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ABSTRACT. For one functional of Wiener process, which in case of Bachelier’s model of financial
market is the payoff of Knock-Out Barrier Option, the Clark’s integral representation with explicit
form of integrand is obtained. This functional represents the product of European Call Option payoff and
indicator of some event. It is impossible to use directly the Clark-Ocone’s formula because the indicator
of event is Malliavin differentiable if and only if probability of this event is equal to zero or one. We use
our integral representation of functionals of Wiener process, which slightly generalizes the Clark-
Ocone’s formula, and obtain the explicit form of integrand. This integrand is the optimal hedging strategy
replicating the Knock-Out Barrier Option in case of Bachelier’s model. © 2014 Bull. Georg. Natl. Acad.
Sci.
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1. Introduction and auxiliary results

Consider a Wiener process w=(w,), ¢t €[0,7] on the probability space (2,3, P) . Let (3)), t €[0,T]
be the natural filtration generated by the Wiener process. We study the functionals F, of the Wiener
process, i.e., the random variables, which are 3} -measurable. Moreover, we are interested in square integra-
ble Wiener functionals, which have the Clark’s integral representation.

Assume that a functional has the following form:

F=(w=K)'1,. ., )

where w,=max w, ; K and B are positive constants such that B> K ; | , is the indicator of event 4. Our aim
0<s<T

is to obtain the Clark’s integral representation of this square integrable functional with explicit form of

5 in general has no Malliavin derivative. It is well known that the indicator of event

integrand. Note that / i<

A is Malliavin differentiable if and only if probability P(4) is equal to zero or one [ 1] and it is impossible to use
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directly Clark-Ocone’s formula. Therefore, we use the result proved by us:
Theorem 1. Suppose that g, = E[F;| 3] is Malliavin differentiable (g,(-)€ D,,) for almost all

t €[0,7) . Then we have the representation
T
g =F, =E[F,]+[ vdw,, (P-as), )
0

where

ve=limE(D,g, | 3;") inthe L,([0,T]xQ).

t—>T
Also, for our calculation it is necessary the following.

Lemma. Joint conditional density (t > s )

O*Pi{w, < x,w, =maxw, < y|w, =z}

) xX,y|z)= osi<t
f;v,,w, [w, :z( y | ) axay
is the following
2Qy—-x-z) _(Zy—x—z)2

Lo 6y 2)= exp{ }ox< >
W Wy =z (t—S) IZﬂ(t—s) Z(I—S) » XSV, y_O
Proof of Lemma. It is clear that if x>y or y <0, then the conditional joint probability distribution
function of w,and w; given w, =z is equal to zero. Now suppose that x<y and y>0.

Due to the elementary relations

W, =W, vmax w, and(uvmaxw,)—ws =(u—ws)v(maxw,—ws),

s<I<t s<I<t s<I<t

using the well-known properties of the Wiener process, one can easily see that:

P{w, <x,w, < y|w, =z,w, =u} =
= P{w, Sx,wjvr;g%w, <ylw, =z,w =u}=
= Plw, —w, <x—z,(uvmaxw)—w, < y—z|w, =z,w, =u}=
=P{w, —w, Sx—z,(u—ws)VI;g%(w,—wS)Sy—z|wS =z,W, =u}=
=P{w, —w, Sx—z,(u—ws)Sy—z,I;gg(w,—wS)Sy—z|ws =z,W, =u}=
= P{w, —w, Sx—z,uSy,I;r}%(w,—WS)Sy—z|ws =z,W =u}= &)
=P{w, —w, Sx—z,l;rlg(w,—ws)Sy—ﬂws =z,W, =u}=

=P{w, —w, Sx—z,m?x(w, -w,)< y—z}.
s<I<t

Let us introduce the new Wiener process wo = w,—w,_,, 0 [0,¢].Itis evident that: w, —w, = wi-s and

— — —
max(w, —w,) =max(w, —w,) =max w;—y = max Wi =W,
s<I<t s<ISt s<I<t 0</—s<t-s

Using the well-known result [2: 387] from the point of view of joint distribution function of w, and w;

(with x< y):
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P{w, <x,w, <y}=P{w, <x}—P{w, >2y—x} =

1 2
= P{w, <x}-P{w, <x-2y}=—— | exp{—;—t}dr,

N2mt 5,

from (3) we obtain that

P{w, <x,w, <y|w, =z,w, =u}=P{v_v,_s <x—z,w_ Sy—z}:
1 X—=z

=— - - d
\/27z(t—s x-z-if(y-z)exp{ \/2770_ x— 2J;+ p{ )} '

Therefore, using the well-known properties of conditional expectation, we can write

P{w, <x,w, <y|w, =z} = [E(I{ng’wrgy} [WOIl, —.=

={ELEU, ooy W WD WD}, =
={ELEU, ooy IWo=zwi=w) | AW, =
={E[P(W,Sx,W,*Sy|WS=Z,W§=u)| | w, I}, .=

__ o
Z=W, ,U=W

“ s | ol T AN [N
szy p{_Z(t pid

Hence, we have

O’ P{w, <x,w’ <ylw, =z} 6 _( z)’ _(x—2y+z)2 _
oxdy ay ﬁ E [exp{ } exp{ T2os) 3
__ 1 ox (x=2y+2)* 2(x— 2y+z) 2(2y x— z) QRy-x-2)°

V27 (t—s) P 2(t-s) (-5 (t—s)27(t—s i 2(t —s) b
which completes the proof of the Lemma.
2. Clark’s representation of functional F,

Theorem 2. For the functional F,=(w, —K)" I{w‘ - the following integral representation is fulfilled :

w, —(2B-K)

Q)'—d’
\/—) ol N T}dw,

F, = EF, —jz(B_K) %,l(jT =)dw, + j{d)ol(

where

1 1 7
Do, (x)= \/E exp{—x2 /2} and q)o,l(x) = ﬁ j €Xp {_rz /2}dr.

Proof. Using the well-known properties of conditional expectation, according to the Lemma, we have:
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= E[F, | 3)]=E[(w, — K1 o oy W= LB, — K)" I W=z, =
+00 +00 N
={ I I (x—K) I“_S,,}ﬁva;w:z (x,y | Z)dxdsz:w,:
ot 22y —x-z2) Qy-x-z)
= - dxd .
[l | a-k (T—t)\/m Py e

Further, using an integration by parts formula in the integral with respect to dx, it is not difficult to see that:

i l (x_K)z(z(yT_—)i‘)_Z)m ol (2y2(Tx_ )z) \dsdy =
=i ﬁi 2(x— K)d(expi- %}) =
=i ﬁﬂx—l()exp{—%ﬂ
‘i 27r(T—t),j; P (zz(—Tx )Z) vdxdy.
Hence,
I \/22(;(Tlf)t) exXpi- (j(;W) by f \/mj %dey.

From here according to the rule of stochastic differentiation of the ordinary integral we obtain:

P 20K yow o e
Dgt_}[ 2n(T—t) T—t exp{- 2T - )} 0.0 ($)dy

s

Q2y-x-w)’

x—w,
4 }I[OJ] ($)dxdy =1, +1,.

_ j j 2V TNV ot
4/2,;(T P T—t 2AT -1)

Further, using again an integration by parts formula in the integral with respect to dy, we have:

. (=)
j 208 ey )= B L Ly () +

N (T—t 2T -1) Jzn(r—f) expi- 2T -1)
+I ( )
27 —t

} y[[o 1 ( ) —2(B- K)gDO,T—t (B- W )I[O,t](s) +

+2[(I)0,T—t (B - Wt) - q)O,T—t (K W )][[o,t] (S)

Here and below ?y .2 () and @ 002 (-) are the distribution density and distribution function of normal distrib-

uted random variable N(0,5?) with mean 0 and variance o, respectively, i. e.
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1 e X 2

¢%pj(x>::\ﬁ5;;_exp{— -} and @, (x)= Jexpi-o

1
dr.
N27n6? _p tar
f 2 w,)’ s 2 (y=w)
=— AT = - dyl
£\/27r(T— I 2(T 1) DAL, ) l\/zn(r—t)eXp{ 2(T—t)}y[°”(s)+
t 2 _(2y—K—w[)
+£ 27(T 1) expt 2T -1)
1 (y—K/2-w,/2) B N )
+£ «/27r(T—t)/4_eXP{_ 2T —nya VO =1L, (Bow) =@, (K=w)l,, ()
+{(D0.(Tr\z[(zB_K_Wl)/z]_(D z[(K_Wt)/z]}][o,r](s)-

0,(T-t)

fayl | (s)==2® (B-w)-D (K-w)l (5)+

B

Summing up the above given results, due to the elementary relation ¢N(a,0?) = N(ca,c*c?) , we ascertain
that:

D.g =-2B-K)p, (B-w)I (s)+2®, (B-w)-® (K-w) (s)-
AP, (B=w) =D (K=w)l () +{Dy, [2B=K=w)/2]=Dy,, [(K=w)/ 20} (s) =
=-2(B- K)gom (B-w)l, ()+[®,  (QB-K-w)-® _ (K-w)l ()

0.2(7-1) [0,

Now let us pass to calculation of conditional mathematical expectation of Ds g, with respect to S;V .On the

one hand, due to the Markov property and the transition probability of the Wiener process, we can write

El@y;_ (B=w)|3]]= E[@y,;_ (B-w,)[w,]=
1 (x—w)’

~ Prli-s LO%T’(B AT
_ 1 1 Oo _(B-x)’ C(x-w)’
~ 2a(—s) 22T 1) _{)oeXp{ 2T Py

Hence, highlighting the full square in the argument of the exponential function and using the well-known
property of the distribution function, we obtain that

_ 7 Cyexpl T
m .[ gD(,T, x)exp{ 2i-s) Ydx

Elp, (B-w)|31=Elp, (B-w)|w,]=

1 1 «© T—s B(t—=s)+w (T-t),, (B-w)’
- - _ s _ s) gy —
L2r(—s) 2n(T-1) _{,oeXp{ 2(T—t)(t—s)[x T—s = r— ™
B 1 1 (B- T-s _B(t=5)+w,(T-1), _
 2r(t—s) 22 (T—1) expi- 2(T } I 2(T—t)(t—s)[x T—s Fidx
1 ! B-w), [T _
Prli—s) 22T ~1) P g N Ty

xp{ (B-w)"

1
T e B
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On the other hand, using again the Markov property and the transition probability of the Wiener process, we
have

E[®  (C-w)[I]]=E[® Mmt)(C)IM‘] Eo  (O)fw]=

0,2(T-1)

! ! RS (x—w )’
\/2”2(T_t) \/zﬂ(f—S) 'Lo[ 'Lo AT - )} ujexpt 2t —s) yax
_ 1 1 _( x)2 (x W)
_\/477(T—t) 27(t—s5) {)O I (—o0 C)(u)e xpt AT —1 )}exp{ 2i—s) Ydudkx.

Therefore, according to the Fubini’s theorem, using the argument similar to those presented above, it is
not difficult to see that

E|:(Do,2 (T—t) (C - )| 5?] =

1 ! (u-x)’
" Jan(T—1) \2x(—s) _ I (~o0, c)(”)” expi-

Lexp( W)

AT -1) 2(t—s)
u(t—s)+2ws(T—t) ., 2t —s)T = )u—w,)’

txldu =

¢ 1 1 ® Y PR (2T —t—s)?
= - dxldu =
{)O{\/472(T—t) J27(t-5) _{,OeXp{ AT -1)(t=s) ey
2T —t-s
ut—s)+2w (T 1),
¢ I (u—w)2 Y ST
B 'LO{\/47z(T—t) NI P ar—i—s) {,Oe P T iy
2T —t-s
¢ 1 1 w-w) [, T-0@-s),
__'LO{\/47z(T—t) T RATeT S L T sy
¢ 1 (u— ws)2 3
__&{4/25(2T_t_ ) p{_z(zT—t—s)}du_
(C=w,).

U 2T—t-s

Combining all the above obtained relations we easily conclude that

E[D.g |3;1=-2(B=K)p, (B=w)I (s)+

[0.]

D, (2B-K-w)-®  (K-w), (s).

0271

Passing now to the limit in the latter expression at  — 7" we obtain that

v, = lim E(Dg, [3))=-2(B-K)p  (B-w, )1[07_] (s)+
t—>T o '
+[CD L (2B-K-w)-D,, (K- ws)]lm (s)=

2B~ K) K o (M-QB-K)

\/r 0] (\/— [0,7] (s) {q)() 1 (\/75‘) 0.1 [ \/m ]} [0.7] (s)!

which completes the proof of the Theorem 2.
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3. Hedging of the Knock-Out Barrier Option

Consider now Knock-Out Barrier Option in the financial market, represented by Bachelier’s model. In this

case the stock price S is described by
S, =8, +ut+ow,.
The payoff of Up-and-Out Call Barrier Option is [3]
Fr=(S,-K)"I K<B.

( Si<B
Consider the unique martingale (risk neutral) measure P ~ Psuchthat [4]
dP=Z7,dP,
with
Z=expi-Eow 2y,
Under this measure the following is fulfilled:

Law(S, + ut+ow;;t <T|Pr)= Law(S, +ow,;;t<T|F,)

andif g =1
E°[Fr |3 1=E[F |3,

where F, is given in (1) with K:E—S0 and B :E—SO.

Using the previous calculations we obtain that

w,—K

N/

w, —(2B-K)

N/

R [ = TC =R

L T-s AT

whose integrand defines the optimal hedging strategy.

)_(Do,l[ ]}dwss
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