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ON THE INNOVATION OF CONTINUOUS
MULTIDIMENSIONAL SEMIMARTINGALE.
III. INFORMATION MODELLING IN FINANCE

G. MELADZE AND T. TORONJADZE

ABSTRACT. The paper is devoted to study of mean-variance hedging
problem under the partial information which in our context means
the following: the main model of risky asset contains an unobserv-
able random element. The agent remove this nuisance parameter by
filtering and as a result he get the process of “new information” so
called innovation process. The main goal of the paper consists in con-
struction of optimal hedging strategy under the partial information
generated by the innovation process.
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1. INTRODUCTION

In the paper we continue to study the problem of construction of an inno-
vation process for continuous multidimensional semimartingale with further
application to the mean-variance hedging problem of mathematical finance,
namely, we consider the latter problem under so called partial informa-
tion. Many authors studied the mean-variance hedging problem in different
schemes: e.g., in cases when the stock prices are observed at discrete time
moments, [3], [4], when the restriction on information is more general, but
the stock price process is a martingale under the objective probability [5]
[6], when the drift coefficient is unobservable [8], etc.
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Our approach concerns slightly different situation. We consider the par-
tially observable financial market when the prices of risky assets of main
(observable) component influenced by the some random stochastic factor
which is modelled by random element which takes values in some measurable
space or by price process of risky assets which is traded on non-observable
component of “big” financial market.

In this situation unobservable factors play the role of nuisance parameter
and the first what the agent can do is to remove this parameter from the
scheme by filtering. After this filtration agent faces the new information
which is “free” from unobservable factors and hence more dependable for
trading decisions. Mathematically this means that the investor construct
the so-called innovation process and as a main information considered the
flow of o-algebras generated by the values of innovation process. But in
such situation, generally, the following inclusions are true:

FM - FScF,

where F' is initial wide flow of o-algebras and initially all objects are F-
adapted; FS is a flow generated by the values of stock S itself and finally
FM s the flow of information generated by the innovation process M.

The problem is to solve the mean-variance hedging problem under the
restriction that the optimal hedging strategy must be FM-predictable.

Our approach consist in following: we construct the object somewhat
less popular (and less investigated) so-called strong innovation process M
for the process S. The main feature of such process is that “it contains the
same information as S”, i.e., FM = FS. Based on last property we study
three schemes of markets: first two leads to the complete market (after
“strong filtering”, Section 2) and the last is a popular model of stochastic
volatility which gives an example of incomplete market (Section 3).

The paper is based on the results obtained in [1], [2].

2. GENERAL PRELIMINARIES AND STATEMENT OF PROBLEM

Consider a financial market M that operates under uncertain conditions
describes by a probability space (2, F, P) equipped with a filtration F =
(Fr)o<t<T, T > 0, satisfying the usual conditions and representing the flow
of total information on [0, 7). For simplicity we assume that Fp = F.

Market M consists of two interacting components M7 and Ms.

There are dy + 1 assets (d; > 1) in the market M;. The 0-th asset is
riskless, equal to 1 at any time. The last d assets could be risky (stocks)
and their price process is given by an R%-valued F-adapted process S =

(Sla' "7Sd1)'
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Component My consists of some stochastic factors which influences the
stock price process S. The elements of market Ms may be some random ele-
ment Y which takes values in the measurable space (B, BB), or da-dimensional
(d2 > 1) price process Y = (Y1,...,Yq,) of some risky assets given by an
R%_valued F-adapted process Y, etc.

An investor (agent) functions only in the market M;: the stocks in the
market M7 only are available to agent for trading and price dynamics of
assets traded in the market M; are observable. The stochastic factors of
market Ms are unobservable and will be considered as nuisance factors
(parameters).

This model of financial market M we call partially observable with ob-
servable component M; and non-observable component M.

Such model seems reasonable, e.g., in following situations:

1) Let Y be the exogenous variable of economics, described by the market
model M;. This variable actions on the price dynamics of assets traded in
the market Mj, but itself it is not observable;

2) The market M consists of the open market M; and the shadow market
Ms. The prices of assets in the open and shadow markets are interacting.
The agent functions in the open market M;;

3) The information about unobservable factors not dependable and will
be considered as nuisance parameter, and the investor, who invests in the
risky assets S in the market M7 does not wish to use this distort information
to trading decisions. The investor’s decisions are based on the dependable
information available on the marked Mj.

To be more concrete introduce the models of markets M; and M.

a) Suppose the price dynamics of risky assets S are governed by the
following system of stochastic differential equations (SDEs)

dS(t) = diag S(t) (u(t, S,Y) dA, +7(t, S) dM(t)) ,

2.1
S(0)=5S° € RY, 21)

where S=(S1,...,S54,), the coefficients u(t, x,y) : [0,T] X Cf'éfT] xB — R4,
= (1, pa,), o(t,X) : [0,T] x C[%lT] — RU x R o = (0y),1<i<

di, 1 < 7 <d, di < d, are nonanticipative functionals and o = (EE')%
is nonsingular matrix, M = (Mj,..., My) is a d-dimensional continuous
martingale, with (M) = I9%? . A where A = (At)o<i<T is a continuous
increasing deterministic function, A7 < oo, I?*? is unit d x d-dimensional
matrix, Y is a random element taking values in some measurable space

S1 (t) 0
(B, B) independent of M, diag S(t) is a matrix .
0 Say (t)

b) Suppose the price dynamics of stocks S are the same as in a), i.e.,
governed by the SDEs (2.1) and ds stochastic factors Y = (Y1,...,Ys,),
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dy + do = d, follows the SDE

dY, =a(t,S,Y)dA, + b(t,S,Y)dM(t), Y(0)=Y° e R%, (2.2)

where the coefficients a(t,z,y) : [0,T] X CEiOIT] X C[%2T] — R, E(t,x,y) :
[0,T] % Cifl 7y X Cii2qy = R%™ x R, @ = (ay, ..., da,), b= (by), 1 <i<dy,
1 < j < d, are nonanticipative functionals.

¢) Suppose the stock price process S is given by the following stochastic

volatility model:

dS(t) = diag S(t) (u(t, S, Z,Y) dA; + 71 (t, S, Z)) dM(t),
S(0)=S° € RY,

dZ(t) = K(t,8,2,Y)dA; + 7a(t, S, Z) dM (1),
Z(0)=2"€ R™,

where the nuisance parameter Y are as in a) or b), i.e., Y is a random
element with values in the space (B, B) independent of the process M, or
Y = (Y1,...,Yy,) is a stochastic process governed by the SDE (2.2). Here
the coefficients p = (p1,...,pn), 1 = (T145), 1 < i < n, 1 < j < d,
K = (Kla"'7Km)7 oy = (EQ,ij); 1 < { § m, 1 < .7 < d; m+n = dla
di +dy = d, p(t,z,z,y) and K(t,z,z,y) are nonanticipative functionals
defined on [0,77] x Coory X Cloy X B (or C["(IiT]) and o1(t,x, z), oa(t, z,2)
are nonanticipative functionals defined on [0, T] x C[%’T] X Cf&T], the process

M = (My,...,My) and the function A are as in a) and b). Suppose also
that (g2) = ((%) (g; )/) “isa nondegenerated dy X d; matrix.

In all schemes a), b) and c) suppose there exist unique strong solutions
of corresponding SDEs (2.1), (2.1)-(2.2), (2.3)-(2.2).

Let us remove the unobservable nuisance parameter Y from the equations
(2.2) and (2.3) by the filtration.
We get:

dS(t) = diag S(t) (m(t, S) dA; + o(t,S)dM(t)), S(0) =S € RY, (2.4)

where the innovation process M = (M1, ..., Mg,) is given by the formula

M(t):/afl(u, S))(diag S(u)) " (dS(u) — diag S(u)m(u, S)dA,), (2.5)
0
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with m(t,8) = E (u(t,S,Y) | ) and o (t, S)=(z7')2(t,S) in the schemes
(2.1) or (2.1)—(2.2) and

dS(t) = diag S(t) (m1(t, S, Z) dA; + 01(t, S, Z) dM (1)) ,
S(0) = S° € RY,

_ 2.6
dZ(t) = mo(t, S, Z) dA; + 02(t, S, Z) dM(t), (26)
Z(0) =2 € R",
where the innovation process M = (M ..., My, ), is given by the relation

M(t) = /to_l(u,S, Z) (d (g((zg) _
0

— diag <S (1“)) (m1> (u, S, 2) dAu) (2.7)

g

with

mq o 12 S, Z
(mQ) (t,8,2)=E (K(t, S, Z,Y) | Fy )

ot,S,72) = (Z;) (t,S,2) = <<§;> @;)’) (t,S,Z)

in the scheme (2.3)—(2.2).
Note that in the schemes described by (2.4) and (2.5)

and

FM C FS, (2.8)
and in the scheme (2.6)—(2.7)
M C pSZ, (2.9)

Suppose now that in the scheme (2.6)—(2.7) o,0} in continuous in (¢, s, z)
and for all (¢, s) the functional o,0}(¢,s,-) is one-to-one from Clo.r) nto a
subset X of the set of n X n-dimensional positive definite matrices, and its
inverse functional denoted L(¢, s, -) is continuous in (¢, s,0) € [0, T XC[%,T] X
Y. See, also [10], [11].

Under these conditions

Z(t) = L(t,5,0,01(t, 5, Z))

and

¢
(S)e :/Jlai(u,S, Z)dA,.
0
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From this easily follows that

F? C FS,

and, consequently,
F9% = FS, (2.10)
In both cases the investor removes the “junk” information and passes to
the new “clean” information containing in the innovation process M which
the agent wishes to use for investment decisions.
Hence we get the following information flows

FMCFSCF, (2.11)

where '™ and FS are the P-augmented flows of o-algebras generated by
the values of process M and S, respectively.

We consider the following investment problem: construct the mean-
variance optimal hedging strategies of general contingent claim, under the
partial information, i.e., when the investor used an information containing
only in FM,

3. THE MEAN-VARIANCE HEDGING PROBLEM UNDER RESTRICTED
INFORMATION

Consider the models a) or b) described in the previous Section 2. As it
follows from Lemma 5.2 from [2], the model b) can be reduces to the model

a).
But to illustrate how the conditions can be verified, we consider the model
(2.1), (2.2)

dS(t)=diag S(t) (u(t, S,Y) dA; +7(t, S) dM(t))
S(0) = S° € RY, (3.1)
dY (t)=a(t, S,Y)dA, + b(t,S,Y)dM(t), n(0)=n’ e R®,

with innovation
t

M(t) = /a_l(u, S) (diag S(u)) ™" (dS(u) — diag S(u)m(u, S) dA,), (3.2)

where the coefficients and the other object are the same as in subsections
a) and b) of Section 2.

Let us formulate the mean-variance hedging problem under restricted
information. The space of admissible trading strategies ©(F) consists of
all Re-valued F-predictable process 6, which are S-integrable, such that

T
J0(t)dS(t) € L*(P, Fr) and the stochastic integral [ 0 dS is a Q-martingale
0
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under any Q € P(F). Here P(F) = {Q ~ P on (Q,F): %b_.T €
L?(P, Fr), and S is a Q local martingale}.

It is assumed that there is no arbitrage, i.e., P(F) # 0. The process
0 = (6(¢)) for each t represents the number of shares of stocks held at time
t, based on information F;. For a given initial investment x € Ri_ and
trading strategy 6 € O(F), the self-financed wealth process is defined as
Vf’e =z+ fot 05dS(s), 0 <t <T. The Fr-measurable r.v. H € L?(P, Fr)
models the payoff from financial product at maturity time 7. If a hedger
starts with the initial investment x and uses the trading strategy 6, the
mean-variance hedging problem means to find a trading strategy 6% (z)

solution of

o . N z,0\2
jp(x)feerrélgr)E(H Vio)e.

In our situation, i.e., under the innovation information restriction we

have .
FMcFScF

and our decisions (trading strategy or portfolio) must be based on infor-
mation flow FM7 i.e., 8 must be Fﬁ—predictable process. Denoting by
g = (g(t,X,Y)) any of coefficients of SDE (3.1), suppose that

1) 1g(t, X,Y)| < const, Y(t,z,y) € [0,T] x C[%fﬂ x B,

2) Introduce the following stopping time (for each N =1,2,...)

7~ (2!, 2%) == inf {t >0, sup max (|z'(s)]?, |2*(s)]?) > N} )
0<s<t

where inf{@} = +o0, | - | is a norm in R4, and the set Dy, where

Dy = {(t,ml,mQ) €0, T] xc

o1 ><IB%:0<t<TN(x1,x2)},

and suppose that on the set Dy
2,2 2 ,2\[2 1 21d1 > 1 21ds\
lg(t,22,5%) = g(t,2%, )" < consty ( (12t = 221)" + (" = 205) ")
where [|z||'! = sup |x(s)|;, |- |; is a norm in R!, where | = d; or ds.
0<s<t

3) The matrix o = (G ¢’) is uniformly elliptic.

Under these conditions there exists unique strong solution (S,Y") of the
system of SDEs (3.1). Indeed, introduce the process X; = In S(t) which is
well defined since under conditions 1)-3) O<i?£T S(t) > 0, P-a.s. Then if we

use the It6 formula we easily arrive at the scheme (5.1) of [2] with
1 -, _ ,
90(757 €T, y) = /J/(t7 e:c7 y) - 5 dg(gal)(ta el)a
o1(t,z) =5(t, "),
ot x,y) = alt, e, y),
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oa(t,x,y) = bit, e, y),

where d_ér is the vector of diagonal elements (711, ...,Yd,4,) of the matrix
U= |yl 4,5 = 1, da.
Note now that using elementary inequality

z y
le” —e¥| < ¢ *e

|:L'7y|7 IayERla

and the Lipschitz condition we easily get that the new coefficients ¢, o1, ¥,
oy satisfy the local Lipschitz condition in variable x and the global one in
variable y. All coefficients are bounded and o0/ is uniform elliptic. Thus
using Theorem 5.2 of [2] we arrive at the following

Theorem 3.1. Under conditions 1), 2) and 3) the SDE
dS(t) = diag S(t) (m(t, S) dA; + o(t,S)dM(t)), S(0)=S" € R}, (3.3)
has a unique strong solution.

Remark 3.1. We start by the system of the SDEs (3.1) with a given
coefficients u, @, @ and b and given driving process M = (M (t)). Under the
conditions mentioned above this system has strong solution (S,Y"). By the
formula (3.2), we then constructed the new process M = (M (t)). Hence
the right hand side of (3.2) is nothing more than the definition of the left

hand side process M.

By Theorem 3.1 we initially fixed the coefficients m(¢,-) and o(t,-) and
driving process M = M (t) with independent increments and uncorrelated
components and construct the process S(t) = F(t, M) as a substitution
into nonanticipative functional F' of a given process M. Hence by (3.2)
FM c F9 but by (3.3) F¥ c FM. Thus FM = F*.

Now return to our L2-hedging problem.

In fact we are in the complete market framework.

Denote (P, Fﬁ)—projection of contingent claim H € L?(P, Fr) by
Hypor = E(H | f?) .

The problem of mean-variance hedging under F M—informatign, given an
initial wealth € R!, consists in finding a trading strategy g F" (x) solution
of

2
Jpz(z) = min_ E [H — V;’G} )
9cO(FM)

The solution g (H) of

Tt = xrg}l% Jry (7)



INNOVATION OF SEMIMARTINGALE. III. MODELLING IN FINANCE 113

is called FM-approximating price of H. This problem for the case when full
information F is available for the agent is solved in [7], [9]; if information
F® containing only in the stock S is available for investment decisions the
solution of the problem is given in [8].

Note that
Jpwr(r) = min E(H—H H *—V”’G)QZ
o 0cO(FM) FM F& =V
i [EO0 0 v
0cO(FM)
+E (E <(H — Hpar)(H par — V;’G) | ]-'TM))] )
But

B ((H ~ Hyw)(Hymr ~ Vi) | FIT) =
= (Hypw V") (B~ Hyr | F7) =0,

by the definition of H . and Fpr-measurability of V. 9 for all § € O(F M).
Hence

jFW(:E) =E(H —~ HFV)Q + jFV(x)a
with

~ 2
Fpw(@) = min_ B (Hyw = V7).
QEG(FNI)

Denote P the variance-optimal equivalent local martingale measure
(ELMM). It is unique element of P(F™) # & (the standing assumption)
. o d 573
which minimizes Hd—g HL2(P) over all Q@ € P(F™).

It is well-known that

~ | dP
Zt =F ﬁ‘ft

t
:%+/@w@
0

for some ¢ € O(FM).
The following statements give us the solution of mean-variance problem.
Let H € L*(P); calculate Hpsr and write the Galtchouk—Kivita—Wata-

nabe decomposition of H 7 under measure P with respect to .S, i.e.

T
~ H _~r,P H _~,P H _~r,P
HFM = E[HFM] +/§u M dS(u) +LTFM —_ VT M ’
0
with
H z,P ~ 7
‘/;FM :E(HFﬁl}'tZVI):
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~ H 7P H 7P
= EHFM+/§U FMAS(u) + L, YT
0<t<T.

Then optimal initial investment (approximating price) is given by the for-
mula

¢y (H) = EH yar (3.4)
and optimal trading strategy is given by the relation
~ t
M H =P H +7,P =~ T
orF =g T % V, " _ EH s — / 02" as(u) | . (3.5)
t

0
The minimal total risk of H 77 is given by the formula

T ~

_\ 2
. @ ()07 zP 5
R*=E | Hpymr — V,© =E| [ 2~ P, |,

with ZP = E (gmﬁ), 0<t<T.
Denote
At S) =oa(t,S) tmf(t,S)
and introduce the measure P* on the o-algebra .7:TM by the formula
dP* = Ep(—\- M) dP,

ie.,

dpP* 1
L2 N /)\tSdM ——/|(t,S)|2dAt
dpP | FM 2
From the boundedness of A follows that ErE(—\- M) = 1. Hence P* ~ P
and the set

P(FM) = {QwPon Fu, 99

L2(P, FM),

and S is a Q-local martingale} ={P"},

since P(FM) is nonempty if and only if E(Er(—\ - M))? < oo which is
satisfies in considered case. . .

Since H € L*(P, Fr), Hpar = E(H | FM) € L2 (P, FM).

Define (P*, FM) martingale

VM = EP (Hyw | F)), 0<t<T.
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By the martingale representation property we deduce
t

VT = BF" (H ) + / W dT(t), 0<t<T (3.6)
0

_ T
with FM-adapted, R% -valued process n = (n;), [ |mn|?dA; < oo.
0

Introducing the process (M = (o(t, S)) "1 we rewrite (3.6) in the form
t

VM = EP H o + /Cde(u), 0<t<T. (3.7)
0

Note now that fCMdS is a (P*,FM) martingale and (M € @(FM) since
T

[¢MdS(u) = Hymr — EP" (Hpsr) € L2(P, FM). Considering (3.7) at the
0
moment ¢ = T we get the Galtchouk—Kunita—Watenabe decomposition.

This is the key point. From this decomposition by the usual way (using
(3.4) and (3.5)) we get that

(EY" Hpar — 2)?

Tem ) = g (oaa)

+ E(H — Hpxr)? (3.8)

and )
zpar(H) = BY [H ). (3.9)
Thus we prove the following

Theorem 3.2. In the schemes (2.2)—(2.3) under conditions 1), 2) and
3) the minimal risk and approrimative price of general contingent claim H
under the restricted information, when the flow F™ is available to hedger for
investment decisions is given by the formulas (3.8) and (3.9). The optimal
hedging strategy can be find by the formula (3.5).

Consider now the scheme described in subsection c) of Section 2.2. De-
noting g = (g(t, z, z,y)) any of coeflicients of scheme (2.3)—(2.2) suppose g
satisfies the conditions 1), 2) and 3) (i.e., in 3) it is assumed that the matrix
0? = 0,0} with o1 = (g;) is uniformly elliptic) of Section 3. Then there
exists a unique strong solution (S, Z,Y) of system (2.2)—(2.3). Introduce
the process X = (X!, X?) = (In S, Z). Then using the It6 formula we easily
see that the process (X,Y) satisfies system (5.1) from [2] with

1 1 -, 2! 2!
go(t,:c,y) = <M(ta6x ;Z;y) - §dg(0—10—/1)(t76 7Z)7K(tae ;Z;y)) )

1 1
Ul(taz) = (El(taex 7Z)762(t7€z 7Z)) )
1 1

w(thay) :a(t76x 7?]), Ug(t,.ﬁ,y) :E(taeg; ay)7
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where z = (21, 2), 2! is an n-dimensional and z is an m-dimensional vectors.
It is easy to verify that all coefficients are bounded, the Lipschitz contin-
uous (locally in « and globally in y) and matrix oq07] is uniformly elliptic.

Hence using Theorem 5.2 we get the following

Theorem 3.3. Under the above-mentioned conditions 1)-3) the system
of SDE (2.6) has a unique strong solutions and hence there exists strong
information process (given by (2.7) with

FSZ _ FW
Now rewriting this system in triangle form we finally get

dS(t) = diag S(t) (m1(t, S, Z)dA; + o(t,5,Z)dN(1)),

S(0) = 5% 3.10
0Z(t) = malt, 5. 2) dds + (8.5, 2) AN (0) +~(t. 8. 2) dFT(r), )
Z(0) = 2",

where N and M are mutually independent n and m-dimensional processes
with independent increments and independent components. Under the ad-
ditional technical assumption (see Section 2, formula (2.10)) F*% = F*%
and, finally,

FNM _ pS
We may now use the method described earlier in this section to get the full
solution of mean-variance hedging problem in the case of partial information

(i.e., when information F'™ is only available for agent for trading decisions)
for the scheme (3.10) as well.

4. THE MARKOV DILATION OF THE PATH DEPENDENT PROCESSES AND
THE “EXPLICIT” SOLUTION OF THE MEAN-VARIANCE HEDGING
PROBLEM UNDER PARTIAL INFORMATION

In this section we consider the scheme described by the systems of SDEs
(2.3)-(2.2).

As it is well-known, when the processes describing market prices dynam-
ics have the Markov property, then the “explicit” solution (describing in the
terms of solutions of appropriate differential equations) of the mean-variance
hedging problem may be constructed.

But the feature of our methods given in this paper is such that even if
the initial scheme (2.3)—(2.2) has a Markov property, after the construction
of the innovation process we necessarily arrived at the scheme (3.10) with
path dependent coefficients of equations.

Hence to overcome this problem we used the so-called Markov dilation
method, which is based on the following observation: if X is some continuous
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stochastic process with the sample paths from C[% AL d > 1, then the process

X' 0<t<T,defined for each t € [0,T] by the relation
Xt = (Xons, s€[0,7])
has a Markov property, i.e., for any Borel set B € B(C[% T])

Prob (X*e B| X", X", ..., X") =Prob (X' € B| X"),
O<t1 < <ty <T,

since the o-algebra o(X?) = o(Xs, s < t) increases as t increases.

Now consider the scheme (3.10) and suppose that p(t, s, z) = 0, and the
coeflicients of system depend only on the second component Z of the process
(S, Z). For simplicity consider the case when the both processes S and Z
are one-dimensional, N and M are Wiener processes, hence dA; = dt. We
assume also that the coefficients of initial scheme (2.3)—(2.2) satisfy the
conditions 1)-3) introduced in Section 3, hence F¥ = 5% = pN.M,

Thus we consider the following scheme: the process (S, Z) is a strong
solution (thanks to Theorem 3.3) of the SDE

as@) _ - ~ _ g0 Rt
(1) Gy =t 2)de+o(t,2)dN (), S(0) =5 € R, o

(2) dZ(t) = ma(t, Z)dt +~(t, Z)dM(t), Z(0)= Z° € R,

where the coefficients m1, o, ma, v : [0,7] x Cjo. 7] — R! are bounded,
continuous, nonanticipative functionals and, in addition, the SDE (4.1) (2)
has a unique strong solution Z, and hence FZ = FM,

Remember two main steps of solution of mean-variance hedging problem
(in particular, under the restricted information):

1. determine the variance-optimal ELMM P and find the dynamics of
(S, Z) under P;

2. find the Galtchouk-Kivita—Watanabe decomposition of contingent
claim H,~ 7 = E(H | f%V’M) w.r.t. S under P (see Section 3).

We need the following auxiliary results.

Lemma 4.1. Let % be the solution of the SDE

S

b=t [ma(u ) dut () d W, s>t )
t t .

52#3 =ps, s<t.

Denote
§=¢" and & =¢(tN),

where ¢ is a constant.
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Suppose ma, v : [0,T] x Cpo, 7] — R are nonanticipative functionals such
that (4.2) has a unique strong solution.
Then
¢ =¢  Poas. foral te|0,T).

Proof. If s < t, then fz’gt = ¢, by definition. If s > ¢, then
e =gt ns)+ / ma (u, €7 du + / (u, €¢) dM (u) =
t

t
t

t
=c+ [ mo(u,&)du+ | v(u,&)dMu)+ | ma(u, §t’§t) du+
[t | /

S

t
+ [ y(u, 55" dM (u).
/

Since & substituted instead of ft’gt also satisfies the latter equation by unicity
of solution, we obtain that fz’gt =&, s > t. Lemma is proved. O

Proposition 4.1. Let C': [0,T] xCjo,7] — R be nonanticipative bounded
continuous functional and g : Cjo ) — R be founded continuous function.
Then the martingale

M = E|g(€)els O | Ff

can be represented as
o(t, €)elo OO o2,

where v(t, ) = Eg(¢h®)eli Cwg ") du,
Proof. Tt is easy to see that
ME = els € duE[g(g)eftT Clu§) du | ff} = eJo Cug) duy,
Using the fact that F¢ = o(¢!) and Lemma 4.1 we get
‘/t — E|:g(€t7€t)€ftTC(uaft’gt)du | o_(é-t)i| —
= Bg(¢")el O, = (t,€").
Proposition is proved. O

It is well-known that the variance-optimal ELMM P for the system (4.1)
has the density of the form

Z_i — 5T< _ /9(5,2) dN(s) — /vs dM(S)),
0 0
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where 6 = =2 and V; = with

g9

c+]g 9s AM(s)’
t

¢+ / gs M (s) = E[e= I 21t | F2].
0

Prove now the following

Theorem 4.1. Let 25% be the solution of the following SDE
s s
2% = s + /mg(u7 21?) du + /’y(u, 2YdM (u), s>t
t t
2=, s<t.

Then
E{e‘ J¢ 0%(s,2) ds | f,fz} =ov(t, Z(tA-))e” Io 0%(s,2) ds (4.3)
where
ot ) = Be™ I =" (¢, 0) € [0,T] x Cpo,1y.
Moreover, if 0(t, @), ma(t, ), y(t, ) are twice Frechet differentiable, then
v(t, Z(t A-)) admits the Ité decomposition with martingale part
t
ov(s, Z(sN+)) ~—
[t 208 2B g,
Js
0
where js = 1[5 17
In this case v can be found by the relation

Ot Z(tN-))

o=, 2) = Jolt, 2t 7)),
or equivalently
0
Ut = V(ta Z) a_jt (tv Z(t A ))a

where
q(t,p) =Inv(t, ¢).

Proof. The formula (4.3) is the simple consequence of Proposition 4.1.
Further, by the It6 formula we have

e Jo 0°(s.2) Byt Z(t N ) =

(s, Z(sN+)) ~—

t
=c+ /e_fos 0 (u.2) dun(s, Z) 57 dM (s).
Js
0
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Since, see [12], [13],

7(8’ Z)]édﬁ(s)7

o

t

20 = 2(0)+ [ mals Z)ids +
0

the Ttd formula for v(¢, Z(t A

)
v(t, Z(t A ) =v(0,¢) + /7(3, Z) g—; (5,Z(s \-))dM(s)+

o

—|—/ {% (8, Z(sN\-)) +ma(s, 2) 7. (s, Z(sN\-))+
0

+ %7(57Z(3 A-)) o (s, Z(sN-))| ds.

9j2
Therefore
— t g2 u u v
o g e lo i ddun 7y Be (1, Z(t N )
"ot Jy g.dM(s) e Ja P D duy(t, Z (¢ A )
9q
— o (t, Z) =L (t, Z(t A ).
(6. 2) g (.2 1)
Theorem is proved. (]

Now for the variance-optimal ELMM P we can write
dP ' _ o
— =& 7/9(8,2)(1]\7(8) f/deM(s) ,
dP
0 0

dq(t, Z%)
dje
q(t,p) =InEe~ Jo (20 %)ds gt Z(EN).
Using the Girsanov theorem we can define the Wiener processes w.r.t
measure P

with

U = V(tvz)

t t
Ny = N(t) + /9(3, Z)ds and M, = M(t) + /’Us ds.
0 0

Hence w.r.t. measure P the price process dynamics of the process (5, Z) is
given by the SDE

—— = 5(t, Z) dNy,



INNOVATION OF SEMIMARTINGALE. III. MODELLING IN FINANCE 121

dZ, = m(t, Z) dt +~(t, Z) dM,,
with

Wt Z) = ma(t, Z) — 221, 2) 22

o (021,

and thus we pass the first step of our program.

Let the contingent claim H w7 which we get after the projection of
contingent claim H € L?(P, Fr) on the o-algebra fg’M =F5 = f‘Tg’Z has
the following form

Hpwar = h(S(T), Z5),
where h : (0,00) x Cjg,77 — R be bounded continuous function. By results
of [12] (S(t), Z") is a Markov process which satisfies the following SDE w.r.t
P

dS(t) = S(t) o(t, Z) dNy,
dZ' = (t, Z')je dt +~(t, Z")je dM,.
Hence by the Markov property we get

VFNM —EP[ FNM|.7_-SZ}:
= EP[W(S(T), Z8) | (S:, 2%)] = v"(t, 5(t), 2Y),

where v"(t,x, ), (t,z,¢) € [0,T] x (0,00) x Cio, 1) is some bounded contin-
uous function.

Theorem 4.2. Let the coefficients m, o, v have bounded continuous
Frechet differential up to the second order w.r.t. third variable ¢ € Cjo 7).

Then v" satisfies the following “PDE”, see [12],
ol ool 1 2 o%vh 1, 0%k
TR 7 =
ot Ox 052 2 05
v (T,x,cp) = h(z, ).

=0,

Now by the It6 formula

h
(081 2 = 00,5000+ [ G (5,5(5).2°) dS(s)+
0

t vh
+/§js< S(s), 2°)(s, Z) dM(s)
0
p ol ovh
+ [ 5 6:560. 2 4 G (5,569, 2°mas. 2
0
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1 9%h
2 052

(5,5(5), Z5)v*(s, Z)| ds

one can easily obtain the Galtchouk-Kivita—Watanabe decomposition of the

. H = 57.P
martingale V"' rN.M"

t
H ~+,P =~ H ~=7,P H ~+7,P
Vt FN,M :EHFW,MJF/fs FN, M dS(S)JrLt FN,M . 0<t<T,
0
where
H P Ovl
FEOMT = —— (4, 9(t), 2"
gt 89’5 ( ’ ()a )7

Thus we finished the second step of our program. The mean-variance hedg-
ing problem is solved.
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