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ABSTRACT. For one functional of Wiener process, which in case of Bachelier’s model of financial
market is the payoff of Knock-Out Barrier Option, the Clark’s integral representation with explicit
form of integrand is obtained. This functional represents the product of European Call Option payoff and
indicator of some event. It is impossible to use directly the Clark-Ocone’s formula because the indicator
of event is Malliavin differentiable if and only if probability of this event is equal to zero or one. We use
our integral representation of functionals of Wiener process, which slightly generalizes the Clark-
Ocone’s formula, and obtain the explicit form of integrand. This integrand is the optimal hedging strategy
replicating the Knock-Out Barrier Option in case of Bachelier’s model. © 2014 Bull. Georg. Natl. Acad.
Sci.
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1. Introduction and auxiliary results
Consider a Wiener process ( )tw w , [0, ]t T  on the probability space ( , , )P  . Let ( )w

t , [0, ]t T

be the natural filtration generated by the Wiener process. We study the functionals 
TF  of the Wiener

process, i.e., the random variables, which are w
T  -measurable. Moreover, we are interested in square integra-

ble Wiener functionals, which have the Clark’s integral representation.
Assume that a functional has the following form:

{ }
( )

T
T T w B

F w K I  
  , (1)

where *

0
maxT s

s T
w w

 
 ; K and B are positive constants such that B K ; AI  is the indicator of event A. Our aim

is to obtain the Clark’s integral representation of this square integrable functional with explicit form of

integrand. Note that 
{ }Tw BI  

 in general has no Malliavin derivative. It is well known that the indicator of event

A is Malliavin differentiable if and only if probability P(A) is equal to zero or one [1] and it is impossible to use
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directly Clark-Ocone’s formula. Therefore, we use the result proved by us:

Theorem 1. Suppose that [ | ]w
t T tg E F   is Malliavin differentiable 2,1( ( ) )tg D   for almost all

[0, )t T . Then we have the representation

0

[ ]
T

T T T s sg F E F v dw    ,   (P-a.s.), (2)

where

: lim ( | )w
s s t t

t T
v E D g


  in the 2 ([0, ] )L T  .

Also, for our calculation it is necessary the following.
       Lemma. Joint conditional density ( t s )

2 *

0
, |

{ , max | }
( , | )

t t s

t t l s
l t

w w w z

P w x w w y w z
f x y z

x y
 



    


 

is the following
2

, |

2(2 ) (2 )( , | ) exp{ }
2( )( ) 2 ( )t t sw w w z

y x z y x zf x y z
t st s t s

 

   
 

  , x y , 0y  .

     Proof of Lemma. It is clear that if x y or 0y  , then the conditional joint probability distribution

function of tw and tw given sw z  is equal to zero. Now suppose that x y  and 0y  .
Due to the elementary relations

      * * max and max max ,t s l l s s l ss l t s l t s l t
w w w u w w u w w w

     
       

using the well-known properties of the Wiener process, one can easily see that:

{ , | , }

{ , max | , }

{ , ( max ) | , }

{ , ( ) max( ) | , }

{ ,( ) , max( )

t t s s

t s l s ss l t

t s l s s ss l t

t s s l s s ss l t

t s s l ss l t

P w x w y w z w u

P w x w w y w z w u

P w w x z u w w y z w z w u

P w w x z u w w w y z w z w u

P w w x z u w y z w w

 

 

 



 



 

 

    

      

          

           

        | , }

{ , , max( ) | , }

{ ,max( ) | , }

{ ,max( ) }.

s s

t s l s s ss l t

t s l s s ss l t

t s l ss l t

y z w z w u

P w w x z u y w w y z w z w u

P w w x z w w y z w z w u

P w w x z w w y z





 



 

 

    

          

         

      

(3)

Let us introduce the new Wiener process : t tw w w   , [0, ]t  . It is evident that: t st sw w w    and

0
max( ) max( ) max maxl s l s l sl s l ss l t s l t s l t l s t s

w w w w w w w


  
         

      .

Using the well-known result [2: 387] from the point of view of joint distribution function of tw  and tw

(with x y ):
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2

2

{ , } { } { 2 }

1{ } { 2 } exp{ }
22

t t t t
x

t t
x y

P w x w y P w x P w y x

rP w x P w x y dr
tt





       

       ,

from (3) we obtain that

2 2

2( ) 2

{ , | , } { , }

1 1exp{ } exp{ } .
2( ) 2( )2 ( ) 2 ( )

t st t s s t s
x z x z

x z y z x y z

P w x w y w z w u P w x z w y z

r rdr dr
t s t st s t s 

  
 

 

    

         

   
   

Therefore, using the well-known properties of conditional expectation, we can write

{ , }

{ , }

{ , } ,

,

{ , | } [ ( | )] |

{ [ ( | , ) | ]} |

{ [ ( | , ) | | ]} |

{ [ ( , | , ) | | ]} |

1{ [ e
2 ( )

st t

st t

st t s s

ss s

t t s s w zw x w y

s s s w zw x w y

s s s w zw x w y z w u w

t t s s s w zz w u w

P w x w y w z E I w

E E I w w w

E E I w z w u w

E P w x w y w z w u w

E
t s





 




 


 


   

 
 

    

 

   

     




2

,
2

2

2

xp{ } | | ]} |
2( )

1 exp{ } .
2( )2 ( )

ss s

x z

s w zz w u w
x y z

x z

x y z

r dr w
t s

r dr
t st s





 
 



 

 


 






Hence, we have

2 2 2

2 2

{ , | } 1 ( ) ( 2 ){ [exp{ } exp{ }]}
2( ) 2( )2 ( )

1 ( 2 ) 2( 2 ) 2(2 ) (2 )exp{ } exp{ },
2( ) 2( )2 ( ) ( ) 2 ( )

t t sP w x w y w z x z x y z
x y y t s t st s

x y z x y z y x z y x z
t s t s t st s t s t s



 

       
    

    

       
    

    

which completes the proof of the Lemma.

2. Clark’s representation of functional FT

Theorem 2. For the functional { }
( )

T
T T w B

F w K I 



   the following integral representation is fulfilled :

0,1
0

2( ) ( )
T

s
T T s

B wB KF EF dw
T s T s




  
  0,1 0,1

0

(2 ){ ( ) [ ]}
T

s s
s

w K w B K dw
T s T s
  

 
  ,

where

2
0,1

1( ) exp{ / 2}
2

x x


  and 
2

0,1
1( ) exp{ / 2} .
2

x

x r dr
 

  
Proof. Using the well-known properties of conditional expectation, according to the Lemma, we have:
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 

{ }

{ } { }

, |

2

[ | ] [( ) | ] { [( ) | ]} |

{ ( ) ( , | ) } |

2(2 ) (2 )[ exp{ } ] | .
2( )( ) 2 ( )

tT T

y B tT T t

t

w
t T t T t T t z ww B w B

z ww w w z

yB

z w
K K

g E F E w K I w E w K I w z

x K I f x y z dxdy

y x z y x zx K dxdy
T tT t T t

 




 





        

    


   
  

  

Further, using an integration by parts formula in the integral with respect to dx, it is not difficult to see that:

 
2

2

2

2

2(2 ) 1 (2 )exp{ }
( ) 2( )2 ( )

1 (2 )2( ) (exp{ })
2( )2 ( )

1 (2 )2( ) exp{ } |
2( )2 ( )

2 (2 )exp{ } .
2( )2 ( )

yB

K K

yB

K K

B

K

yB

K K

y x z y x zx K dxdy
T t T tT t

y x zx K d dy
T tT t

y x z yx K dyKT tT t

y x z dxdy
T tT t









   
  

 

 
   



 
   



 
 



 

 



 

Hence,
2 2( ) (2 )2( ) 2exp{ } exp{ }

2( ) 2( )2 ( ) 2 ( )

yB B
t

t
K K K

y w y x wy K tg dy dxdy
T t T tT t T t 

  
   

     .

From here according to the rule of stochastic differentiation of the ordinary integral we obtain:

2

[0, ]

2

[0, ] 1 2

( )2( ) exp{ } ( )
2( )2 ( )

(2 )22 exp{ } ( ) : .
2( )2 ( )

B
t t

s t t
K

yB
t

t
K K

y w y wy KD g I s dy
T t T tT t

y x wy x w t I s dxdy I I
T t T tT t





 
  

 

  
   

 



 

Further, using again an integration by parts formula in the integral with respect to dy, we have:

 
 
     

22

1 [0, ] [0, ]

2

0, [0, ]0,

0, 0, [0, ]

( )( )2( ) 2( )(exp{ }) ( ) [ exp{ }] | ( )
2( ) 2( )2 ( ) 2 ( )

2 exp{ } 2( ) ( ) ( )
22

2[ ( ) ( )] ( )

B
Bt

t K t
K

B
t

T t t tt
K

T t t T t t t

y wy wy K y K tI d I s I s
T t T tT t T t

y w
dyI s B K B w I s

T tT t

B w K w I s

 






 

 
      

  


      



    




.

Here and below 20,
( )


   and 20,

( )


   are the distribution density and distribution function of normal distrib-

uted random variable 2(0, )N   with  mean 0 and variance 2 , respectively, i. e.
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2 2

[ 0, ] [0, ]

[ 0, ]

2 2

2 20, 0,2 2

22

2

2

1 1( ) exp{ } and ( ) exp{ } .
2 22 2

( )(2 )2 2(exp{ }) ( ) exp{ } ( )
2( ) 2( )2 ( ) 2 ( )

(2 )2 exp{ }
2( )2 ( )

t t

t

yB B
t

K K K

B
t

K

xx rx x dr

y wy x w tI d dyI s dyI s
T t T tT t T t

y K w
dyI

T tT t

 


  

 



    


 
      

  

 
 



  

 0, 0, [ 0, ]

[ 0, ] 0, 0, [ 0, ]

0,( ) / 2 0,( ) / 2 [ 0, ]

2

( ) 2[ ( ) ( )] ( )

( / 2 / 2)1 exp{ } ( ) 2[ ( ) ( )] ( )
2( ) / 42 ( ) / 4

{ [(2 ) / 2] [( ) / 2]} ( ).

T t T t t

t T t T t t

T t T t t

t t

B
t

t t
K

t t

s B w K w I s

y K w
dyI s B w K w I s

T tT t
B K w K w I s



 

 

 

      

 
        



     



Summing up the above given results, due to the elementary relation 2 2 2( , ) ( , )cN a N ca c  , we ascertain

that:

0, [ 0, ] 0 , [ 0, ]

0, [ 0, ] [ 0, ]

0, [ 0, ] 0

0,

0, 0,( ) / 2 0,( ) / 2

2( ) ( ) ( ) 2[ ( ) ( )] ( )

2[ ( ) ( )] ( ) { [(2 ) / 2] [( ) / 2]} ( )

2( ) ( ) ( ) [

T t t T t t

T t t t

T t t

s t t T t t t

T t t t T t t T t t

t

D g B K B w I s B w K w I s

B w K w I s B K w K w I s

B K B w I s





 







  

         

           

     
,2( ) 0,2( ) [ 0, ]

(2 ) ( )] ( )
T t T t tt tB K w K w I s
 

   

Now let us pass to calculation of conditional mathematical expectation of D gs t with respect to w
s . On the

one hand, due to the Markov property and the transition probability of the Wiener process, we can write

0, 0,

2

0,

22

[ ( ) | ] [ ( ) | ]

( )1 ( ) exp{ }
2( )2 ( )

( )1 1 ( )exp{ }exp{ } .
2( ) 2( )2 ( ) 2 ( )

w
T t t s T t t s

s
T t

s

E B w E B w w

x wB x dx
t st s

x wB x dx
T t t st s T t

 




 

 



    

 
   

 
 

  
   

Hence, highlighting the full square in the argument of the exponential function and using the well-known
property of the distribution function, we obtain that

0 , 0, 0 ,

2

2
2

2

( )1[ ( ) | ] [ ( ) | ] ( ) exp{ }
2( )2 ( )

( ) ( ) ( )1 1 exp{ [ ] }
2( )( ) 2( )2 ( ) 2 ( )

( )1 1 exp{ }
2( )2 ( ) 2 ( )

T t T t T t

w s
t s t s

s s

s

x w
E B w E B w w B x dx

t st s

B t s w T t B wT s x dx
T t t s T s T st s T t

B w
T st s T t

  


 

 

  

 
       

 
    

    
     


 

 

0 ,

2

2

2

( ) ( )exp{ [ ] }
2( )( )

( )1 1 ( )( )exp{ } 2
2( )2 ( ) 2 ( )

( )1 exp{ } ( ).
2( )2 ( ) T s

s

s

s
s

B t s w T tT s x dx
T t t s T s

B w T t t s
T s T st s T t

B w
B w

T sT s


 


 

   
  

  
  

  
  


   



.
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On the other hand, using again the Markov property and the transition probability of the Wiener process, we
have

0,2( ) ,2 ( ),2( )

22

22

[ ( ) | ] [ ( ) | ] [ ( ) | ]

( )1 1 ( )[ exp{ } ]exp{ }
4( ) 2( )2 2( ) 2 ( )

( )1 1 ( )( ) exp{ }exp{ }( , ) 4( ) 2( )4 ( ) 2 ( )

T t t w T tt

w w
t s w T t s s

s

s

E C w E C E C w

C x wu x du dx
T t t sT t t s

x wu xI u duC T t t sT t t s

 

 

         

 
    

    


     

.dx
 
 


Therefore, according to the Fubini’s theorem, using the argument similar to those presented above, it is
not difficult to see that

   0,2

22

2
2

2

|

( )1 1 ( )( )[ exp{ }exp{ } ]( , ) 4( ) 2( )4 ( ) 2 ( )
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Combining all the above obtained relations we easily conclude that
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Passing now to the limit in the latter expression at t T we obtain that
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which completes the proof of the Theorem 2.
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3. Hedging of the Knock-Out Barrier Option

Consider now Knock-Out Barrier Option in the financial market, represented by Bachelier’s model. In this
case the stock price S is described by

0t tS S t w    .

The payoff of Up-and-Out Call Barrier Option is [3]

0
{max }( )

t
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 


  , K B .

Consider the unique martingale (risk neutral) measure P   P such that [4]
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with
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Under this measure the following is fulfilled:
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where TF  is given in (1) with 0K K S   and 0B B S  .

Using the previous calculations we obtain that
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whose  integrand defines   the optimal hedging strategy.
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maTematika

vineris funqcionalebis klarkis warmodgena da
barieruli ofcionebis hejireba
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(warmodgenilia akademiis wevris e. nadaraias mier)

vineris procesis erTi funqcionalisaTvis, romelic finansuri bazris baSelies
modelis SemTxvevaSi warmoadgens gadasaxadis funqcias nokaut barieruli ofcionisaTvis,
miRebulia klarkis integraluri warmodgena cxadi integrandiT. es funqcionali warmoad-
gens evropuli kolofcionis gadasaxadis funqciisa da garkveuli xdomilebis indikatoris
namravls. aq klark-okonis formulis pirdapiri gamoyeneba SeuZlebelia, radganac xdo-
milebis indikatori aris maliavinis azriT warmoebadi maSin da mxolod maSin, rodesac
am xdomilebis albaToba nuli an erTia. viyenebT Cvens mier miRebul vineris funqciona-
lebis integralur warmodgenas, romelic warmoadgens klark-okonis formulis mcire
ganzogadebas da viRebT integrandis cxad formas. es integrandi aris optimaluri
hejuri strategia nokaut barieruli ofcionis replikaciisaTvis baSelies modelis
SemTxvevaSi.
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