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ABSTRACT. We consider weak subsolutions of the linear second order uniformly elliptic partial differential
equation of general type in a ball.

We establish a new type weighted reverse Poincare inequality for the difference of two continuous weak
subsolutions.

The prototype of this inequality for univariate convex functions was proved by Shashiashvili (2005). © 2010
Bull. Georg. Natl. Acad. Sci.
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1. Introduction

Consider two arbitrary finite convex functions  xf  and  x  on a closed interval  ba, .
The following energy inequality has been established by K. Shashiashvili and M. Shashiashvili in [1] (see Theorem

2.1)
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Later this kind of estimate with a family of weight functions and on an infinite interval  ,0  was proved by
Hussain, Peĉariè  and Shashiashvili [2].

The natural generalization of univariate convex functions to several variables case are subharmonic functions
that share many convenient attributes of the former ones. An extensive study of the properties of subharmonic
functions is conducted in the manual [3] by Lars Hörmander (see Chapter 3 of it).

Consider a sequence of subharmonic functions  xum , ,2,1m , in a ball  RxBB ,0 , which converges to

subharmonic function  xu  in  BLloc
1 . Then the Theorem 3.2.13 in Hörmander [3] asserts that the weak partial
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The next Proposition 3.4.19 in the same manual concerns a sequence of bounded nonpositive subharmonic

functions  xum  in a ball B, such that   0
Bm xu  and  xumsupp  is contained in a fixed compact set BK 

(here   denotes the famous Laplace operator).

It is proved that if    xuxum   when m , then the weak partial derivatives 
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, ni ,,1  in  BL2 .

So it seems natural to ask whether the mapping    xuxu grad  possesses certain Hölder continuity property
when restricted to the family of subharmonic functions on a ball B.

Throughout the paper  RxBB ,0  will denote the open ball in n  with center 0x  and radius R and by

 RxBB ,0  its closure.

Further C(B) will denote the space of continuous functions on B and  BL  is the space of (a.e.) bounded
functions on B.

 BC k
0  will mean the space of k times continuously differentiable functions with compact support in B, where

 ,2,1k .
Littman [4] gave a very fruitful generalization of the notion of subharmonic function to the case of general type

second order linear elliptic partial differential operators. According to Littman [4] the locally integrable function  xu

defined in a ball B is called generalized subharmonic function if for all nonnegative functions    BCxv 2
0  the

following inequality does hold

    0 

B

dxxvLxu (1.2)

(that is   0xLu  in the sense of the theory of distributions), where
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and  xuL  is the adjoint to the operator  xLu
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We’ll assume that the operator L is uniformly elliptic
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and 0  is the ellipticity constant, and the coefficients satisfy the following smoothness conditions

            njiBCxcBCxbBCxa iij ,,1,,,, 12    (1.7)

with some Hölder exponent  , 10   .
We shall use the name weak L-subsolution instead of Littman’s generalized subharmonic function.
The objective of the present article is to establish an estimate analogous to one-dimensional inequality (1.1) –

namely the reverse Poincare inequality for the difference of two continuous weak L-subsolutions.

2. Formulation of the Basic Results

Consider now the linear space S of locally integrable functions  xu  in a ball B which have the weak (Sobolev)

derivatives 
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, ni ,,1 .

Define the weight functions

      2
0

2
2

,,distˆ xxRxhBxxh  (2.1)

in a ball  RxBB ,0 , where  Bx ,dist  denotes the distance from the point Bx  to the boundary B .

Let us introduce the subspace  hBH ˆ;1  of the space S consisting of those functions   Sxu   for which the
following integral sum is finite
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It is easy to check that  hBH ˆ;1  is a complete linear space which is called the weighted Sobolev space. The
following inclusion is obvious

   hBHBH ˆ;11  ,

where  BH1  is the usual first order Sobolev space.
Our first result is formulated in the following manner
Proposition 2.1. Suppose that conditions (1.6)-(1.7) are satisfied. Then any continuous weak L-subsolution  xu

possesses weak partial derivatives 
 
ix
xu




, ni ,,1  in a ball  RxBB ,0 .

The next result concerns the continuous weak L-subsolutions bounded in a ball B.
Proposition 2.2. Assume that conditions (1.6)-(1.7) are satisfied. Consider any weak L-subsolution  xu  in a

ball B, such that

     BLBCxu  . (2.3)

Then the function  xu  belongs to the weighted Sobolev space  hBH ˆ;1 .
Now we formulate the main result of this article.
Proposition 2.3 (The weighted reverse Poincare inequality). Let the conditions (1.6)-(1.7) be satisfied. Consider
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two weak L-subsolutions  xui , 2,1i  in a ball B, such that

      2,1,   iBLBCxui .

Then the following reverse Poincare type inequality holds true for the difference     xuxu 12   of two weak L-
subsolutions

           2
122112

2
ˆ;12 2meas1 BLBLBLBLhBH uuuuuuBcuu  






 
 , (2.4)

where

        

B

dxxhxcxhLc (2.5)

and 0  is the constant of the uniform ellipticity..
We note that (2.5) is the Hölder type estimate which asserts that if two bounded continuous weak L-subsolutions

in a ball B are close in the uniform norm, then they are close in the weighted Sobolev norm as well.
The proof of the Propositions 2.1-2.3 requires the approximation of arbitrary continuous weak L-subsolution by a

sequence of smooth L-subsolutions. It turns out that this is a non-trivial task for elliptic differential operators with
variable coefficients as standard mollification arguments work only for the case of constant coefficients.

Fortunately enough, this kind of approximation techniques was developed by Littman in [4] and we’ve been
based on it essentially.

3. An application
The particular case of subharmonic functions is of special interest. Theorem 3.2.11 in Hörmander [3] states the

equivalence between the notion of subharmonic function and the notion of the weak -subsolution, where  is the
famous Laplace operator. In this case it is easy to calculate constant c defined by the equality (2.5)

Bnc meas2 . (3.1)

Wilson and Zwick [5] studied the problem of best approximation in the norm of  BL  of a given function  xf

by subharmonic functions. For continuous function in B  they characterized best continuous subharmonic
approximations. It turns out that the best subharmonic approximation of continuous function  xf  is just the greatest
subharmonic minorant of it adjusted by a constant.

In problems for which it is known a priori that the analytically unknown continuous exact solution  xu  must be

subharmonic in a ball B it makes sense to seek numerical approximations  xvh  (h is some small parameter) that are

subharmonic themselves. One expects that they will better mimic an unknown solution  xu  than somehow constructed

continuous uniform approximation  xuh . The nice idea of Wilson and Zwick [5] consists in replacement of  xuh  by

its greatest subharmonic minorant  xvh  defined by

          xuxgBxgxgxv hh  andincsubharmoniis:sup . (3.2)

We state the following important result at the end of this article as an application of the basic Proposition 2.3.
Proposition 3.1. Consider analytically unknown subharmonic function  xu  in a ball B and its known uniform

approximation  xuh . We assume that they are continuous and bounded in a ball B. Then the following estimate of

 xugrad  through  xvhgrad  is valid

        22
ˆ; meas8gradgrad 2 BLhBLBLhhBLh uuuuuBnuv   . (3.3)



28 Muhammad Shoaib Saleem, Malkhaz Shashiashvili

Bull. Georg. Natl. Acad. Sci., vol. 4, no. 3, 2010

maTematika

puankares woniani Sebrunebuli utoloba ori susti
subamoxsnis sxvaobisaTvis

m. salimi*, m. SaSiaSvili§

* abdu salamis maTematikur mecnierebaTa skola, GC universiteti, lahori, pakistani
§ a. razmaZis maTematikis instituti; abdu salamis maTematikur mecnierebaTa skola, GC universiteti, lahori,
pakistani

(warmodgenilia akademiis wevris v. kokilaSvilis mier)

avtorebi ganixilaven meore rigis zogadi saxis wrfivi Tanabrad elifsuri kerZowarmoebuliani
diferencialuri gantolebis sust subamoxsnebs birTvis SemTxvevaSi.

miRebulia axali saxis puankares woniani Sebrunebuli utoloba ori uwyveti subamoxsnis
sxvaobisaTvis.

am utolobis pirvelsaxe erTganzomilebiani amozneqili funqciebisaTvis damtkicebuli iyo
SaSiaSvilis mier (2005).

REFERENCES

1. K. Shashiashvili and M. Shashiashvili (2005), JIPAM. J. Inequal. Pure Appl. Math., 6, No. 4, Article 113, 10 pp.
(electronic).

2. S. Hussain, J. Pecaric, and M. Shashiashvili (2008), J. Inequal. Appl., Art. ID 343024, 14 pp.
3. L. Hörmander (1994), Notions of convexity. Progress in Mathematics, 127. Birkhauser Boston, Inc., Boston, MA.
4. W. Littman (1963), Ann. Scuola Norm. Sup. Pisa, (3) 17: 207-222.
5. J. M. Wilson and D. Zwick (1992), Proc. Amer. Math. Soc., 114, 4: 897-903.

Received  April, 2010




