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BANACH SPACE VALUED FUNCTIONALS OF THE WIENER PROCESS

BADRI MAMPORIA! AND OMAR PURTUKHIA?

Abstract. The problem of representation of the Banach space-valued functionals of the one- dimen-
sional Wiener process by the Ito stochastic integral is considered. Earlier, in [5] we have developed
this problem in case the joint distribution of the Wiener process and its functional is Gaussian. In
this article we consider the general case: firstly, for the weak second order Banach space-valued func-
tional the generalized random process is found as an integrand. Further, for the one-dimensional
functional of the Wiener process the sequence of adapted step functions converging to the inte-
grand function, generalizing the corresponding result for the Gaussian case, is obtained (see [2]);
the sequence of adapted step functions of generalized random elements converging to the integrand
generalized random process is constructed for a Banach space-valued functional.

In developing the Ito stochastic analysis in a Banach space the main goal of the problem is to
construct the stochastic integral in an arbitrary separable Banach space. This problem is considered
in the following cases: (a) the integrand adapted to the o-algebra generated by the Wiener process
is Banach space-valued and the stochastic integral is constructed by the one-dimensional Wiener
process; (b) the integrand adaptive process is operator-valued (from the Banach space to the Banach
space), and the stochastic integral is constructed by the Wiener process in a Banach space; (¢) the
integrand adaptive process is operator-valued (from the Hilbert space to the Banach space), and the
stochastic integral is constructed by the cylindrical Wiener process in a Hilbert space. In all the above-
mentioned cases the main difficulties are the same. Therefore, to realize simply all these difficulties,
in the previous article [5] and here we consider the first case (the Wiener process is one-dimensional).

Using traditional methods, it becomes possible to find the suitable conditions that guarantee the
construction of the Ito stochastic integral in a Banach space only in a very narrow class of Banach
spaces. This class is called the class of UMD Banach spaces (for survey, see [8]). In our approach,
the generalized stochastic integral for a wide class of adapted Banach space-valued random processes
is constructed and the problem of the existence of the stochastic integral is reduced to the problem
of decomposability of the generalized random element (cylindrical random element, or random linear
function) (see [4]).

In this article we consider the problem of representation of the functional of the Wiener process
by the stochastic integral in an arbitrary separable Banach space. This problem is, in some sense,
opposite to the problem of the existence of the stochastic integral: in this case we have the Banach
space-valued random element and the problem of finding the integrand Banach space-valued adapted
process whose stochastic integral is this random element. In [5], we considered this problem in the
case, where the joint distribution of the Wiener process and its functional is Gaussian. In [3], this
problem is considered for the case of UMD Banach space, where under special conditions the Wiener
functional is represented by the stochastic integral and the Clark—Ocone formula of representation of
the functional of the Wiener process is generalized.

Let X be a real separable Banach space, X* be its conjugate, and (2, B, P) a probability space.

Remember that the continuous linear operator T : X* — Ly(Q, B, P) is called the generalized
random element (GRE) Denote by M; := L(X*, Ly(€, B, P) the Banach space of GRE with the
norm

IT|? = sup E(Tx*)>.
llz=lI<1
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We can realize the weak second order random element { as an element of My, Tez* = (£, z%)
(the boundedness of this operator follows by the closed graph theorem), but not conversely: in an
infinite-dimensional Banach space, for any T : X* — Ly(Q, B, P), there does not always exist the
random element £ : Q@ — X such that Tz* = (£, 2*) for all 2* € X*. The problem of the existence of
such random element is well known as the problem of decomposability (radonizability) of the GRE.
Denote by M5 the linear normed space of all random elements of weak second order with the norm

€] = sup E(¢ z%)°.
lz]<1
Thus we have My C M.

The family of linear operators (7});c,1) is called the weak second order generalized random process
(GRP) if Tyz* is B([0,1]) x B(£) measurable and

1
IT:||> = sup /E Tyx*)?dt < oo.
le=li<1

Denote by /\/l(l)"P) the Banach space of such GRP.
The Banach space-valued stochastic process f(t,w), t € [0, 1] is called a weak second order random
process, if for all z* € X*,

1
E(f(t,w),z*)dt < cc.
0

The weak second order random process realizes the GRP Ty : X* — Ly([0,1] x Q): Tyz* =
(f(t,w),z").
Denote by MéA’P) the normed linear spaces of f(t,w), t € [0, 1], with the norm

sup (/E ft,w) dt)
l==l1<1
We have Mé”” - MSA’P).

Let (Wi)ieo,1) be a real-valued Wiener process. Denote by FV the o-algebra generated by the
random variables (W;)s<; (F}V = o(Ws, s < t)), which are completed by P-null sets. Suppose that &
is [}V -measurable weak second order random element i.e., ¢ is the functional of the Wiener process.
Our main aim is to represent the random element £ by the Ito stochastic integral

1
§=E+ [ f(t,w)dWy,
[

where f(t,w) is the Banach space-valued F}V-adapted random process, but this is, in general, impos-
sible. We have the following positive result: For all weak second order Wiener functional we always
have integrand as a GRP, that is, an element of the Banach space Mg’\’P). In developing this prob-
lem, we considered firstly in [5] the case, where £ is a Gaussian random element which together with
the Wiener process generates the mutually Gaussian system. Even in this case we have constructed
an example (see [5, Example 1]), where a) the integrand function f(¢) (in this case the integrand is
nonrandom) is X-valued; b) the integrand function is not X-valued, but it is X**-valued and c) the
integrand function is not X **-valued, but it is a GRE T : X* — L»[0, 1].

The following result gives representation of the Banach space-valued functional of the Wiener
process by the stochastic integral from the F}Y-adapted GRP.
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Proposition 1. Let £ be a Banach space-valued weak second order functional of the one-dimensional
Wiener process. There exists the F)V -adapted GRP T : X* — Ly([0,1] x Q) such that for all z* € X*

1

€a") = Blea) + [ 1o (tw)aW, 0.1)

0

Proof. Let £ be a Banach space-valued weak second order functional of the one-dimensional Wiener
process. For any z* € X*, (£, 2*) is one-dimensional functional of the Wiener process. By the one-
dimensional theorem, there exists the unique F}V-adapted one-dimensional random process f(x*,t,w)
such that

1
& z")=FE Y+ [ fz* tw)dW,.
]

Consider the map T : X* — Ly([0,1],9), Ta* = f(z*,t,w). It is easy to see that T is a linear
operator. Further,

2
fz™, t,w)th)

O\H O\H

= sup /Ef ¥ t,w)?dt = sup E(Tyz*)%dt.
le=l1<1 llz=ll<1
That is, T : X* — Ly([0, 1], Q) is bounded, and therefore, this is the GRP. O

Remark 1. The representation (0.1) of the Wiener functional is unique for any z* dt ® dP-almost
everywhere. Indeed, if we have two representations of &,

1 1
(& x%) = +/T (t,w)dW, = —|—/T217 (t,w)dWr,
0 0

then

1

2
0= sup E(/ (Thz™*( — Tox* (t,w))th)

[lz*] <1
1
= sup E/Tlx — Tha*(t,w))?dt.
lzli<1

For any GRP T : X* — Ly([0,1] x Q) from Mg/\’P), the correlation operator of T' is called the
linear, bounded operator from X* to X**, Rp = T*T.

Proposition 2. If for any functional of the Wiener process &,

1

/T*tde@
0

then Ry =T*T maps X* onto X.
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Proof. For any x* and y*,

(Bra'y') = (T3 ') = (02 Ty) = [ ETo 1)y ()i

1 1
:E( / T (t,w)dW, / Ty*(t,w)th>
0 0

= E(((§ = E¢),z") x ((§ — E€),y")) = (Rex™,y"),

where R¢ is a covariance operator of £, which maps X* onto X (see [7, Theorem 3.2.1]). Therefore,
Ry maps X* onto X. O

As is known (see [2, Theorem 5.6]), for the one-dimensional case, if the joint distribution of the
Wiener process and its one-dimensional functional is Gaussian, then the sequence of step functions

2" —1
Falt) = ZO 2"E(§ = EOWigs — W) s ) (D)

1
converges in L[0,1] to the integrand function f(¢), [ f?(t)dt < co and
0

1
/
converges in Lo(Q2, B, P) to
E=E{+ | f(t)dWs.
/

First, we give the generalization of this theorem for an arbitrary (non Gaussian) case when the
functional of the Wiener process is one-dimensional.

Theorem 1. Let the square integrable random variable £ be a functional of the Wiener process. The
sequence of step functions

2" —1
Faltw) = D0 2" B(Exp — € ) (Wisn = W) /FYDI sy (1) (02)
=0

converges in L ([0,1],Q) to the F}V -adapted random process f(t,w) and

1

§= lim [ fo(t,w)dW; = /ftdet

n—00
0

Proof. First of all, we prove the following

1
Lemma 1. Let £ = [ f(t,w)dW (t) be a real-valued functional of the Wiener process. Then for any
0

0<a<h,
b

E((& — £)(Wi — W) /F) = E( [ rewrayry )

a

where & = E(§/FWY) :ftfsde (s).
0
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Proof of Lemma 1. Consider the left part of the equality and denote m = (b — a)~!. Remember that

2

by Lemma 1.1.3 from [7], for any f(¢,w) € L2([0,1] x ), the sum

on_1 ™
Z 2m / f(s,w)dsl(z%7r-2n
i=1 i—1

2

converges to f(f,w) in Ly([0, 1] x Q).
Next, we have
2m—1 ot ot
B~ &)W~ W)/ ) = 1 (et £(5,w)ds)
T v
271
i=0
2m—1 ot o
T n w
nl;n;QE( Zl <(2 m f(s,w)ds)/Fa >
. (at SR )v0
2" -1 act g
XxE(W,, wiy — W,y o )?) = lm > E(2" f(s,w)ds)/FY !
wrtigh = Wargg,)’ ) = lim 3 B(2'm s,w)ds)/FY ) oo
- (ot Gt vo
gn_y O at b
= lim E( Z / <2nm f(s,w)ds)I(ngn’Q+W](t)>dt/FfV )
=1 at —in (a+ (71;:2}1’) VO
2" -1 ot 1
= lim E 2" d EY
lim ( Zl ( m / f(s,w) S)m2n>/ u )
= (a+ {52 vo
on_y Ot ot
: w _ w
- nlggoE( 3 F(s,w)ds/FY ) - E( / F(t,w)dt/F} )
i=1 ]
(a+L52)vo a
as
a+t b
E< Fls,w)ds(W  aon = Woy o )W, gen — Wa+2gm)/FaW> =0
(a+5852)vo
when i # j.
Thus, the proof of the lemma 1 is completed.
Consider now the following sum
i1
2"—1 27
i+1](t).

Z on / f(s,w)dsl(z%}ﬁ
i=1 /
i

According to Lemma 1.1.3 of [7], this sum converges likewise to f(¢,w) in L2([0, 1] x §2). Therefore,
P _— ri2+nl

](t) - Z on f(s,w)ds)f(z%’i;#](t)

i=1 ’

on_1 L
f(s, w)dsI(z%’ i

xv)

i—1
o

o7

|
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tends to 0 in Lo ([0, 1] x Q). That is,

1 on_q o Lt )
/E( Z 2”< / fls,w)ds — / f(S,W)dS>I(2iTHi2J;Ll](t)> dt — 0.
) i=1 Iy o
2™ P
Hence,
i i+1
2" —1 2 27 2 1
Z 22”E< / fls,w)ds — /f(s,w)ds) (27) —0
=1 i;’nl 5
Therefore,
il

=1 i—1
ST
That is,
gy 2T
/E( Z on / f(s’w)d‘g](z%f#](t)
0 =1 ;o
ST

+
-

i

2" —1 27 2
_ ZQ"E(/f(S,w)dS/FViV)[(i i;rl](t)> — 0.
P (NI
i=1

7

|

But the first sum converges to the f(¢,w). Therefore the sequence of F}V-adapted step functions

i

on 1 i
Z 2 E( / f(s,w)ds/F;)I(ﬁy,;l](t)
i=1 y

™

converges to f(t,w) in L2([0,1] x Q).
Now we can construct the sequence of step functions f,(t,w), n € N, the stochastic integral of

which converges to &: let us consider
2" -1 L
bn= ) 2"E((Exp — &) (Wi — W /FY) x (W =W, ) = /fn(t,w)th,
i=1 0
where
2" 1
Faltw) = D 2" B(Exp — € ) (Wisa = W) /FY)I sy (t)
i=1
2 itl
2" —1
(0.3)

Z 2”E< / f(S,w)dS/FK:)I(Z%,L;}](t)
i=1

i

Pia

Then we have f,(t,w) = f(t,w) in La([0, 1] x ©) and
1

1

0
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Remark 2. In case when the joint distribution of functional of the Wiener process and of the Wiener
process is Gaussian, then

2" —1
Z Q"Ef Wl;%l — >I(%,1;§11](t)
2" —1
= D 2B((€y + (€ =€)+ (€= €)W =W ) 1y(0)
=0
2n 1
= > 2E((Emp — Ea )W = W DI w1 (8)
=0
2" —1
=D 2"B(((Ee — &4 ) (W — W D/FS T ) ().
=0

Therefore formula (0.3) is the generalization of formula (0.2) for an arbitrary (nonGaussian) case.
Let now £ be a Banach space-valued functional of the Wiener process. As in the one-dimensional
case, consider the sequence of step functions

27 _1
faltw) = D 2"B((Expp — €4 ) Wes = W) /W) sy (b).
=0

The random step function f,(t,w) does not always exist as a X-valued random process, because
the conditional expectation E((& — &)(W; — W,)/FW) for the weak second order random element
& — & does not exist, in general. Nevertheless, we can consider the GRE

Tz* = BE({(& — &), a")(Wy — W) [FJY).
From Proposition 1 and Theorem 1 we immediately obtain the following

Proposition 3. For any weak second order Banach space-valued functional of the Wiener process
€ :Q — X, there exists the sequence of step generalized random functions (T)nen, such that for all
e X*,

/E(Tnx* — Ta*)?dt — 0,

when n — oo, where T is the GRP such that
1

(€,z%) = B, 2") +/Tx*(t,w)th.

0

Proof. For any z* € X*, let T, x* = (fn(t,w),2*). By Theorem 1, T,a* — Tx*, when n — co. By
Proposition 1, we have

1
& z") = +/Tz* (t,w)dW,. O
0

The following theorem is a generalization of the one-dimensional Theorem 1 for the Banach space-
valued functionals of the one-dimensional Wiener process.

Theorem 2. Let & be a Banach space-valued FYV measurable weak second order random element such
that in the representation (0.1) the GRP T € M?’P T :[0,1] = My is separable-valued and

1
[, <.
0
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There exists the sequence of F)V-adapted step functions T, (t,w), n € N converging in M}

FV-adapted GRP T : X* — L([0,1],9Q) such that the sequence of the stochastic integrals

1
/Tn:v*(t,w)th
0

converges to
1

/Tx*(t,w)th =({ - E¢ ") in M.

0
Proof. By Proposition 1, for the weak second order random element £, there exists the unique GRP

T: X* — Ly([0,1],9) such that for all z* € X*

1
(€z%) =B 2") + /Tx*(t,w)th.
0

Consider
om 1
) (€ ) (Wags — W) FY ) ().

(T (t Z 2" B(((

), n € N converges in L2([0,1], ) to the one-dimensional functional of

By Theorem 1, <Tn(t,w)7x
the Wiener process Tz*(t,w) and we have
2" —1 b
Tho*(t,w) = Z 2”( / Tx*(s,w)ds)l(;vi;}](t).
i=1 W

o7

Further, it is easy to see that T, € M} for all n € N and || T,|| < ||T||. Indeed

1 2" 1 7 2
||Tn||2 = sup /E( Z 2"( / Tz (s, w)dsf(zl z;rl](t)) dt)

llz=|I<1 0 i=1 "“;Ll
271 o 2
— sup /E( ) 22n< / Tx*(s,w)ds> I, z+1](t))dt
ja* <1 e 7 o
S
-1 1 b 2
= sup <Z 22”2nE< / Tx* (s w)ds) >
o<1 \ = I,
o
an_1 2T
< sup / (Tz*(s,w)
|m I<1 2 J
1=
— s B / (Tz* (s, w))2ds < [ Ta*(t, )2
llz=]I<1 5
IfT e MA P is a continuous function T : [0,1] — M, then T,, — T in ./\/l/\ . Really,
2" -1 2 2
T —Tu||*= sup E ( ( (s,w) dsI iz-tll](t)> —T:E*(Lw)) dt

llz=ll<1
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i

1 on_1 P 2
= sup E/ ( Z (2" / Tac*(s,w)ds—T;v*(hw))l'(&_’i;”(t)) dt
lz*||<1 0 i=1 Py
o
Looma 7 2
= sup E/(Z (2”/Tm*(s,w)dst*(t,w)>) I(Qi‘n’i;;l](t)dt
lz=]|<1 0 i=1 2y
e
n_y T o 2
= sup E Z (Tx*(t,w)— (2" / Tx*(s,w)ds)) dt
l=*[I<1 i=1,7, P
2n Pi
271 2 b 2
< sup E (Tm*(t,w)— <2” / Tm*(&w)ds)) dt
i—1 llz*lI<1

an 1 Pon_q 27

< Z / X_: sup E(2” / (T:E*(t,w)—Tx*(s,w)ds))th

1—1

2n_1 Fan_y o
1
< / (22"/ sup E(Tx*(t,w)—Ta?*(s,w))st)dt<5,
; ; 2 J i<
27 2n

as the function T : [0,1] — M, is continuous, for any € > 0 and sufficiently large n,

sup B(Tx*(t,w) — Tz*(s,w))?ds)) < ¢,
flz=]<1
when [t — s| < 3.
Consider now an arbitrary separable-valued T : [0,1] — Mj. Any fixed 2* € X* and g € L2(Q),
generates the linear continuous functional f: My — R,

fa" 9)T) = [ Tx*(@)g(w)dP.
Q
The set of such functionals separates the points of the Banach space M;. As T : [0,1] — M, is
separable-valued and f(a*, g)T(t) is measurable, by the Pettis theorem (see [6, Proposition 1.1.10]),
T :]0,1] — M; is measurable. As fol IT(t)||dt < oo, the Bochner integral fst T(t)dt exists for all
0 <s<t<1 LetT(t) be a bounded function. Consider T}, (t) := mf(tt—%)vo T(s)ds, m € N.
T (t) = T(t) a.s. (see [1, Corollary 2 of Theorem 3.8.5]). By the Lebesgue theorem, fol 1T (t) —
T(t)||2dt — 0. As Ty, (t) is continuous for all m € N , there exists the sequence of F}V- adapted step
functions T}y, n € N such that fol | Tyn (t) — Ton () ||?dt — 0. Therefore we can choose the sequence of
step functions (T}, )nen such that fol | T, (t) — T(t)||?dt — 0. It is now easy to get the sequence of step
functions converging to the arbitrary separable-valued T : [0,1] — M, with fol |1T)|%dt < 0. O

Remark 3. By Proposition 1, for the X-valued weak second order functional of the Wiener process
the integrand T'(¢,w) belongs to the Banach space Mi"P. The existence of step functions converging
to the integrand we prove in the case for T' € Lo([0, 1], M;) which is separable-valued. We prove the
convergence in Lo([0,1], My), but there arises the question whether this theorem is true for M}
without the above restrictions? The answer is unknown.

Remark 4. If the sequence f,(t,w), n € N is such that the members of it as X-valued random
processes exist (for example, the functional £ has strong p-th moment for any p > 1), then from
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Theorem 2 it follows that the integrand process T'(t,w) belongs to M?’P) - M?’P). If the sequence
fn(t,w), n € N, of X-valued random processes converges in X, then the integrand process is X-valued
and in this case we have the representation of the Banach space-valued functional by the stochastic
integral from the Banach space F}V-adapted X-valued random process.

Remark 5. It is easy to see that

2n—1
D E((En — & ) (Wi — W) JFI g i (2)
1=0

2" —1

= D 2E(EWea =W )/FW¥)I o (t)
=0
As
E(E(Wisa =W )/FY)
= BE(((€=€un) + (€un =€ )+ 80 )W =W )/FZZ)
= B((§g2 — €4 )(Wia — WTZ)/F;)
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