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An interlayer phase coherence develops spontaneously in the bilayer quantum Hall system at the
filling factor v = 1. On the other hand, the spin and pseudospin degrees of freedom are entangled
coherently in the canted antiferromagnetic phase of the bilayer quantum Hall system at the filling
factor v = 2. There emerges a complex Nambu—Goldstone mode with a linear dispersion in
the zero tunneling-interaction limit for both cases. Then its phase field provokes a Josephson
supercurrent in each layer, which is dissipationless as in a superconductor. We study what kind
of phase coherence the Nambu—Goldstone mode develops in association with the Josephson
supercurrent and its effect on the Hall resistance in the bilayer quantum Hall system atv = 1, 2,
by employing the Grassmannian formalism.

Subject Index 196

1. Introduction

Quantum Hall (QH) effects are remarkable macroscopic quantum phenomena observed in the
2-dimensional electron system [1,2]. They are so special in condensed matter physics that they are
deeply connected with the fundamental principles of physics. Moreover, the QH system provides us
with an opportunity to enjoy the interplay between condensed matter physics and particle and nuclear
physics [3].

In particular, the physics of the bilayer quantum Hall (QH) system is enormously rich owing to the
intralayer and interlayer phase coherence controlled by the interplay between the spin and the layer
(pseudospin) degrees of freedom [3,4]. The interlayer phase coherence is an especially intriguing phe-
nomenon in the bilayer QH system [3], where it is enhanced in the limit Agas — 0. For instance, at
the filling factor v = 1 there arises a unique phase, the spin-ferromagnet and pseudospin-ferromagnet
phase, which has been well studied both theoretically and experimentally. One of the most intriguing
phenomena is the Josephson tunneling between the two layers predicted in Refs. [5—9], whose first
experimental indication was obtained in Ref. [10]. Other examples are the anomalous behavior of
the Hall resistance reported in counterflow experiments [11,12] and in drag experiments [13]. They
are triggered by the Josephson supercurrent within each layer[17]. Quite recently, careful experi-
ments [ 14—16] were performed to explore the condition for the tunneling current to be dissipationless.
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These phenomena are produced by the pseudospins at v = 1, where the Nambu—Goldstone (NG)
mode describes a pseudospin wave.

On the other hand, at v = 2 the bilayer QH system has three phases, the spin-ferromagnet and
pseudospin-singlet phase (abridged as the spin phase), the spin-singlet and pseudospin ferromagnet
phase (abridged as the pseudospin phase), and a canted antiferromagnetic phase [19-25] (abridged
as the CAF phase), depending on the relative strength between the Zeeman energy Az and the inter-
layer tunneling energy Asas. The pattern of the symmetry breaking is SU(4)— U(1)®SU(2)®@SU(2),
associated with which there appear four complex NG modes [26]. We have recently analyzed the full
details of these NG modes in each phase [27]. The CAF phase is most interesting, where one of
the NG modes becomes gapless and has a linear dispersion relation [27] as the tunneling interaction
vanishes (Agas — 0). It is an urgent and intriguing problem what kind of phase coherence this NG
mode develops.

In this paper, we investigate the interlayer phase coherence, the associated NG modes, its effective
Hamiltonian, the Josephson supercurrent provoked by these NG modes and its effect to the Hall
resistance in the bilayer QH system at v = 1, 2, by employing the Grassmannian formalism [26].

The basic field is the Grassmannian field consisting of complex projective (CP?) fields. We intro-
duce n CP? fields to analyze the v = n bilayer QH system. The CP3 field emerges when composite
bosons undergo Bose—Einstein condensation [3]. We first make a perturbative analysis of the NG
modes and reproduce the same results as obtained in [27]. We next analyze the nonperturbative
phase-coherent phenomena developed by the NG mode having linear dispersion, where the phase
field ¥ (x) is essentially classical and may become very large, which is necessary to analyze the
associated Josephson supercurrent. We show that it is the entangled spin-pseudospin phase coher-
ence in the CAF phase. The Grassmannian formalism provides us with a clear physical picture of
the spin-pseudospin phase coherence in the CAF phase and, furthermore, enables us to describe
nonperturbative phase-coherent phenomena uniformly in the bilayer QH system.

We then show that the Josephson supercurrent flows within the layer when there is inhomogeneity
in ¥ (x). A related topic has been investigated in [28]. The supercurrent in the CAF phase leads to the
same formula [17] for the anomalous Hall resistivity for the counterflow and drag geometries as the
one at v = 1. What is remarkable is that the total current flowing in the CAF phase is a Josephson
supercurrent carrying solely spins in the counterflow geometry. We also remark that the supercurrent
flows both in the balanced and imbalanced systems at v = 1 but only in imbalanced systems at v = 2.

2. The SU(4) effective Hamiltonian

Electrons in a plane perform cyclotron motion under perpendicular magnetic field B and create
Landau levels. The number of flux quanta passing through the system is No = B S/ ®p, where S
is the area of the system and ®p = 27 h/e is the flux quantum. There are N¢ Landau sites per one
Landau level, each of which is associated with one flux quantum and occupies anarea S/N¢ = 271612Eg ,
with the magnetic length £5 = /h/eB .

In the bilayer system an electron has two types of index, the spin index (1, |) and the layer index
(f, b). They can be incorporated in four types of isospin index, o = 4,f],b1,b]. One Landau site
may contain four electrons. The filling factor is v = N/Ng with N the total number of electrons.

We explore the physics of electrons confined to the lowest Landau level (LLL), where the elec-
tron position is specified solely by the guiding center X = (X, Y), whose X and Y components are
noncommutative,

[X,Y] = —it%. (1)
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The equations of motion follow from this noncommutative relation rather than the kinetic term for
electrons confined within the LLL. In order to derive the effective Hamiltonian, it is convenient to
represent the noncommutative relation with the use of the Fock states,

1
n)=——®»H"0), n=01,2,..., bl0)=0, 2
In) «/ﬂ( )"10) |0) (2)
where b and b' are the ladder operators,
b ! (X —iY), b' ! (X +iY) (3)
= — 1 , = 1 ,
V2ep V2ep

obeying [b, b'] = 1. Although the Fock states correspond to the Landau sites in the symmetric gauge,
the resulting effective Hamiltonian is independent of the representation we have chosen.
We expand the electron field operator by a complete set of one-body wave functions ¢, (x) = (x|n)
in the LLL,
No
Yo (x) =) ca(m)gn(x), )
n=1
where ¢y (n) is the annihilation operator at the Landau site |n) with « = 4,f],b1,b]. The operators
cq(m), c;g (n) satisty the standard anticommutation relations,

{Calm). ()} = Syndap.  {calm). cp(m)} = {cfm), cfn)} =0, (5)

The electron field v, (x) has four components, and the bilayer system possesses the underlying alge-
bra SU(4), having the subalgebra SUgpin (2) x SUppin(2). We denote the three generators of SUgpin (2)
by 75" in, and those of SUj,in (2) by P PN There remain nine generators T, in r,f P in, whose explicit form
is given in Appendix A.

All the physical operators required for the description of the system are constructed as bilinear
combinations of v (x) and ¥ (x). They are 16 density operators:

1 spin
p(x) = ¥ ()Y @), Sa(x) = 5w*<x)ra" ¥ (),

(6)
1 in 1 spin in
Pi(x) = Ew*(xﬁ}?p U(x),  Rapx) = 5w*<x>rap P (),

where S, describes the total spin, and 2 P, measures the electron-density difference between the two

layers. The operator R,y transforms as a spin under SUj,i(2) and as a pseudospin under SUppin (2).
The kinetic Hamiltonian is quenched, since the kinetic energy is common to all states in the LLL.

The Coulomb interaction is decomposed into the SU(4)-invariant and SU(4)-noninvariant terms

1
HY = E/dzxdzyw(x—y)p(x)p(v), @)
He =2 f Exd?y V= (x =) P P (), ®)
where
2 (1 1
Vi) = — [ —+ —— ), 9
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with layer separation d. The tunneling and bias terms are summarized into the pseudo-Zeeman term.
Combining the Zeeman and pseudo-Zeeman terms we have

Hzpz = — / d*x(AZS; + Asas Py + Apias Pr), (10)

with the Zeeman gap Ay, the tunneling gap Agas, and the bias voltage Apjas = € Viias-
The total Hamiltonian is

H = HE + HZ + Hzyz. (11)
Note that the SU(4)-noninvariant terms vanish in the limit d, Az, Asas, Apias — 0.

We project the density operators (6) to the LLL by substituting the field operator (4) into them.
A typical density operator reads

224 A
Rap(p) = e 37 * Ry (p) (12)
in momentum space, with
A 1
Rap(p) = 7= > J{nle™ "X |m)c’ (m)7g PP (m), (13)
mn

where c(m) is the 4-component vector made of the operators ¢, (m).

What are observed experimentally are the classical densities, which are expectation values such as
2N (p) = (5|5 (p)|G), where |S) represents a generic state in the LLL. The Coulomb Hamiltonian
governing the classical densities are given by [29]:

H = f &pVy @5 ()i (p) + 4n / &pVy, (@) P (=p) S (p)
T / V@IS —pS () + P —p) P (p) + RS (—p) R (p)]
f & pVy @IS (—p) S (p) + P (—p) P (p) + REL(—p) REL (p))]

-3 [ v cpio (14)
where Vp and Vx are the direct and exchange Coulomb potentials, respectively,

27 2y
G2 yy(p) = Y (03 jaye A, (15)
7T

Vp(p) = yp |p|

with Vy = Vii + Vi, V&=V -V, and

2
—lpld) o—3p%/2
Vip) = - €|p|<lj:e )e /2
J2met _ 252 102
Viw) = oGt ae 2 [ ek G, a0
0

Here, I(x) is the modified Bessel function, and Jy(x) is the Bessel function of the first kind.
Since the exchange interaction V¥ (p) is short ranged, it is a good approximation to make
the derivative expansion or, equivalently, the momentum expansion. We may set 5'(p) = po,
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Sg‘ Pp) = poS4(p), 13;1 () = poPy(p), and Iéf&?(p) = poRap(p) for the study of NG modes. Tak-
ing the nontrivial lowest-order terms in the derivative expansion, we obtain the SU(4) effective
Hamiltonian density

H = g (3o 0S0* + @P? + @Rap)?) + 207 (Yo (06S0* + @GP + (3 Rao)?)
+ oo [€can(Po) = 265 (D (S + (Rao)?) = (AzS: + AsasPr+ AP |, (17)
where pgp = pp/v is the density of states, and

Jo=—oE =y |-/ 1+ e Berfc(d ﬁz) ,
‘T levar ¢ { 7 lp 2 [v2ts

B

1 1 d
€x = —\/%Eg, e§ = 5 [1 :I:edz/zgg?erfc (d/\/iﬁg)] €x, 65 = @Eg,

€cap = 4€p, — 26y, (18)

with
2
e
EV = ) 19
C™ drety (19

This Hamiltonian is valid at v = 1, 2 and 3.

It should be noted that all potential terms vanish in the SU(4)-invariant limit, where pertur-
bative excitations are gapless. They are the NG modes associated with spontaneous breaking of
SU(4) symmetry. They get gapped in the actual system, since SU(4) symmetry is explicitly broken.
Nevertheless, we call them the NG modes.

3. Bilayer quantum Hall system atv = 1

In this section, we first show the ground state structure and the associated NG modes. We then show
the interlayer phase coherence, the associated Josephson supercurrent, and its effect on the Hall
resistance, in the limit Agas — 0.

3.1. Ground state structure

We introduce the CP? field based on the composite boson theory. An electron is converted into a
composite boson by acquiring a flux quantum in the QH state. The CP3 field emerges when com-
posite bosons undergo Bose—Einstein condensation. The dimensionless SU(4) isospin densities are
given by [3]:
1 +__spin
Sa(x) = zn't; " n,
2
1+ ppin
Pa(x) = En T, N,
1 . .
Rap(x) = EnTtgpmrlfpmn, (20)

where n is the CP? field of the form n(x) = (nfT, ntd, nbt, nw)t.
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The ground state at the imbalanced configuration oy is given by
(et n2Y ngt ngh) = (1,0,0,0) (1)

in the bonding—antibonding representation, which reads

n? V1 + o9 0 V1 — o9 0 n?T /H%

n? B 1 0 V1 + 09 0 1 — o9 ng"i B 0 22)
V2 VImee 0 —JTHoo 0 I A
ng¢ 0 JT =09 0 —J/T+ o9 ngi 0

in the layer representation. The ground-state values of the isospin fields are

1 1 / 1 /
Sg = E‘Saz» 7)5 = 5 ( I - 0'028ax +O'03az> ) Rib = Eaaz < 1 - Uozabx + 008b1> , (23)

all others being zero, giving a unique phase. The residual symmetry keeping the ground state invariant
is U(3). Thus, the symmetry-breaking pattern is SU(4)— U(3). The target space is the coset space

CP* = SU4)/U(3) = U#)/[U(1) ® UB)], (24)
which is the complex projective (CP) space.

3.2.  Effective Hamiltonian for the NG modes at v = 1

From the previous subsection, we see that the symmetry-breaking pattern is given by (24), and
therefore three complex NG modes emerge, which are described by the CP? fields.

We analyze the perturbative excitations around the ground state. We parameterize the bonding—
antibonding state as

PP = 1 e = il — 2. BV = nA = nM =, (25)

requiring the commutation relations
[0 1} 0)] = o5 81186 = ») 26)
in order to satisfy the SU(4) algebraic relation. ng describes the spin wave, n, the pseudospin wave,

and n; the R-spin wave connecting the ground state to the highest level in the lowest level (Fig. 1).
The layer field reads

nft 1+ o9 0 V1 =09 0 nB?

ntt _ 1 0 1+ og 0 1 —o09p nBY 27)
L V2 | V1 =00 0 —4/1+ o9 0 T

nbt 0 V1 —og 0 —/1+ o9 nit
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a b
SAS > VA SAS < A7
(a) Acss A (b) Acss< A
v=4 X Ay V= X Ay
n, | n |
v=3 A— Asas| M V73 A— Az |3
nPi 3 Ny
V=2 ——— St v=2 ——— At
ng Az np Asas
v=] = ‘ ‘ St y=] = ‘ ‘ St

Fig. 1. The lowest Landau level contains four energy levels corresponding to the two layers and the two spin
states. They are shown in (a) for Agas > Az and (b) for Agas < Az. The lowest-energy level consists of
up-spin symmetric states in the balanced configurations, and is filled at v = 1. It is the spin-ferromagnet and
pseudospin-ferromagnet state. Small fluctuations are NG modes 1, 1p, and 7;.

Expanding
(nBT’ nB\La nATa nA¢) = (1’ s, 77pa 77r) + e, (28)

for small fluctuations around the ground state, we obtain

1+00 1 1—00

" / 2 2 2

nft = 3 (1 — §(|77s| + npl” + |nx] )) + 1p 5
[1+ 00 [1 =09

I’lu:ns > + e 5

1 —o0 1 1 4+ o
b 0 2 2 2 0
n®t = 5 (1—5(|ns| + |npl? + Inel ))—np PR

1 — o9 14+ 09
nP = Nsy/ ) — Ty 5 (29)

0; (x) + 10; (x)
5
where pgo; (x) is the number density excited from the ground state to the ith level designated by (29),
and 9; (x) is the conjugate phase field, satisfying the commutation relation

% [010), 9, ()] = 188 (x — ). 31)

We then set

ni(x) = (30)

We express the isospin field in terms of the CP3 field (29),

1 1

28, = (as + 5 (p0r + Ppe) . Vs + 5 (opde — Ppor) . 1 = 20l — 2|m|2) :

1
ZP - px(s, p7 r)7 _ﬁp - E(O'sl?r - ﬁso'r)v pZ(s7 p’ r) )

1

2Rya = | rxx (s, JoB r), =% + E(Upﬂs - ﬁpo—s), Tz (S, P, r ),

1
2Rya = \ryx(s,p,1), 00 — E(osop + 9s0p), ryz (s, p, 1) |,

1
2R, = (rzy (s,p, 1), =0p + E(asﬁr — Us0y), 172 (S, P, r)) , (32)
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with

00

Pa(s.p.1) = |1 = 0f — 000y — 2/ 1 = f (Inpl? + [nl?) = Zosor + D500,
2 2 2\, V] —9%

Pa(s.p.1) = 00+ /1 = oy — 200 (Inp ? + Imel?) + (@10 + D00,

2

5 00 1— o)

rxx(8,p, 1) =4/ 1 —o5os — opor — 5 (crsop + ﬁsz?p) R — (crpar + ﬁpﬂr) ,
2
1 — o

00
Fyx(s,p, 1) = /1 — 0d s — 000 + > (os9p — Vs0p) — — (opPr — Dpor)

/ 2 90
ryz(8,p, 1) = 0oV +4/1 — oyt — 5 (Gpﬁr — ﬁpo*r) R (Gsﬁp — ﬁsap) ,

— 2 2 2 2 90
rzx (8, p, 1) =/ 1 — 05 —o000p — 24/ 1 — oy ( Inpl™ + [nsl +?(Us0r+ﬁsl9r),

1-0o?
0
ree(s.p1) = 00 + /1= ooy — 200 (Inp + Inl?) = *5—(@sor + 200 (33)

Substituting these into (17), we obtain the effective Hamiltonian

/ 2k Hegr = / &k Hppin + f A2k Hmiy, (34)
with
(1 —0)Js+02J¢ oo | _ Asas
Hppin = 0 2S 0 (3k‘7p)2 + 1 Eclz}apl(l - 03) + T ap2
1— i
1 po  Asas
I By + ===y (35)
1 — ag
Jt +o0J £0 1 1 —o09
H-:g[a 2 8192]—A —A—[zﬂz]
mix 3 (0ko1)” + (0 D) +4 z+2 SASM of + 9
I — o0y [ 2 2], PO 1 VI=o00\r 2,
T 0% [ ) } PO Ay + = Agpg Y20 [ 9 ]
+ 5 (0k02)” + (9 2) + 7| Azt 3 SAS T oF + 95
P0
- ZASAS(WUZ + V102), (36)

where we change the variables in (36) as

14 o9 1—o09 1—o09 14 o9
Ns =/ > m -+, 52 M=, S M V 5 (37)

v=I

and Apj,s and € are given by

cap
00 -
Abias = —ZASAS + 00€lp (38)
1—-o
0
€ =4(epy — €x), (39)
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respectively. The pseudospin mode is decoupled from other modes, and from (35) we have coherence
lengths of the interlayer phase field ¥, and the imbalanced field o,

n1—ogJd

9
=2 :
Sppin B\ Asas
7| =62 J, +c2Jd
Eopin = s L0 = 0) s+ o6 )] (40)

\ el (1 — 05) + Asas/y/1 — o

The ¥, mode is gapless for Asas = 0, though the o, mode is gapful due to the capacitance term =1

cap -
On the other hand, from (36) for Agas = 0, the two modes 7 and 1, are decoupled. There exist

no gapless modes in the Hamiltonian (36) provided Az # 0.

3.3.  Effective Hamiltonian for the NG modes in the limit Agas — 0

We concentrate solely on the gapless mode in the limit Agas — 0, since we are interested in the
interlayer coherence in this system. We now analyze the nonperturbative phase-coherent phenomena,
where the phase field 9 (x) is essentially classical and may become very large. We parameterize the
CP? field as

nfT(x) eiﬁ(x)/zm

nth(x) B L 0 1)
nbﬁ(x) = V2 e—il?(x)/Zm :

n®(x) 0

Then the isospin fields are expressed as

1 1
S;(x) = 3 P(x) = Ry (x) = Eo—(x),

Pr(x) = Rox(x) = %\/1 —0o2(x)cos?(x), Pylx)=TRgkx) = —%\/1 —o2(x)sin?(x), (42)

with all others being zero. From (42) we obtain the effective Hamiltonian

d 2
Her = "7‘(1 — 02 (X)) (e (x))* + ! (Js P Js") (9o (x))?

2 1 —02(x)
o€ 5 POAsAS 00
(o(x) —0g)” — V1—02(x)cos¥(x) + ———0(x)|. (43)

2 / 2
1—00

The canonical commutation relation is given by
£0 .
5 [0, 9] =180c —y). (44)

From (43) and (44), the Heisenberg equations of motion can be calculated as

2 2J¢ 1
hod = = (J o) + o [(akﬁ)Z — 2(3k0)2i|
£0 £0 l-o
v:l( ) o cos v A . o)) A (45)
—€ o —00) — —F——— — ,
cap 0 T—o2 SAS ,71 B 0-02 SAS
2
hdo = ——d(JT %) + AsasV' 1 — a2sin®, (46)
£0
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with

0 2y 7d o d
JS :(1—(7 )Js’ ‘IsU:‘]S—i_sz (47)

3.4.  Josephson supercurrents

We now study the electric Josephson supercurrent carried by the gapless mode ¥ (x). In general, the
total current consists of three types of current, the Josephson in-plane current jl.JOS, the Josephson
tunneling current jZJOS, which is proportional to Agas, and the Hall current jiHa”. What has been
argued in [18] is that in the case of v = 1, there exists an interlayer voltage Vjunc and thus no dis-
sipationless jZJOS exists when op # 0. On the other hand, the Josephson in-plane current, which
is dissipationless, does exist, even for og 7% 0. Here, we assume the sample parameter o9 # 0 and
Asas = 0 so that there is no dissipationless tunneling current jZJOS between the two layers.

The electron densities are pe( ) — = —epp (1/2 £ P;) = —epo (1 £ 0(x)) /2 on each layer. Taking
the time derivative and using (46) we find

f b ejsﬁ 2
0 p, = —0ip, = ——V I (x). (48)

h
The time derivative of the charge is associated with the current via the continuity equation, d; pg(b) =

% J,; ®) We thus identify J; £(b) ==+J; Jos (x)+constant, where

2

T (x) = %a,-mx). (49)

Consequently, the current jl.JOS(x) flows when there exists inhomogeneity in the phase ¥ (x). Such
a current is precisely the Josephson supercurrent. Indeed, it is a supercurrent because the coherent
mode exhibits a linear dispersion relation.

3.5.  Quantum Hall effects

Let us inject the current Jj, into the x direction of the bilayer sample, and assume the system to be
homogeneous in the y direction (Fig. 2). This creates the electric field Ei(b) so that the Hall current
flows into the x-direction. A bilayer system consists of the two layers and the volume between them.
The Coulomb energy in the volume is minimized [17] by the condition E, f = = Ej. b We thus impose
E, f =Ejy b= = Ey. The current is the sum of the Hall current and the J osephson current

jf( )_ v E +jJOS jb( )_ v E _jJOS (50)

Rk po Rx po
with Rg = 27 h/e? the von Klitzing constant. We obtain the standard Hall resistance when J% = 0.
That is, the emergence of the Josephson supercurrent is detected if the Hall resistance becomes
anomalous.
We apply these formulas to analyze the counterflow and drag experiments since they occur without
tunneling. In the counterflow experiment, the current i, is injected to the front layer and extracted

from the back layer at the same edge. Since there is no tunneling we have jf = —jxf = —Jin. Hence,
it follows from (50) that £, = 0, or
E} EY
R! =?=0, Rb=ﬁ—0. (51)

All the input current is carried by the Josephson supercurrent, J!% = Ji,. It generates such an
inhomogeneous phase field that 9 (x) = (h/e J;?)Jinx.
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(b)
mTT?TTTTT wo 1 T 1 T
T Trosnouen Al = T nospnawren A

T1 171 TT?T?T?T

Fig. 2. Schematic illustration of the spin supercurrent flowing along the x axis in the counterflow geometry
for a v = 1 bilayer QH system. (a) In the v = 1 bilayer QH system for oy > 0, all spins are polarized into the
positive z axis. The interlayer phase difference 9 (x) is created by feeding a charge current J;, to the front layer,
which also drives the spin current. Electrons flow in each layer as indicated by the dotted horizontal arrows.
The direction of the spin current flowing in the front layer becomes opposite to the direction of that flowing in
the back layer, and therefore no spin current flows as a whole. (b) In the v = 1 QH bilayer system for oy < 0,
similar phenomena occur and therefore no spin current flows as a whole.

On the other hand, in the drag experiment, since interlayer-coherent tunneling is absent, no current
flows on the back layer, or J b = 0. Hence, it follows from (50) that J;, = J, = "= (v/RK)E y, OT

Ef R

f _ Ty _ K

ny=?_7. (52)
X

A part of the input current is carried by the Josephson supercurrent, jxj"s = %(1 — 00) Jin-

3.6.  Spin Josephson supercurrents

The spin density in each layer is defined by ,qu in (x) = 5¢ 1//(:,r Yo, Where sy = %h foro« =f1,b 1 and
S = _Eh fora =1 |, b |. By using the formula

prr (x) L1 P
Ijr -1 1 -1 2
pry() | _ 1 Sz(x) (53)
Pbt (X) 411 1 -1 -1 2P, (x)
Poy (X) I -1 -1 1 2Rz (x)
and (42), we have
prep () I +0)
oo _po f 00 (54)
@] T2 |1-0w
Poy (X) 0
Then, taking the time derivative for p,, we have
9 spin
i Oy (%) 5,0 (x)
0" | hpo |0 )
spm( | 4 | -0 |’
0
atp*p“‘ (x)

The time derivative of the spin is associated with the spin current via the continuity equation (in this
article we neglect the tunneling current):

Spm (x) a jaSpin (x) i (56)
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for each «. We thus identify

s

Spi Spi J
.7pr1“ (x) = — bf‘“(x) = —%axﬁ(x), all others = 0. (57)

Therefore from (57) we see that the total spin current J Spin — > o jas P s zero, and therefore the

spin Josephson supercurrent does not flow at v = 1 (Fig. 2).

4. Bilayer quantum Hall system at v = 2

The standard Hall resistance is given by R)fcy = %RK = Rk at v = 2. On the other hand, it has been
found experimentally [11-13] that R}Zy = Rk at v = 2. It seems that the interlayer phase coherence
together with the supercurrent does not develop at v = 2. Note that the experiments [11-13] were per-
formed at the balance point oy = 0. As we now demonstrate, the interlayer phase coherence develops
only at the imbalance point oy # 0 in the CAF phase.

In this section, we first show the ground state structure and the NG modes for each phase. We then
discuss the entangled spin—pseudospin phase coherence, the associated Josephson supercurrent and
its effect on the Hall resistance in the CAF phase in the limit Agas — 0.

4.1.  Ground state structure

It has been shown [30] at v = 2 that the order parameters, which are the classical isospin densities
for the ground state, are given in terms of two parameters « and § as

Ay Asas Asas
8= U —eadfI-p ==\ 1-p2 Pl == Rap,

Ao Ao
A A
RO = — Asgsoz\/l ~a28, RY = —A—ia\/l —a?/1- 82,
A
RO, = =21 —a2,/1 - B2, (58)

Ao

with all others being zero. The parameters « and S, satisfying |«| < 1 and |B| < 1, are determined
by the variational equations as

2 — (A2 _ B2 A2
ASas  4ex (A — B*Agas)

AL = (59)
LT 1-p Aoy/T — B2
Apias 4 (€x +20%(ep — €))) N 1 (60)
BAsas Ao J1=p2
where

Ao = \/A§A5a2 + A%(l —a?)(1 - p2). (61)

As a physical variable it is more convenient to use the imbalance parameter defined by

A

oo = P) = 243428 (62)

instead of the bias voltage Ap;as. This is possible in the pseudospin and CAF phases. The bilayer
system is balanced at og = 0, while all electrons are in the front layer at og = 1, and in the back layer
atog = —1.

There are three phases in the bilayer QH system at v = 2. We discuss them in terms of & and 8.
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First, when o = 0, it follows that S? = 1, P? = RY, = 0, since Ag = Azy/1 — B2 Note that S
disappears from all formulas in (58). This is the spin phase, which is characterized by the fact that
the isospin is fully polarized into the spin direction with

SV =1, (63)
all others being zero. The spins in both layers point to the positive z axis due to the Zeeman effect.

Second, when o = 1, it follows that S? = 0and (73)?)2 + (73?)2 = 1. This is the pseudospin phase,
which is characterized by the fact that the isospin is fully polarized into the pseudospin direction

with
PY=\1-p% P!=p=on. (64)

For intermediate values of &« (0 < o < 1), not only the spin and pseudospin but also some compo-

all the others being zero.

nents of the residual spin are nonvanishing, and we may control the density imbalance by applying
a bias voltage as in the pseudospin phase. It follows from (58) that, as the system goes away from
the spin phase (o = 0), the spins begin to cant coherently and make antiferromagnetic correlations
between the two layers. Hence it is called the canted antiferromagnetic phase.

The interlayer phase coherence is an intriguing phenomenon in the bilayer QH system [3]. Since
it is enhanced in the limit Agas — O, it is interesting to also investigate the effective Hamiltonian
in this limit at v = 2. We need to know how the parameters o and § are expressed in terms of the
physical variables. The solutions for (61) are

Asas 2
P 1_( 8 ) L oAby, (65)
V4
with
Ao — Asas + O(Ad,), (66)

as we shall derive in (157). By using (62) we have
PP =09 = o’ + O(Ad,s). (67)

The parameters « and S are simple functions of the physical variables Agas/Az and op in the limit
As AS — 0.

In particular, one of the layers becomes empty in the pseudospin phase and also near the pseudospin
phase boundary in the CAF phase, since we have 69 — 41 as o — 1. On the other hand, the bilayer
system becomes balanced in the spin phase and also near the spin phase boundary in the CAF phase,
since we have o9 — Oasa — 0.

4.2.  Grassmannian approach

We employ the Grassmannian formalism [26] to make the physical picture of this NG mode clearer
and to construct a theory which is valid nonperturbatively. The Grassmannian field Z(x) consists of
two CP3 fields n; (x) and n>(x) at v = 2, since there are two electrons per one Landau site. Due to
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the Pauli exclusion principle they should be orthogonal one to another. Hence, we require
n (x) - njx) =8, (68)
with i = 1, 2. Using a set of two CP? fields subject to this normalization condition we introduce a
4 x 2 matrix field, the Grassmannian field given by
Z(x) = (n1, n2), (69)
obeying
7'z =1. (70)
Though we have introduced two fields n1 (x) and n; (x), we cannot distinguish them quantum mechan-
ically since they describe two electrons in the same Landau site. Namely, two fields Z(x) and Z’(x)
are indistinguishable physically when they are related by a local U(2) transformation U (x),
Z'(x) = Z(x)U (x). (71)

By identifying these two fields Z(x) and Z’(x), the 4 x 2 matrix field Z(x) takes values on the
Grassmann manifold G4 7 defined by
SU4)
Gyo = . (72)
U(l) ® SU2) ® SU(2)

The field Z(x) is no longer a set of two independent CP3 fields. It is a new object, called the

Grassmannian field, carrying eight real degrees of freedom.
The dimensionless SU(4) isospin densities are given by

2
1 .
S,(x) = —Tr [Z' stZ] =5 njtjpmni,
i=1

Pi(x) = Tr[ZJ( ppin ] X:nT ppin,, n;,

1
Rup(x) = ETI' I:ZT spin ppm ] Zn} spin pplnnl’ (73)

where n; consists of the basis n; (x) = (nfT, ntt, b nb ) . The ground state is given by Eq. (58),
which we express in terms of the two CP? fields nf . It is straightforward to show that it is given by

= Uﬁf, with
- ) .
in spin in spin in
U =exp ——‘L’Ep (9[3 + —) exp ——rxp rfp Oy | exp —‘L'yp P05
2 2 2 2

@p+m)  Os—b QT G40, Ot G0 Qw6 =0,
STy 2 4 2 4 2 ) 2
QO +7) . 05— b Q65 +7) O+ 6, Q65 +7) . 05+ 6, QB +m) 65— 6,
sm sin COS ——— COS — COS sin — Sin cos

4 2 4 2 4 2 4 2
8t 66, @p+m) O+l QB+ 6+ 6 i @t G0 |
s 74 cos 72 Ccos 4 D 4 B 4 B
Qs +m) . 050 . QOs+m) 6546, QO+ 7) . O +6, Q0 +7) 05— ba
— COS s s CcoS — Sin sm cos CcOS
4 2 4 2 4 2 4
(74)
where 6y, 0g, and 05 are given by
cosby =v1—0a?, sinfy=a, costp=,/1—-pB2 sinfg=-4,
Az1— B2 ) Asas
cosfs = A—\/ 1 —a?, sinfs= Ao (75)
0 0
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and
ﬁ] = (1507 Oa 0)t7 ﬁ§ = (07 Oa l’o)t' (76)

We may introduce perturbative excitation modes 7; by introducing the two CP? fields n; = Un;, with

1 1 1 1
1—— 2 _ 2 _ - il _ il
5 ml™ = 5] ST = 50372
_ m _ N4
n = 1 L L= LOMC R Sy 77
_ - - e - -
M4 = 5113 2|,72| 2|774|
n3 n2
where we parameterize as
o; (x) + i (x)
i) = ——=—, 78
i 7 (78)
withi =1, 2, 3, 4, obeying the equal-time commutation relations between n; and 7;, or
.}. 2
[0 nje 0] = ~sijsee =), (79)
or
2i
[0i(x, 1), O (x, )] = %3”'5(36 —J). (30)

They are required so the SU(4) algebraic relation holds for S,, P,, and S, For a detailed discussion,
see Appendix A.

We calculate the isospin components (73) with the use of n; = Un;, and substitute them into the
effective Hamiltonian (17). In this way we obtain the effective Hamiltonian for 7;, which is shown
to be the same as the one for the NG modes derived in Ref. [27].

4.3. NG modes in the spin phase

As an illustration, we study the spin phase at o = 0, where the transformation (74) is given by

1 0 -1 0
1 10 1 0 -1
U=— , 81
J211 0 1 0 ®1)
01 0 1
by setting o, 8 = 0. We note that
nSt nft
Sl f
n n
= =U' =U'n, 82
= At bt n (82)
nA nb¥
where
1 1
Sa ba fa A ba for
n=—m"+n"), n=—m"—-—n"), 83
i i (83)

with « =1, |. The lowest-energy one-body electron state is the up-spin symmetric state, and the
second lowest energy state is the up-spin antisymmetric state. They are filled up at v = 2. The
perturbative excitations n; are as illustrated in Fig. 3(a).

15/33

220z JaquienoN 10 uo 3senb Aq 6420151/ 01€G0/S/€ L 0Z/3101He/de}d/woo dno-olwapede//:sdpy woly papeojumod



PTEP 2013, 053101 Y. Hama et al.

(a) (b)
v=4 X A AY v=4 X A AY
M Lo
v=3 —H 3 A, Sy v=3 ——H | i Asas A4
R M
nli | un nli | un
V=2, e My e— By
: | Asas | Az
v=1 = ‘ St v=l = ‘ BY

Fig. 3. The lowest two energy levels are occupied in the ground state at v = 2. Small fluctuations are the NG
modes 71, 12, 3, and 14. (a) For the spin phase, 1, and 1, describe the fluctuation from the up-spin symmetric
state to the down-spin symmetric state and from the up-spin antisymmetric state to the down-spin antisymmetric
state, respectively. Their energy levels are degenerated with the Zeeman gap Ayz. On the other hand, n; and
n4, which are fluctuations from the up-spin symmetric state to the down-spin antisymmetric state and from the
up-spin antisymmetric state to the down-spin symmetric state, have an energy gap of Az = Agas, respectively.
(b) For the pseudospin phase, n; and 1, describe the fluctuation from the up-spin bonding state to the up-spin
antibonding state and from the down-spin bonding state to the down-spin antibonding state, respectively. Their
energy levels are degenerated with the tunneling gap Asas. On the other hand, 13 and 14, which are fluctuations
from the up-spin bonding state to the down-spin antibonding state and from the down-spin bonding state to the
up-spin antibonding state, have an energy gap of Agas = Az, respectively.

It follows from (73), (74), and (77) that the isospin densities are explicitly given in terms of o; (x)
and ¥ (x) by

or+oy . h+1d - o1 —0y .
Ss=—r="=01, S=—7="=0U, Ru=—= =02,
X «/E y \/i XX \/5
T — ~ o4 — 03 - U3 — g ~
Ry = ——= = 2, R = — = —03, R = — =13,
yx «/i yy \/E Xy \/E
) 2 ~2 | 32
o4 + 03 - U4 + U3 ~ o+ U o” + U
R :——EO’4,R :——5194,821— ;:1— ;,
XZ \/E yZ \/E Z lgl: 2 lgl: 2
Py = 5364 + 030a, Py =Galha — 620, P, = —(5263 + Dath3),
Rox = — (6162 + 1D2), Ry = 6301 — G103, Ree = — (6164 + D10a). (84)

Substituting them into (17), we obtain the effective Hamiltonian of the NG modes in terms of the
canonical sets of 5; and ¥; as

Hspin = J, Z [(ak5a)2+(akl§a)2] +Jsd Z [(ak6a)2+(8k5‘a)2]
a=1,4 a=23

PoAz ~2 ., A PoAz _ 2, 3
+5 Z[a§+ﬁ§}+( . +,00€X> 3 [a§+ﬁ§]

=1,4 a=2,3

_ PoAsas [~ .
2

~ ~ A o
03(744-173194] 4 P0 Rbias |:

0203 + 52153] . (85)
The annihilation operators are defined by

5 (x) + i (x)

5 (86)

s (x) =
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with
o = pgz@, % = pgzﬁi (87)
and they satisfy the commutation relations
[6ix.00. 9.0 = 8,60~ ), (88)
or
[0, 0.0)] = 880 =y, (89)

withi, j =1,2,3,4.
The effective Hamiltonian (85) reads in terms of the creation and annihilation variables (86) as

. 4) 474 + ; N
HPM = 2N G denly + — > den okl + Az Y my ny + [Az+4dex] Y ng g
! PO 33 a=1,4 a=2,3
+ Aviaslny 15 + 03 n3] — Asaslny n5 + 15 n3l. (90)
The variables 13, 73, and n; are mixing by Agas and Apys.

In the momentum space, the annihilation and creation operators are 7; , and nlSTk together with the
commutation relations

[n,ik, nj*k] — 580k — ). ©1)

For the sake of the simplicity we consider the balanced configuration with Apj,s = O in the rest of
this subsection. Then the Hamiltonian density is given by

Hspin — f d2 k Hspin

i spin spin spin
HOPI = P 4 PRy P (92)
where
; (4 +
HP" = p—osk2 + Az] Mo s (93)
spin _4Jsd 2 — | st s
Hy" = 0 k=4 Az +4ex | 1y 12 0 ©4)
. r4g4 1 . 47 . § s
P = [0 g e |l o+ | S0 4 el = s [+ i)
95)

We first analyze the dispersion relation and the coherence length of 77?’ - From (93), we have

Js

Ep(k) = = + Az, (96)
! £0
wJ
Ep = 2Ip Ay 97)

The coherent length diverges in the limit Az — 0. This mode is a pure spin wave since it describes
the fluctuation of S, and S, as in (84). Indeed, the energy (96), as well as the coherent length (97),
depend only on the Zeeman gap Az and the intralayer stiffness J;.
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We next analyze those of 3 ,:

44
Eps(k) = —
2 £0

nJd
3 = 2p | 99)
Az +4€X

They depend not only on Az but also on the exchange Coulomb energy € and the interlayer stiffness
originating in the interlayer Coulomb interaction. This mode is an R-spin wave since it describes the
fluctuation of R, and Ry,. From (96) and (98) we see that, in the one body picture, 5] and 75 have

K>+ Az + ey, (98)

the same energy gap Az. Indeed, they are described in terms of n; and 7;, having the same energy

gap Az (Fig. 3(a)).
We finally analyze those of 77; x and njﬁ x» Which are coupled. Hamiltonian (95) can be written, in

matrix form,
¥
i 5 A —A 5
H;pm _ ng,k k SAS Uz,k , (100)
N4k —AsAS By N4k

4J¢ 47
A= —SK* + Az +4dey, Br=—K + Az (101)
P0 P0

Hamiltonian (100) can be diagonalized as
. ﬁs T Eﬁg 0 ﬁs
HY" = i =% (102)
N4k 0 E" [\

[Ak + B + \/(Ak — Bp)?+ 4A§AS] ,

where

where

ET —

ETi =

N = =

|:Ak + B — \/(Ak — Bu)? + 4A§AS] , (103)

and the annihilation operator ﬁf’ x (i = 3,4) given by the form

( Ci + 40555 + Ck) N3,k — 2ASASN4 k
\/2 (c,% +4A%,g + Cry/Ci + 4A§AS)
( Ci +4A5,s — Ck) M3k + 2ASAS T4k

Ny = ) (104)
\/2 (c,% +4A2,g — Ck,/C} + 4A§AS>

El

N3k =

with Cy = A — Bg. The annihilation operators (104) satisfy the commutation relations
(540 7 | = 8170 Kk — 80, (105)

with i, j = 3, 4. We obtain the dispersions for the modes ﬁik (i =3,4) from (101) and (103).
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By taking the limit kK — 0 in (103), we have two gaps:

”§

L
El = Az+2e5 + [4(6X) + 83| Eilg = Az 4265 = [4e0? + Ady| T (106)

oI

The gapless condition (E 2o = 0) implies
Az(Az +4€y) — Afpg =0, (107)

which holds only along the boundary of the spin and CAF phases: see (4.17) in Ref. [30]. In the
interior of the spin phase we have Az(Az +4ey) — A% as > 0, which implies that no gapless modes
arise from 73 and 7. From (106), in the one body picture, 75 and 773 have the energy gap Az & Agas,
respectively. Indeed, they are described in terms of 13 and n4 (Fig. 3(a)). These excitation modes are
R-spin waves coupled with the layer degree of freedom. There emerge four complex NG modes, one
describing the spin wave (1), and the other three the R-spin waves (15, 73, 1)

4.4. NG modes in the pseudospin phase
For the pseudospin phase, § is identified with the imbalanced parameter g, as we discussed in
Sect. 4.1 with (64). In this subsection, instead of S we express the effective Hamiltonian, the
dispersions, and the coherence length in terms of oy, since it is a physical variable.

From (74), by setting « = 1, we have

J1+o09 —+/1—o09 0 0
1 0 0 —J/1 —J1 =
v L J1+00 —/1—-09 ’ (108)
V2| VT=00 V140 0 0
0 0 —J/1—09 1409
and
nB1 nft
At £l
n n
= =Ut =U'n, 109
"= B b1 n (109)
nt nbY
where
1 1
nB — ﬁ (,/1 —oon™ + 1+ aonfo‘) . onhY = ﬁ (\/1 + oon® — /1 — aonf"‘> , (110)

with @ =1, |. The lowest-energy one-body electron state is the up-spin bonding state, and the second
lowest energy state is the down-spin bonding state. They are filled up at v = 2. The perturbative
excitations 7; are as illustrated in Fig. 3(b).

We go on to derive the effective Hamiltonian governing these NG modes. From (73), (74), and
(77), the isospin densities are given in terms of &; (x) and D (x) as:

4 2 4 - 3
o +U; B 0' + 9
Px_aoag—l—,/l—a()(l— 1—), PZZ—,/l—G()Zaz—i—cro( E 5 ),
=

i=1
Sy = — <6164 + 5‘15‘4> . Sy =6193— 6301, S = 6364 + V304,

Rz) = 019 Py = 527 ny = §3a Ryy = &4,
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Rox = —/1 —0f <&2&3 + §2§3> + 0063, Ry; = —00 (5253 + 52{93) — /1 =053,
Ryw = 1= 0f (G294 = &102) = 00D, Ryz = 00 (G204 — 64Dz ) + /1 = o,
R =—4/1— 0'02 (5’15’2 + 15152) + 0901, R;; = —o0y (5’15'2 + 1~911§2> —4/1— (7025’1. (111)

Now, we substitute the isospin densities (111) into the effective Hamiltonian (17). In this way we

derive the effective Hamiltonian of the NG modes in terms of the canonical sets of &; and 9 (or with

o; and z§,~).
In the momentum space, this reads
/ dkHP = / d*kHY + / d*kHS + / d*kHS, (112)
where
My = AL v u+ BED, (D, (113)
MY = C}63 462k + BYDS (Do, (114)
HY = (P)T MP PP, (115)

with 6; x, and 5‘,-,1‘ given by (87), and

2 o0 A 2J¢ A

A,;z e WP _ DSAS —2¢x(1 _002), B]f(’ =Sl 2 SAS ’
TR = Y

2J7° A

CP=Th g2y OSAS L (U —od), JT = (1 —od)Js +oRTC,
m o fima
1‘54 Az —Az/2 0 0

R 5 ~Az/2 B} 0 0

Py = S, oM = & g p (116)
& 0 0 Ak —Az/z
&4 0 0 -Az2 B}

We first analyze the dispersions and the coherence lengths from (114), since it describes the
pseudospin wave. It is diagonalized as:

H) = /d2kE§n§fkn§’k, (117)
with
Ej =2,/ B{C}. (118)
1 1
1 CP 4 BP 4 .

p k ~ . k
mi=—=I\1=5] 2x+il=] D2x], (119)

e e\ () e (@

where 775 x satisfy the commutation relation

(18 8l | = sk — ). (120)

Since the ground state is a squeezed coherent state due to the capacitance energy €cap, it is more
convenient [3] to use the dispersion and the coherence lengths of &, and ¥, separately. The dispersion
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relations are given by

5 2J7° A
Ep = =L+ — 285 (1 -0, (121)
P0 2,/1—a}
and their coherence lengths are
£ = 9 G (122)
= Zlp )
AsAs + 2€cap(1 - 0_02)
1—(702
A similar analysis can be adopted for (113), which is diagonalized as:
P 2, P PT P
H, :/d KEM} k1) & (123)
with
p P 4P
E| =2,/ B, AL, (124)
P\ 7 p\ 4
1 A B .
p k) - Pk
=—|l=) cxti|l—=] © , 125
M .k /2 (BE) 1,k (AE) 1,k (125)
where 7711) i satisfy the commutation relation
[ | =506 = 8. (126)
The dispersion relations of the canonical sets of & and 9 are given by
5 2J7° A 5, 2Jd A
EJ =L g2 B _2ex(l—0p), E) = k4 8 (127)

+ .
P0 2./1 -0 Po 2,/1—0§

Their coherence lengths are
nJd /1 — o}
. (128)

Asas

wJ°

Asas - 2
ﬁ — 4€X(1 — O'O)
—of

§% =21p e =

It appears that & %1 is ill-defined for Agas — 0 in (128). This is not the case due to the relation (130)
in the pseudospin phase, which we mention soon. We see that from (118) and (124), in the one body
picture, 77[1) and ng have the same energy gap Asas. They are described in terms of | and 7., having
the same energy gap Asas (Fig. 3(b)).

Finally, analyzing the Hamiltonian (115) as in the case of the spin phase, we obtain the condition
for the existence of a gapless mode:

Asas AsAs

\/1—002 \/l—og

This occurs along the pseudospin-canted boundary: see (5.3) and (5.4) in Ref. [30]. Inside the

—dex(1—0ad) | — AZ =0. (129)

pseudospin phase, since we have

Asas Asas

\/1—002 \/1—002

there are no gapless modes.

—dex (1 —0) | — AZ >0, (130)
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4.5. NG modes in the CAF phase

We derive the effective Hamiltonian of the NG modes in terms of the canonical sets of ¢; and
9;. This can be done by substituting (A8) and (A9) into the Hamiltonian (17). We first derive the
Hamiltonian, without taking any limits. Since the expression becomes too extensive, we introduce

the notation

cp, = €08y, Sp, = Sinfy, Coy =cosbp, spy = sin g,

cp; = cosbs, Ssg; = sinb;. (131)
to make the expression for the effective Hamiltonian more manageable.
Working in the momentum space, the effective Hamiltonian reads
HS = f d’kHE = f d*HS + / d?kHS, (132)
where
c 2 , | Boc 9/31 ¥ox
HS = —Jk + U 01k
1 e B 1,k
o) M—4(s§c§ —I—cé)e; e
+ =, s + s3I0 + e KA (133)
oo 0 s 2
= 0} M50;. (134)
with
I =cg Js+ s, . M =4cg ex + Docy!,
Dok A ¢ —* 0 0 0
D4k & C° —f° 0 0 0
5 93 & —¢ —f° F* 0 0 0
¢ _ M = 135
i Gk 2 0 0 0 B° a¢ b° (135)
O4.k 0 0 0 a® D¢ d°
03k 0 0 0 b d° E°
The Matrix elements in (135) are given by
2
2k> M 2k> Ao Coy€a
AC:_[ZJﬁ 2Jd] __222 —’ BC:_|:2J,B J'B:| B ,
o cgsd3 g0 |+ 2 S6,Cos€x g, I3 +5g, + e oy + >
2 2
2 5 M 2k> Ao CoyS0,€
== Z o2, DE= [ ( 72y Jﬁ>+ J]+_+ P
0 T T 2Ch,ex PR G, o571 20, >
2k 2 M 2020 22 2\ 2 -
EC — o |:S08 (Cg Jﬂ + S9 Jﬁ) —+ CQBJ;?] + 7 + SQﬂSQ(SCQaécap — 2(C9ﬂs95 + CQ(S)SQO[EX’
2k? M
F¢ = J + —, (136)
0 2
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and
. 2K 1B L 52550 e 22 2Py Dsas
a = —Cg;C20, — €a, = — 505520, Co,S20p€as
00 5 2 4 o 00 &) 2 4 : B Ca
= —cp 8205 CO5€ x
00 ) B-Us=X
20,5205 | 2k (g a4 B 9 A N
dc__Ts[pO (o + 0 = s = 05) + 53, Cex — ap) | = 5
L N
C=-2, f°=—, 137
C=—2. =3 (137)
with

29,3

J$=c Jl st W= 43l ==Ll -0, I =G I+ s

520 _ AsAs _
= —Tﬂ |:S95S29a (2ey — €cap) + cq, Ao €|, €q= 4C§aex + 2s92aecap,
2
526552645,
N = T(zex Ecap) + (CO,sCG sgﬂea + Ayz), (138)

where we denote 529, = sin26,, 205 = sin 204, and s2¢; = sin 26.

It can be verified that the effective Hamiltonian (133) and (134) reproduces the effective Hamil-
tonian in the spin phase (92) by taking the limit o, 8 — 0. On the other hand, we reproduce the
effective Hamiltonian in the pseudospin phase (112) by taking the limit « — 1 in (133) and (134).

The effective Hamiltonian in the CAF phase is too complicated to make a further analysis. We take
the limit Agas — 0 to examine if some simplified formulas are obtained. In particular, we would
like to seek gapless modes. Such gapless modes will play an important role in driving the interlayer
coherence in the CAF phase. In this limit, we have:

2
A / A
cosbp = ASAS, sinfg = + 1—( ASAS) , cosbs =cosB,, sinfs =sinb,,
z z

o = |oy|. (139)
From (58) and (139), the classical ground state reads:

S0=1—logly PP=o00, R =sen@)R). R =—viool(l—loo),  (140)
all others being zero. We assume og > 0 for definiteness. The transformation (74) has a simple
expression:

1 0 0 0

0 1 — |o o 0
gt oo oo (141)

0 —Vlool 1 —lool O

0 0 0 1

We find # = U'n is of the form (nfT, n§¢bT’ nlfAibT’ nbi)’ by setting
e = 1= looln™ +looln®),  nflye = (—=Vlooln™ + /1T —looln""). (142)

Consequently, the ground state is such that |n'T) and |nflb T) are filled up: The NG modes n; and
n3 describe an excitation from the state In1) to |n§¢b T> and [nbY), respectively, while the NG modes
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E3
200f
N 3.0 E=E> E=E>
< i
£ i —
100}
0.005 0.015
50f E,
i 0.005 0010 0015  0.020
k (1/A)

Fig. 4. Dispersion relations (145) for the four NG modes E;. The sample parameters ared = 231 A, B ~ 5.6T,
po =2.7 x 105 m2, and @ = 0.1. Inset: Dispersion relations near k = 0. It is clear that E4(k) is linear.

n> and n4 describe an excitation from the state |anibT> to [nP¥) and |"§¢b¢>’ respectively. A similar

analysis can be done for op < O: [n°1) and |n§Tb ¢> are filled up, where

nio, = (VI=looln™ + Viooln™ ) . nfyy = (=VIooln' +T=Togl™ ), (143)

and the gapless mode 14 describes an excitation from the state |”1§¢b ¢) to |nf‘Tb ¢).
By using (139) with (133), and (134) with (135), (136), (137), and (138), we have the Hamiltonian

4
H=Y" f RE;1§ g (144)
i=1
together with the dispersion relations (Fig. 4):
4 4 o
Ei=Ey=—J] + Az, E3z=—J; +2A7 + 8cos” Oyey,
£0 £0
8Jd (2K>
Eq= |k| | =2 <—(cos2 20, J¢ + sin® 20, J;) + 2 sin’ 26, (e, — e;)>, (145)
L0\ PO

where 07, (i = 1,2, 3, 4) are the annihilation operators

D1k — i61 Dok — i62k 0\ 2 .
M= —ﬁ . M= —ﬁ . My = (Z) (03,k + 1193,k),
1 o\ 3 94N 4
P02 A%\ 4 (AT
nﬁ,k = <Z> (m) o4k +1 (E Vak | » (146)
with
0 2k d o 2k 2 d | 2 .2 - -
A= —J7, A% = ——(cos” 20, J; + sin” 20, J5) + 2sin” 20, (e, — €y). (147)
£0 £0
The annihilation operators 7; x satisfy the commutation relation
(7640 n%h | = 058Kk — 1), (148)

withi, j =1,2,3,4.
We summarize the NG modes in the CAF phase in the limit Agas — 0. It is to be emphasized
that there emerges one gapless mode, 7y ,, reflecting the realization of the exact and its spontaneous
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breaking of the U(1) symmetry generated by LZT” Furthermore, it has the linear dispersion rela-
tion as in (145), which leads to a superfluidity associated with this gapless mode. All other modes
have gaps.

4.6. CAF phase in Asas — O up to O(AgAS)

We focus solely on the gapless mode nj (or 14) by neglecting all other gapped modes, and derive the
effective Hamiltonian for 74 up to O( Ag As)- We assume o > 0 for simplicity.
The two CP? fields to be used in the perturbation theory are given by # = U "n with (74) and (77), or

1 0

0 B N4

ol ™= I (149)
1 — 5|?74|

0 0

Using (62), we can exactly determine S as
2 M@+ AZ( )
P = Mot +oanl(i =)
SAS 027

(150)

Note that in the limit Agas — 0 we obtain § — 1, which is in accord with our previous calculations.
Substituting (150) into (59), we find

2 2
A o + 0 AZ(1 —a?) N 46_03 —at \/ASASaZ + AZ(1 — a?)
X7 3

a(a? —ad) o

AL = (151)

2 2
o 0y

The relation (151) determines the value of o? as a function of Az, Agas, and oy. Substituting this
value into (150) we obtain ,32 as a function of Az, Agas, 09. We have thus summarized our prob-
lem into a single equation (151). When Asgas is exactly zero, (151) yields the relation a? = |og|.
Therefore, for weak tunnelings, we search for a solution in the form

a? = |og] + AA3xg + O(AdAs), (152)

where we expect A to be a constant. In order to find the value of A we use (152) and expand the
relevant combinations in powers of A% As- In particular, for the first and second terms of (151) we
find:

Adase* +ogAj(l—a®) _ [1 (1=280)A%s A2 —loo))

? (1 —looDAZ  lool(1 — |ool)

2 4
a2(a? — 02) ASA5:| + O(Agas);

2 2 _
O'02 —at \,/ASASO‘2 + Az(1 - a?) B _)LSeX Ay

. —
o o? — Og lool

dey A3as + O(AS,g)- (153)

Substituting these into (151) we obtain

2 2 _
e I P Y R P = Tl R

The lowest terms A(S) As disappear automatically. Requiring the A% Ag terms to vanish, we obtain

Adas + O(A3as). (154)

L ool
Az 2(Az +4ex (1= o))’

(155)
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and for o we summarize as

Ay A2
o =lool |1+ — SA3 ) + O(Agg)- (156)
2(Az +4ex (1 —lool)) A7

Using this in (150) we come to
2

A
pr=1- % + O(Adpg)- (157)
Z

Finally, using (156) and (157) in (75) and (60), we find:

Az +8ex (1 —|ool)) Aksg
2(Az +4ex (1 —lool)) A2

sin 05 = |og| (1 + ) + O(A,s), (158)
dex +8(ep —ex)lool 1 AGg

Az 2 AZ
respectively. Then by using (156), (157), (158), and (159) with (17), we obtain the effective

Hamiltonian for the gapless mode 14 (04 and ¥4):
A2
ﬂ) i (160)

1
2 A}

Apias = sgn(ao) Az |:1 + } + O(AdAg), (159)

Jy J _ _
H = V0" + = (Vou) +dpo(ep, — €x)lool (1 — lool —

with

A2 _Az
Jo, =2(Jf’+f; AS?S>’ Joy =2<Jsd+8fs_|<’0|<1 ~ looh) 4 ;- (1 = 4lool) ASQ\S)'
7 Z

(161)

Taking A% as = 0, we reproduce the previously calculated expressions (144) and (145).

We wish to derive the effective Hamiltonian for the nonperturbative analysis of the phase field
¥ (x). For this purpose, it is necessary to start with the parameterization of the Grassmannian field
valid for arbitrary values of ¥ (x). We make an ansatz:

0 0
. —e W /o) Jop —eH(1=00P®) /5y (162
2 = = . .
JI=oX) e 1007 /T 5 (x)
0 0

We expand it around 9 (x) = 0 and o (x) = o by setting do (x) = o (x) — 0. Up to the linear orders
in ¥ (x) and 8o (x), it is straightforward to show that

eH1=000®) /5 (x) = /oo — /1 — ooma().
e 907™ /1 — o (x) = /1 — 00 + /oona(x), (163)

where we have set

__ o®=-o00 . -
n4(x) = N it} (x)+/o0(1 — 0p). (164)

By requiring the commutation relation (79), we find
£0 .
7[0'(-"7),19()’)] =18(x — ). (165)

We have shown that the CP? field (162) is reduced to n5 in (149) in the linear order of the perturbation
fields, apart from the U(1) factor e 71%0? ™) We may drop it off the parameterization since the CP3
field is defined up to such a U(1) factor. Indeed, such a factor does not contribute to the isospin fields.
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Here we parameterize the CP? fields as

1 0
0 _e+il9(x)/2 /O.(x)
ny = , ny= . (166)
0 e W2 T =5
0 0
for o (x) > 0, and
0 e+i17(x)/2 /1 Yol
0 0
= = 167
n N 0 (167)
0 e—iz?(x)/Z /_O.(x)
for o (x) < 0. The isospin density fields are expressed in terms of o (x) and ¥ (x):
S;(x)=1—Jox)|, P;(x)=o0(x),
Ryy () = sgn(00) Rax (¥) = —/ |0 () (1 — |0 (x)]) cos ¥ (x),
Ryx (x) = —sgn(00) Ry (¥) = —/|o ) [(1 — o ()]) sin ¥ (x), (168)

with all others being zero. The ground-state expectation values are (o (x)) = g, (¥ (x)) = 0, with
which the order parameters (140) are reproduced from (168). It is notable that the fluctuations of the
phase field ¥ (x) affect both the spin and pseudospin components of the R-spin. This is very different
from the spin wave in the monolayer QH system or the pseudospin wave in the bilayer QH system at
v = 1. Hence we call it the entangled spin—pseudospin phase field ¥ (x).

By substituting (168) into (17), apart from irrelevant constant terms, the resulting effective
Hamiltonian is:

Jy J _
Hetr = = (V9)? + 22 (Vo) + poelyy (0 = 00)%, (169)
where we have used
Avias = 58n(00) [ Az + dex +2¢l5"lool | (170)
(2log] — 1)?
Jo =4J5 + Ty =4J%00|(1 — |oo)). (171)

ool (1 — loo) *

When we require the equal-time commutation relation,

£0 .
E[U(X)’ﬂ(y)] =1i8(x —y), (172)
the Hamiltonian (169) is second quantized, and it has the linear dispersion relation
2Jy (2J,
Ep = |k|\/—’9 <—"k2 + 2601’;)1). (173)
£0 £0

This agrees with E4 in Eq. (145). It should be emphasized that the effective Hamiltonian (169) is
valid in all orders of the phase field 9 (x). It may be regarded as a classical Hamiltonian as well,
where (172) should be replaced with the corresponding Poisson bracket.

The effective Hamiltonian (169) for ¢ (x) and o (x) reminds us of the one that governs the Josephson
effect at v = 1. The main difference is the absence of the tunneling term, which implies that there
exists no Josephson tunneling. We have shown that the effective Hamiltonian is correct up to
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(’)(Ag as) @8 Asas — 0. Nevertheless, the Josephson supercurrent is present within the layer, which
1S our main issue.

By using the Hamiltonian (169) and the commutation relation (172), we obtain the equations of
motion:

ho 9 (x) = %Vza(x) —2e"=1 (o (x) — o), (174)
0

cap

hdo (x) = —%sz‘}(x). (175)
£0

4.7.  Josephson supercurrents in the CAF phase

We now study the electric Josephson supercurrent carried by the gapless mode ¥ (x) in the CAF
phase, where the further analysis goes in parallel with that given for v = 1.
The electron densities are ,oi(b) = —epg (1 £P;) /2 =—epg (1 £0(x)) /2 on each layer. Taking

the time derivative and using (175), we find

ely
dipe = —0up; = ==V (). (176)
The time derivative of the charge is associated with the current via the continuity equation, d; pz(b) =
0; .7if(b). We thus identify .7if(b) = :I:jijos(x) + constant, where

T (x) = %8,-19@). (177)

Consequently, the current jxj"s(x) flows when there exists inhomogeneity in the phase © (x). Such a
current is precisely the Josephson supercurrent. It is intriguing that the current does not flow in the
balanced system since Jy = 0 at og = 0.

4.8.  Quantum Hall effects in the CAF phase

Let us inject the current Jj, into the x direction of the bilayer sample, and assume the system to be

homogeneous in the y direction (Fig. 5). By applying the same argument as given in Sect. 3.5, we

show the anomalous Hall resistance behaviours affected by the phase coherence in the CAF phase.
The current for each layer is the sum of the Hall current and the Josephson current:

b
v

f
£ vV Py Jos b Jos

= —2E, 4+ g%, =g, — gk 178

T (x) Re po J; T (x) Re po = J; (178)

We apply these formulas to analyze the counterflow and drag experiments without tunneling. With
the same argument as given in Sect. 3.5, we have

f b
2 _0 Rbgﬂz
A

in the counterflow experiment. All the input current is carried by the Josephson supercurrent, 7, XJOS =

R}, = 0 (179)

Jin. It generates such an inhomogeneous phase field that 9 (x) = (h/eJy) Tinx.
On the other hand, in the drag experiment, we have Ji, = jxf = (v/Rg)Ey, or

Ef R 1
2K R at v=2. (180)
JE v 2

A part of the input current is carried by the Josephson supercurrent, 778 = %(1 — 00)Jin-

f
Ry,
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R A B
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ifliﬁmﬁmﬁmf w1 T 1T 1

spln current } R 3 spln current ¢

D T T T iflif %) iflif

Fig. 5. Schematic illustration of the spin supercurrent flowing along the x axis in the counterflow geometry.
(a) All spins are polarized into the positive z axis due to the Zeeman effect at oy = 0. No spin current flows.
(b) All electrons belong to the front layer at o9 = 1. No spin current flows. (c¢) In the CAF phase for oy > 0,
some up-spin electrons are moved from the back layer to the front layer by flipping spins. An NG mode appears
associated with this charge—spin transfer. The interlayer phase difference ¥ (x) is created by feeding a charge
current Ji, to the front layer, which also drives the spin current. Electrons flow in each layer as indicated by
the dotted horizontal arrows, and the spin current flows as indicated by the solid horizontal arrow. (d) In the
CAF phase for oy < 0, similar phenomena occur but the direction of the spin current becomes opposite.
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In conclusion, we predict the anomalous Hall resistance (179) and (180) in the CAF phaseatv = 2
by carrying out similar experiments [11-13] due to Kellogg et al. and Tutuc et al. in the imbalanced
configuration (og # 0).

4.9.  Spin Josephson supercurrent in the CAF phase
An intriguing feature of the CAF phase is that the phase field ¢ (x) describes the entangled spin—
pseudospin coherence according to the basic formula (168).

Up to O((o — 09)?), we have S, = 1 — |0 (x)|, and we obtain

J
Do = i) = 11+ sgn(0)]079 (o), (181)
i J
dopy " = Aoy = = 11— sen(0) 197D (x). (182)

The time derivative of the spin is associated with the spin current via the continuity equation,
0y ,oSpm (x) = 0y Spln(x) for each o. We thus identify

J
spm( )= smn( ) = gaxf}(x), for o > 0, (183)
spm spm Jy
(x) = (x) = —Taxﬁ(x), for og < 0. (184)

The spin current jcfpin(x) flows along the x axis when there exists an inhomogeneous phase
difference 9 (x).

In the counterflow experiment, the total charge current along the x axis is zero: jxf (x) +
JP(x) = 0. Consequently, the input current generates a pure spin current along the x axis:

. h
jxspm _ spm +jsp1n +jsp1n +jsp1n sgn(ao);jin- (185)
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This current is dissipationless since the dispersion relation is linear. It is appropriate to call it a
spin Josephson supercurrent. It is intriguing that the spin current flows in the opposite directions
for o9 > 0 and o9 < 0, as illustrated in Fig. 5. A comment is in order: The spin current only flows
within the sample, since spins are scattered in the resistor R and spin directions become random
outside the sample.

5. Conclusion

In this paper, we have derived the effective Hamiltonian for the NG modes based on the Grassmannian
formalism. We have first reproduced the perturbative results on the dispersions and coherence lengths
obtained in Ref. [27]. We have then presented the effective theory describing the interlayer coherence
in the bilayer QH system at v = 1, 2. The Grassmannian formalism shows a clear physical picture
of the spontaneous development of an interlayer phase coherence. It is to be emphasized that the
Grassmannian formalism enables us to analyze nonperturbative phase-coherent phenomena such
as the Josephson supercurrent. The nonperturbative analysis was beyond the scope of Ref. [27].
It has been argued [3] that the interlayer coherence is due to the Bose—Einstein condensation of
composite bosons, which are single electrons bound to magnetic flux quanta. The composite bosons
are described by the CP fields, from which the Grassmannian field is composed.

We have explored phase-coherent phenomena in the bilayer system. At v = 1, the interlayer phase
coherence due to the pseudospin, governed by the NG mode describing a pseudospin wave, is devel-
oped spontaneously. On the other hand, the phase coherence in the CAF phase is the entangled
spin—pseudospin phase coherence governed by the NG mode ¢ (x) describing the R-spin accord-
ing to the formula (168). We have predicted the anomalous Hall resistivity in the counterflow and
drag experiments. It has been shown to exhibit precisely the same behaviour for v =1 and v = 2.
The difference between them is that the supercurrent flows both in balanced and imbalanced systems
at v = 1 but only in imbalanced systems at v = 2. Furthermore, a spin Josephson supercurrent flows
in the CAF phase in the counterflow geometry, but not for v = 1. In other words, the net spin current
is nonzero for the CAF phase, while it is zero for v = 1. This is due to the spin structure such that
the spins are canted coherently and making antiferromagnetic correlations between the two layers at
v = 2, while the spin is actually frozen and therefore all of the spins are pointing to the positive z
axis in both layers at v = 1 in the limit Agas — O.
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Appendix. SU(4) algebra

The special unitary group SU(N) has (N2 — 1) generators. According to the standard notation
from elementary particle physics [31], we denote them as A4, A =1,2,..., N> — 1, which are
represented by Hermitian, traceless, N x N matrices, and normalize them as

TI'()»A)\B) = 26AB- (Al)

They are characterized by

. 4
[Aa, Al =2ifapcric, {ra,rp}= deABC)LC, (A2)
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where fapc and dapc are the structure constants of SU(N). We have A4 = t4 (the Pauli matrix)
with fapc = €apc and dapc = 0 in the case of SU(2).

This standard representation is not convenient for our purpose because the spin group is
SU(2) x SU(2) in the bilayer electron system with the four-component electron field as W =
(Y, b b)) Embedding SU(2) x SU(2) into SU(4), we define the spin matrix by

L <T“ 0) , (A3)
0 1,

where @ = x, y, z, and the pseudospin matrices by,

i 0 1 i 0 -—il i 1 0
ppin 2 ppin 2 ppin 2
= ) = . ) = ) A4
b (12 o) ty (112 0 ) g (0 —12> (A4)

where 15 is the unit matrix in two dimensions. Nine remaining matrices are simple products of the
spin and pseudospin matrices:

i i 0 r i i 0 —ir spi i T, 0
_L_;pln t)ICJplIl — a , t;pm t}[})pm — ] a , t;pm TZI.)pln — a . (AS)
7, O 1T, 0 0 -1

We denote them 7,9 = %tsp N Ton = %t},)p N T = %T;Pmr}jp‘“. They satisfy the normalization
condition
Tr(T;w Ty8) = Suy(SvS, (A6)
and the commutation relations
[T;w, Ty&] = if;w,y&u’v’TM’v/, (A7)

where f,, 5,0 18 the SU(4) structure constant in the basis (A3)—~(A5). Greek indices run over
0,x,y,z.
From (74), (75), and (77), the explicit form of the isospin densities in terms of 1; is given by:

Tox = — cos by sin O, + cos B cos O cos O51. — sin b, cos Og cos 6375, — sin b, sin T,
— €08 Oy cOs O sin 951§y + sin 6y cos g sin Q,SIZC ,

Zoy = cos 0518y + sin 95I;Z,

To; = —cos By cos gLy, — cos by sinBg cos 051 + sin 6 sin g cos 637, — sin Oy cos O,
+ cos 6, sin O sin 051§y — sin @y, sin O sin 6577,

Tro = cos 05Ty — sin 6577,

Tix = —sinfy cos O, — sin by sin g cos Os LG, — cos Oy sinOg cos G575, + cos Oy cos 075,

+ sin 6 sin Op sin G5y, + cos b sin Op sin Os L,
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Ly =13

y?

Ty, = sinfy sinOgZy, — sinfy cos g cos B3I, — cos b, cos O cos sy, — cos by sin O},

Zy0 = cos HaI;O — sinf,Z¢

Zyx = —cosbp sin 6,7, — sinOpZy, + cos b cos 6,7y

+ sin 6y cos g sin Gal;y + cos 6y cos O sin 93150,

y

yz?

_ . c . . c c . c
Zyy = €08y sinBsZ;, — sinby sin 057, + cos Oy cos leyy — sin 6y cos 0577,

Zy, = sinfp sinOsZj, — cos 67y, — sinbp cos 6,77

yz

T;0 = sin by sin 0575, + cos O, sin O} . + sin b, cos 931§y + cos 6, cos 05T,

T.x = —sinfg sin 05Ty, — sin O cos Os ¢, + cos gL
T,y = sin GO,I;O + cos 0, Z¢

2z’

zy?

T., = —cosOg sin 05Ty — cos Og cos OsL;, — sinOpT; (A8)

22’

where we defined Z,0 = S4, Zou = Pa, Zap = Rap, and

T5, = Re [nfns +nina — nymi — nﬁnz] . I§,=1Im [n}ns 4 — it — ngns] :
6c = Inal® = I3/,
Iio = Relni +ml, Iy, =Relns +nal, Iy, =Imlns —ml, Iy, = Re[n —nal,

Iyo = Imini +ml, Iy, =Imlns +nal,  Zj, = —Relnz —ml, Iy, = Im[n; — na2l,

4
i i i i
=1- Z mil>. IS, = —Re [n1n3 + nyma + nymt + n2n3] :

i=l

~Im [n% i 4 i+ nina] IS = ml* = Iml* (A9)

c
77

From (A8), (A9), and the equal-time commutation relations (79), it can be verified that the SU(4)
algebraic relation

[Z/LU(x’ t), Iy&(x» Nl =id(x _y)fuv,yé,u/v/zu/v/(yv t) (A10)

1s held.
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