Subsolutions That Are Close in the
Uniform Norm Are Close in the Sobolev
Norm as Well

Muhammad Shoaib Saleem & Malkhaz
Shashiashvili

Applied Mathematics & Optimization
@

ISSN 0095-4616 Applle‘l Volume 47 Number 1

January/February 2003

@
Appl Math Optim M
DOI 10.1007/s00245-012-9161-5 al cma l(.js
A (plimization

AN INTERNATIONAL JOURNAL WITH APPLICATIONS TO STOCHASTICS
Editor Gopinath Kallianpur

1 c. and A. C.
Hamilton—Jacobi Equations and Distance Functions on
Riemannian Manifolds

27 J. J. Egozcue, R. Meziat, and P. Pedregal
From a Nonlinear, Nonconvex Variational Problem to a
Linear, Convex Formulation

45 D. Tiba

A Property of Sobolev Spaces and Existence in Optimal Design
59 E. Feireis|

Shape Opi ion in Viscous Ci Fluids
79 D. R. Adams and S. Lenhart

An Qbstacle Control Problem with a Source Term

Instructions to Authors on inside back cover

c 1in Current C: SCI, ASCA, ISVCOMPUMATH, and
filr M tik and by INIST for the PASCAL database
Available” %
online ‘
Springer " ks o

245 AMOMBN  47(1) 1-96 (2003)
ISSN: 0095-4616

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Springer
Science+Business Media, LLC. This e-offprint
is for personal use only and shall not be self-
archived in electronic repositories. If you
wish to self-archive your work, please use the
accepted author’s version for posting to your
own website or your institution’s repository.
You may further deposit the accepted author’s
version on a funder’s repository at a funder’s
request, provided it is not made publicly
available until 12 months after publication.

@ Springer



Appl Math Optim
DOI 10.1007/s00245-012-9161-5

Subsolutions That Are Close in the Uniform Norm Are
Close in the Sobolev Norm as Well

Muhammad Shoaib Saleem -
Malkhaz Shashiashvili

© Springer Science+Business Media, LLC 2012

Abstract A new type weighted reverse Poincaré inequality is established for a differ-
ence of two continuous weak subsolutions of a linear second order uniformly elliptic
partial differential equation in the ball.

This result is the key to deriving the error estimate for the gradient of the an-
alytically unknown value function of the optimal stochastic control problem from
the uniform error of the value function itself in the related numerical approximation
problems.

1 Introduction

Consider two arbitrary finite convex functions f(x) and ¢(x) on a closed inter-
val [a, b]. The following energy inequality was established by K. Shashiashvili and
M. Shashiashvili in [21, Theorem 2.1]
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This kind of estimate with weight functions on an infinite interval [0, o) was sub-
sequently applied to hedging problems of mathematical finance in S. Hussain and
M. Shashiashvili [12] (see also S. Hussain, J. Pecari¢ and M. Shashiashvili [11]).

The natural generalization of univariate convex functions to the case of several
variables are subharmonic functions that share many convenient attributes of the for-
mer functions. An extensive study of the properties of subharmonic functions was
carried out by L. Hérmander in his manual [10, Chapter 3].

In reviewing some well-known results, we need the following notation.

Throughout the paper, we denote by B = B(xg, R) the open ball in R” with center
xo and radius R, and by B = B(x, R) its closure.

u(x), v(x) are the real-valued functions defined in the ball B. We also use the
following standard notation:

e C(B) stands the space of continuous functions on B;

e L°°(B) is the space of bounded (a.e.) functions on B;

° Cg (B) is for the space of k-times continuously differentiable functions with com-
pact support in B, where k =1, 2, ..., 00;

e A=>", % is the Laplace operator.

A locally integrable function u(x) in the ball B is said to be a weak A-subsolution
of the Laplace equation

Au(x) =0 inthe ball B
if
/ u(x)Av(x)dx >0 (1.2)
B

for all nonnegative v(x), such that v(x) € Cg(B) (i.e. Au(x) > 0 in the sense of the
distribution theory).

Theorem 3.2.11 in [10] states the equivalence between the notion of a subharmonic
function and the notion of a weak A-subsolution.

Consider a sequence of subharmonic functions u,,(x), m = 1,2,..., in the ball
B, which converges to a subharmonic function u(x) in L! (B). Theorem 3.2.13 in

loc
L. Hormander [10] asserts that weak partial derivatives a“é” ) ,i=1,...,n,tend to
ag—f{f), i=1,...,n,in LZPOC(B) for an exponent p with 1 < p < m.

Proposition 3.4.19 in [10] considers a sequence of bounded nonpositive subhar-
monic functions u,,(x) in the ball B, such that u,,(x)|3p = 0 and supp Au,,(x) is
contained in a fixed compact set K C B. It is proved there that if

Up(x) | u(x) whenm — oo,

8u(x)

then weak partial derivatives
L*(B).

Wam—)é)‘),izl ., i, converge to si=1,...,n,in
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So it seems reasonable to ask whether the mapping u(x) — gradu(x) possesses
some Holder continuity property when restricted to the class of subharmonic func-
tions defined in the ball B.

W. Littman [20] gave a very fruitful generalization of the notion of a subharmonic
function to the case of general type (with variable coefficients) second order linear
elliptic partial differential operators.

According to Littman [20], the locally integrable function u(x) defined in the ball
B is called a generalized subharmonic function if for all nonnegative functions v(x) €
C3(B) the following inequality holds

/ u(x)L*v(x)dx >0 (1.3)
B

(i.e. Lu(x) > 0 in the sense of the distribution theory), where L*v(x) is the adjoint
operator to Lv(x)

Lu(x) = Z ajj (x)a u(x)

i,j=1

(1.4)
u(X) ( )
L*u(x) = Z ajj (x) Zb*(
i,j=1
where
dajj (x)
* ij
b¥(x) = —b; (x)+22 9,
. N (1.5)
ab; (x) 0°a;;(x)
* _ _ ! J
¢ (x)_C(X) Z 3)6,' +,Z 3)6,'3)6/
i=1 i,j=1 .
with a;;(x) = aj;(x),i,j=1,...,n. Itis assumed that the operator L is uniformly
elliptic, i.e.
n
Y aij)yiyj=alyl’, xeB, yeR", (1.6)

i,j=1
where « > 0 is the ellipticity constant and the coefficients satisfy the smoothness
conditions
aij(x) e C**7(B),  bi(x) e C'TV(B),
o 1.7
c(x)eC’(B), i,j=1,...,n,

with a Holder exponent y,0 <y <1.

Note that for the sake of simplicity we use the term a weak L-subsolution instead
of the term Littman’s generalized subharmonic function.

The Sobolev regularity of the weak subsolution in case of the Laplace operator
is well-known classical result. Indeed for a bounded subharmonic function u(x) the
almost everywhere existence and the local L?-integrability of the partial derivatives
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a“—(’_c), i =1,...,n dates back to Evans’s paper ([5], 1935) for the particular case

n = 3, while for arbitrary n the existence of the Sobolev gradient grad u(x) and its
local L2-integrability has been shown in Lindqvist [18, Theorem 3.4].

The essential difficulty arises in proving the Sobolev regularity of the weak (dis-
tributional) L-subsolution for general linear second order elliptic operator Lu(x)
with variable coefficients. Exactly at this point we need the techniques developed
by Littman [20] to approximate a continuous weak L-subsolution by smooth ones
as it gives the existence and local L>-integrability of the Sobolev gradient of this
L-subsolution.

The present paper pursues the double aim: firstly, to establish an estimate for a dif-
ference of two continuous weak L-subsolutions in an n-dimensional ball B, which is
analogous to the one-dimensional estimate (1.1) and, secondly, to apply it to the ap-
proximation problem for the gradient of a solution of the Hamilton—Jacobi—Bellman
equation.

The paper is organized as follows. In Sect. 2, we give the preliminary material on
Green’s identity and Green’s formulas and state our basic result.

In Sect. 3, we prove several auxiliary propositions and the basic result, namely the
weighted reverse Poincaré inequality.

In Sect. 4, our basic result is applied to the approximation problem of the gradient
of the analytically unknown value function of the optimal stochastic control problem.

2 Preliminary Material and the Formulation of the Basic Result

Consider the twice continuously differentiable functions u(x) and 2(x) in the ball
B = B(xg, R). We start with the well-known Green’s identity (see e.g. A. Friedman
[7, Chapter 6, Section 4])

h(x)Lu(x) —u(x)L*h(x)

_ "9 n ) du(x) B 3 dh(x)
_ga—m[;(/’l(ﬁﬂau(x) 3)6./' u(x)a,j(x) 8xj

al/(-x)

ax;

—u(x)h(x) —— ) + b; (x)u(x)h(x):| 2.1

Suppose now that u(x) € C?(B), h(x) € C*(B) and integrate the identity (2.1)
using the Gauss—Ostrogradski divergence theorem. We get

/ Lu(x)h(x)dx
B

/u(x)L h(x)dx+/ Z|: (h(x)aij(x)ag(%) —u(x)a;j(x) 821(x)
j=1 Xj Xj

i=1

U( x)

Xj

—u(x)h(x) ) i(x)+bi(x)u(x)h(x)”i(x)j| do, 2.2
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where n(x) = (n;(x));=1,..» 1s the outward pointing unit normal vector at x € 9B,
do is an (n — 1)-dimensional surface measure of the ball B.
We say that i (x), h(x) € C(B), is a weight function if

h(x) >0 inaball Bandh(x)|3p =0. 2.3)

Let us consider a weight function s(x) € C 2(B). Then from the equality (2.2) we
get the Green’s second formula

fLu(x)h(x)dx
B
=/ u(x)L*h(x)dx—/ u(x)(grad h(x), va(x)) do, 2.4
B B
where
gradh(x) = <8h(x)>
axi i=1,...,n
and
Ya(X) = Vai (X))i=1,...ns
where
Vai(¥) =Y aji(nj(x), i=1,....n. (2.5)
j=1
We have

(ra@). @) = Y @i (n; @) = aln P =a >0 2.6)

i,j=1

by the uniform ellipticity condition (1.6).
Hence for x € 0B

(arad (). v () = lim ho) = e = 1), @7

t

Let us write the operator Lu(x) in the variational form

n

ad au(x) "
Lu(x) = i,Z1 o ( aij (x) ) Zb (2.8)
and introduce the bilinear form a(u, v) on the product space C'(B) x C!(B)
Bu(x) ov(x)
Zb*( > ) - c(x)u(x)v(x)} (2.9)
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In the sequel we will need the Green’s first formula (see e.g. C. Baiocchi and
A. Capelo [1, Chapter 18])

a(u,v) = —/ Lu(x)v(x)dx + / v(x)(gradu(x), yu(x)) do (2.10)
B dB
for u(x) € C*(B) and v(x) € C'(B).
Consider now the linear space S of locally integrable functions u(x) in the ball B,
which have weak (Sobolev) derivatives %, i=1,...,n.
Define the weight functions

h(B)=h(B;x) = R*F dist (x,8B), B=1,
— (2.11)
h(x) = R* — |x — xo|,

where dist(x, 3B) denotes the distance from a point x € B to the boundary 3 B.

Introduce a subspace H L(B: iz\(,B)) of the space S consisting of functions u(x) € §
for which the following integral is finite

) - du(x)
/Bu (x)dx+;/3< ox;

One can easily check that H L(B: 71\(,3)) is a complete linear space. We call it the
weighted Sobolev space. The following inclusion is obvious

2
~ _ 2

H'(B)C H'(B;h(B)) C H..(B), (2.13)

where H'(B) and Hl1 (B) are respectively the first order Sobolev and the corre-

oc
sponding local Sobolev space.

Now we are ready to formulate the basic result of this paper.

Theorem 2.1 (the weighted reverse Poincaré inequality) Assume that the conditions
(1.6)—(1.7) are satisfied. Consider two weak L-subsolutions u;(x),i =1, 2 in the ball
B, such that

ui(x) e C(B)NL™®(B), i=1,2. (2.14)

Then the functions u;(x) belong to the weighted Sobolev space H'(B; ﬁ(ﬂ)), B>1
and the following reverse Poincaré type inequality holds for the difference (uy(x) —
u1(x)) of two weak L-subsolutions

2
||”2 _M1”H1(B;il\(ﬁ))
c
< (— +measB)
o
x [20luz — uill oo sy (lur | ooy + lluzll o)) + lluz — ur[oo(g) ] (2.15)

@ Springer



Appl Math Optim

where
c= /B(IL*E(JCN + |c(x)|ﬁ(x)) dx (2.16)
and o > 0 is the constant of the uniform ellipticity.
Note that (2.15) asserts that if two bounded continuous weak L-subsolutions in a

ball B are close in the uniform norm, then they remain close in the weighted Sobolev
norm as well.

3 Auxiliary Propositions and the Proof of the Basic Result

Consider a weight function h(x) € C 2(B) and two arbitrary smooth L-subsolutions
u;(x) € C*(B) in the ball B = B(xg, r), r >0, i.e.

Lu;(x)>0 forallxe B, i=1,2. 3.1)

Proposition 3.1 Suppose that the uniform ellipticity condition (1.6) is satisfied and
the coefficients of the differential operator Lu(x) are smooth, i.e.

a;j(x) € C*(B), bi(x)eC'(B), c(x)eC(B), i,j=1,...,n. (3.2)

Then the following energy inequality is valid

/ |gradus(x) — gradul(x)lzh(x)dx
B

1
< —/(IL*h(x)|+|c(X)Ih(x))dx
o Jp

x [20luz — utllocsy (lur Loy + luzll o) + lluz — urllfo]  (33)

for the difference uy(x) — ui(x) of smooth L-subsolutions u;(x),i = 1,2, satisfying
the inequality (3.1).

Proof Define
u(x) =ur(x) —u1(x), xé€B. (3.4)

Taking u?(x) instead of u(x) in the Green’s second formula (2.4), we have
/ Lu®(x)h(x)dx
B

=/ uz(x)L*h(x)dx—/ u?(x)(grad hi(x), ya (x)) do. (3.5)
B B

It is not difficult to calculate that

Lud(x) = 2”2_:1 aij (x)ag—:) agg) 2u() Lu(x) — c(x)u(x). (3.6)
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Thus we obtain

. du(x) du(x)
Z/I;i’jZ:laij(x) o ox; h(x)dx+2/1;u(x)Lu(x)h(x)dx

=[B(L*h(x)+c(x)h(x))u2(x)dx—/SB u?(x) (grad h(x), ya(x)) do.  (3.7)
From the latter equality we can write
201/3|gradu(x)|2h(x)dx
<2s0p o) [ Luolher) da
B B

+ supu’(x) / (IL*h ()] + le(o)lh(x)) dx
B B

+ supu’(x) f |(grad h(x), ya(x))| do. (3.8)
3B B
Taking u(x) = 1 in the equality (3.7), we get

/ (gradh(x), )/a(x)) do = / (L*h(x) — c(x)h(x)) dx, 3.9)
dB B
while we know from (2.7) that for any x € 0B

(gradh(x), va(x)) <0. (3.10)

Hence from the relation (3.8) we derive the estimate
a/ |gradu(x)|2h(x) dx
B
< sup |u(x)| / |Lu(x)|h(x)dx
B B

+ supuz(x)f (|L*h(x)| + |c(x)|h(x)) dx. (3.11)
B B

So far we have not used the particular structure (3.4) of the function u(x), but it is
needed from now on to bound the integral f g |[Lu(x)|h(x)dx.
Indeed, we have

|Lu(x)] = |Luz(x) — Luy(x)| < L(u1(x) 4+ uz(x)), (3.12)
hence

/|Lu(x)|h(x)dx§/ L(ul(x)+u2(x))h(x)dx. (3.13)
B B
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From the Green’s second formula (2.4) we can write
/BL(ul(x) +uz(x))h(x) dx
= /B(ul(x) +uz(x))L*h(x)dx
+ /BB(ul(x) + uz(x))(grad h(x), —ya(x)) do. (3.14)

But by (3.9)—(3.10) we know that

(grad h(x), —ya(x)) = 0,

/aB(gradh(x),—ya(x))dg:/B(_L*h(x)_i_c(x)h(x))dL (3.15)
therefore
/B|Lu(x)|h(x)dx
SZsl;plm(x) +u2(x)|fB(|L*h(x)| + lc(x)|h(x)) dx. (3.16)

From the estimates (3.11) and (3.16) we eventually obtain the desired inequality
(3.3). O

Further, in order to extend the inequality (3.3) to the general case of weak L-
subsolutions we need to approximate an arbitrary continuous weak L-subsolution by
a sequence of smooth L-subsolutions. It turns out that in case of the variable coeffi-
cients of the differential operator Lu(x) this is not a trivial task (since the standard
mollification arguments work only for the case with constant coefficients). The tech-
nique of approximation of this kind was developed by W. Littman in [20] and we
make essential use of it.

For an arbitrary continuous weak L-subsolution u(x) (see the definition (1.3))
W. Littman constructed a monotonic nonincreasing sequence u,, (x),m = 1,2, ... of
functions in the ball B, such that on each compact subset K C B

um(x) € C*A(K), Lun(x)>0, xek,

. (3.17)
m]me Jum(x)=ulx), xek

for m sufficiently large (it depends on K).
Here we consider only the continuous weak L-subsolutions u(x) in the ball B. By

Dini’s classical theorem the latter convergence is uniform

sup |uy, (x) —u(x)] — 0. (3.18)
K m— o0

@ Springer



Appl Math Optim

Let us introduce the balls B, = B(xq, r¢),

k

R—-, k=12,..., 3.19
k+1 -19)

ry =

which are compactly imbedded in the original ball B = B(xg, R). We also introduce
the smooth weight functions

hk(x)zr,g—|x—xo|2, X€B, k=1,2,...,
hoo(x) = R> — |x — x0|>, x € B, (3.20)
one foreach ball By, k=1,2,....

Now we will show that any continuous weak L-subsolution u#(x) in the ball B has
all first order weak (Sobolev) derivatives

ou(x)
3x,'

, 1i=1,...,n.

Proposition 3.2 Suppose that the conditions (1.6)—(1.7) are satisfied. Then any

continuous weak L-subsolution u(x) possesses weak partial derivatives agg), i =
1

1,...,n,inthe ball B= B(xg, R).

Proof Let us consider the sequence u,, (x) approximating the function u(x). If we
write the inequality (3.3) for

ur(x) = um(x), uz(x) = uy(x)

and for the ball By, then we get

/ |lgrad iy, (x) — gradu; (x)[*hes (x) dx
B+

Ck+1
< T*[znum — il By (Nt | 2o By + N2l 2 (B 1)
+ llm — il oo g, )] (3.21)
where
Ck :/ (IL*hx ()| + lc(x) |hg (x)) dx. (3.22)
By

Note that for x € By the following estimate is valid:
2
k+1Dk+2)

Therefore if we restrict the integral on the left-hand side of (3.21) over the ball By,
then we have

g1 (x) > (3.23)

R2

—_— d — grad 2d
Gt DKET2) Bklgr'c1 um (x) — gradu; (x)|” dx
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Ck+1
[21um — will oo By Ut | Lo By + Nl Lo (B )

+ [l — ul”iw(gkﬂ)]- (3.24)
Since the sequence u,, (x) converges to u(x) in the norm L% (By41), we can write
ltm — il — 0 ifm, 1 — oo.

Passing to the limit in the inequality (3.24) as m, [ — co, we obtain
9 i) 2
lim Z/ ( Un ) _ ”’(x)) dx =0. (3.25)
m,l— 00 By 0x; 0x;

By the completeness of the space L?(By), there exists a family of measurable func-
tions g ;(x),i=1,...,n,k=1,2,...,suchthat g, ; (x) € LZ(Bk),i =1,...,n,and

2
1me2/ (8”’”(x) —gk,,-(x)> dx=0, k=1,2,....  (3.26)

Let us extend the functions g ; (x) trivially outside By as follows

gk.i(x) forx e By,

gk’i(x)z{O for x € B\ Bi

and define the functions g;(x),i =1, ..., n, on the ball B by

gi(x) =limsupg;(x), i=1,...,n. (3.27)

k— 00

It is obvious that the functions gx4;,;(x), [ =0, 1,2, ..., agree on the ball By and
therefore

gi(x) =gk.i(x) (ae.)onaball Bi. (3.28)
Thus the functions g; (x), i =1, ..., n, are locally square integrable on the ball B.
Let us check that g;(x), i = 1,...,n, represent the weak partial derivatives of

the function u(x). Take any continuously differentiable function ¢(x) with compact
support in B (i.e. ¢(x) € Cé(B)). Then supp ¢(x) C By for some k. We have

[ 209, [ a2
By Xi By Xi

Aty (X)
ax;

But u,,(x) converges uniformly to u(x) on By, and converges to g;(x) in

L?(By). Hence, passing to the limit as m — 0o we obtain the equality

dp(x )
/ g () dx = — f u(x) , (3.29)
Bk BA a-xl
which means that g;(x),i =1, ..., n, are indeed the weak partial derivatives of the
function u(x). O
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Proposition 3.3 Assume the conditions (1.6)—(1.7) to be satisfied. Then any continu-
ous bounded weak L-subsolution u(x) in the ball B belongs to the weighted Sobolev
space H' (B3 h(B)), B = 1.

Proof We write the inequality (3.3) for the functions u1(x) =0 and uy(x) = u,;, (x)
and the ball By4;, where the sequence u,, (x) converges to u(x). We obtain

Chk+1
f lgrad it () st (6) dx < =3 1o - (3.30)
Bit1

Next, passing to the limit as m — oo, we get

Ck+1
/ lgrad (o) Phis (v) dox < =3l s, -
Bit1

Restricting the integral on the left-hand side of this inequality over the ball By and
making the integer / tend to infinity, we obtain

C
Bk|gradu(x)|2hoo(x)dx < %’3||u||%oo(3) < 00. (3.31)

Since the left-hand side of (3.31) is increasing with respect to k and bounded, it has
the finite limit so that

3¢
/B|gradu(x)|2hoo(x)dx < 7°°||u||%00(3). (3.32)

But

hoo(x) = R* — |x — xo?

> R <dlst(x, 0B)

A ) > R> Pdist? (x,9B), B>1, (3.33)

hence we get the energy estimate

/Igradu(x)lzh(ﬂ ydx < 252 » 0 )2 e ) < 00, (3.34)
where
Coo:/(|L*hoo(x)|+|C(x)|hoo(X))dx. (3.35)
B
O

Proof of Theorem 2.1 We consider the sequences of smooth L-subsolutions u,, ; (x),
i =12, m=1,2,..., converging on the balls Bii; uniformly to weak L-
subsolutions u;(x), i = 1, 2. By the assumption of the theorem the functions u; (x),
i =1, 2, are continuous and bounded on the ball B, i.e.

ui(x) e C(B)NL™®(B), i=1,2.
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Let us apply the inequality (3.3) to the functions u,, 1(x) and u,, 2(x) and the balls
Biy1, k,1=1,2,.... We have

/ |grad u,2(x) — gradup, 1 (0)|*hgr (x) dx
Bit1

Ck+1
< T[ZIIMm,z(X) — 1 O Lo (Bygr) NNttm 2l oo (Bii) + Nk, 1| Loo(Bryr))

+ lttm,2 — tm,1 H%OO(BkH)]' (3.36)

Passing to the limit as m — oo in this inequality, by Proposition 3.2 we get

/ |gradus (x) — gradu (x)|*hy (x) dx
Bit1

Ck+1
< T[ZHMZ — urllLoo By (luzllLoe By + lutllLoeBiss))

+ ez — il oo (s, )- (3.37)
Now, restricting the integral on the left-hand side of (3.37) over the ball By and

then passing to the limit as [ — oo, we obtain

lgrad us (x) — gradu (x)|*hoo (x) dx
By

Coo
< 7[2“142 — utllLeogy(luzli ooy + llutll L))
+ lluz — w1l ) ] (3.38)

where we have used the assumption on the boundedness of u;(x), i = 1,2, on the
ball B.

By the energy estimates (3.32) and (3.34) we get that u; (x), i = 1, 2, belong to the
weighted Sobolev spaces H'(B; hso) and Hl(B;iz\(ﬂ)), B>1.

Passing to the limit in the inequality (3.38) as k — oo, we obtain

/ lgrad us (x) — grad u (x)|*hoo(x) dx
B

C
< =[2lluz — uillzoos) luall oo sy + lutllzes)

o
+lluz = urll oo ()]s (3.39)

from which taking into account the inequality (3.33) the desired estimate (2.15) fol-
lows. O

Remark 3.4 The particular case of bounded continuous subharmonic functions (i.e.
of weak A-subsolutions) is of special interest.
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It can be easily calculated that A/ (x) = —2n and therefore the constant ¢ in (2.15)
is equal to

¢ =2nmeas(B). (3.40)

Wilson and Zwick [22] studied the problem of best approximation in the norm of
L*(B) of a given function f(x) by subharmonic functions. For a continuous func-
tion in B they characterized best continuous subharmonic approximations. It turned
out that the best subharmonic approximation of a continuous function f(x) is just the
greatest subharmonic minorant of f(x) adjusted by a constant.

In problems for which it is known a priori that the analytically unknown continu-
ous exact solution u(x) must be subharmonic in the ball B it makes sense to seek for
numerical approximations vy (x) (h is some small parameter) that are subharmonic
themselves. One expects that they will better imitate the unknown solution u(x) than
the somehow constructed continuous uniform approximation uy (x).

Suppose we are given some continuous uniform approximation uy(x) to the un-
known subharmonic function u(x) in the ball B. The nice idea of Wilson and Zwick
[22] consists in replacing up, (x) by its greatest subharmonic minorant vy (x) defined
by

v (x) = sup{g(x) : g(x) is subharmonic in B and g(x) < u;(x)}. (3.41)
Denote
8 =llup —ul|lLop,
then we obtain
up(x) =8 <u(x), u(x) =8 <up(x).
Thus
Uh(x) —8 <up(x) — 8 <u(x)
and as the subharmonic function u(x) — § is the minorant of uj (x), we have
u(x) =8 < vp(x).
Hence we get
lvp — ullLoo(By < llup — |l Loo(B)- (3.42)

So, both functions v;(x) and u(x) are subharmonic in B (and we assume they
are bounded and continuous), so that we can apply the energy inequality (3.39) and
obtain the following important estimate

2

llgrad v, — gradu ”LZ(B;ﬁ(ﬁ))

<2nmeas B[4|up — ull o p)llull ooy + 3llun — u||§m(3)]. (3.43)

Thus, the subharmonic approximation vy (x) indeed better imitates the unknown
exact solution u(x) than the initial uniform approximation uy (x).

Our results established for a ball B can be generalized to the case of bounded
smooth domains. We shall formulate here only the extension of Theorem 2.1.
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Theorem 3.5 (The weighted reverse Poincare inequality for smooth domains) Let
the conditions (1.6)—(1.7) be satisfied in a bounded domain D, such that D € C 2ty
0 <y < 1. Assume that

L*l =c*(x) <0 inD. (3.44)

Let the weight function h(x) be the unique smooth solution of the Dirichlet prob-
lem

L*h(x)=—1 inD,

(3.45)
h(x)=0 ondD.

Consider two weak L-subsolutions u;(x),i = 1,2 in the domain D, such that
ui(x) e C(D)NL®(D), i=1,2. (3.46)

Then the functions u;(x) belong to the weighted Sobolev space H Y(D; h) and the
following reverse Poincare inequality holds for the difference (u(x) — u1(x)) of two
weak L-subsolutions

luz — uj ||H1(D;h)

< <£ + meas D>
o

x [20luz = urll ooy (lur ll ooy + luzllLopy) + luz = urllee(p)]. (347)
where
c= /D(l + le(x)|h(x)) dx (3.48)
and o > 0 is the constant of the uniform ellipticity.

Proof [Sketch of the Proof] Take a sequence Dy, k = 1,2, ... of subdomains of do-
main D, such that D; € C2*” and

[o,0]
DiCDiy1 CDiCD, D= U Dy. (3.49)
k=1

Together with (3.45) consider the Dirichlet problem for each domain Dy, k =
1,2,...

L*hi(x) =—1 in Dy,

(3.50)
hy(x)=0 on dDg.

We have by Theorem 6.14 on the global regularity in Gilbarg, Trudinger [8, Chap-
ter 6] that the Dirichlet problems (3.45), (3.50) have the unique solutions i (x), A (x),
which are smooth up to the boundary, i.e.

h(x) e C*t7 (D), hie(x) € C*TY (Dy).
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By the Hopf’s strong maximum principle we obtain
h(x) >0 inD, hip(x) >0 in Dy. (3.51D

Hence h(x) and hx(x) are smooth weight functions in corresponding domains. Let
us extend each function A (x) outside Dy trivially to be equal to zero. One can easily
see that

lim Ay (x) =h(x) pointwise in D. (3.52)
k—o00

It is a straightforward task to check that all propositions and arguments valid for a
ball B remain valid also for the bounded smooth domain D with only trivial changes
if we consider domains Dy instead of balls By and the weight functions A (x) as the
solutions of the Dirichlet problem (3.50). O

4 Application to the Approximation Problem of the Gradient of a Solution of
the Hamilton—-Jacobi-Bellman Equation

In this section we consider the infinite horizon discounted stochastic optimal control
problem (see Fleming, Soner [6, Chapter 3, Section 9])

00 t
u(x) = ingx/ e~ JocXs Vads ¢ (x, vy ay, 4.1
0

where f(x, 8) is the running cost function, c(x, 6) is the nonnegative discount factor,
0 is the control parameter belonging to the space of controls ®. U is the family
of admissible controls (Vy)s>0, Vs € © and the pair (X;, V;);>0 is the controlled
Markov diffusion process with values in R” and governed by a system of stochastic
differential equations of the form

dX;=b(X;, Vydt +o(X;, V) dW,, >0, 4.2)

with the initial condition X¢ = x, where V; € © is the control applied at time ¢ and
(W:)r>0 is the n-dimensional brownian motion.

u(x) is called the value function of the stochastic optimal control problem and it
is well-known (see Fleming, Soner [6], Lions [19]) that u(x) is a unique viscosity
solution of the following Hamilton—Jacobi—Bellman equation

eing){tr[a(x, 0)D*u(x)] + b(x,0) Du(x) — c(x, O)u(x) + f(x,0)} =0,  (4.3)

where x € R".
Here for arbitrary 6 € ®

1 T
a(x,0) = 3 o(x,0)0" (x,0),

where o (x, 0) is an n x n matrix-valued function, b(x, 6) is an n-dimensional vector-
valued function, c(x, 0) and f(x, 6) are real-valued functions.
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There exists no explicit analytic formula for the value function u(x) and hence
the methods of numerical calculation of it and its partial derivatives are of significant
practical importance.

The first results on convergence rates of finite-difference approximations for
second-order Hamilton—Jacobi—Bellman equations were obtained by Krylov for the
constant coefficients case in [14] and for the variable coefficients case in [15]. These
results were then extended by Barles and Jacobsen [2, 3], Krylov [16] and some other
authors. The state of the art today is represented by papers [3, 16], where [3] and [16]
represent two different directions of extensions.

Barles and Jakobsen established in [2] the rate of convergence of the approxima-
tion schemes to the solution u(x) of the Hamilton—Jacobi—Bellman equation under
the following assumptions (see (A1), (A2) in [2])

(A1) For any 0 € ©, the functions o (x, 8), b(x, 0), c(x,6) and f(x,0) are bounded
and Lipschitz continuous in the whole space R”.

(A2) Let
. { 1tr[(o(x,0) — o (y,0)(0(x,0) —a(y,0)T]
0= Sup > 2

xX#y 2 |x - )’|
0e®

(b(x,0) —b(y,0),x — ) }
+ 2 9

lx — yl

then there is A > Ag such that ¢(x,0) > A for any x € R” and 6 € ©.

Assumption (A2) clearly requires that the discount factor c(x, 6) be “sufficiently
large”.

Under these assumptions it is a classical fact that u(x), x € R”, is a Lipschitz
continuous function (see Lions [19]), i.e.

u(x) € Wh(R"). (4.4)

To calculate the value function, Barles and Jakobsen considered two particular
approximation schemes in [2] as an application of their general results.
The first one is the so-called control-scheme, it is defined in the following manner

ulh (x) = inf {(1 = he(x, 0) My gul” (x) +hf(x,6)), 4.5)

where £ is a small parameter which typically measures the mesh size and Iy g is the
operator

n

1
My e (x) = o > [6(x + hb(x,6) + Vhoi(x. 0))

i=1
+¢(x +hb(x,0) — Vhoi(x,0))] (4.6)

and o; (x, 0) is the i-th column of o (x, 0).

@ Springer



Appl Math Optim

The second one is the finite difference scheme (the so-called Kushner scheme)
which can be defined in a manner similar to the first one

o 1
@)= ln o{1+h2c(x 0)

X < Z pg(x,x+z)u22)(x+z)+h2f(x,9)>}, 4.7)

zehZ

where pg(x, y) are the so-called “one step transition probabilities”.

Barles and Jakobsen [2] proved that both functions u(’)(x) i =1, 2, are Lipschitz
continuous in R”, i.e.

u) () e WER(RY), i=1,2, (4.8)
and established the following rates of convergence to the value function u(x):

1
||M§, - ]| oo gy < VR4,
“4.9)

2
lug? = ull oo ny < @2,

The second estimate is shown to be valid only if a(x, ) is independent of the vari-
able x. Note however that Krylov [16] treats equations with x-depending a(6)-
coefficients and obtains error bounds of order h!'/? for certain types of finite-
difference schemes.

In this section we aim to propose a method of approximation of the unknown
gradu(x) starting from any uniform approximation uj (x) (in particular u(’)(x) i =
1, 2) to the value function u(x) provided that uj (x) is Lipschitz continuous

up(x) € WhHoo(R"). (4.10)

In what follows, we fix an arbitrary ball B = B(xg, R) in R”".
Consider a product space H 1(B) x H'(B) and introduce on it the bilinear form

d ad
aa(u,v)=/|:za:/( ¥) ”ff) ;ff)
} 4.11)

i,j=1 J
n
da; i (x,0
b;"(x,Q):ZM—bi(x,Q), i=1,....n. 4.12)

where

+Zb*( 62
3)6]'

j=1

Let us write the related elliptic differential operator

Lou(x) = Z aij(x, 9) (4.13)

i,j=1
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and denote its adjoint operator by Lju(x).
Now we introduce our assumption (A3).
There exists 8 € ® such that:

(A3) (1) the operator Lgu(x) is uniformly elliptic

n
Y aij(x,0)yiy;j = alyl’, xeB, yeR" (4.14)
i,j=1

for some o > 0;
(2) the bilinear form ag (u, v) is coercive

ag(v,v)z8||v||§_10,(3) for § > 0; 4.15)

(3) the coefficients a;;(x, 8), b; (x, ) are smooth
aij(x,0) € C**(B),  bi(x,0) € C'*7(B),
i,j=1,...,n for some exponent y, 0 <y <1. (4.16)

We note that the coercivity requirement will be automatically satisfied if the con-
stant A in the assumption (A2) is large enough.

In the sequel, we assume that we have chosen some 6 satisfying the assumption
(A3).

Consider the Dirichlet problem in the ball B

Louo(x)=—f(x,0), xe€B, ug(x)|lap =0. “4.17)

We know from Gilbarg, Trudinger [8, Chapter 6] that it has a unique solution
uo(x) € C*(B).
From Green’s formulas (2.4) and (2.10) we get

va(x)Lép(x)dx = —ap(v, p),
where v(x) € C2(B) and p(x) € C5(B).

Any v(x) e H 1(B) can be approximated by 7(x) € C*°(B) (see [8, Section 7.6])
in the norm of H!(B), hence we obtain

fB v(x)L}p(x)dx = —ag(v, p) (4.18)
for v(x) € H'(B) and p(x) € C}(B).

Proposition 4.1 Suppose v(x) € H'(B). Then the following two conditions are
equivalent

(1)
ag(v, p) <0 forany p(x) € Hol (B), (4.19)
such that p(x) >0 (a.e.);
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(2) v(x) is a weak Lg-subsolution, i.e.
f v(x)Lyp(x)dx >0 forany p(x) € Cg(B), with p(x) > 0. (4.20)
B

Proof Suppose (4.20) holds, then from (4.18) we get
ag(v, p) <0 for p(x) >0, p(x) € C}(B). (4.21)

Let us check that the latter inequality remains valid for arbitrary Lipschitz contin-
uous p(x), p(x) > 0, with compact support in B. Indeed, if we consider the mollified
function ps(x), then it is obvious that ps(x) > 0, p5(x) € C3°(B), ps(x) is with com-
pact support in B and p;(x) tends to p(x) in H'(B). Hence, applying the inequality
(4.21) to ps(x) and then passing to the limit as § — 0, we check its validity for Lips-
chitz continuous p(x), p(x) > 0 with compact support.

Now take any p(x) € H(} (B), p(x) > 0 (a.e.). By the definition of the space

H(} (B) there exists a sequence of 0, (x), o (x) € Cg°(B), such that
lom =Pl —2 0. (4.22)

Take now p, (x) = max(p, (x), 0). Clearly, p,} (x) are Lipschitz continuous with
compact support in B, hence

ap(v, p) <0, m=1,2,....
Now we apply the well-known Stampacchia’s theorem, which states that
oF(x) tendsto pT(x)=p(x) in H'(B), (4.23)
we pass to the limit as m — oo and obtain (4.19).

Suppose now that (4.19) is valid. Take in it any p(x) € Cg(B), p(x) >0, and after
that recall the equality (4.18), then we get the inequality (4.20). g

Consider again the value function u(x) of the optimal stochastic control problem

(4.1). We know from Krylov [17, Chapter 4, Section 1, Lemma 5] that for any p(x) €
C°(B) with p(x) > 0 we have

/ (u)Lgp(x) + f(x,0)p(x)) dx >0, (4.24)
B
but this means that
/ (u(x) — up(x))Ljp(x)dx >0 (4.25)
B
for arbitrary p(x) € Cg(B ), p(x) >0, i.e. we get the important fact that the function
(u(x) — ug(x)) is a weak Ly-subsolution in the ball B. From Proposition 4.1 we

deduce
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ag(u —ug, p) <0 forany p(x) € Hl(B)
Y 0 (4.26)
such that p(x) > 0 (a.e.).

Take any nonnegative constant ¢ > 0, then we have
ag(u —uo — ¢, p) =ag(u — uo, p) —as(c, p),
but
ante.p) = [ ctxb)eptdr=o
therefore we have as well
ag(u —ug—c,p) <0 forc>0, p(x)=>0(e), px)e HOl (B). (4.27)

Consider now any Lipschitz continuous uniform approximation uj (x) to the value
function u(x), and define the corresponding convex subset K of the Sobolev space
H'(B)

K={ve H(B):v(x) <uj(x) ae. in B
and v(x) — u, (x) € Hy (B)}. (4.28)

Let us introduce the obstacle problem (see e.g. Kinderlehrer, Stampacchia [13],
Bensoussan [4], or Baiocchi, Capelo [1]).
Find vj,(x) € K N L®°(B) such that

ap(vp, v —vp) = (fp,v—vy) foranyv(x) e K. 4.29)

Here fy(x) denotes the function f(x,6). From Bensoussan [4, Chapter 7] we
know that the obstacle problem (4.28)—(4.29) has a unique solution vy (x) such that

v (x) € C(B), (4.30)

and hence v, (x) = up(x) on the boundary dB. Take arbitrary p(x) € Hé (B) such
that p(x) > 0 (a.e.) and define

v(x) = vp(x) — p(x),
put v(x) in the inequality (4.29), we have
ag (vp, —p) = (fo, —p), (4.31)
ie.
ag(vy, —ug, p) <0 forany p(x) € H(}(B), p(x) >0 (a.e.in B).

By Proposition 4.1 this means that the function (vj(x) — ug(x)) is a weak Lg-
subsolution in the ball B.
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Proposition 4.2 Under the assumptions (A1)—(A3) the following inequality holds
lon —ullzeo(s) < llup — ullLeo(s)- (4.32)

Proof Denote
cp = |lup — ullLooBy, (4.33)
then we have
Vp(x) Sup(x) <u(x)+cp, xé€B,
hence
vp(x) —u(x)<cp forxeB. (4.34)
Define

up(x) =u(x) —cp, x € B,

. — (4.35)
v(x) = max(up(x), vp(x)), x € B.

It is obvious that uy, (x) < uy (x) and hence

v(x) <up(x) forxe B.

We also have the following properties of v(x)
v(x) e H'(B) and v(x) —up(x) € H(B).
Put v(x) in the inequality (4.29); we have
ag(vp, v —vp) = (fo, v —vp),

ie.

ag (v —ug, v —vp) > 0. (4.36)

Take ¢ = ¢, and p(x) = v(x) — vp(x) in (4.27) (note that p(x) > 0 and p(x) €
H; (B))

ag(u —up — ch, v —vp) <0,
ie.
ag (uo —(u—cp),v— vh) > 0. 4.37)
We add the inequalities (4.36) and (4.37) and get

ag(vp, —up, v —vp) =0,

ie.
ag (U — vy, v —vp) <0. (4.38)
Let us show that
ag(v —up, v —vp) =0. (4.39)
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Divide B into two subsets

={xe€B:up(x) <vy(x)}, D ={x e B :upx) > vpx)}.
We have
v(x) —v,(x) =0 on D, hence
(v —
M=O, i=1,...,n(a.e.on D),
3)6,'

. (4.40)
up(x) —v(x)=0 on D, hence

o(up —v)

=0, i=1,...,n (ae.on D).
8x,~

Therefore by the definition of the bilinear form ag(u, v) the equality (4.39) is
satisfied.
After adding the relations (4.38)—(4.39) we get

ag(v — vy, v—uvp) <O0. 4.41)
By the coercivity assumption (4.15) we conclude that
v(x) —vp(x) =0, x€B,

ie.
u(x) —cp <vp(x) forx € B. (4.42)
From the estimates (4.34) and (4.42) we get the inequality (4.32). Il

We know already that both functions (u(x) — uo(x)) and (v, (x) — uo(x)) are weak
Lg-subsolutons in B and they belong to the spaces HY(B)NC(B) and H'(B; h(ﬂ)) N
C(B). Therefore we can apply the reverse Poincaré inequality (2.15) (or its variant
(3.39)) and get the following assertion.

Proposition 4.3 Let the assumptions (A1)—(A3) be satisfied. Then the following es-
timate of gradu(x) through grad vy, (x) is valid

|lgrad vy, — grad u ||L2(B 6y

C
< 5[4””}: — ullLeogy(lullLe(sy + lluollLe(s)) + 3llun — u”iOO(B)]v (4.43)
where

c= / (IL§R ()| + c(x, 0)h(x)) dx. (4.44)
B

Proof We apply the inequality (3.39) to the weak Ly-subsolutons (u(x) —uo(x)) and
(vp(x) — uo(x)) in the ball B, we get
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/ |grad vy, — gradu|2it\(,3; x)dx
B

< —[2llvw — ullzoosy(lvn — wollLoos) + llu — uoll L (5))

QI

+ llvn — ullZoo ()] (4.45)
But

llvp — uoll LBy < llvp — ull Loy + llu — ugll Lo (B),

hence taking into account Proposition 4.2 we obtain the final result—the inequality
(4.43). g

Thus the problem of the numerical approximation of the gradient of the un-
known value function u(x) is reduced to the numerical calculation of gradvj(x),
which is a well-studied mathematical problem and resolved in Glowinski, Lions and
Tremolieres [9].
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