*(X) is said to be good if there is a finite cover Y — X together with an Euler
class y € K(s)*(Y) such that z = Tr*(y), where Tr* : K(s)*(Y) — K(s)*(X) is the transfer. The
space X is said to be good if K(s)*(X) is spanned over K (s)* by good elements.

Let v = ¢*(2), where ¢ : X; — Br is the projection, and let {z;,j € J} be a K(s)*-basis
for K(s)*(X). Hunton showed [25] that if K(s)*(X) is concentrated in even dimensions, then so is
K(s)*(X} ). We adopt a stronger hypothesis that X is good and derive a stronger result, following
the argument of [23, Theorem 7.3] for classifying spaces.

Proposition 5.1. Let X be a good space.
(i) As a K(s)*-module, K(s)*(X} ) is free with basis

{Ve@)|oci<p ieg]

and
Y 192,03, ® @, [I€P, ¢,
(i1 yigy..vip)=I
where I = {(i1,12,...,4p)} runs over the set P, of m-equivalence classes of p-tuples of indices
ij € J at least two of which are not equal.
(ii) X7 is good.
Proof. (i) By the Kiinneth isomorphism,
K (X)®* =FaT (5.3)

as a m-module, where F is free and T is trivial. Explicitly, a K(s)*-basis for T is {(z;)®?, i € J},
while a K(s)*-basis for F'is {z;;, @ 74, ® --- ®@x;,, i; € J}, where not all the factors are equal. Then

F™ ifx=0
H*(m; F) = n ’
0 if*>0
and
H*(m;T)=H"(Br)®1T.
Thus,

B, X) = K(s)"(XP )" =F"&T.
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To continue the proof, we recall the covering projection
pr: Em x XP — XV
its associated transfer homomorphism
Tr* = Try : K(s)"(X?) = K(s)"(X},), (5.4)
and the induced homomorphism
pa” K (s)"(XL) — K(s)"(XP).

Similar maps are defined for the group ¥,. Then p.* Tr* = N, where N = Ny is the trace map.
Thus, we have established the following lemma.

Lemma 5.2. If y € K(s)*(X?) is good, then there exists a good element z € K(s)*(X} ) such that
pr(2) = N(y).
Lemma 5.3. If v € K(s)*(X) is good, then there is a good element z € K(s)*(X} ) such that
pr(z) = 2%P.
Proof. By assumption, there is a finite covering f : Y — X and an Euler class e € K(s)*(Y') such that
x = Tr*(e). Now consider the covering
¢:fx...xf:yp_>Xp’
which extends to a covering
1x¢: Y2 — XP_

and yields a map of coverings

Er xYP ——=Y}

1><¢i J/1><¢

Emx XP —— XP_

The class e®P is an Euler class for YP. Since the transfer is natural and commutes with tensor
products, we have

pETr* (1 ® e®P) = Tr* pr* (1 ® e¥P) = Tr* (e%P) = Tr*(e) ® - - - @ Tr*(e) = 2®P.
The lemma is proved. O
Corollary 5.4. Ey%* (7, X) consists of permanent cycles that are good.
Thus, as differential graded K (s)* modules, there is an isomorphism of spectral sequences
(BE,**(m,pt) ®k (s T) & F™ = E,** (7, X).
It follows that as a K (s)*-algebra K(s)*(X} ) is generated by K(s)*(Bn), T, and F™.
(ii) The proof of [23, Theorem 7.3] carries over. This completes the proof of Proposition 5.1. [

Remark 5.5. From the periodicity of the cohomology of a cyclic group [15, Proposition XII, 11.1],
we have the isomorphisms

H' (m; K (s)"(XP)) = H'™(m; K (5)"(XP))

for t > 0 and
HO(m; K ()" (XP))/ Im(N) = H?(m; K(s)*(XP)).

Thus, multiplication by z is also injective on 1" at the Es term.
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Remark 5.6. p;* Tr* = N; thus, modulo ker(p;*) we have

T (2, @ @iy ® - @ 1i)) = D 1@ Tp(iy) @ T(in) @+ @ T ) (5.5)

oem

Note that if the i; in (5.5) are equal, the right-hand side is zero. However,
Tr* (z;%P) = 1 @ x,;%P - Tr*(1).

Now we turn to K(s)*(X}’;Ep).
Let ¢ = ¢*(y), where ¢ : EX, xs, X? — BY, is the projection.

Proposition 5.7. Let X be a good space. As a K(s)*-module, K(s)*(XﬁEp) is free with basis
{ci®(xj)®p ’ 0<i<mg, jej}
and

Yo 192, ®1,® @, [[€& ),

(7:177:27"‘7ip):I

where I = {(i1,142,...,1p)} Tuns over the set &, of ¥p-equivalence classes of p-tuples of indices i; € J
at least two of which are not equal.

Since |W| is prime to p, the result follows from the AHS spectral sequence, as in the proof of
Proposition 5.1.

6. Transferred Chern Classes in the Morava K-Theory

6.1. Statements. Let p be a prime and 7 be the cyclic group of order p. For a given action of 7
on a space X, consider the regular covering

p:Erx X — Enx;X.

For brevity we write X, := Em X, X. For the permutation action of 7 on X = Y?, we have

VP =FEn x.YP.
Let t be a generator of 7 and Ny = 1 +¢ 4 --- 4 tP~! be the trace map. For a n-plane bundle 1", the
corresponding classifying map

f:X — BU(n)
induces the classifying map (f,tf,...,t?~Lf) for the bundle N,n" and thereby a map of orbit spaces

fnn N XhTF — BU(TL)ZW
For the covering
pr : Em x BU(n)? — BU(n)}

and the universal n-plane bundle £” — BU(n), we consider the Atiyah transfer bundle (see [2])

& — BU(n)y,,
i.e., the np-plane bundle

& = Em xx (€7)°F.

Then the map f,» classifies the Atiyah transfer bundle for n" and p. So by the naturality of the
transfer [1] we can consider p, as the universal example.

Let K(s)*, s > 1, be the sth Morava K-theory at p. We recall that, by the Kiinneth isomorphism,
K(s)*(BU(n)?) = F & T as a m-module, where F' is free and T is trivial.
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Definition 6.1. Let w,in) € F be defined modulo ker N; = Im(1 — ¢) by

Nﬂ(w]({;n)) = Ck(Nﬂ'(gn))a
where ¢, are Chern classes, k € {1,...,np} \ {p,2p,...,np}.

By the naturality of the transfer Tr; = Tr} ¢, where
Try : K(s)"(Em x BU(n)?) = K(s)*(BU(n)}_),

hence Tr} (w,gn)) is well defined.
We write wg(n™) for the pullback by map f,» of orbit spaces defined above.
Recall that

K (s)"(Br) = Fplvs, v; '][2]/(2""),
where z = ¢1(6) is the Chern class of the canonical complex line bundle over Br.
Lemma 6.2. We can define a polynomial in n + 1 variables
AP 70, Z) € K(8) (2 2y s Zn)

uniquely by the equation in K(s)*B(m x U(n)):

s_1 _ P ; . _
C), — vzl "1p7t E ( ) ) >c§1...c§l" :A,(c")(zp I,Cp,...,Cpn),
i1+ 2iptmin=k N 07T tn
=
to+i1+-+in=p

where
Ci=ci(E"00RE"®-- @ Lo,
¢; = ¢;(€") are Chern classes, and k € {1,...,np} \ {p,...,np}.

For example, in K(s)*(Bm x BU(1)), p > 2, we have

s—1
S __ S __ it 7—1
C1 = v (zp Loy E P4 ) ;

=1
thus
s—1 )
Agl)(zp_l, Z1) = vs Z PP P
i=1

i—1

Then using the polynomials A,(cn), we evaluate the transferred classes wy(n™) for regular coverings.

Theorem 6.3. Let p : X — X /7 be the regular cyclic covering of prime index p defined by a free
action of m on X and Tr* = Tr:‘) be the associated transfer homomorphism. Let n™ — X be a complex
n-plane bundle, n — X/ be the pn-plane bundle defined by Atyiah transfer, and ¢ — X /7 be the
complex line bundle associated with p. Then

ex (1)) = T (wi(n™) = AL (A7 W), ), s em(n)),

where k € {1,...,np} \ {p,...,np}.

Example 6.4. w; = ¢1(n™); hence if £ = 1, we have
() = T (e (™) = A7 (47 @), enln), - o).
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If, in addition, n = 1, then by above example we have for the line bundle n — X and the transferred

Chern class
s—1

c1(ne) — T (er(m) = vs Y 1 ()" ()P
1

i—1

)

For p = 2, we have

AP W), e2) = e1(9) + sumier () ean)
6.2. Proofs.

Remark 6.5. Neil Strickland suggested an elegant proof of Lemma 6.2 completely within the context
of subgroups of formal groups. This material is available from N.P.Strickland@sheffield.ac.uk.
It uses rather different techniques than our proof for which we now offer some motivation. The lemma
says that modulo image of the transfer

Tr* : K(s)*B(U(n)) — K(s)"B(m x U(n))

for the covering m x 1 : Em x BU(n) — B x BU(n), the class Cj can be written as a polynomial
in 27! and C,,..., Cpyp, that this expression vanishes when restricted to K(s)*BU(n), and that the
indeterminacy is obtained by applying the transfer to p~'C}, after restricting to K (s)*(BU(n)). This
uses Frobenius reciprocity and the fact that

T (1) = [p](2) /2 = vs2
in the Morava K-theory.

Proof of Lemma 6.2. We begin by considering the case n = 1. Let o; be the ith symmetric functions
in p variables. Then

Ci=oi(z,F(z,2),...,F(z,(p—1)z)),
where 2 = ¢1(¢1) and z = ¢1(#) are Chern classes in K (s)*B(m x U(1)) = K(s)*[[z,]]/(2""). Consider
the equation

Cp=— i CF + 1<p>xkzpsl, 1<k<p-1.
k og‘g:ps kiCp TP L p
We prove that such \g; uniquely exist as elements in K (s)*[[2]]/(z?") and calculate these elements as
polynomials in zP~1. Then
AV ) = Y aCh
0<i<p?®
Since C}, is the Chern class of the bundle ¢ ® (1 + 60 + 6% + .- + 6P~1), it can be written as a series
in the Chern classes of &, i.e., #, and the Chern classes of 1 + 6 4+ 62 + --- + 6P~1. But the Chern
classes of the latter bundle are elementary symmetric functions in z,2z, ..., (p— 1)z, the Chern classes
of 6,62,...,0P! all of which vanish except the (p — 1)th class which is —2zP~!. Hence we can write
the classes C}, as series in x and zP~!. Lemma 4.1 allows us to write C}, as explicit polynomials in
and zP~!. Now noting that C), = 2P mod 2”~!, we obtain from the above equation a system of linear
equations in variables A; by equating the coefficients at 2%, i > 0. Vanishing also implies Ay = 0,
k=1,...,p—2, and
Ap—10 = Cp—1(1+60+---+ oP1) = —p7 L,
Then equating the coefficients at z?, ... ,xpSH in the above equation after rewriting it in terms of x
and 2P~ as above, we have a system of p® linear equations in p® variables A, i = 1,...,p°. The
determinant of this system is invertible since the diagonal coefficients are invertible and all other
coefficients lie in the (nilpotent) augmentation ideal. Thus the elements Ag; are uniquely defined.
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Of course, equating the coefficients at a* for i # p,2p,...,p°T! will produce other equations in
Mkj, J = 1,...,p°. But these equations are derived from the old equations above. These additional
equations make the matrix upper triangular. This defines A,(i,l).

In the general n case we proceed analogously, noting that Cj, = ¢ mod P i=1,...,n

Our additional claim again is that the A,(Cn) are polynomials, that is, only a finite number of elements
Ak ,...in are nontrivial. Here we need the splitting principle and Lemma 4.3 to express explicitly the
elements C;, i = 1,...,np, in terms of polynomials in 2P~! and cy,...,c,. For k € {1,...,np}\
{p,...,np}, let

AV G Cp) = Y Ak O Ol
0<it,0mrin <p*
We define
Ak0..0 =cp(n+nb+ -+ nfP 1)
again by looking at reductions to K(s)*(Bm). The other n(p® + 1) — 1 elements Ag;, ;. can be

defined as the solution of a system of n(p® + 1) — 1 linear equations with an invertible determinant.
This system is obtained from the equation after using Lemma 4.3 to rewrite it in terms of 2P~! and

c1,...,cn and equating coefficients of czfil ...cP" . The solution defines Mkit,oins 0 < i < p®. Again,
the additional equations in these elements arise from the coefficients of other monomials and are not
new. The desired polynomials are thus uniquely defined. O

Proof of Theorem 6.3. Consider the homotopy orbit space
BU(n)y = Em xx BU(n)?
as the universal example. The diagonal map BU(n) — BU(n)P induces the inclusion
i: Br x BU(n) — Em X BU(n)?.
We use [24, Proposition 4.2], which implies that since BU (n) is a unitary-like space (i.e., K(s)*BU(n)
has no nilpotent elements), the map (i V p)* is a monomorphism. Since pk Tr* = N, the difference
er() — Tr* ()

belongs to ker p} and hence is detected by 7*. The result now follows from Lemma 6.2. O

Note we can replace the cyclic group by the symmetric group ¥, and use the polynomials A,(C”) to
evaluate the disparity or “gap” between the Chern class ck(égp) and Im TI‘*EP, for

ps, 1 EXp x U(n)P — BU(n)ps, -
Namely, the Euler characteristic of the coset space
Y,0U(n)/miU(n) = (p—1)!
is prime to p. Hence the inclusion
Prs, T — Xy
induces a monomorphism
K(s)"(B(XpU(n))) = K(s)*(B(m 1 U(n))).

Hence Hunton’s result above holds for BU (n)ZZp.

Now let g,gn) € F be defined modulo ker Ny, by

N, (5) = ex(No(€")).
Again Tr; (g,gn)) is well defined: as above, Ker N = Im(1 — t*); therefore,
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a € Fnker Ny, = Z g*a € Im(1 —t*)
gEXy /T

= Ty, < Z g*a) =0 = (p— DTy, (a) =0 = Try (a) =0.
gEXy /T

Then for the np-plane bundle over BU(n)zzp

& = E%, xx, ()77,
the difference
ce(€) — Ty, (o)
belongs to ker ,o*Ep and hence is detected by the polynomials

AL, epl€8,)s s enpl€8,)),
where
y € K(s)"(B(Zp)) = K(s)"[[yll/(y™)
and |y| =2(p—1) and ms = [(p®* —1/(p—1))] + 1.
Theorem 6.6.
erlet,) = Te, (o) = A (1, (&), -y canl€R,))
forke{l,...,np}\ {p,...,np}.

7. Stable Euler Classes

Now we turn to G, = w2 (Z/p"), where 7 = Z/p. Then BG,, = X; _for X = BZ/p". Consider the
AHS spectral sequence for

B(Z/p")? — BG, % Br.
Then
EP" = H*(m; K*(s)(B(Z/p")")),
where
K*(s)(B(Z/p")) = (K(s)'[2)/(z"") " = F& T

and F and T, as in (5.3) above, are free (respectively, trivial) m-modules.

Let v = ¢*(2), where K(s)*(Bm) = K(s)*[2]/(2P") as above.
Proposition 7.1. As a K(s)*-module, K(s)*(BGYy,) is free with basis

(o) o<i<p, 0<j<p)

and
Y 1 e2e- @27 | T€P)(n),,
(41,824ees ip):I
where I = {(i1,12,...,ip)} Tuns over the set Pp(n) of m-equivalence classes of p-tuples of integers
{0 < i; < p™} at least two of which are not equal.
Proof. This spectral sequence calculation is exactly analogous to that of Proposition 5.1. O
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Remark 7.2. (i) For X = CP®, Proposition 7.1 gives another derivation of K(s)*(X7 ). Since

oo : n A
CPe) = [co}llmB(Z/p )]p,
we have

K(s)"(X7 ) =lim K(s)*(BGy).
(ii) Gy, is good for K(s)* by [23, Theorem 7.3].
By analogy with Sec. 4 we have the following lemma.

Lemma 7.3. (i) Im(Tr*) -y =0.
(ii) Tr*(1) = vey?" L
(iii) Ify € T, then Tr*(y) =y - Tr*(1).

7.1. p-Groups with cyclic subgroup of index p. In this section, we consider the class of p-
groups with a (necessarily normal) cyclic subgroup of index p. It is known (see [13, Theorem 4.1,
Chap. IV]) that every p-group of this form is isomorphic to one of the following groups:

(a) Z/q (g=p", n=>1);

(b) Z/qxZ/p (¢=p", n>1);

(¢) Z/gxZ/p (q=p", n>2), where the canonical generator of Z/p acts on Z/q as multiplication
by 1+ p"~!. This group is called the modular group if p > 3 and the quasi-dihedral group if
p=2andn>4.

For p = 2, there are three additional families.

(d) Dihedral 2-groups Doy, = Z/m x Z/2 (m > 2), where the generator of Z/2 acts on Z/m as
multiplication by —1. If m = 2", Da,, is a 2-group. Note that D4 belongs to (b) and Dg belongs
to (c).

(e) Generalized quaternion 2-groups. Let H be the algebra of quaternions R @ Ri ® Rj @ Rk. For
m > 2, the generalized quaternion group @4y, is defined as the subgroup of the multiplicative
group H* generated by z = e™/™ and y = j. The subgroup Z /2m generated by x is normal
and has index 2. If m is a power of 2, Q4 is a 2-group. In the extension

0—=7Z/2m — Qum — Z/2 — 0,

the generator of Z/2 acts on Z/2m as —1. In particular, Qg is the group of quaternions
{1, £i, +7, £k}

(f) Semi-dihedral groups Z/q x Z/2 (¢ = p", n > 3), where the generator of Z/2 acts on Z/q as
multiplication by —1 + 27~1.

Now we consider the problem of calculation of the stable Euler class, Tr{ (1), for the universal
G-covering EG — BG.
For the case (a), there is the well-known formula of Quillen (2.1)
Trz,,(1) = lqlr(2)/z
in MU*(BZ/q) = MU*[[z]]/(lg]r(2))-
For the case (b), the answer follows from transfer property (ii):
Trg =Trg AN Trz)p.

In the cases (d), (e), and (f), Tr¢; is the composition of two transfers Tr, , and Trg, ; : MU*(BC) —

MU*(BG), where C is the corresponding cyclic subgroup. So we must calculate Tr*aG(zi), 1 >1, and
we can apply our results for BZ/2U(1), namely Remark 2.9.
Similarly for the case (c), Trg is the composition Trg/, ¢ Trz/, and we can apply Corollary 2.8.
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. This task is trivial for wreath products Z/ptZ/p™ since Try . (1) is symmetric in z1,.. ., zp in the
ring

MU((BZ/p")") = MU [[z1, .., %]/ ([P"1(z1), -+ [P"](2p))

and hence invariant under the Z/p action. So in this case we need only Quillen’s formula.

Finally, we note that if G is the modular group of case (c), Brunetti [12] has completely calculated
the ring K (s)*(BG). The relations are quite simple, but the generators are technically complicated.
In a future paper, we plan to use transferred Chern classes to give a more natural presentation.

7.2. Other examples. Consider the semi-direct products
G = (Z/p)" x Z/p,

where the generator « of Z/p acts on H, = Z/p[T|/(T") by 1 —a =T, 1 < n < p. Then every
Z/p|Z/p]-module is a direct sum of the modules H,. As shown by Yagita [40] and Kriz [28], these
semi-direct products are good in the sense of Hopkins—Kuhn—Ravenel.
We recall that

K(s)"(B(Z/p)") = K(s)"[[z1,- ., 2a]l/ (2] ),
where 2; is the Euler class of a faithful complex line bundle 6; on the ith factor. Then Z/p acts on
K(s)*[z1,...,2n]/(2) by

oz — FK(s) (Zi7 Zi+1), Zn+1 =0,

where F () denotes the formal group law for the Morava K-theory.

Our aim is to show how to calculate the stable Euler classes in terms of characteristic classes and
the formal group law.

The transfer Tr* : K(s)*EG — K (s)*BG is the composition of two transfers

Try : K(s)"E((Z/p)") — K(s)"B((Z/p)")
and
Te - K(s) B((Z/p)") — K(s)"BG.
Recall also that
Tej(1) =201
It is easy to see that in K(s)*((BZ/p)"), we have
e a(01) - T a (B1) = A T2l

where e is the Euler class and 1 <i; < --- < i, < p. Then recall the elements w,, from Theorem 2.3
and let wy (1) be the sum of the same monomials after raising to the power . Since wy(l) consist of

—1)n
pt <p> summands and p~! <p> = = mod p, we have that in K (s)*((BZ/p)")
n n n

where the map 7, defined in Sec. 2 sends §; = t=1€ to o' 16;. Hence

Trg(1) = Try(Tri(1)) = Tra((=1)"nnz(wn(p® — 1)) = (=1)"n Tra(n7 (wn(p® — 1)),

and we apply Corollary 2.7.
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8. Morava K-Theory Rings for p-Groups
with Maximal Cyclic Subgroup in Chern Classes

The rank of the Morava K-theory ring of the classifying space of a finite group as a free K(s)*
module is given by the Hopkins-Kuhn-Ravenel generalized character theory [23]. For many finite p-
groups, the Morava K-theory ring is generated by transferred Chern classes (in general, this is invalid;
see [28]).

In [4, 5] we studied the Chern classes of a transferred bundle in terms of transferred classes of the
bundle. As an application, we derived formulas for the stable Euler classes Trg(1) for these groups
and sought to simplify presentations of K (s)*(BG) when G is modular or quasi-dihedral.

We consider the group

Gpmiz = <a,b ’ a?

m+1

=0 =1, bab"! = a”"*), m>1.

This group is called the modular group Mpm+2 if p > 3 and the quasi-dihedral group @ Dom+2 if p = 2
and m > 3.

In [36, 40], it was shown that K (s)*(BG) is generated as a K(s)*(pt)-module by Chern classes
of complex vector bundles. The multiplicative structure has been determined only modulo certain
indeterminacy. In order to obtain explicit ring structure, it was suggested in [12, 35] to use some
artificial generators not equal to Chern classes.

Our aim here is to apply the formulas for the transferred Chern classes derived in [5] and determine
K*(BG) for the modular and quasi-dihedral groups completely in terms of Chern classes. The dihedral,
semi-dihedral, and generalized quaternion groups are considered in [6].

The group Gm+2 is the semidirect product Z/ p™ 1 % Z/p and there is the exact sequence

1= Z/p"t — Gz — Z/p — 1,

where

Zp™ ={a), Z/p=(b).

m—+1

For the canonical complex line bundle ¢ — BZ/p and its first Chern class u, we have

b(&) =€, b(w) = [1+p™)(w).
Let
§7r — BGperQ

be the p-plane bundle transferred from & (see [1, 2]),
Ci:Ci(gﬂ)) /izla"'vpu
be the Chern classes, and let
c=c1(0)
be the Chern class of the line complex bundle, the pullback by the projection Gm+2 — Z/p. Then it
is proved in [36] that
K(s)"(BGym+2) = K(s)*[c, c1,. .., cp]/relations (8.1)

and the relations are given modulo some ideal.
In [4, 5] we introduced and calculated the following polynomials A; in two variables:

AP 2) € K(8) [z, Z)/[plr(2), s>1, i=1,....,p—1,

uniquely determined by the equations

oi = A (P o) +p ! (f) vsy 2P
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where

O-k:O—k<y7F(y7'z)7"'7F(y7 (p_l)z))7 k:17"'7p7
is 7th elementary symmetric function and F is the formal group law.
For p = 2, we have
s—1
A1(2,Z) = 2z + vs Z P
i=1
Our main result is the following theorem.

Theorem 8.1. We have
K(s)"(BGym+2) = K(s)*[c,c1,...,¢]/R
and the ideal R is generated by

P P * Kk * k- . * Kok —2(P b p°—1 _p—1
&, 2l e, xe”, et i+ Fp -1, el —p (z)( CE A

where

ms__ S _ ms—1 _
= o@D 1

) C;,‘k = C; — Ai(Cp 7CP)7 C;(* =G — AZ'(.’I]p_l,Cp).

It is natural to compare our description of K (s)*(BG,m+2) and the one given in [12], in terms of

alternative generating set. Note that we have a smaller number of generating relations, even if less
explicit.

Corollary 8.2. (i) We have

K(8)*(BQDgm+2) = K(s)*[c,c1, 2]/ (023, :L"QS, cey, xey™, c”{d{*) ,

where
r = U(Qms_l)/(25_l)62m571
S 2
and
s—1 s—1
25721' 21'—1 28722 2i—1
c’{:cl+c+vsg c o, cT*:cl—l—x—FvSE x .
i=1 =1

(ii) Az =ca?, A& =2+ 22+ cx 4 v2(crey)

More precisely, the following assertion holds.

Proposition 8.3. (i) A K(s)*-basis for K(s)*(BGpm+2) is

Clye oy Cpet;

cl, i=1,...,pmths=l_q.

ckc{,, k=1,....,p—1, j=1,....p™ 1 -1,

der, l=1,....,p°—1, m=0,...,p" 1 —1;

c"cl, n=1,....,p—1, g=pm1 . pmths—1 _1

(ii) The relations

mmply
’r = cxP.
Then fori,j =1,...,p— 1, the relations

* ok
cc; =0, zc; =0,
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x. . pe—1p-1
gt =p )(_1_>w ,

1

ms—1

give basic expressions for cc;, cicg , and c;cj, respectively.

Proposition 8.3 agrees with the rank of K(s)*(BGam+2) as a free K(s)* module. This num-
ber is p™~1(p*t! 4+ p* — 1) and is given by the generalized character theory [23]. In particular,
K (5)°%(BGym+2) = 0 by (39). Hence

rank () K (8)" (BGpmi2) = Xsp(Gpm+2)

and the rank follows from the formula for x; ,(G,m+2) (see [12, Lemma 2.2]).

Now we prove the relations of Theorem 8.1 and show that they give the decompositions of Propo-
sition 8.3. Then by the rank argument this will imply that the system of relations is complete.

We recall some results from [5] (see also [4]).

Let X — X/m be a regular cyclic covering of prime index p defined by a free action of cyclic group
mon X and let

Trr : K(s)"(X) — K(s)*(X/7)

be its associated transfer homomorphism [17, 27]. Let 7 — X be a complex line bundle and n, — X /7
be the transferred n.

In [5] we proved that modulo Im Tr}, the Chern classes ¢;(n:), 1 < i < p, can be written in terms
of the polynomials A; from Theorem 8.1. Namely, we have constructed certain classes w;(n) such that

ci(nr) = Ai((cr)’ ™, ep(ne)) + ey (wi(n)), (82)
where ¢ — X /7 is the complex line bundle associated with the covering X — X/m. We will need the

following two consequences.
Let
&= BZ/p", & — BGun+a, 0 — BGuno

be the bundles of the Introduction and let ¢ = ¢1(0), u = ¢1(§), and ¢ = (&), K =1,...,p be their
corresponding Chern classes.

Lemma 8.4. ¢; = A;(cP~ Y ¢p) + Tr*(wi(€)), i =1,...,p— 1.

In the notation of Theorem 8.1, ¢f = Tr*(w;(€)). For instance, ¢f = Tr*(u). The values Tr*(u*) for
2 <k <p—1 can be calculated as follows.

Lemma 8.5. (i) We have
T (uf) =) (1) T (uF e + (—1)F ke

ii) Modulo the ideal in K(s)*(BG, m+2) generated by P, cy,...,cp—1, we have
2 p
Tr*(wf) =0, 2<k<p-1, Tr*(uP~ ') = 1.

Proof. (i) As in the Introduction, let u, b(u),...,b""1(u) be the Chern classes of the bundles &,
b(&), ..., 0P~ 1(¢). Then

k—1
uf = (1) (u, b(w), . 0P () 4 (=1 uo_q (b(u), . 0P ().
i=1
It follows from the definition of w; (see [4]) that uog_1(b(u),...,bP"1(u)) contains k& summands,

each with transfer value Tr*(wy) = cj.
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(ii) This follows from (i) and the fact that modulo ¢P, we have
Ak(cpfl,cp) =0, 2<k<p-—1, Ap_l(cpfl,cp) = —cP L
The lemma is proved. ]
We will need also the following simple facts which follow immediately from the definitions.

Lemma 8.6. Let Z/p™ = (a?) and Z/p™ " = (a) be subgroups of Gym+2. Let p: BZ/p™ — BZ/p™ !
be the standard p-covering and Tr, be the corresponding transfer map. Then the following assertions
hold.

(i) The line bundle associated with p is E¥P". The transferred trivial bundle 1, is
1+€%P" 4. 4 §®(p—1)p’"'
(ii) The bundle
T (&r) = €@ (L+ " 4 €200
is the transferred bundle of p*(&). Further,

(€)= oI — (@), T (1) = o (@)
(iii) We have
(7 (&) = Ai((7* @), el (6n))) + Trp(wi(p*(€)))

and since the bundle p*(&P™) is trivial,

The proof of Theorem 8.1 is organized as follows. In a sequence of lemmas below, we prove all
relations of Theorem 8.1. The relations given by Lemma 8.7(ii) and Lemma 8.10 are not yet the
decompositions of cc; and c;cj, 7,5 = 1,...,p—1, in the basis of Proposition 8.3: there will arise terms
divisible by the factor ¢z, but to eliminate these we just have to apply ?x = czP of Lemma 8.9.
Lemma 8.8(ii) gives the proper decomposition of zc;. Together with ¢*” = 2?° = 0 (Lemma 8.7(i)
and Lemma 8.8(i)) and x = vgpms_l)/(ps_l)cgmyl (Lemma 8.11(ii)), these relations give the proper
decompositions of all other monomials in ¢, cy, ..., c,. This system of relations is complete.

Lemma 8.7. (i) ¢ = 0;

(ii) cc; = cAi(cP Y ep), i=1,...,p—1.
Proof. (i) We have 0% = 1. Hence c1(0%P) = c?" = 0.

The relations (ii) follow from Lemma 8.4 since 7*(¢) = 0 and by the Frobenius reciprocity of the
transfer

¢ Tr'(wi(§)) = Tr* (7" (c)wi(£)) = 0.
On the other hand, we have the bundle relation

0R& = &nr. (8.3)
Equating the Chern classes in (8.3) and applying the splitting principle we get the same relations after
simplifying them. This was proved for the universal example in [4]. O

Lemma 8.8. Let z = cy((det &,)%P" ). Then
(i) 2" = 0;
(ii) we; = xA;(2P L ¢cp), i=1,...,p— 1.
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Proof. Assertion (i) immediately follows from Lemma 8.7(i) and the definition of .
(ii) We have the bundle relation

(det &)%7" " @ &x = &x (8.4)

which comes from the Frobenius reciprocity:

(det &)™ @ &r = (" ((det &)™) @ &)r = (%" ) = (°(&))r = &r.
For the last equality, we recall from the Introduction the action of b € Z/p in BZ/p™*! and that
transfer is constant on the orbit elements.
Now we can equate the Chern classes in (8.3) and proceed as in the proof of Lemma 8.7. ]

Lemma 8.9. (i) ’z = caP;
(i) czP "1 =0,i<p;
(iii) Pz~ =0.

Proof. (i) Multiplying the relations of Lemmas 8.7 and 8.8 by z and ¢, respectively, for i = p — 1 and
then equating the right-hand sides, we have

cxAy_1(P 7t e,) = crAy_ (2P ¢p).
Then note that, up to an invertible factor, the difference A, 1(cP~1,¢c,) — A,—1(2P~1, ¢,) coincides
with ¢?=! — 2P~1. Thus, cz(cP~! — 2P~1) = 0.
(ii) By Lemma 8.8
c;xP 7l = qraP 2 = :UAi(a;pfl, cp)xpsﬂ.
By definition, A;(0,¢p) = 0. Thus, the right-hand side contains the factor xP” hence is trivial again

by Lemma 8.8.

(iii) Since cPzP 1

= PxP 2z divisible by aP", it is zero by Lemma 8.8. O

Lemma 8.10. We have ¢;¢;* =0, j #p—1—1, and

—2(D p S—1 p—1
CiCp1 ;=D <z> (p o z> vsxP TP

Proof. We use the Frobenius reciprocity of the transfer and formulas for transferred classes. Let Tr,
be the transfer map of the covering

p:BZ/p™ — BZ/p™T!

and let Tr, = Tr be the transfer map of m as above. Then (¢; — A;(cP71,¢,))(c; — Aj(zP~ 1, ¢p)) is
equal to

Trk (wi)(c; — A (@1, ¢p)) by Lemma 8.4
=Tr; (wi(f)ﬂ* (c; — Aj(xP cp))) by the Frobenius reciprocity
=T (wi(€) T w;(p"(9))) by Lemma 8.6(iii)
=Trk (Tr; (p* (wi(€)) (w;(p* (5))))) by the Frobenius reciprocity
=Ty (Tr}i (p? (f) f) p*(u't ))) by Lemma 8.6(iii)

p) T (Tr,ﬁ(l)(u”j)) by the Frobenius reciprocity
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=—p? (p) (p> ve?” T Tk (u') by the Frobenius reciprocity.
t)\J
Then by Lemma 8.5(ii), Tr*(u*™/) is in the ideal (c?,c1,...,cp—1) if 0 < i+ 7 < p — 1 and hence
annihilates 2" ~! by Lemma 8.9. If j = p — 1 — 4, then
Tr*(u'™7) = =1 mod (c, c1, .. S Cp—1)
by Lemma 8.5(ii) and the result follows.
Finally, let ¢t +j=p+4¢q,¢=0,...,p — 2. Note that

P (" (cp)) = p*(uP).
Then

T (T (0" (u ) ) = Ty (1T (o (7" (e) " (u)) )
= Tr; <Tr:(1)7r*(cp)uq)) =Tr; (W*(mps_l)ﬁ*(cp)uq) = xps_lcp Trr (u?) = 0.
Here, as above, Trk(uf) is in the ideal (c?,ci,...,cp—1) and hence annihilates 27"~ O

Now let us evaluate x in Theorem 8.1.

Lemma 8.11. (i) cfs =0fori=1,...,p—1 and odd p and C%S+l =0, forp=2. cgs restricts to
w? " in K(s)*(BZ/p™th).
(ii) We have

ms __ S _ ms—1
x ="/ 1)62 )

Proof. First, let p be odd.
(i) Lemma 8.4 and Lemma 8.5(i) imply that, modulo ¢, the classes c1,...,c,—1 can be written in
Tr*(u), ..., Tr*(uP~!) and vice versa. Then by Lemma 8.7, ¢”* = 0; hence it suffices to prove that
Tr* (uF)P" = 0.
¢; restricts to the ith elementary symmetric function in the variables u, [1 + p™](u),...,[1 + (p —
L)p™](u) in K (s)*(BZ/p™*").
Note that
s m-+1)s
(")) =" =0
and recall (see [4, 31]) that
[+ ip™] (1) = u + i[p™) () + vaws (u, i[p™) ()P,
where w; is a homogeneous polynomial:
-~ D o
wi(u,v) = — p 1() TP,
> v

0<j<p

Thus, ¢; and Tr*(u'), i = 1,...,p — 2, restrict trivially in K (s)*(BZ/p™*!) modulo ([p"](u))?"" and
cp—1 and Tr*(uP~1) restrict trivially modulo ([p™](u))P~1.

Similarly, ¢, restricts to u? modulo ([p™] (w))?"~". Then

(PP =1, - D* -~ 1) > p".
Hence Tr(u*)P"~1 restricts trivially in K (s)*(BZ/p™*!) and by the Frobenius reciprocity
Tr* (uf) (Tr* (u®))P" 1 = Tr* (uF - 0) = 0.

(ii) Let det &, be the determinant. The Chern class v = ¢j(det&;) can be written in terms of the

classes ci,...,c, in the standard way.
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After raising to the power p™*~* > p® we have that (i) implies

ms—s ms—s ms—1

~P =l (8.5)
Then v£p<m71>s_1)/(ps_1)mes_s is the Chern class of the bundle
(det (&))"

and (ii) follows.
For p = 2, note that for the Chern class of det &, as the standard series in ¢; and ca, we have
modulo ¢;

= USC%SA
Again
r— v§2<m*1)5—1)/(25—1)72*"5*5
and it suffices to prove that C%S-H = 0. By the definition of quasi-dihedral group m > 2, 275 > 2541

and we can proceed as in case of odd p.
Recall that ¢ = 22 = 0 by Lemma 8.7(i) and Lemma 8.8(i). Also by Lemma 8.10, c’z = ca?
hence we have for i +j > 2%+ 1
'zl = 0. (8.6)

Now the formulas for ¢] and ¢}* simplify cjci* = 0 as

A =ciet izt er = + 22 + cr + v (cxes)? (8.7)

Hence after raising (8.3) to the power 2571, we have

& = A (8.8)
Thus,
C%s_i_l _ w23710257161 _ 1’23710237171001 _ x2571625717162 _ 0
by (8.8), cc; = 0 modulo ¢?, and (8.6) the result follows. O
9. Dihedral, Semidihedral, and Generalized Quaternion Groups
Now let
m—+1
G= <a,b ‘ a2 = 1, b =a®, bab~ ! :a’">, m>1,

and either

(i) e=0and r = —1 (the dihedral group Dgm+2 of order 22), or

(ii) e =2™ and r = —1 (the generalized quaternion group Qom+2), or

(iii)) m > 2, e =0, and r = 2™ — 1 (the semidihedral group SDgm+2).

Consider the following Chern classes ¢, z, ¢1, and ¢z of dimensions |c¢| = |z| = |¢1] = 2 and |ca| = 4:

c=c(m), m:G/(a)=Z/2—-C*, b~ —1,
r=ci(m), m:G/ab) =2Z/2—C* a~— —1,
and ¢; = ¢;(&x,), where
&r, — Bla,b)
is the plane bundle transferred from the canonical line bundle
§ — Bfa),

for the double covering
71 : B{a) — B{a,b)

corresponding to 7.
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Theorem 9.1. (i) K(s)*(BG) = K(s)*[c,x,c2]/R and the relations R are determined by

& =2 =0, (9.1)
o1 0 if G is dihedral,
vsccgs_1 = Vs 262872%1031_1 +1<c  if G is quaternion, (9.2)
=1 cx if G is semidihedral;
s + 2 ) G — _D y
At iy 93)
cc+ex+zx° if G=Qs
and for m > 1
2 2™ = cp  2? (9.4)
for G of all three types;
s—1 2 .
2s—1 2s_9iyq] 9i-1 cr+x ’Lf G = Dg,
VsTC = T c + 9.5
e Zl ? {x2 if G = Qs; (35)
form > 1,
) s—1 N ms ) . 1 ) i
vsrCs = US:UZCQS_TC%P + ZU;H(m)“m_ZZc(QQ 2T -(20-1)2
i=1 i=1
0 if G is dihedral,
+ S cx if G is quaternion
or semidihedral,
where
2ms — 1
k(m) 551
(ii) 2z =caz?, " =0, and c§2ms+1)23_1 =0.
Together with the covering 7, we can consider the covering
7y : B(a?,b) — Bla,b)
corresponding to 1y. Then let
Ney — BG
be the transferred line bundle associated with double covering
(a*,b) — (a®,D).
The bundles &, and 7, coincide if m = 1, but if m > 1, then
m—1
Nry = (€®2 )71'1' (96)

The following bundle relations hold.

Lemma 9.2. (1) 7]?2 = (C, T ®£7r1 = gm;
(i) 7 ® 7y = Ty
(iii) 75 =C@m @ n & m @np;
(iv) det&y, is m if G is dihedral, the trivial bundle C if G is quaternion, and n1 ® n2 if G is
semidihedral, and for m > 1, we have detn., = m in all three cases;
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(v) we have

(€)m)™ = (€ )m @ Com
for 1 <i<m—1. The bundle

§m @ &my = (€®2)7r1 ¥ (f ® §®T)7r1
18
(§®2)7r1 D C s> m

if G is dihedral or quaternion and is

() Em @ m &My
if G is semidihedral.

Proof. These relations are the consequences of the Frobenius reciprocity of the transfer in complex
K-theory. For example,
2 2m =1\ @2

W= (€2 = (¢

2777,71

Q€% Vr))m = (€ ®C)ry
= C)n dCoMm=mne(Cadn)dCan.

The lemma is proved. ]

We recall the transfer formula from [5] (see also [4]).
Let X — X/ be a regular double covering defined by a free involution on X, £ — X be a complex
line bundle, &, the transferred bundle, and let

e ¢ K(s)"(X) = K(s)"(X/m)

be the associated transfer homomorphism [17, 27]. Then

S_l . i—1
(&) = 1) +vs Yy a@) P ea6n)? T + Tk (e (6)), (9.7)
=1

where ¢ — X /7 is the complex line bundle associated to the covering X — X/m.
The following lemma is an easy consequence of the recursive formula for the FGL given in [31, 4.3.9]
(see also [4, Lemma 5.3]).

Lemma 9.3. (i) For the Honda formal group law at p =2, s > 1, we have

s—1
F(y,2) =y + 2z +vs(y2)?

2(s—1 2(s—1
modulo 3" (or modulo z* ( )).

(ii) We have
Fy,z) =y +2+0,0(vs,y,2)"
where
®(vs,y,2) = yz +vs(y2)” (y+2)
modulo (yz)% " (y + 2)2 .
For two line bundles with the Chern classes y and z, respectively, ®(vs,y, z) can be regarded as the

K (s)* orientation class of their sum.

Lemma 9.4. Let m > 1 and either r = —1 or r = 2™ — 1. We have in K(s)*[u]/(UQ(mH)S)
oms ms oms _9i 2(m+1)s—1_(2s_1)2i—1 gms_q
w =Y (u[r](u)) + [r)(w)(u + [r](u)) :
i=1
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Proof. The obvious decomposition in Fa[y, 2]

k
v =3+ 2" P )yl + )

i=1
for y = u, z = [r](u), and k = ms implies

ms
i—1

w =Y () () ()

=1

+uu + [r)(w)*

We equate the monomials
(u + [7’] (U))2ms_2i = (U + [T‘] (u))2i+...+2ms—1
to the monomials

ms__ot ms__o9i\9s—1 T, ms—1 T ... ms—1y9s—1
0T (ufr)(w) BT = 2 (] () 22

by the equation
(u+ [r)(u))® = oF (ulr)(u))?

modulo some irrelevant factor as follows.

The nilpotence degree for u is 201D hence is 20"+ D5~1 for u[r)(u). Since it is 2° for F(u, [27™ —1])
(whereas F'(u,[—1](u)) = 0), the nilpotence degree for u + [r](u) is 2™ by Lemma 9.3(ii).

Therefore, it suffices to show

(u+ [r](w))? = vF(ulr)(u))*  mod (u+ [r](u))".
Lemma 9.3(ii) implies
(u+ [r](w)? = oF (ulr)(u)*" + F(u, [r)(u))* mod (u+ [r](u))?

and the dihedral and quaternion cases follow.

For the semidihedral group, we have

F(u,[2™ —1](u)) = 0m™y2™.

s

Also,
w2 = (ulr]u)®™
as u?™" = ([r](u))?*"". Therefore, we obtain, modulo (u -+ [r](u))?" ignoring powers of v,
(ulr](w)®" = (u+ [r](w)? + (ufr](w)*"";
F(u, [r)(u))? = (u[r](w)®™ = ((u+ [r)(w)? + (ufr](w))*)*" " =0
as ms — s+ 1 > s. The lemma is proved. O

As mentioned in Sec. 7, it was proved in [36] that as a K (s)*(pt)-module, K (s)* of the spaces we
consider is generated by the Chern classes ¢, z, and ¢y defined above. Let ¢; and ¢é be the Chern
classes of the bundle 7,.

Lemma 9.2(i) implies ¢* = 0 and #2° = 0 as [2](c) = vsc?” = 0 and similarly for z.
Let
8_1 . . 8_1 . .
g =c1+c+ s Z 025_2103171, A= +x+us Z xQS_TE%Z?l. (9.8)
i=1 1=1
By (9.7),
ci€ImTry, ¢ € ImTr) ;
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hence

& e ImTr!

T

& elImTrs,
as ¢ =22 =0.
By the Frobenius reciprocity, ccf = 0; hence by (9.7)
625716%571 _ 0’ x25716%571 _ 02571‘%‘2571
modulo Tr} (u), u = c1(§). From (8.8) we obtain

s—1 s—1
A = mod Tr} (u).

Hence
cr(detéy,) =1 + vscgkl mod Tt} (u). (9.9)
Then note that
Fle,n) =c+ax+vse® 2>
hence combining (9.8) and (9.9) we obtain, modulo Tr} (u) and A
s—1 0 if G is dihedral,
Uscgkl + Us ZCW_QZIC%F1 = ¢ ¢ if G is quaternion, (9.10)
=1 x if G is semidihedral.
Also we have
ci(detnr,) = &1 + V52 + 0582 (9.11)

To prove (9.11) we need the relations (ii) of Theorem 9.1. These are consequences of the following
relations (9.12)—(9.15).
Lemma 9.2(v) and (9.6) implies that modulo ¢ and z, the Chern classes ¢ and ¢ coincide with the
first and second Chern classes of (§m)®2m_l, respectively:
o(m—=1)s_; 2(2(m=1Ds_q

~ - (m—1)s ~ —55-17  2(m-1)s
Gi=vs 20 & . G=vs T & ) (9.12)

On the other hand, consecutively equating Chern classes of both sides of the equation in Lemma 9.2(iii),
we obtain, respectively,

& = A (9.13)
for m =1,
s 2 if G=D
v =1 e . & (9.14)
cc+cex+zt if G=Qs
for m > 1,

~98
v%cg = cx + 2?

in all cases, and
e+ ex? =0, (9.15)
and we obtain formula (9.3) from Theorem 9.1 and relations (ii). Here we use the splitting principle
and write formally
My =M ® A2, Ner = A2 B AT B 2A1 ® Aa.
Also we take into account that the determinant A\; ® A2 is known by Lemma 9.2(iv). Let m > 1 and
A1 ® A2 = 1. Then by the first equation for the Chern classes

~98 2571 2571
V€] =ct+r+c+ T+ vsC x

By (9.12) and formula (9.1) of Theorem 9.1,

98
& ¢ Im Try, .

= (9.13).
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Also as before,

& eImTry,.
Hence

& =1 =0

and, by (9.13), o
cdx? =0 fori+j>2°

Multiplying (9.8) by 22" we obtain 2”1 = 0; therefore, Lemma 9.3 implies
ms s—1
ng +2t _

Then the second equation yields

UQE%S +=cr+(ctaz)ctz+ U862371$2571) = (9.14).

S

The third equation yields

2371 2571

Y =cxlctrtue® 2¥ ) =cx(c+ )

0= vsélscz
and (9.15) follows. Similarly, for m = 1, but ¢ = ¢;, and for G = Qg, the determinant A\; ® A is
trivial.

To prove formula (9.2) of Theorem 9.1 for m > 1, we raise (9.9) to the power 2™%7% > 25 We

obtain

C%mil =0 mod Try, (u). (9.16)
By the Frobenius reciprocity of the transfer, (9.16) implies
cc%mk1 =0. (9.17)

Then, as above,
dad =0 fori+j>2°+1.
Multiplying (9.10) by ¢, we obtain formula (9.2) of Theorem 9.1.
Now let m = 1. Then ¢ = ¢ and ccf = 0 by (9.7). Hence multiplying (9.11) by ¢, we obtain
formula (9.2) of Theorem 9.1.

Proof of formula (9.5) of Theorem 9.1. Let m > 1. By the above definitions, we have
M (m) =€ ET, () = 577

Then Lemma 9.3 implies

ms
ms ms i 9(m+1)s—1_(9s_ i— ms
o (@) = u?" = 7 (Z i ) + [P (@), (9.18)
i=1
We apply transfer to (9.18) after multiplying by u. By (9.7), ¢7 ' € Im Try, is in the annihilator
of ¢, hence
Ty (u [r](u))ed™ ! = Trjrl(l)ch%ms_l =05 e T =0

and we obtain

ms
ms 7 (m+1)s—1_(9s__ i—
vy, (u) <x+2v§(m)+2 2 22012 1) = 0. (9.19)
i=1
Now multiplying (9.10) by
s (m+1)s—1 ( ) i—1
ms_oi 2(m s—1_(9s_1)9i—
z+ ng(m)+2 2 02
i=1
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and using (9.17) and (9.19), we obtain the dihedral and quaternion cases. For the semidihedral group,
it remains to show that

ms
ms i (m+1)s—1_ (9s_ i—1
x (:c + vaj(m)H —2 cg (2*-1)2 ) = cx. (9.20)
=1
For simplicity, we introduce the notation

ms )
- R(m)+2m5—2i 2(m+1)s—17(2371)21—1
Y= E Vg c .
=1

Then
Yz+X)=0
since (9.16) implies ¥ = 0 modulo Tr} (u) and

2 2 oms
52 = 250m) 2
since the nilpotence degree of ¢y is 2(mH+1)s—1 4 9s—1

Thus,
2k (m) 2™
c
s 2

and (9.20) follows from formula (9.3) of Theorem 9.1.
Now let m = 1. Then

T =0

¢i=c¢, cci=0, zi"=0
by (9.7); detng, is m (for G = Dg) or the trivial bundle (for G = Qs). Hence multiplying (9.11) by
x, we obtain formula (9.5) of Theorem 9.1. O
It remains to show that the given relations give a ring of correct rank, which is
2(m+1)s—1 + 228 _ 28—1

according to the generalized character theory [23]. This follows by counting the obvious explicit bases
of these rings according to Theorem 9.1:

(i) for G = Dg or Qsg,
{cicg, ;L'icg, ci:r:cg, cé ‘ 1<i<2%,0<j<27 0<k< 25};

(ii) for m > 1 and all three cases,
{cicg, dach,

Of course, there are alternative bases: for example, if we consider cx as the decomposable in
Theorem 9.1, then for m > 1, the K (s)*-base for K (s)*(BG) is:

(i) for G = Dom+2,

1<i<25,0<j<2! 0<k< (2m8+1)28—1}.

{dd, ', b |1<i<2 =), 0<j <21, 0<h< @™+ 127
(i) for G = Qom+2,
{ccg, wch, ¢ ’ 0<i<(2-1)2, 0<j< @+ 1)25*1};
(iii) and for G = SDgm+2,
{cic;', wek, o ‘ 1<i<2 —j, 0<j<2—1, 0<k< (28 —1)2°71, ogl<(2m5+1)28*1}.

A natural question arises concerning the relationship between our calculations and those of [35, 36],
in terms of an alternative generating set.
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Example 9.5 (K(2)*(BDg)). This example shows that the ring structures given in [35] must be
corrected. For Dg, they are correct modulo the minimal (one-dimensional) ideal lying in the kernel of
the restriction maps corresponding to all proper subgroups.

Let A be the version of K (2)*(BDsg) of Theorem 9.1 and B be its version from [35]. Then

A =TFolvite, o, ca]/(ch, a*, Pea+ e, vardes + vowcd + cx + 22, vichy + cx + 2?),
B =Fo[vy"[y1, y2, 2]/ (1, 3, V33 + 23185, vay1é3 + vayals, Vay2ls + y1ya).

Choose the following basis in A over Fo[vy]:

<1, e, x, &, cx, ¥, ¢, A, 23, cea, wea, ca?, cales,

ey, 22e, cxen, cg, cc%, a:c%, cxc%, c%, xcg>

and assume that there is a graded isomorphism f : B — A. Then by dimension considerations,
2 2 2 2
f(y1) = er1c+ €122 + €13v263 + €14v22°Cy + €15v20TCr + €160V2C7C2 + €17V5TC,
2 2 2 2
F(y2) = €210 + €227 + €2302¢5 + €2av27%co + €a5v20TCo + €26v2c>Co + Ex7V5TC,
f(é2) = ajea + asc® + ascr + agr® + oz51)29:c§ + 056’(}266% + arvaczies,
where €;;, oy, € IFa.
Then yf = 0 implies
2 2 2 2 3\%
(euc + €120 + €13V2C5 + €14V2X7Co + €15V2CTC + €16V2C C2 + 617@2.%'02)
_ 8 2 3 _
= €13C5 = €13 Ca + €13¢cxCa + €13V27CcH; = 0,
hence €13 = 0.
Similarly, y5 = 0 implies ez3 = 0.
Next,
A2\ 5
(1 —y2)é&3)c; =0
implies
(€12 + €92)arcacs = 0.
Necessarily ay # 0, since otherwise co would not be in the image of f. Thus we have
€12 = €22.
Moreover, these are not zero as otherwise x would not be in the image of f. Thus we have
fly1) =enc+x+ €1409°2Co + €1509CTCo + €16V2CCo + 61711%:1;03,
f(yg) =e€eyc+x + 6241)293202 + eo5v9CxCo + 6261)20262 + 6271)%330%,
f(é2) =co+ a2c® + ascr + aur’ + oz5v2xc% + OJGUQCC% + arvgcres.

Taking this into account, we see that

(183 — y1y2)cs =0

implies
€11 + €21 + €24 + €27 =0
and
F(y283 — y1y2)c3 = 0
implies

€11 + €21 + €14 + €17 = 0,
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whereas
Fnys —é)c3 =0
implies
€11 + €21 + €14 + €24 + €17 + €27 = 1.
Hence
€11 + €21 = €14 + €17 = €24 + €27 = 1.
But these relations imply that

() f(22)* = f(ya) f(E2)*) = cac,

which should actually be zero as (y; — y2)é3 = 0.

10. Symplectic Cobordism

Here the decompositions of the products of Ray elements and low-dimensional free generators of
the symplectic cobordism ring are obtained. In particular, it is stated that most of the 4n-dimensional
generators with n small belong after multiplication on Ray elements ¢;, ¢ > 0, to the ideal spanned
by low-dimensional Ray elements.

Let v — BZ/2 be the canonical real line bundle and ¢ — BSp(1) be the canonical symplectic line
bundle. Since there is an additive isomorphism

MSp*(BZ/2 A BSp(1)) ~ MSp*(BZ/2)[z],

where z = €(() is the Euler class of {, we see that the Euler class of the symplectic virtual bundle
(v —1)®pr (¢ —4)) has the form
e(v—1)®r((—4)) = Zaixl
i>1

for some elements o; € MSp*~*/(BZ/2).

For the restrictions of a; to the symplectic cobordism ring of the n-dimensional real projective space
RP™, the notation 60;(n) is used. These elements «; and 0;(n) have been studied by Buchstaber in [14].

Since RP' = S! and MSp!(S1) ~ Z, the restriction of 6;(n) has the form 6;(1) = s16; for the
generator s; € MSp!(S!) and for some coefficients §; € MSp3~4(pt). These elements 6; are called
Ray elements. The elements 6; and 6y;, ¢ > 1, are indecomposable and have order 2 (see [31]) and
92i+1 =0 (see [34]) Let us write d)o = 91 and d)z = 621-.

Let ¢; be the pullback bundle by the projection of BSp(1)*? on the ith factor.

Then

G ®c (2 ®c (3= (G ®n (2) Or (3

is the symplectic bundle over BSp(1)*3.

By the calculation with the Hurevicz homomorphism, we see that in terms of the coefficients ag,
of the first Conner—Floyd symplectic Pontryagin class

Ph(G®c®cG) = Y. aumpfiC)pfi(C)pfi(G)
E+l+m>1
the structure of MSpy;, n < 4, from [32, 37] can be interpreted as follows:

k| MSpy, Generators

1 A4 apl1 = 2z

2 Z + A api2 = 21‘2, alll = :L’%

31 Z+2+ 7 ap2e = 2x3, apriainn = 2xY, asy X x112,

4 Dz ao14 = 224, apr1a11 = api2a111 = 2a3x0, ata = 13, adyy = a7, 2y
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where = is the equality mod 2 MSp,.
In the following two subsections, we calculate the Hurevicz homomorphism and the Becker—Gottlieb
transfer and prove the following theorem.

Theorem 10.1. For allt >0 and 5 =1,2,3,4, we have:

(a) ¢i(2z;) =0;
(b) ¢i(x?) and ¢;(x2) belong to the ideal po MSp*;
(¢) ¢i(x1x2) belong to the ideal ¢po MSp* +¢p1 MSp*.

10.1. The Hurevicz homomorphism. Let
h: 7. (MSp) — H.(MSp) = Z[q1,q2, - - -]

be the Hurevicz homomorphism. Since 74,(MSp) is torsion free for small n (see [32, 37]), the Hure-
vicz homomorphism is monomorphism in these dimensions. So in low dimensions 4n the Hurevicz
homomorphism determines all relations. Our aim here is to express the coefficients ay;,, from the
Introduction by the generators z’s.

The Hurevicz homomorphism for these ay, are calculated in [26]. In low dimensions we have

h(ai00) = h(aopi0) = h(ago1) =4, h(a200) = h(ao20) = h(ag2) = 0,
h(ai10) = h(a101) = h(aoi1) = 24q1, h(ai11) = 360¢qz,

h(agio) = -+ = h(aoi2) = 60g2 — 24¢7, h(as) = - = h(agos) = 0,
h(aszo) = - = h(aoz) = 280g3 — 120g1¢2 + 2443,
h(as10) = -+ = h(aps) = 1123 — 96¢1q2 + 4843,
h(ag11) = -+ = h(a112) = 1680g3 — 3604142,
h(ai22) = - - - = h(a122) = 75600q4 — 3360q1q3 + 360¢3q2,
h(as10) = - - - = h(a140) = 180qs — 360q1 3 + 420qig> — 120¢5 — 120q; .

Then the Hurevicz images of generators z’s from the Introduction are calculated in [33]. Namely,
h(2w1) = 24q1, h(225) =20g2 — 8q7, h(a}) = 1444,
h(2x3) = 56q3 — T2q1q2 + 24q7,  h(z122) = 120g192 — 4847 ;
h(a}) = 345647,  h(2w4) = 1241 — 240105 — 843 + 284742 — 8ai,

1
5@3 + z123) = 5045 + 168¢1q3 — 256¢2q2 + 80q7,
h(z3) = 1003 — 80q7qa + 16q1, h(2z3zy) = 2880¢3qy — 1152¢7, h(z]) = 207364].

We are interested of mod 2 nonzero coefficients ag11, a111, ag22, a122, a112, 120, and ai49.
By the above equalities we have

api1 = 271, a1 = 18(2x2) + 2%,  a120 = 3(272),
ago2 = 5(2.%'3) + 2(%’1.%'2), as11 = 30(2$3) + 15($1$2),
1/1 1
a122 = 1050(21‘4) + 130 <2 <4.T15E3 + 4ZE%)> + 19(.’E%) + 2(2%%), a4 = 15(2:64)
So we have the following assertion.

Proposition 10.2. The following relations hold mod2 MSp,:

2 2
ap11 = 2r1, ai11 =y, Qo2 = 2x3, a2 = T3,
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aji2 = r1T2, a120 = 2T2, aA140 = 2T4.

10.2. Calculations with transfer. Let ¢ be a universal U(1) bundle and A be a universal Spin(3)
bundle. Then the bundle 7 : BU(1) — BSp(1) is the sphere bundle of A and

™) =E6+E (A =EE+R, (@u(=A+R,

where ( is a universal Sp(1) bundle as above. Let N be the normalizer of the torus U(1) in Sp(1).
The classifying space BN coincides with the orbit space of complex projective space C'P(o0) under
free involution I, which acts by

I: [20,2:1, .. ] — [—72:1,2:_0}

on homogeneous coordinates.

The bundle p : BN — BSp(1) coincides with the projective bundle of A, hence we have the canonical
splitting

pr(A) =p+v,

where p and v are a plane and linear real bundles. Of course, for the double covering g : BU(1) — BN
we have ¢*(u) = ¢2 and ¢*(v) = R.

Let 7(7) and 7(p) be the transfer maps of the bundles 7 and p. The following lemma follows
from [18].
Lemma 10.3.

mr(m) =14+1% 7"(p)" =q".

The following lemma follows from the definitions.

Lemma 10.4. For the Atiyah transfer ! of the double covering
1xq:BU(1) x BU(1) - BU(1) x BN

we have

(68 +a8), = (@ +&) orn.

Let f be the map f : BN — BZj induced by projection of N on the Weyl group Z, and let 7%(1 x q)
be the Becker—Gottlieb transfer homomorphism for the above double covering 1 x q.

Lemma 10.5. For some elements ~y; from MSp*(RP(0)), the following formula holds:
(1 x q) (Pfl (&85 + 5152)) =pfi(r& ®rp*((2)) + Z F()pfi(rés ®r Go).
>0

Proof. Taking into account Lemma 3.2, we show that the proof follows from the following formula [34].
Let @ be the double covering @ : X — B, n — X be the symplectic line bundle, 77 — B be the Atiyah
transfer image of 1, 7(Q) be the Becker—Gottlieb transfer map for @, and F' : X — RP(oc0) be the
classifying map of the real line bundle associated with the double covering (). Then for some elements
i from MSp*(RP(c0)), the following formula holds:

T(Q)*(pfr(m) = pfrlm) + Y F*(v)pfs(m).
i>0
The lemma is proved. O
Lemma 10.6.
;7" (m)(a) =0 Va € MSp*(BU(1)).
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Proof. Let §(m) be the Boardman map [11]. Then we know from [9] that
7(m)(a) = 8()(ae(&3)),

where e(£2) is the Euler class of the bundle £2, which is the bundle of tangents along the fibers. Then
from [19, 20] we have

0je(&3) =
this proves Lemma 10.6. 0
Recall from [20, 29] that the bundle A is MSp-orientable and the corresponding Euler class has the
form
A) = 0pfi(G)
Jj>1
We denote the restrictions of 7 and p to symplectic projective space HP(4) by the same symbols.

The total spaces of these bundles coincides with complex projective space C'P(9) and orbit space
CP(9)/I under free involution I which acts by

[20, 21, - - -, 28, 29] = [—21, 20, - - -, —29, 28]
in homogeneous coordinates.
Proposition 10.7. For the bundle 1 x 7 : BU(1) x BU(1) — BU(1) x BSp(1), we have
¢; 7" (L x m)(pfi(ré1 ®r C2) =0
forallj >0 andi=1,2.
Proof. Tn MSp*(BU(1) x BSp(1)) = MSp*(BU(1)){[pf1(C2)]] we have

pliré @R G) =Y wpfE(G).

k>0
Then
SwllpfliG) | =S o (@ pfl(G) =
k>0 k>0
The last equation follows from Lemma 10.6. O

Proposition 10.8. In MSp*(HP(4) x HP(4)), the following relations hold for all j > 0:

(a) dopf1(C1) + d1pfi(Cr) + dapfi(G1) divides ¢ipfi(GL ®c (3);
(b) ¢jpfi(&1 ®r ) = 0.

Proof. (a) The bundle
CP(9) x HP(4) - HP(4) x HP(4)
coincides with the sphere bundle of the pullback of
A — HP(4)
by the projection on the first factor
HP(4) x HP(4) — HP(4).

Thus, we must prove that ¢;pf1({1®c(3) goes to zero in MSp*(C'P(9) x H P(4)) by the homomorphism
m x 1.
The transfer

T=7(1lxm)
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of the bundle
CP(9) x CP(9) — CP(9) x HP(4)
is the composition of two transfers
1 =7(1xgq), T2=7(1XDp)

corresponding to

CP(9) x CP(9) — CP(9) x CP(9)/1
and

CP9) x CP(9)/I - CP(9) x HP(4),

respectively.
By the definitions, we have

ph(@+&)ec@) =ph(@+&) orh+R) =ph((E +&) erA) +phi(6 +&).
Applying Lemmas 10.4 and 10.5, we have

T (pf1 (5153 + '5_152)) = pf1((£1 +&1) Or M) +>  f(unfs ((51 +&1) ®r M)-

i>0

Then by definitions
ph ((51 +&1) ®r M) = (1 xp)'pfi ((51 +&1) ®r A) —pf ((51 +&1) g l/>,
T (pf1 (515% + é:lf_%» =7 ((pf1(§1 +&1) ®r M)) +73 (Z F*(n)pfs ((51 +&1) @R M)) :
i>0

and

T;((pfl(& +£&1) ®r M)) =73(1 xp)* (pfl ((51 +&1) Or A)) -7 (pfl(fl +&1) ®r V)

—phi((& +E&) @r M)W x )1 ~ 75 (ph(6r +E) @rv).

Now we must prove that

B xp)1) =1, 75 (phil& +E) @rv) =philG),

TS (Z (vt (51 + &) ®r u) =0.

i>0

Then since (& 4 £1) ®g v) is the pullback of the bundle

¢ xn— BSp(1l) x BZ,
by the map 7 x f, we have

ph((E+ &) orv) =pfi(a+&) + 3 FEwsiE +&).
i>0
Similarly,
(&1 +&)®rp

is the pullback of the bundle
¢ xn(2) — BSp(1) x BO(2)
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and hence

pf2 ((51 +&1) @r M) =pfa(2u) + > _opfi(G+&).

i>0

So we have

T (pfl (5153 + 515%)) =pfi ((61 +&1) ®r A) 72 (1> p7)(1)

— i (G) + 75 (ph(& + &) @rv) + 75 | S(@pfi(c))

120

for some a; € MSp*(CP(9)/1).
It is known from [37] that up to dimension 32, MSp“" is torsion-free. Therefore, MSp*™(H P(4)) is
torsion-free for 4n > —12. Now Lemma 10.3 asserts that for any element a from

ker ¢* MSp*™(C'P(9)/I) — MSp**(CP(9)), 4n > —12,
which comes from MSp*(BN), we have
7 (p)(a) = 0.
Also
1) =1, (1) =2.

But the minimal degree of the elements «; is —12. This proves Proposition 10.8(a).
The proof of (b) follows from Lemma 10.3. For the bundle 7 x 1 from Proposition 10.7 we have

(rx )7 x D(ph(re © @) = 0+ 17 (ph((6 + ) 9c &) )
= 2pf1((§1 +&1) ®c C2) = (7 X 1)"(C1 ®R G2)-

The proof now follows from Proposition 10.7. O

Proof of Theorem 10.1. From Propositions 10.2 and 10.8(a) we have in MSp*(HP(4) x HP(4) the
relation of the form

6, ((23:1)112 + (2D)uv? + (2z3)vt + (z122)u0® + (25)uv? + - ) = Z(@ivi) Z b,g]l')ukvl
i>1 k>0

for u = pfi(¢1), v =pfi(¢2), j > 1, and some elements
b9 = 3" biukul) € MSp #(BSp(1)2).
k>0

Since f2;41 = 0 (see [34]) by the equality of the coefficients at the monomials uv?, u?v?, and uv?,

we obtain (b) and (c).
Similarly from Propositions 10.2 and 10.8(b) we have

2 2 2.2 4
0]' (ano)’U + a120UV” + ag00U V" + G140UVT + .. ) =0,

i.e.,
0;((221)v% + (2x2)uv? + (223)v* + (2z4)uwv* +...) =0,

and we have (a). O
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10.3. On symplectic cobordisms of real projective plane. Let r be the generator of
MSp?(RP?) = Z/2. Recall two formulas in MSp*(RP?) from [20]:
291(2) = 919”

and

As above, let ¢g = 61 and ¢; = 0o;.
Theorem 10.9. In MSp*(RP?), the following relations hold:

k-1
Osn17(2) = 0, Osn13(2) = @3, 17,  Oars1(2) = D boir1éage—iyr
=0
form>0and k > 1.

Proof. We use the Becker—Gottlieb transfer map. Namely, we need two formulas. First, as was proved
by Buchstaber [20] for the transfer map 7(m) of the double covering 7 : S* — RP*°, we have

TH(m)(1) =2+ ary* (10.1)
k=1

where y is the Euler class of the bundle v from the definition of the elements 6;(n). So for the covering
7 : 5% — RP?, this implies
(m)(1) = 2+ 61(2). (10.2)

The second formula we need is the following [34].

Let p be a double covering p : X — B, n be the symplectic line bundle n — X, n, be the transferred
n, 7(p) be the transfer map of p, and f : B — RP* be the classifying map of the real bundle v over
B associated with the covering p. Then for some elements ; € MSp*~%(RP>) the following formula
holds in MSp*(B):

7(p)*(Pr(m)) = Pi(np) + > f*(3) Pa(mp), (10.3)
i>0
where P; are symplectic Pontryagin classes. Applying (10.3) to the transfer map 7 = 7(7 x 1) for the
double covering
mx1:8%x HP® — RP? x HP*®
and taking into account the fact that for the transferred bundle ¢, = ( + v ®r ¢ we have
PiG)=az+z+ Y 02", paG) =a(@+ > 0;(2)ah),

i>1 i>1

we obtain
@) =z+r+ > 022"+ f() [ 14D 022" 2
i>1 j>1 i>1
On the other hand, by (10.1) we have

T(x) = (24 6;(2)))z.

We obtain

> 022t == f () [ 14D 022" 2 (10.4)
The theorem is proved. O
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The diagonal of RP? A RP? coincides with RP' A RP!, i.e., with S?, and the diagonal map RP? —
RP? A RP? factors as composition of the projection RP? — S? onto top cell with the inclusion of the
bottom cell. Then the triple diagonal map RP? — RP? A RP? A RP? is null-homotopic. This means
that for any «, 8 € MSp*(RP?), we have a8 = o117, where sja; and s13; are restrictions of a and
B to RP' = S'. In particular, all triple products in MSp*(RP?) are zero.

After remarks on double and triple products, the proof is completed by (10.3) and induction on 4.

11. Some Examples and Tables
First, recall from [31] that generators for

T« BP C H.,BP

| |

Z(p)[vl,vg,...] C Z(p)[ml,mg,...]
where
[on| = 2(p" = 1) = |mal,

are given by
n—1 )
Uy, = DMy Z moh .
i=1
We use the above formula with the following well-known formulas

F(x,y) = exp(logx +logy), logx = Zmna:”H

n>0

i .. — oBP
for calculating avj = 7"

11.1. Coefficients of formal group law in BP theory.

Q11 = —V1,

Q12 = U%a

13 = —21}:13 — 2U2,
99 — —41}:13 - 3U2,

Q14 = ?)Uil + 47)11}2,

Q93 = 101)11 + 11’011)2,

a15 = —4v) 4 6v3vs,
oy = —2107 — 28v3y,
g3 = —34v) — 43030y,

a6 = 605 4 12039 + 403,
g5 = 4308 + 75030y + 1803,
azq = 10108 4 164v3 vy 4 3403,

a7 = —101){ — 24vivy — 14v1v5 — 4us,
g = —88v] — 190v vy — 89u vs — 14vs,
azs = —2750] — 551vivg — 226v1v3 — 28us,
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gy = —394vT — 7650 vy — 3020102 — 3503,

a1g = 150% + 400709 + 280303 + Svyvs,

o7 = 16905 + 4200505 + 2570303 + 460103,

azg = 68008 4 1586v7v9 + 879viv3 + 126w v3,

s = 130308 + 293305 vy + 15430303 + 2030103,

a9 = —222}? - 661)?1}2 - 581)?2}% - 121}%1}3 - vg,

oy = —3120) — 8800wy — 688viv3 — 104vivs — 7203,

azr = —1573v] — 41920fv, — 30010303 — 382v%v3 — 26003,
e = —3861v] — 9900vivy — 67070303 — 791v2v3 — 52303,
a5 = —51560) — 13042050y — 86710303 — 1001v3v3 — 654v3.

11.2. Example n = 2. Let

Q45 = Ozg(Q).
Then using the map
BP — G(n),
where
BP* = Z(p)[vl,vz,...], G(n)" = Z(p)[vn.vgl],

which satisfies v, — v, if r = n and v, — 0 otherwise, we have
2 2 2
a13 = —21}2, 99 = —31)2, 16 — 41]2, Qo5 = 18’1)2, 34 = 341}2,
and otherwise a;; = 0 for 7 + j = 8.

11.3. Initial segments of the formal group law in Morava theory K(s)*. For p = 2 and
§s=2:
z + y + vory?
+ vg? (282 +$4y6)
5 y12x4—|—y4x12)

(

2" (

7( 10,.12 1210 14,8 8 14)
(

+ v
+v' (y vty ety " +yx

20,.8 8 20)

+ v5” Yyt tyw
2410

+ ,0211 (ySCCZG + y10x24 + #4210 y26$8)

+ v213 y12m28 +y28x12)
+ vy

15

Ey30$16 —|—y16£1?30 —|—y18.%'28 + y20x26 —|—y22£€24 _|_y24$22 —|—y26.’,12‘20 +y28£1318)
+ ,U217 (y20$32 + y32x20)
+ ,0219 (y16$42 + y18$40 + y401:18 + y42x16)
+ U221 (y8$56 + y20x44 + y409524 + y56$8 + y241:40 + y44x20)
+ U223 (y16x54 + y18x52 + y20x50 + y221,48 + y48$22 + y5OLL’20 + y52x18 + y54$16)
(
(

25 (.28 .48 16,.60 48 .28 60 16)

+u” (YT ty ety ety

+ U227 (y24$58 + y26$56 + y56$26 + y58$24)

16,.72 28 .60 32,.56 40,48 48 .40 60,.28 56 .32 72 16)

29y:1: +yTtr Yyt ty eyt Yy Ty +y

+ vy
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64

+7}231( 32,62 34,.60 38,.56 36 .58 40,.54 42

46 .48 50,.44 52,42 54,.40 56 .38 58 ,.36

Y3282 4 345,60 | (38,56 1 (36,58 | 40,54 4 42,52 4 44,50 | 48,46

60,.34

+y 0218 4 P02t 4 P20 P10 4 P08 4 P80 B0t 4y B232) L

For p =2 and s = 3:
z +y + vzztyt
NPT (y20I16 + y16x20)

+ U39 (y16:L’48 + y48x16)

4 1)321 (y80w68 + y84$64 + y64x84 + y68$80)

4 g2 (y112$64 + y64:1:112) +o .
For p =2 and s = 4:
T+y+ U4y8a:8
+vg° (y72x64 + y64x72)

+ U417 (y64[13192 + y192x64)

+ 11473 (y520$576 + y512$584 + y584$512 + y576$520) 4.

For p =2 and s = 5:

$+y+v5y16$16

+ 1)517 (y272£6256 + y256x272)

+ '1)533 (y768x256 + y2563§'768) 4

For p=3 and s = 2:
z+y+ v (2 20y3 + 29333/6)
Tyt (2 yl2a2h 024 4 g 15,18 | 18,15 1 24,0 4 2y21$12)

+ 1)27 (2 y21$36 + 2y18$39 +92 y36$21 + y30x27 + y27a?30 + 2y39x18)

+ ’1)210 (2 y4511336 +92 y36x45 + 2y18.’1363 +92 y9$72 +92 y72x9 + 2y63x18)

+ ,0213 (y48$57 +92 y27.%'78 + y57$48 +2 y33.1‘72 + y30x75 +92 y60

iE‘45 + y36

$69

+9 y39$66 42 y66$39 +92 y45$60 + y42:n63 +2 y51x54 +9 y54x51 + y751,30

+ 92 y78$27 + y63$42 + y69$36 +2 y72$33)

+ 7)216 (2 y90x39 +92 y93$36 +92 y39x90 +92 y36x93 + y63$66 + y66$63)

+ 7)219 (2 y36:c117 + y27$126 + y81$72 + y72x81 + 2y54l‘99 + 2y
+ 1)222 (y69$108 + y63$114 + 2y57$120 4 y60$117 + 2y66$111 +
+9 ySl.’IJ96 + y108$69 4 2y96$81 + 2y1111‘66 + y114$63 +y

+ y93.%'84 + y84.%'93 49 y87$90 +2 y901’87)

991,54 +y

y54x123

126$27 +9 y117$36)

+ y1231‘54

117.%,60 +2 y120$57

+ ,U225 (2 y57x144 + 2y54x147 + 22/751‘126 +92 y72$129 + y84x117 + y81x12

+ y99$102 + 2y93$108 + 2y90$111 + y102m99 + 2y111x90 +

) y108$93

+ y120$81 +92 y129:c72 +92 y126x75 +92 y144x57 +2 y147x54)

+ 7)228 (2 y54x171 +92 y90x135 +92 y135x90 +92 y171x54) I

0

11 4
+y 7$8



For p =3 and s = 3:
T +y+ v (2 wgyls + 2 :L"lsyg)
+ 0310 (y81$180 2y 01Tl | 99,162 | 162,99 4 9, 171,90 | y180$81)
+ 059 (2 ylT1g32 4 0 162,333 | 243,252 4 o, 333,162 | 252,243 | o y324$171)
+ g2 (2 yPOT 162 4 9 162,567 | o 648, 81 | o, 81,618 4 o, 824,405 | o y405x324) T
For p =7 and s = 2:
T4y + v (4y35$14 61207 4y 22802l 221 6y7x42)
T 08 (4 105,280 | 398,287 | 3,126,259 4 4,119,266 | 9,154,231 | g, 140,245
§opyMT 28 | gy 188,252 4 01,200 | o 182,203 4 5, 175,210 | 9, 168 217
4 5ylBLp224 | 9 217,168 4 5, 210,175 | 9,203,182 | 5, 196,189 4 5,189,196
4 4y202p133 4 3,245,140 | 5 238, 14T | 9, 231,154 4 5, 224,161
43235112 4 4 266,119 | 3,259,126 | 6, 315,70 4 308,77 | g, 301,84
POl | 32T 98 4 4 280,105 4 336,49 | g, 829,56 4 322,63
4yA0336 4 63,322 | 656,829 4 g, 70,815 4 77,308 4 g, 84,801 | 3 y112x273)
TPRL: (4 Y3308 | 6427200 | o 420,301 4 9, 448,278 | g, 441,280 | 4, 08,623
41624259 4 4 455,266 4 4,808,413 | 6,490,281 | 5 119,602 4 ¢, 476,245
4 4yB15,406 4 126,595 4 0,469,252 | 9,322,390 | o 518,203 4 4,511,210
S 4yPUA21T | 9 49T 220 4 o 553,168 | 546,175 | 3,539,182 | g 525,196
4 50095112 4 5 602,119 | g, 595,126 | 4,588,133 4 3,574,147 4 4, 133,588
P07 154 | 960,161 | 3, 147 574 4 4, 623,98 | g, 616,105
4 6yy5205392 4 /154,567 | 9,168,558 4 9, 161,560 4 g, 182,539 | 175,546
4 6y1904525 | 4 210,510 4 9,203,518 | g 217,504 | g, 281,490 4 o, 224,497
46 y3924829 4 9y 252,409 4 40 259,462 | 6 245,476 | 4 406,315 4 o, 399,322
49y M8 | 0 301,420 4y 266,455 | 6,280,441 | g 204,427 4 g, 105,616
+5 y112x609) +....
11.4. Examples of the polynomials A,lc. Below are some A,{z(z, Z) from Sec. 5, y = zP~! and
op=24.
For p =3 and s = 2:
o1 = vay o3 + vay's,
o2 = 202"y 05" + 209y°05” + 2Puayt + 2.
For p =5 and s = 3:
o1 = v3y* o5 + v3y* o5 + vsy’la,
oy = 4132520530 + 4032500520 1 30350510 + 03521058 + 30320052 + 203y a2,
o3 = 205352055 + 203350055 + 032y 0053 + 2032520053 + 032y P05

+2U3y130'515—|—’l)3y180511+U3y230'57+21)3y28053+2.%'3’l)3y31,

65



N -

11.
12.

13.
14.
15.
16.
17.

18.

19.
20.

21.

22.

23.
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o4 = 4034y250.580 + 47)34:(/300'576 4 4U33y190'560 +3 U33y240'556
44 U33y290'552 +4 1)32y130540 +9 '1)32y180'536 +9 1)32y230'532 +4 U32y280528

+4 y7v30520 + y12v30516 +4 y17vga512 + y22v3058 +4 y2703054 + a:4v3y31 +4y.
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