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ON THE METHOD OF MONOTONICITY IN PROBLEMS
WITH AN IMPLICIT OBSTACLE

A. GACHECHILADZE

ABSTRACT. In the present work we consider the variational and quasi-
variational inequalities for the second order elliptic, coercive par-
tial differential operator. These problems are, in fact, the quasi-
variational inequalities with a unilateral implicit obstacle considered
for the Dirichlet and Neumann boundary conditions. Such kind of
problems are encountered in the control theory. In investigating these
problems we have used the method of monotonicity when the obstacle
operator is not monotone in an ordinary sense. The existence of mini-
mal and maximal solutions is proved. It is stated that these solutions
minimize and maximize the “control energy”.
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1. INTRODUCTION

The problems we consider here trace back to the control theory. They
are formulated in the form of the elliptic variational and quasi-variational
inequalities. We are concerned only with the question of the existence of
solutions and present a somewhat different version of the method of mono-
tonicity in the problems of an implicit obstacle. Let us make some defini-
tions.

2000 Mathematics Subject Classification. 35J85.
Key words and phrases. Variational and quasi-variational inequalities, implicit obsta-
cle, control energy.



62 A. GACHECHILADZE

Let 2 be a bounded domain in R™, T be the boundary of Q2 : I' = 01,
I' € C, v be the outward unit normal vector to ; moreover, let H*(Q2) and
H*(T') be the real Sobolev spaces. Define H(Q) := {v € HY(Q) : |, = 0}.
Further, suppose V = ﬁl(Q), or V.= H'(Q), and V' denotes the dual space
of the space V. The norm in these spaces will be denoted by | - ||y and
| - ||v’, respectively:

(¢, w>
lllv

lellv: = sup Vo eV,

where (-, -) is the duality brackets between V' and V.
Define the bilinear form on the space H'(Q) x H*(Q) as follows:

ou Ov
a(u,v) Z /a” oz, 0x]d +Z/alaxzvdaz+/a0uvd:p

ij=1 Q
NP ) (1.1)
aij, ai, a0 € L(R™), Z ai;&i&5 > aolél?,
ig=1

ao(x) > a’, a° = const > 0.

Suppose that the form a(u,v) is coercive:
a(u,u) > of|ul[f o, Yu e H'(Q), (1.2)

where || - |1, is the norm in H(Q).
Define the following operators:

"9 0 - 0
A(l‘,a) = — Z 6—% <a”6_301) +;aza—xz +a0,

ij=1

auA Z i o, a

As is known, if u € H'(Q) and Au € Ly(£), then ;— cH? (T'), and the
va

following Green’s formula
a(u,v) = <8_u v> +/Auvdx Vv € HY() (1.4)
) 31/,4 ) r )
Q

is valid. Here (-,-), is the relation of duality between H=(I') and H = ().
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Introduce the order in the spaces V and V’.
If u,veV, then
u>v & u>v a.e in
If u,o€V’', then
uzv & (u,p) =(v,p), VeV, p=0.

(1.5)

Here we set the variational inequality with the unilateral restrictions:
Find v € K, such that

a(u,v—u) > {f, v—u), Vv € K,
K={veV:v>h, inQ},

where f € V' and heV.

Problem (1.6) is called the variational inequality with Dirichlet or Neu-
mann boundary conditions correspondingly to V = H'() or V = H(Q).
Due to the classical theory of the variational inequalities (see [1], [2], [3], [6]),
the coercivity property of the form (1.1), the closure and convexity of the set
K imply a unique solvability of problem (1.6) when f € V/ and h € V. In
this problem, i denotes an obstacle. When the set K depends on the solu-
tion u, i.e., when K = K (u), then problem (1.6) is called a quasi-variational
inequality. A significant role in this kind of problems play variational in-
equalities with an implicit obstacle such as, for example, the case h = M (u)
in problem (1.6). Quasi-variational inequalities were introduced by Alain
Bensoussan and Jacus Luis Lions in 1973. The main tool in the investigation
of problems with an implicit obstacle is the monotonicity method which is
applied when the obstacle operator M is monotone. In $3 we will consider
the quasi-variational inequality and apply the monotonicity method in the
case when the operator M is not monotone with respect to the order in V.

Define the linear operator

(1.6)

AV — V"

(Au,v) =a(u,v), VeV (1.7)

From formulas (1.4) and (1.3) it is clear that if V = H'(Q), then A = A.
To demonstrate that the functional Au defined by means of (1.7) belongs
to the space V', we have to need to notice that the form (1.1) is bounded:

a(u,v) < cllullv]v|lv, Vu,veV. (1.8)
In this inequality we can take ¢ = max (||aij|| o, [|@ill oo, |@0]| ,oo ). Thus
1<i,5<n

Au € V' and by the definition of the norm in V' we have

[Aullv: < cllully,  VuecV. (1.9)
By definition (1.7), inequality (1.6) can be rewritten as follows:
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ue K, (Au,v—u)>{f,v—u), Vv € K. (1.10)

Here (-, -) is the duality brackets between V and V”.
The operator A is a bijective mapping from V to V’. To prove this, it is
equivalent to prove that the equation

(Au,v) = (f,v), YweV (1.11)

has a unique solution u € V for every f € V’. Problem (1.11) is the Dirich-
let, or the Newmann problem with the homogeneous boundary conditions
according to whether V = H'(Q) or V = H'(£2). The unique solvability of
problem (1.11) follows from the fact that it can be considered in the capacity
of the variational inequaity (1.11) for K = V. In this case problem (1.11)
has a unique solution, since V is a closed, convex set. Therefore problem
(1.11) is uniquely solvable, and u = A~!f. Thus A possesses the inverse
operator A7 : V' — V.

Let us get back to problem (1.6). This problem can be interpreted in
various ways. The probabilistic interpretations of variational and quasi-
variational inequalities as optimal stopping-time problems can be found in
[1] and [2]. For different physical interpretations see [3]. Following [3],
we present here only thermostatic interpretation of problem (1.6). Under
the solution w(z) we mean the temperature of the body € at the point
x. Further, f denotes an external thermal energy received from the body
Q. Our goal is to keep the temperature of the body not lower than the
preassigned one h(z). This can be achieved by the so-called regulators
which are distributed at the points of the body . The regulators start
their work, that is energy emission, only in the case when the temperature
u(x) will equate to h(z). The whole energy received by the body we denote
by Au. Thus as it follows from the above-said, Au — f is the energy emitted
by the regulators, i.e., the control energy. It can be shown that if Ah — f
remains invariable, then Au — f is likewise invariable. Indeed, let

h=h—-A"'f, K={€V:5>h, inQ}.
Consider the variational inequality
ue K, (Au,v-mu) >0, Vo e K (1.12)

and check that @ = u — A~!f, where u is the solution of problem (1.10)
with the given f and h. Towards this end, we have only to notice that
(v—A"1f) € K for every v € K, where K is defined in (1.6).

Thus if Ah — f is invariable, then h = A~'(Ah— f) is likewise invariable,
which defines @ = A~ (Au — f) uniquely by formula (1.12). Hence Au — f
remains invariable too.
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Relying on this fact, we can consider the mapping
T:V —V.
T: Ah—f — Au— f. (1.13)
It is clear that this mapping is equivalent to the dependence
Ah — Au
which is realized by means of inequality (1.12).

In Section 2 we will study the properties of the operator defined in (1.13)
and use them in quasi-variational inequalities.

2. THE PROPERTIES OF THE OPERATOR 7

To study the properties of the operator 7, we will first present the lemma
proven in [4] and then use the lemma from [5] (Lemmal.2). The similar
result can be found in [6].

Lemma 2.1. Let u be a solution of problem (1.6), then
AL <u< A t,
) (2.1)
YoeV' v>f, A v >h,
where f and h are from problem (1.6).

Now let us prove the lemma, which is of importance in this section.

Lemma 2.2. Let u; be solutions of the variational inequality (1.6) with
h;€eVand f; eV', i=1,2, and

A(hy — h2) > f1 — fo, (2.2)
in the sense of (1.5). Then
.A(u1 — ’LLQ) Z f1 — f2 cmd Up — Uz S h1 — hg (23)

likewise in the sense of (1.5).

Proof. Consider the problem: Find w € V, such that

a(w,v—w)g(fl—fg,vfw% V’UGV,’UZ}M*UQ,
(2.4)
w > hy — us.

Since (2.2) holds, and hy — ha > h; —use, then on the basis of the right-hand
side estimate (2.1) of Lemma 2.1, for problem (2.4) we can write

U}Shl—hg.

Denote z := w + ug and prove that z is a solution of problem (1.6)
considered for hy and fi. Indeed, first we observe that z > hy. Further, for
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every v € V, v > hy we have
a(z,v—2) = a(w + uz,v —w—uz) > {f1 — fa, v —w—uz)+
a(ug, v —w —uz) > (fi — fa, v—w—wu2) + (fo, v —w—uz) =
(fr,v—2).
We have respectively used v —ug > h; —ug and v —w > v — hy + hy > ho.
Thus z solves problem (1.6) formulated for hq and f7, and due to the unique
solvability of this problem, z = u;.

Consequently, w = uj — ug, and since Au > f in problem (1.6), for
problem (2.4) we obtain

A’IU:.A(Ul —’U,g) Zfl —fg. O

Thus, the “control energy” Au — f depends monotonicaly on Ah — f.
To present a general theorem on the properties of the operator 7, it is
necessary to prove one more lemma.

Lemma 2.3. The operator A~! : V! — V is monotone increasing with
respect the order (1.5) in V', i.e.,

A lw—A1f >0, Yo, feV, v>f

Proof. The assertion of this lemma is the easy consequence of Lemma 2.1
with h = A~ 1. O

Now we can prove the above-mentioned theorem.

Theorem 2.4. The operator T defined from (1.13), is monotone increas-
ing with respect to the order (1.5) which possesses the following properties:

(i) 0<7Tv<y, Vg,ve V' g>0,g>w. (2.5)
(ii) sup || Tgllv =d(z) < o0, Vze V' (2.6)
geV gz

Proof. The monotonicity of 7 follows from definition (1.13) and Lemma 2.2.

The left-hand side of the estimate of claim (i) is clear since Au > f
in problem (1.6). The right-hand side of the estimate is the well-known
Lewy-Stampacchia inequality. In the particular case inequality (2.5) can be
rewritten as

0<Tv<ovT, Vv € La(Q),

where v = max(v,0) a. e. in Q. This inequality has been proved in [1] and
[2] for variational inequalities with the Dirichlet and Neumann boundary
conditions, respectively. These proofs differ from each other. We derive
(2.5) from Lemma2.2. Indeed, let g and v satisfy the conditions of claim
(i) of Theorem 2.4. Take

fi=fo=0, and hy = A7 1g, hg = A 1
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in Lemma2.2. Then it is easy to see that u; = h; in the above-mentioned
lemma. Hence by Lemma 2.2, since Ah; > Ahso, we have g = Au; > Aug =
To.

Let us prove the second claim. Without loss of generality, we can take
f=0in (1.13). Further, for g and z from (2.6) consider the problem

a(u,v—u) >0, YoeV,v>Ag,
weV, u>A1g.

Observe that 7g = Au. By Lemma2.3, A~ 'z > A~1g, and we can take
v=A"121in (2.7) to obtain

a(u,u) < a(u, A7 12).

(2.7)

Since the form (1.1) is coercive and bounded,
allulli, < cllully LA™ 2llv,
c _
lully < =A™ 2]lv,
a
where o and ¢ are from (1.2) and (1.8), respectively. Then according to

(1.10), we have

2
c _
1Tgllv: = llAullv: < cllully < — A7 =]y (2.8)

2
Now we can assume that d(z) = < A= z||v.
a

Thus the proof is complete. Il

3. THE PROBLEM WITH AN IMPLICIT OBSTACLE

In this section we consider the variational inequalities with implicit ob-
stacles which are stated as follows:
Find v € K(u) such that

a(uvvfu)2<fa’u7u>a VUGK(U)a

3.1
Ku)={veV:v>M(u),}, (3.1)
for feV' and M :V — V.
Consider the mapping
P:=TM:V —YV, (3.2)

where f € V', and T, : V — V realizes the dependence of the solution
u=u(h, f) on the data h with fixed f in problem (1.6), i. e.,
Ty : h — u=u(h, f), VheV. (3.3)

It is easy to see that every fixed point of the mapping (3.2) is a solution
of problem (3.1), and vice versa. Hence a number of solutions of problem
(3.1) coincides with that of fixed points of the mapping P.
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As is known, the operator T, is monotone increasing with respect to the
order (1.5) in V. The results of this type can be found in [1], [2] and [5].
Therefore if M is monotone increasing in V', then P is likewise monotone
increasing, and due to the theorems about fixed points of monotone increas-
ing mappings in Banach spaces, the operator (3.2) under certain conditions
has a minimal and a maximal fixed point which is a minimal and a maximal
solution of problem (3.1) (see [7] and [8]).

Define

P:=APA "V — V. (3.4)

It is easy to see that

P=TM, (3.5)
where
MV =V, TV =V,
M=AMA"" and T, = AT, A"
Hence the fixed points of the mapping (3.2) correspond uniquely to these of
the mapping (3.4). Thus the question on the solvability and on a number
of solutions of problem (3.1) can be reduced to finding of a number of fixed

points of the operator P.
By definitions (1.13) and (3.3),

T9g=T(g+f)+f VgeV. (3.7)

holds. To describe the properties of the operator 7,, we present the theorem
which is similar to Theorem 2.4.

(3.6)

Theorem 3.1. The operator T : V' — V' defined from (3.5) is mono-
tone increasing with respect to the order (1.5) and possesses the following
properties:

(i) f<Tpv<y, Vg,oeV', g>f g>v. (3.8)
(i) For each z € V' there exists such constant ds(z), that

| Trvllv: < dg(2), VoeV', v<z and (3.9)

df(z1) > df(z2), Vz1, 22 €V’ 21> 2. (3.10)

Due to Theorem 2.4, the assertions of this theorem become clear if we
take into account (3.7). In item (ii) of Theorem3.1 we can take df(z) =
d(z+ f) + [ fllv-

Now we are able to prove the main theorem of this paper. Towards this
end, we will use the technique of proving the theorems on finding fixed points
of monotone increasing mappings which are introduced, for example, in [7]
and [8]. But in these works the spaces, in which the monotone operators
act, differ from the space V' to which we apply our proof.
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Theorem 3.2. Let in problem (3.1) the operator M defined from (3.6)
be a monotone increasing mapping from Sy to V'; i.e.,

u,v €Sy, u>v = Mu> My,

Sp={veV': v>f}L (3:.11)

Then if there exists z € Sf such that z > Mz, then the quasi-variational
inequality (3.1) has minimal and mazimal solutions u and @ which satisfy
the following properties:

Au < Au < Au < z. (3.12)
Here u is an arbitrary solution of problem (3.1) with Au < z.
Proof. From (3.12) it is clear that
u<u<u inV’,

were u is an arbitrary solution of problem (3.1) with Au < z. This justifies
the notation uw and .

From the above reasoning it follows that the existence of a minimal and a
maximal solution of the implicit obstacle problem (3.1) (without additional
properties (3.12) ) is equivalent to the proof that the set of fixed points of the
operator P defined by means of (3.2) is not empty and possesses a minimal
and a maximal element. These elements will be a minimal and a maximal
solution of problem (3.1). Further, the fixed points of the operators P and
P are linked by the law:

If

Py =1, then Py = if and only if ¢ = A 1.

If the operator P possesses minimal and maximal fixed points, then by the
monotonicity of the operator A~! they must be Au and Au, where u and
w are the minimal and maximal fixed points of P.

Thus the equivalent for the assertion of Theorem 3.2 is the proof that
the operator P, defined by (3.4) under the requirements of our theorem,
possesses a minimal and a maximal element on a set of fixed points which
are less than, or equal to z.

Let us prove this assertion.

First we observe that due to (3.5), (3.11) and Theorem 3.1, the operator
P : S — Sy is monotone increasing.

Define

St={veV': f<v<z |vlv <d,(2), v < Pu},
ST ={veV': f<v<z |y < max(ds(z), [|z]v), Pv < ).
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We notice that ST C Sy and S— C Sy. These sets are not empty because
f € ST and z € S~. Indeed, from Theorem 3.1 it follows that since
Pf=TyMf =],
Pz=TsMz <z, Dbecauseof z> f and z > Mz.

Let us prove the existence of a maximal fixed point of P.

First we prove that P : ST — ST. Indeed, let v € ST. Then by the
monotonicity of P, M and d,, with regard for (3.8) we obtain

f<SPf<Pv<Pz<z,

Pv < P(Pv), since v < Pu,

[Pvllv: < [ TgMollv: < dp(Mv) < dp(Mz) < dy(2).
Thus Pv € ST.

Now we notice that if ST possesses a maximal element v*, then v* will
be a maximal element among fixed points of P, which are < z. Indeed, if
v* € ST, then Pv* € ST and Pv* < v* which implies Pv* = v*. It is clear
that each ¢ = Py with ¢ < z belongs to ST and ¢ < v*. Therefore we

have only to prove that ST has a maximal element. To this end, we need
to prove that every ascending from S chain

wy Swy <o S wy Swpyy <co- wp €8T, (3.13)

has the upper bound w* in ST. Then the existence of a maximal element
in S* will be the consequence of Zorn’s Lemma.

First we prove that for every chain from (3.13) the sequence of real num-
bers converges for each ¢ € V:

<wlaw>a <w27¢>7<wna¢>
Indeed, if ¢ > 0, then

Hence

() < T (wn, ) < (2,9), Vi >0, (3.14)

In the case in which 9 is an arbitrary element of V', we can represent it
as a difference of two nonnegative elements from V' as follws:

Y=y -9,
where T = max(1,0) and ¥~ = max(—1,0). The results proving that
¢+ €V can be found in [6]. Thus

lim (wp, ) = lim (wn,w"') — lim (wp, 7).
n—oo n—o0 n—oo
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Therefore we can consider on V the functional w*:
n—oo

Prove that w* € S*. Since |(wy,, )| < ds(2)||¢||v for every wy, from ST,
we have [(w*,¥)| < d,(2)|¥|lv, which means that

w* e V' and |w*|v < d,(2).

Further, (3.14) implies that f < w* < z. Let us show that w* < Pw*.
It is easy to see that w* is the least upper bound in V' of the chain {w,}
from (3.13). Hence by the monotonicity of P we can write

Pw* > Pw, > w, and Pw* > w"*.

Thus w* € ST, and w* is the upper bound of the chain (3.13) in S™T.

Now Zorn’s Lemma allows us to conclude that St possesses a maximal
element v* which is a maximal fixed point of the mapping P : St — ST.

Analogously we can prove the existence of a minimal fixed point v, of the
mapping P by using the set S~. Now a minimal and a maximal solution of
problem (3.1) can be given by the following formulas

u=A1tv, uw=A"tov*.
They satisfy conditions (3.12) as well. O

As it is obvious from (3.5), a minimum and a maximum solution of prob-
lem (3.1) minimizes and maximizes the “control energy”.

Finally, as an example we present here the obstacle operator M : V — V
for which the operator M possesses the property (3.11).

Let

Mu = a(u,p)tp, for @, eV, p>0, A > 0.

Since Mu = (Au, )1, from (3.6) it follows that Mv = (v, ) Ay for
every v € V', and in view of ¢ > 0 and A% > 0, we conclude that M :
V' — V' is a monotone increasing operator.

Consider the obstacle operator

Mu = a(u,u)yp, for v €V, A >0.
Then
Mo = (v, A" 0) Ay, Yo eV
If f >0, then M : Sy — S} is a monotone increasing operator, where Sy is
from (3.11). Indeed, if vy, vo € S, v1 > v2 > f > 0,then A~ 1oy > A7 1wy >
A7Lf>0and

M’Ul - M’Ug = (<’U1,.A_1’U1> - <’U2,.A_1’U2>).A’lb =
= ((v1 — va, A7 0) + (va, A7 (01 — 12))) A > 0.
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