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In the theory of stochastic integration, in contrast to the standard integration theory, besides the fact 
that the integrand is the measurable function of two variables, it should be the adapted 
(nonanticipated) process. Skorokhod (1975) replaced this requirement with the requirement of 
smoothness in some sense of the integrand. Gaveau and Trauber (1982) proved that the Skorokhod 
operator of stochastic integration coincides with the conjugate operator of a stochastic derivative 
(with the so-called Malliavin) operator. Ocone (1984) proved that the integrand in the martingale 
representation theorem coincides with the predictable projection of the stochastic derivative of the 
functional. In the Weiner case there are two equivalent definitions of a stochastic derivative, but in 
general, for so called normal martingale classes these definitions are not equivalent. Ma, Protter and 
Martin (1998), built the corresponding example. In the present work, a new constructive definition 
of the stochastic derivative of the polynomial Poisson functional is introduced. It is shown that this 
definition is equivalent to a general definition based on a chaotic expansion of functional, and its 
properties are studied. The stochastic integral representation theorem with an explicit expression of 
the integrand is proved. © 2020 Bull. Georg. Natl. Acad. Sci. 

Poisson functional, stochastic (Malliavin) derivative, Clark representation, Clark-Haussmann-Ocone 
representation 

Since the 70s of the last century, many attempts are made to weaken the requirement that the integrand be 
adapted in Ito's stochastic integral. Skorokhod [1] suggested absolutely different method, which required 
for the integrand to be smooth in a certain sense. This idea was later on developed in the works of Gaveau 
and Trauber [2], Nualart and Zakai [3], Pardoux (1982), Protter and Malliavin (1979), etc. In particular, 
Gaveau and Trauber proved that the Skorokhod operator of stochastic integration coincides with the 
conjugate operator of a stochastic derivative (with the so-called Malliavin's) operator. 

On the other hand, in the theory of random processes special place take the so-called martingale 
representation theorems which, for example, implies the representation of the Wiener and Poisson 
functionals in the form of stochastic integrals. According to the well-known result obtained by Clark [4], if 
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F  is a { : 0 }W
T sW s T    -measurable random variable with 2EF   , then there exists the adapted 

process 2( , ) ([0, ] ),L T      such that the integral representation: 
0

( , ) ( )
T

F EF t dW t     holds. Due 

to the so-called Clark-Ocone's formula [5] ( , ) [ | ]( )W W
t tt E D F    , where W

tD F  is the stochastic 

derivative of the functional F . Application of the above expression needs as a rule, on the one hand, 
essential efforts, and, on the other hand, in the cases if the functional   has no stochastic derivative, its 

application is impossible. For “maximal” type functionals another distinct method of finding an integrand 
belongs to Shiryaev and Yor (2003).  

Our approach within the classical Ito's calculus allows one to construct  ,t   explicitly by using both 

the standard 2L  theory and the theories of weighted Sobolev spaces, if the functional   has no stochastic 

derivative [6]. It turned out that the requirement of smoothness of functional can be weakened by the 
requirement of smoothness only of its conditional mathematical expectation. We (with prof. O. Glonti, 
2014) generalized the Clark-Ocone formula in case, when functional is not stochastically smooth, but its 
conditional mathematical expectation is smooth [7].  

The subsequent generalization of the Clark-Ocone formula to the class of normal martingales is due to 
Ma, Protter and Martin [8]: if 2,1F D , then the Clark-Haussmann-Ocone representation 

0
( ) ( )

T p
tF EF D F dM t    is valid, where ( )p

tD F  is the predictable projection of the stochastic derivative 

tD F  of the functional F . As is seen, this representation likewise needs the existence of a stochastic 

derivative. On the other hand, in this case, unlike the Wiener's one, it is impossible to define in a generally 
adopted manner an operator of stochastic differentiation to obtain the structure of Sobolev space 2,1D . In 

his work, Purtukhia [9] defined the space  ,1 1 2qD q   for the normal martingales and generalized the 

Clark-Haussmann-Ocone formula. 
We proposed [10, 11] a new approach to the determination of the stochastic derivative of the Poisson 

functionals and obtained an explicit form of the integrand in the integral representation. Here a more 
convenient and practical form for finding the explicit expression of the integrand in the Clark-Haussmann-
Ocone representation of functionals of the Poisson process N  will be found. In particular, in the conditional 
mathematical expectation of the above-mentioned integrand the -algebra N

t  can be replaced by a more 

natural -algebra N
t , which, in turn, allows us to more effectively use the well-known properties of the 

Poisson process. 
 

Auxiliary Concepts and Results 

Definition 1 [8]. For any 2 ( )F L   we have by the CRP that there exists a sequence of  

symmetrical functions  2 [0, ]n
nf L T , 1,2,...n  , such that  

0
n n

n
F I f





 . Denote

   2

2
2,1 [0, ]

0 1
: : !|| || nn n n L T

n n
D F I f nn f

 

 

 
    
 

  . The derivative operator is analogous to what is often 

called the Malliavin derivative in Wiener case, and it is defined as a linear operator

2,1 2: ([0, ] )D D L T   , by   1
1

,t n n
n

D F nI f t





  . 

Ma, Protter and Martin [8] gave an example showing that two possible ways of determination of a 
stochastic derivative coincide if and only if the quadratic martingale characteristic [ , ]M M  is the 
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deterministic function (as, for example, in the Wiener case [ , ]tW W t ). Consequently, the Clark-

Haussmann-Ocone formula makes it impossible to construct explicitly the operator of the stochastic 
derivative of the functionals of the Compensated Poisson process, saying nothing on the construction of its 
predictable projection. 
 
Example 1 [8]. Consider a symmetric function      ( , ] ( , ], a b a bf s t I s I t . The second chaos 2 ( )I f  can be 

computed as  

     2
2

0 1

2! , 2 2
b t b

s t s t t a t
s t a a a

I f f s t dM dM dM dM M M dM



  

         

   2 [ , ] [ , ] .b a b aM M M M M M                                                         (1) 

Here, the last equality is due to Ito's formula. Now consider the function    2,F x y y x   and define 

a smooth functional  , .a bG F M M  If we define the derivative of G  in a manner analogous to one of 

the equivalent definitions in the Wiener case, we get: 

      ( , ], 2 .t t a b b a a bD G D F M M M M I t                                                  (2) 

However, by definition based on decomposition in the form of a series of multiple Ito integrals, we have
        2 1 ( , ]2 , 2 .t b a a bD I f I f t M M I t     

We can substitute this into (2) and compare it with (1) to see that the two definitions coincide if and 
only if  [ , ] [ , ] 0t b aD M M M M  , for all [0,1]t  . This means that [ , ] [ , ]b aM M M M  must be 

constant. If we look at the structure equation 
0

[ , ] ,
t

t s sM M t dM    this amounts to saying that 0s  , 

therefore the two definitions are in contradiction and cannot hold simultaneously unless ,M W  Wiener 
process. 

Let  0, ,( ) ,t t T P     be a filtered probability space satisfying the usual conditions. Assume that the 

standard Poisson process tN  is given on it: : ( ) / !t k
k tP P N k e t k   , 0,1, 2,...k   and that t  is 

generated by N    ,N
t t    T  . Let :t tM N t   (the Compensated Poisson process) and 

t t tM M M    . 

Let {0,1, 2,...};Z         1f k f k f k        ( ) 0, 0 ; : nnf k k        and define the 

Poisson-Charlier polynomials: ( ) ( 1) /n n
n k kk P P    , 1n  ; 0 1  . It is known that the system of 

normalized Poisson-Charlier polynomials is a basis in 2
2

0
( ) : : ( )

k
L Z f f k






 
   
 

 . Let 

2
2

0
: : ( ) / !T T k

k
L f e f k T k






 
   
 

 . This is a Banach space with the basis / !n T kk e T k . Denote 

     1x f x f x f x    . 

Proposition 1. The moment of the n-th order 





0 !

)()(
k

t
k

n
n e

k
ttkt ( 2)n   of the Compensated 

Poisson process satisfies the equation 





2

0
)()( n

k
k

k
n

n tC
dt

td


 .  

Proposition 2. For the n-th degree of the Compensated Poisson process the following integral 
representation takes place:  
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t n

i

t

s
in

s
i
ns

n
s

n
t dNMCdMMnM

0 2 0

1 . (P- a.s.). 

 
Theorem 1 [11]. Let 2

Tf L  and for some 0  : (1 )
2( )x Tf T L 

   , then the stochastic integral below is 

well defined and the following representation is valid:  

 
(0, ]

( ) [ ( )] [ ( ) | ]x
T T T t t

T

f M E f M E f M dM      ( P -a.s.). 

New Construction of Derivative 
Definition 2. The class of smooth Poisson functionals MS  is the class of a random variables which has the 
form 

1
( , ..., )

nt tF f M M , ( )n
pf C R , [0, ]it T , 1n  , where f  and all of its partial derivatives have 

polynomial growth. 
 

Definition 3. The stochastic (Malliavin) derivative of a smooth random variable MF S  is the stochastic 
process M

tD F  given by 

1

1 1
1

[0, ] [0, ]
1

( ( ( ,..., ))) ( ) ( ),k

n i ik
k

n
iiM

t t t t t
k i i

D F f M M I t I t 
 

        

where 1 1 1( ,..., ,..., ) ( ,..., 1,..., ) ( , ..., ,..., )i
i n i n i nf x x x f x x x f x x x    . 

 

Remark 1. Because [0. ] 1 [0. ]
0

( ) ( ( ))
T

s s sM I dM I I    and, hence, [0. ] ( )M
t s sD M I t , we have the following 

definition 

1

1 1
11

( ( ( ,..., )))k

n n
k

n
iiM M M

t t t t t t t
k i i

D F f M M D M D M 
 

       . 

 
Lemma 1. The stochastic (Malliavin) derivative of the multiple Ito integral ( )m mI f  is the same as in Ma, 

Protter and Martin [8]: 

    1 ,M
t m m m mD I f mI f t  . 

Proof. Fix 1m  . Let mf  elementary function of the form    
1 1

1

1 ,..., 1
,...,

,..., ,..., ,
m i im

m

n

m m i i A A m
i i

f t t a I t t   

where 1 2, , ..., nA A A   are pairwise disjoint sets from  [0, ]B T  and 
1 ,..., 0

mi ia   if any two of the indices 

1,..., mi i  are equal. For this function we define multiple integral as      1 1
1

,...,
,...,

,
m m

m

n

m m i i i i
i i

I f a M A M A   

where    
0

.
T

A A sM A M I I dM    According to the Definition 3, using the relation

   1
1 2 1 2

kxx
n k k nx x x x x x               ,  we have 

             1

1 1 1
11

jj k

m m j jk
k

m
xxM

t i i i i A A
k j j

D M A M A M A M A I t I t 
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         1 1 1
1

k

m

k k m A
k

M A M A M A M A I t 


     . 

Therefore, due to the linearity of the operator ,mI  the assertion of the lemma is true for elementary 

functions. After this, the lemma can be completed using the standard technique of approximating of any 
function   2 0, m

mf L T  bу a sequence of elementary functions.   

 
Example 2. If  ,a bF f M M , then our definition gives  

                [0, ] [0, ] [0, ] [0, ], , , , .M x y x y
t a b a b a b a b a a b bD f M M f M M I t I t f M M I t f M M I t            

If we take into account the relations:   2 2x y y x      ;    2 2 1x y x y x       and 

   2 2 1y y x y x      it is easy to see that for the functional from the example of Ma, Protter and 

Martin [8] we have    2
[0, ]2M

t b a aD M M I t     

             [0, ] [0, ] ( , ] ( , ]2 1 2 1 2 .b a a b a b b a a b a bM M I t M M I t M M I t I t                 

If we recall now that [ , ]s sM M M s   and [0, ] ( )M
t s sD M I t , then it is easy to see that these two 

definitions are equivalent in this case. Indeed, on the one hand, we have 

         2 2
2 [ , ] [ , ]b a b a b a b aI f M M M M M M M M M b M a           

and therefore  
               2 ( , ] ( , ] [0, ] [0, ] ( , ]2 2M

t b a a b a b b a b a a bD I f M M I t I t I t I t M M I t       . 

On the other hand, due to the Lemma 1, we can write 

            2 1 ( , ] ( , ] ( , ]2 , 2 2 .
b

M
t a b s a b b a a b

a

D I f I f t I s dM I t M M I t         

 
Lemma 2. Let F  and G  the smooth Poisson functionals, then F G  is also smooth and the following 
relaion is valid:  

( )M M M M M
t t t t tD F G D F G F D G D F D G       . 

Proof. For simplicity, we consider the case  aF f M  and  bG g M , where  , n
pf g C R . It is 

clear that ( ) ( ) ( ) ( ) ( )f g f g f g f g          . Hence, due to the Definition 3, we have 

[0, ] [0, ][ ( ) ( )] ( [ ( ) ( )]) ( ) ( )M x y
t a b a b a bD f M g M f M g M I t I t         

[0, ] [0, ][ ( ) ( )] ( ) [ ( ) ( )] ( )y x
a b b a b af M g M I t f M g M I t        

[0, ] [0, ][ ( )] ( ) [ ( )] ( )x y
a a b bf M I t g M I t      

[0, ] [0, ]( ) [ ( )] ( ) ( ) [ ( )] ( )y x
a b b b a af M g M I t g M f M I t       

M M M M
t t t tD F D G F D G D F G      .   

 
Lemma 3. Let F be a smooth Poisson functional, then nF  1n   is also smooth and the following relaion 

is valid:    
1

n iM n i n i M
t n t

i
D F C F D F



 . 
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Proof. For 1n   it is evident. For 2n   from the Lemma 2 we have 

     
2

2 2
2

1

iM M M M M M i i M
t t t t t t t

i
D F D F F D F F F D F D F D F C F D F



         . 

Let the lemma be true for n  and verify its validity for 1n  . Indeed, due to the Lemma 2 and using the 
relation 1

1
i i i
n n nC C C

  , we easily obtain that 
1( ) ( ) ( ) ( )M n M n M n n M M n M

t t t t t tD F D F F D F F F D F D F D F           
1

1 1 1

2 1
( ) ( ) ( )

n n
n M i n i M i n M i n i M i M n

t n t t n t t
i i

nF D F C F D F F D F C F D F D F


    

 

        
1 1 1 1 1 1 1 ( 1) 1

1 1
2

( ) ( ) ( ) ( )
n

n M i i n i M i n n n M n
n t n n t n t

i
C F D F C C F D F C F D F         

 


       

1
1

1
1

( )
n

i n i M i
n t

i
C F D F


 




 . 

Verification ends using mathematical induction.   
 

Corollary 1. Let F be a smooth Poisson functional, then nF   1n   is also smooth and the following 

relaion is valid:    nM n M n
t tD F F D F F   . 

Corollary 2. Let F be a smooth Poisson functional and 
0

( )
n

k
n k

k
P x a x



  is a polynomial function then 

( )nP F  is stochastic differentiable and we have: 

     
0 1 0

n k ni kM i k i M M k
t n k k t k t

k i k
D P F a C F D F a F D F F

  

         . 

 

Stochastic integral representation of Poisson polynomial functionals 

Example 3. The following representation holds: 

    2 2

(0, ]

1 2 .T T s s
T

M E M M dM    ( P - a.s.). 

Consider the random process: ][: 2
tTt MEX  . Due to the independence and stationarity of the 

increments of the Poisson process from its past, taking into account the values of the moments of the Poisson 
process, we can write that:  

 ])[(])[( 22
tTtttTt MMEMMMEX  

22)(2 tttTT MtTMMMEM  . 

Based on Proposition 2, if we substitute in the last representation the integral representation of 2
tM : 

  
],0(],0(

2 2
t

s
t

sst dNdMMM , obtain that:  

   
],0( ],0(

22
t t

ssttsst dMMMTNdMMtTX .
 

But TME T ][ 2  and 2
TT MX  , and thus the verification is complete.   
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Example 4. Similarly, we get a representation for the third degree of the Compensated Poisson process: 

   3 3 2

(0, ]

1 3 3 3T T s s s
T

M E M T s M M dM         . 

 
Theorem 2. For every natural number 1n the representation is true: 

   
1 1 (0, ]

n k
n n k i k i
T T n k s n k s

k i T

M E M C C M T s dM 
 

      ( P - a.s.).                              (3) 

 
Proof. In fact, in the case 1n   the representation (3) is trivial, and for cases 2n   and 3n   we have 
Examples 3 and 4. So consider the case 4n  . Calculate the conditional mathematical expectation

][: t
n
Tt MEX  . According to Newton's binomial formula we can write: 

])([])[(][:
0



 
n

k
t

k
t

kn
tT

i
nt

n
ttTt

n
Tt MMMCEMMMEMEX .

 
Based on the known properties of the Poisson process and the conditional mathematical expectation, 

we get:  

     
2

0 1

n n
i k k k n

t n n k t n n t n k t
k k

X C T t M T t C M T t M  


 
 

        . 

Calculate now the stochastic differential of the process tX . We write the Ito formula and use the 

statements from Proposition 1 and Proposition 2. We get that:  

  














2

0

2

0 ],0(

2

1],0(
0 )()(

n

k

kn

i t
i

k
s

i
kn

n

k

k
n

t
k

k
nt dssTMCCdssTCXX 

 

   


 










2

1 2 ],0(],0(2
)(

n

k

k

i t
skn

ik
s

i
k

k
n

t
s

kn
s

n

k

k
n dNsTMCCdNMC 

 

  








 

],0(

1
2

1 ],0(

1 )(
t

s
n
s

n

k t
skn

k
s

k
n dMMndMsTMkC  .

 

In this representation, taking into account the equality 0)(1 T , it is possible to combine the second 

and third terms, as well as the fourth and fifth terms. As a result we get: 

   
2 2

0
0 0 1 2(0, ] (0, ]

pn n k n
k i k p j p j

t n n k s i n p s n p s
k i p jt t

X X C C M T s ds C C M T s dN 
  


   

   

           

   










],0(

1
2

1 ],0(

1 )(
t

s
n
s

n

k t
skn

k
s

k
n dMMndMsTMkC 

 

 




 

n

k t
skn

k
s

k
nNsn dMsTMkCIIT

S
1 ],0(

1 )()(  ,
 

Where 

  







 

2

0

2

0 ],0(

)(:
n

k

kn

i t
i

k
s

i
kn

k
ns dssTMCCI  ,

 
  
 



 

n

p

p

j t
spn

jp
s

j
p

p
nN dNsTMCCI

S
1 2 ],0(

)(:  .
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It is not difficult to see (as in Examples 3 and 4) that for each integral with respect to sdN  one can found 
the corresponding integral with respect to ,ds  whose integrands are equal under in modulus and opposite 
in sign. To do this, we must compare the same degrees of sM  with each other and use the relation

2 2 2
2

m n m j m j j
n n m n m jC C C C     

   .  

Hence, taking into account the equalities n
TT MX   and 0 ( )n

TX E M , we get: 

1 (0, ]

[ ]
n

n n k n k
T T n s s

k T

M E M C M dM




     

2

1
2 1 (0, ] (0, ]

( ) ( )
n k

k i k i
n k s n k s n s

k i T T

C C M T s dM n T s dM 



  

 

         

1 1 (0, ]

( ) ( )
n k

n k i k i
T n k s n k s

k i T

E M C C M T s dM 
 

     .   

 
Corollary 3. For each natural number 1n   the following representation is true:  

 
(0, ]

( ) [ ( ) ]n n x n
T T s T s s s

T

M E M E M M dM        ( P - a.s.).                                (4) 

 
Proof. Due to the Newton's binomial formula and taking into account well-known properties of 
Compensated Poisson's process, we obtain: 

      



 

n

k
s

kn
sT

k
s

k
ns

n
sTs MEMCMME

0
11  

   



 

n

k
s

kn
sT

k
s

k
n MMEMC

0
)(1  

  






 

n

k
kn

k
s

k
n

n

k

kn
sT

k
s

k
n sTMCEMMC

00
)()1(1  . 

Similarly, we have 

   


 
n

k
kn

k
s

k
ns

n
sTs sTMCMME

0
)( . 

Therefore, due to the Theorem 2, using again the Newton's binomial formula 

  ik
s

k

i

i
k

k
s

k
s MCMM 




 
1

1 , we finish the proof of corollary.   

Corollary 4. For the polynomial function 
0

( )
n

k
n k

k
P x a x



  the following representation is valid:  

 
(0, ]

( ) [ ( )] [ ( ) ]x
n T n T n s T s s s

T

P M E P M E P M M dM        ( P - a.s.).  

 
Corollary 5. Since for fixed T ( )nP x T  is again polynomial ( )nP x  of order n  with respect to x , but 

with other coefficients, therefore it is clear that the representation of type (4) we will have for the 
polynomial functional with respect to TN : 

 
(0, ]

( ) [ ( )] [ ( ) ]x
nn T n T s T s s s

T

P N E P N E P N N dM        ( P - a.s.).  
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Theorem 3. For any polynomial function )(xPn , the relation is true where 

   [ ( )] [ ( ) ]p M x
t n T n t T t tD P M E P M M       ( dP dt -a.s.).                               (5) 

 
Proof. According to the well-known result of Ma, Protter and Martin [8], there is the following Clark-
Haussmann-Ocone representation formula 

 
(0, ]

( ) [ ( )] { [ ( )]}p M
n T n T t n T t

T

P M E P M D P M dM    (P- a.s.). 

Consider the difference: 

(0, ] (0, ]

: { [ ( ) ] [ ( )]} :x p M
T n t T t t t n T t t t

T T

E P M M D P M dM dM          . 

According to Theorem 2: 0T   (P- a.s.). Further, due to the Ito formula: 
2 2

(0, ] (0, ]

2 [ , ]T t t t t t
T T

dM d M M      . 

Taking the mathematical expectation of both sides of the last relation and using the properties of the 
quadratic and predictable characteristics of the martingale, we get: 

2 2 2

(0, ] (0, ] (0, ]

0 [ , ] ,t t t tt
T T T

E d M M E d M M E dt       , 

from which we conclude the validity of relation (5).  
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* ივანე ჯავახიშვილის თბილისის სახელმწიფო უნივერსიტეტი, მათემატიკის დეპარტამენტი, 
თბილისი, საქართველო 
** ივანე ჯავახიშვილის თბილისის სახელმწიფო უნივერსიტეტი, ა. რაზმაძის მათემატიკის 
ინსტიტუტი, მათემატიკის დეპარტამენტი, თბილისი, საქართველო 
§ გორის სახელმწიფო სასწავლო უნივერსიტეტი, გორი, საქართველო 

(წარმოდგენილია აკადემიის წევრის ე. ნადარაიას მიერ) 

სტოქასტური ინტეგრების თეორიაში, სტანდარტული ინტეგრების თეორიისგან განსხვავებით, 
გარდა იმისა, რომ ინტეგრანდი არის ორი ცვლადის ზომადი ფუნქცია, იგი უნდა იყოს 
შეთანხმებული (არაწინმსწრები) პროცესი. სკოროხოდმა (1982) ეს მოთხოვნა ინტეგრანდის 
გარკვეული აზრით სიგლუვის მოთხოვნით შეცვალა. გავომ და ტრაუბერმა (1982) აჩვენეს, რომ 
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სკოროხოდის სტოქასტური ინტეგრების ოპერატორი ემთხვევა სტოქასტური გაწარმოების (ე.წ. 
მალივენის) ოპერატორის შეუღლებულს. ოკონემ (1982) დაამტკიცა, რომ ინტეგრანდი 
მარტინგალური წარმოდგენის თეორემაში არის ფუნქციონალის სტოქასტური წარმოებულის 
ჭვრეტადი პროექცია. ვინერის შემთხვევაში არსებობს სტოქასტური წარმოებულის ორი 
ეკვივალენტური განმარტება, მაგრამ საზოგადოდ ე.წ. ნორმალურ მარტინგალთა კლასისთვის ეს 
განმარტებები არაა ეკვივალენტური. შესაბამისი მაგალითი აგებული იყო მას, პროტერისა და 
მარტინის მიერ (1998). წარმოდგენილ ნაშრომში შემოღებულია პუასონის პოლინომიალური 
ფუნქციონალის სტოქასტური წარმოებულის ახალი კონსტრუქციული განმარტება. ნაჩვენებია, 
რომ ის ეკვივალენტურია ფუნქციონალის ქაოსურ გაშლაზე დაფუძნებული ზოგადი 
განმარტების და შესწავლილია მისი თვისებები. დამტკიცებულია სტოქასტური ინტეგრალური 
წარმოდგენის თეორემა ინტეგრანდის ცხადი გამოსახულებით. 
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