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ITO TYPE FORMULA FOR POISSON ANTICIPATING INTEGRAL
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Abstract. The quadratic variation of the anticipating Skorokhod integral with respect of
compensated Poisson martingale is computed and anticipative Ito type formula for the so-
called an anticipative Poisson semimartingales in terms of anticipative Skorokhod integrals
is derived.
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In the anticipative case the Ito type formula was obtained by Ustunel [1] in the
Wiener space for random fields F'(x,w). This fields are fast decreasing with respect to
x and argument z is replaced by the so-called Tto’s anticipative process (with respect
to Wiener process). The general case was considered by Nualart and Pardoux [2]. In
case when F(t,z) (for any z) is adapted diffusion process and x is replaced by Ito’s an-
ticipative process the anticipative Ito-Ventsel type formula was established by Martias
[3]. The case where both F(t,z,w) (for any ) and u; are Ito’s anticipative processes
the Ito-Ventsel type formula and an integral variant of the Ito-Ventsel formula was
obtained by Purtukhia ([4],[5]). In the Poisson case the similar questions was studied
by Peccati and Tudor [6] and anticipative Ito type formula was established in terms of
nonanticipative Ito integrals. Our aim is to derive anticipative Ito type formula for the
so-called an anticipative Poisson semimartingales in terms of anticipative Skorokhod
integrals [7].

Let (2, F, {Fi}iecp,m) be a filtered probability space satisfying the usual conditions.
Suppose that N; is the standard Poisson process (P(N; = k) = tk k=012
and F; is generated by N(F; = FN), F = Fr. Let M; be the Compensated Poisson
process (M; = N; —t). Denote by DM@ the stochastic derivative of functional G (see
Definition 4.1 [8]). In what follows we shall write D.G instead of DM@G.

For any integer £ > 1 we introduce the seminorm

k
1F |2 = 11 F ooy + D> 1D F | ao.ryixe)

i=1

and denote by D} the completion of class of differentiable random variables with
respect to the norm || [|2.k-
Definition 1. We denote by L} the class of processes u € Lo([0,T] x §2) such that
uy € Dy} for a.a. t and there ex1sts a measurable version of Dsu; € Ly([0,T]% x Q).
Definition 2. We denote by LYY the class of processes u € Ly([0,T] x ) such that
uy € DY, for a.a. t and there ex1sts a measurable version of D, Dsu; € Ly([0,T]? x Q).
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Let II",n € N be a sequence of partitions of the segment [0, 7] of the form II" =
{0=ton <ty <--- <ty, =T} such that |II"| = supg(tys1n — ten) — 0, as n — oco.
In what follows we shall write (¢;) instead of tx .

Proposition. Let &,t € [0,T] be a measurable process such that & € Ly([0,T] x Q).

Then
tht1,n ) T
( / §sds>(Mtk+Ln—Mtk7n) N / ¢.ds
tk+1n lg, 0

.

n—1

k=0
in L1(§2), as n — oo.
Proof. Let’s enter the following designations:

s i+1,m
= Z < H—lm L; m/ £Sds> [[thtH—lm[

1=0

n—1 tktin )
Z (t / / 55d8> (Mtk+l,n - Mtkﬂ’b) )
0 k+1ln = Uy TV Sy n
m—1 t;
1 i+1,m
(&) = - Jds | Iy 4. .
(&) ; <ti+1,m_ti7m/ti,m : > trmtiianl

Using the Cauchy-Bunyakovski inequality, it is not difficult to see that

n—1 1/2 n— th+1,n 2 1/2
(M, — M, ,)* §slds
E|Oén {E Z th+i,n tk, ) } {E Z t,m ’ ‘ ) }

1
— letin — kM =tk —tem

< Cll€][La(om1x0)-

Hence, we can write

Elan(é) / £.ds| < Elan( — €M) + Elan(€™) — / emds|

T T
w; / € — emlds| < Blan(e™) — [ emds| + (€ + DII€ = €| oy,
0 0

It is obvious that £&™ — & in Lo([0,7] x Q) as m — oco. On the other hand, it is
evident that for any fixed m : «,(§™) — fOT £7'ds in probability as n — oco. Moreover,
due to the Holder’s inequality, we can easily obtain that for any p € (1,2) :

an(§™)||L, ) < Cpll€™ || Laqo,m1x0)-

Therefore, for each m the sequence of random variables {a,,(§™),n € N} is uniformly
integrable, which with the convergence in probability implies that a,,(§™) — fOT glds
in L1(Q) as n — oo. Passing now to the limit in above relation at first as m — oo, and
after as n — oo we complete the proof of the Proposition.
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Theorem 1. Let u € L%. Then

n—1

thr1 2 T
</ uséMs) — / ugds
k=0 7tk 0
in L1(2), as n — 0.

Proof. Let u,v € L%. By virtue of the Cauchy-Bunyakovski inequality we can
write

n—1 tri1 2 n—1 thi1 2
By (/ uséMS) -y (/ vséMs) |
k=0 te k=0 \Ylk

< (E:z:::) ( /t:k“(us - US)5MS)2> " (E:Zé ( /t:k“(us + vs)5M8)2> 1/2.

Define u™ as follow:

(% = ﬂk[[tk,tk+1[7

1 tkt+1
U = —/ usds
U1 — T Jy,

for 0 <k<n-—1andu_, =7, =0.

Substituting now v = u™ in the above estimate, one can conclude that

where

n—1 tht1 2 n—1 7 2
E ‘ ( / u56M5> -y ( / u?5M5> ‘ 0,
k=0 tk k=0 \Ytk

as n — oo.
On the other hand, due to the Proposition 3.2 [9], we have

n—1 thi1 2 n—1 thy1 2
( / u25M5> => ( / ﬂk,néMs)
k=0 Ntk b

k=0

n—1 1 tea tei1 2
= <—/ (/ usds> 5MS>
k—0 tk+1 - tk tr ti
1

n— 1 tk+1
{ﬁ |:(Mtk+1 — Mtk) / USdS
k—0 k+1 — Uk tr

tet1 trt+1 trt1 tet1 2
—/ </ DTusds> dr — / ( Drusds) 5Mr] } :
ty ty tr t

k

= (aim, - 2ak,nbk,n + b’2€7n) ’
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where

M,,, — M, [t
app = ——-F uds,
ler1 — e Jy,

1 tet1 tri1 tet1 tet1
ben = —/ ( Drusdzs) dr — / < Drusds> oM,
ler1 — t Jy, t t th

Using the Cauchy-Bunyakovski inequality and the elementary inequality (x +y)% <
222 + 2y%, we can write that

n—1 n—1 thi1 thi1
BY . <26 [ [ Dafdsir
puri k=0 'tk tk

n—1 tet1 tht1 g1 thi thin
+2F [/ / |Drus|2d3dT +/ / / |D9Drus|2d8d7”d9 ‘
k=0 L1k tk t e t

Hence, 35 b7, tends to zero in L; () as n — 0o, because u € L%,
Next, it is obvious that (u")? — u? in Lo([0,7] x Q) and since

n—1 n—1
My, — M;,)? [t
i, =3 =2l [ g
tg

using the reasoning similar to that used in proving of the Proposition, we conclude

that
n—1 T
Zaiﬁn% / ulds
k=0 0

in L1(92), as n — oo.
Finally, by virtue of the Cauchy-Bunyakovski inequality, we have

n—1 n—1 /2 ,h 1 1/2
2 2
|3 b < (z ) (z )
k=0 k=0 k=0

and therefore ZZ;(I) ag b, tends to zero in Li(§2) as n — oo.

Summing up the above obtained limit expressions, we complete the proof of theo-
rem.

Definition 3. The stochastic process U;(w) is called an anticipative Poisson semi-
martingale, if it has the representation

i) = ) + | (s + / ()M (),

where the last integral is the Skorokhod anticipative integral. In this case we use the
notation dU; = vidt + w6 M.
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Theorem 2. If U; is an anticipative Poisson semimartingales with dU; = w6 M,
u € L% and F € C?, then the process F(U;) admits the following integral representa-
tion

F@>F%>/¥wUmm+£mwaMWﬁ;/

0

t

1

F (U, )u’ds

/ DY [F (U usds + Y {F(U,) — F(U,-) = F'(U_)AUL}.

0<s<t
Proof. It is obvious that
n—1 n—1
F( Z Utk+1 - (Utk)] - F/(Utk)(Utk+1 - Utk)
k=0 k=0
1 n—1
+§ F (Utk>(Utk+1 Utk)27

i

0

where Uy, is a random intermediate point between Uy, and U, ,.
Due to the Proposition 3.2 [9], we can write

n—1 n—1

’ , tkt+1
> F U U, = ) = 3 F () [ wb,
k=0 k=0 12
tk+1 tet+1 n—l oty ,
- Z / F' (U, Jus6 M, +Z / DF (Uy Jusds + > D,F (U, Jus6 M,.
k=0 vtk

Usmg the reasoning sunllar to that used in proving of the Theorem 1, one can
ascertain that the right side of the above expression is tends to

t t t
/ F'(U,_)us0M, + / DM[F (U,_)|us6 M, + / DM[F(U,_)uyds
0 0 0
in L1(9), as n — oo.

On the other hand, using the Proposition and Theorem 1, due to the continuity of
F", one can conclude that

12,
5 F (Uy,) Uy, — Uy )? —
k=0
]_ t 1" !
—5 | F (U_)uids + > {F(U,) — F(U,_) — F' (U,_)AU,}
0

in L1(R2), as n — oo.
Summing up the above obtained limit expressions, we complete the proof of theo-
rem.
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