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HEDGING OF BARRIER TYPE ONE EUROPEAN OPTION
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Abstract. We consider barrier type one European Option in the case of Black-Scholes financial

market model, which payoff function is not differentiable in Malliavin sense and investigate

the hedging problem. The Clark-Haussmann-Ocone’s type stochastic integral representation

formula for corresponding wiener functional with the explicit form of integrand is established.
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1 Introduction. European options are contracts that give the owner the right,
but not the obligation, to buy or sell the underlying security at a specific price, known
as the strike price, on the option’s expiration date. The payoffs for a standard European
call option and European put options are as follows: Call option payoff is (S − K)+

and Put option payoff is (S −K)−, where S is equal to the spot price of the underlying
security and K equals the strike price of the option. The barrier option is either nullified,
activated or exercised when the underlying asset price breaches a barrier during the life of
the option. It turns out that in modern financial mathematics (see Harrison and Pliska,
1981) extremely important role plays the so-called Martingale representation theorem
(including Girsanovs measure transformation theorem). Karatzas and Ocone (1991) have
shown how to use Clark-Haussmann-Ocone formula in financial mathematics, in particular
for constructing of hedging strategies in the complete financial markets driven by Wiener
process.

The martingale representation theorem states that a square integrable Wiener func-
tional can be written in terms of Ito’s stochastic integral. It is possible in many cases
to determine the form of the representation using Malliavin calculus if a functional is
Malliavin differentiable. We consider nonsmooth (in Malliavin sense) functional and have
developed some methods of obtaining of constructive martingale representation theorem.
It has turned out that the requirement of smoothness of functional can be weakened by the
requirement of smoothness only of its conditional mathematical expectation. We, with
prof. O. Glonti [1] (see also [2]) considered Wiener functionals which are not stochastically
differentiable. In particular, we generalized the Clark-Haussmann-Ocone formula in case,
when functional is not stochastically smooth, but its conditional mathematical expecta-
tion is stochastically differentiable and established the method of finding of integrand.

Let on the probability space (Ω,=, P ) be given the Wiener process W = (Wt), t ∈
[0, T ] and (=W

t ), t ∈ [0, T ] is the natural filtration generated by the Wiener process W.
Consider the Black-Scholes model with risk-free asset price and risky asset price evolutions
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dBt = rBtdt; B0 = 1 and dSt = µStdt + σStdWt; S0 = 1, where r ≥ 0 is interest rate,
µ ∈ R is appreciation rate and σ > 0 is volatility coefficient.

Let ZT = exp{−(µ− r)WT/σ− (µ− r)2T/2σ2} and let P̃T be the measure on (Ω,=W
T )

such that dP̃T = ZTdP. From Girsanov’s Theorem it follows that under this measure
(martingale risk neitral measure) W̃t = Wt + (µ − r)t/σ is the standard Wiener process

and dSt = rStdt+ σStdW̃t, S0 = 1 or St = exp{σW̃t + (r − σ2/2)t}.
We consider the problem of ”replication” the European Option with the payoff function

F = (WT −C1)
−I{ST≤C2}, i.e. one needs to find a trading strategy (βt, γt), t ∈ [0, T ] such

that the capital process Xt = βtBt + γtSt, XT = F under the self-financing condition
dXt = βtdBt + γtdSt. Hence, we have dXt = r(βtBt + γtSt)dt+ σγtStdW̃t, with XT = F.

2 Main results

Theorem 1. For any real numbers C1 and C2 > 0 the functional F = (WT−C1)
−I{ST≤C2}

admits the following stochastic integral representation

F = ẼF +

∫ T

0

[
C1√
T − u

ϕ

(
C3 − W̃u√
T − u

)
− Φ

(
C3 − W̃u√
T − u

)]
dW̃u, (1)

where Φ(·) is a standard normal distribution function and

C3 = min{C1 + (µ− r)Tσ−1, (ln(C2)− (r − σ2/2)T )σ−1} := min{C̃1, C̃2}.

Proof. According to the Markov property of the Wiener process and the well-known
properties of conditional mathematical expectation, using the transition probabilities of
the Wiener process, we have

gt = Ẽ[F |=W̃
t ] = {Ẽ[(WT − C1)

−I{ST≤C2}|W̃t = y]}|y=W̃t

=

[
− 1√

2π(T − t)

∫ min{C̃1,C̃2}

−∞
(x− y) exp

{
− (x− y)2

2(T − t)

}
dx

] ∣∣∣y=W̃t

+

[
(C1 − y)

1√
2π(T − t)

∫ C3

−∞
exp

{
− (x− y)2

2(T − t)

}
dx

] ∣∣∣
y=W̃t

:= [I1 + I2]|y=W̃t
.

Using the standard technique of integration it is not difficult to see that

I1 =
T − t√

2π(T − t)

∫ C3

−∞
d

(
exp

{
− (x− y)2

2(T − t)

})
=
√
T − tϕ

(
C3 − y√
T − t

)
and

I2 = (C1 − y)Φ

(
C3 − y√
T − t

)
.
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Hence, due to Proposition 1.2.3 [3], we easily conclude that gt is stochastically differ-
entiable and one can write that

Dugt =
C3 − W̃t√
T − t

ϕ

(
C3 − W̃t√
T − t

)
I[0,t](u)− Φ

(
C3 − W̃t√
T − t

)
I[0,t](u)

+
C1 − W̃t√
T − t

ϕ

(
C3 − W̃t√
T − t

)
I[0,t](u) := [J1 − J2]I[0,t](u).

Due to the transition probabilities of the Wiener process, using again the standard
technique of integration and the well-known property of the normal distribution density
function, it is easy to see that

Ẽ[J1|=W̃
u ] := Ẽ

[
C3 + C1 − W̃t√

T − t
ϕ

(
C3 − W̃t√
T − t

)∣∣∣=W̃
u

]

=
C3 + C1

2π
√

(T − t)(t− u)
exp

{
−(C3 − W̃u)2

2(T − u)

}∫ ∞
−∞

exp

−
[
x− C3(t−u)+W̃u(T−t)

T−u

]2
2 (T−t)(t−u)

T−u

 dx

+

(T−t)(t−u)
T−u

2π
√

(T − t)(t− u)
exp

{
−(C3 − W̃u)2

2(T − u)

}∫ ∞
−∞

d

exp

−
[
x− C3(t−u)+W̃u(T−t)

T−u

]2
2 (T−t)(t−u)

T−u




−
C3(t−u)+W̃u(T−t)

T−u

2π
√

(T − t)(t− u)
exp

{
−(C3 − W̃u)2

2(T − u)

}∫ ∞
−∞

exp

−
[
x− C3(t−u)+W̃u(T−t)

T−u

]2
2 (T−t)(t−u)

T−u

 dx

=

[
C3 + C1√
T − u

− C3(t− u) + W̃u(T − t)√
(T − u)3

]
ϕ

(
C3 − W̃u√
T − u

)
.

Further, we have

Ẽ[J2|=W̃
u ] := Ẽ

[
Φ

(
C3 − W̃t√
T − t

)∣∣∣=W̃
u

]

=
1√

2π(t− u)

∫ ∞
−∞

Φ

(
C3 − x√
T − t

)
exp

{
−(x−Wu)2

2(t− u)

}
dx.

Hence, according to the relation lim
t↑T

Φ( x√
T−t) = 0.5I{x=0}+I{x>0}, using the dominated

convergence theorem, we ascertain that

lim
t↑T

Ẽ
{
J2I[0,t](u)|=w̃

u

}
= Φ

(
C3 − w̃u√
T − u

)
I[0,T ](u).



122 O. Purtukhia, V. Jaoshvili

Combining now all the relations obtained above, we conclude that

νu := lim
t−→T

Ẽ[Dugt|=W̃
u ] =

[
C1√
T − u

ϕ

(
C3 − W̃u√
T − u

)
− Φ

(
C3 − w̃u√
T − u

)]
I[0,T ](u).

Hence, due to Theorem 1 [1] (see also Theorem 2.3 [2]), we easily obrtain (1).
On the other hand, it is clear that

ẼF = Ẽ(WT − C1)
−I{ST≤C2} = Ẽ(W̃T − C̃1)

−I{W̃T≤C̃2}

= − 1√
2πT

∫ C3

−∞
(x− K̃) exp {− x

2

2T
}dx =

√
Tϕ

(
C3√
T

)
+ K̃Φ

(
C3√
T

)
.

Theorem 2. The hedging strategy π = (βt, γt), t ∈ [0, T ], the capital process Xt and the
price C in problem of ”replication” of barrier type European Option (with payoff F given
in Theorem 1) in case of Black-Scholes financial market model are defined by relations

γt =
1

γtSt

[
C1√
T − t

ϕ

(
C3 − W̃t√
T − t

)
− Φ

(
C3 − W̃t√
T − t

)]
, βt =

1

Bt

(Xt − γtSt),

Xt = ẼF +

∫ t

0

[
C1√
T − u

ϕ

(
C3 − W̃u√
T − u

)
− Φ

(
C3 − W̃u√
T − u

)]
dW̃u,

C = ẼF =
√
Tϕ

(
C3√
T

)
+ K̃Φ

(
C3√
T

)
.
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