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ABSTRACT. Let K(A) denote the ring completion of a semiring A and let Sbe a simplicial A -
semimodule, H,(S) then-th homology A -semimoduleof Sintroduced in our earlier paper, K(S) the
K (A) -modulecompletion of § H,,(K(S)) then-th homology K(A)-moduleof K(S) and kg : S— K(S)
the canonical smplicial map. We prove (1) that the induced map H, (ks):H,(S) > H,(K(S)) isan
injective A -homomorphism for all n; (2) that if Ssatisfiesthe Kan condition and the A -semimodule of
path components of Sis a K(A)-module, then H,(S) isa K(A)-module and the induced map
H,(ks):H,(S) - H,(K(S)) isa K(A)-isomorphism for all n. © 2017 Bull. Georg. Natl. Acad. Sci.

K ey wor ds. semimodule, chain complex of semimodules, simplicia semimodule, homol ogy semimodule, mod-
ulecompletion

Let A beasemiringandlet K(A) beitsring completion. In[1], weintroduced and studied homology A-
semimodules H,,(S) of apresimplicial -semimodule Sand indicated some applications of them. The purpose
of the present paper is to examine relationship between H,(S) and H, (K(S)), where Sisasimplicial A-
semimodule, K(S) isits K(A)-module completion, H,(S) the n-th homology A-semimodule of S and
H,(K(S)) then-th homology K(A)-moduleof K(S).

By asemiring A we mean an algebrai c structure (A,+,0,-,1) inwhich (A,+,0) isan abelian monoid, (A,-,1) a
monoid, and

-+ y=0-1"+1 -1
a"+1r"n-r=rrr e
| -0=0-1 =0
foral | ,1'1"eA.
Let A be a semiring. An abelian monoid A= (A,+,0) together with amap Ax A— A, written as

© 2017 Bull. Georg. Natl. Acad. Sci.



Relationship between Homology of a Simplicial Semimodule and Homology ... 29

(I ,a) 1 a,iscdleda(left) A-semimoduleif
| (a+a) =1 a+l a,
(I +1Na=1a+l"a,
(I -1Ma=1("a),
la=a, 0a=0
foral | ,| "e A and a,a@ € A. Itimmediately followsthat | 0=0 forany | e A .

A A-homomorphism f : A— B between A-semimodules A and B is defined in the standard manner.

Notethat N -semimodules, where N isthesemiring of nonnegativeintegers, are precisely abelian monoids.

Recall that the group completion of an abelian monoid M can be constructed in the following way. Define
an equivalencerelation~on M xM asfollows:

uVv)~(Xy)ou+y+z=v+x+z forsome zeM.

Let [u,v] denote the equivalence class of (u,v). The quotient set (M xM )/~ with the addition
[%0 Vil +[ %, Yol =[X% + X, ¥4 + Y] isanabeliangroup (0=[x, x], —[x, y] =[V. X]) . Thisgroup, denoted by
K(M), is the group completion of M, and ky, : M — K(M) defined by ky, (xX) =[x,0] is the canonical
homomorphism. If M isasemiring, then themultiplication [ X, ¥;]-[Xo, Yol =[ XX + Y1V, % Y2 + Y1 %] cONn-
verts K (M) into thering completion of the semiring M, and k,, into the canonica semiring homomorphism.
Now assumethat AisaA-semimodule. Then K(A,+,0) withthe multiplication

[l ollana] =[1ha +1 58,112 +1 &), T1,1,€A, &8, €A
becomesa K(A) -module. This K(A) -module, denoted by K(A) , isthe K(A) -module completion of the
A-semimodule A, and k, : A— K(A), ka(a)=[a,0], isthecanonical A-homomorphism.

A A-semimodule A is said to be cancellative if whenever a+a’'=a+a’", a,a’,a" € A, holds, one has
a'=a" . Obvioudy, Aiscancellativeif and only if the canonical A-homomorphism k, : A— K(A) isinjective.

A A-semimodule Aiscalled aA-moduleif (A, +,0) isanabelian group. One can easily seethat AisaA-
moduleif and only if Aisa K(A) -module. Hence, if AisaA-module, then K(A) = A and ky =1,.

For moreinformation about semimodules, see[2].
Definition 1 ([1]). We say that a sequence of A-semimodules and A-homomorphisms

. Ona o
N — X, ==X, ,

Ons1 n

‘5...’ n€Z’

written X ={X,,,0;,0,} for short, isachain complex if
a; a;ﬂ +0,0p,1 = 8:1' Oni1t 0y 8:1—4—1
for each integer n. For every chain complex X, we define the A-semimodule
Z,(x) ={ xe X, 183 (0 = 3,9},
the n-cycles, and the n-th homology A-semimodule
H, (X) = Z,(X) /11 (X),
where r ,(X) isacongruence onthe A-semimodule Z,(X) defined asfollows:

Xr n(x) y < X+a;+l(u) +8;+1(v) = y+5§+1(V)+5H+1(U) for some u,ve Xn+1'
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The A-homomorphisms d};,8,, arecalled differentials of the chain complex X.
A sequence G ={G,,d,,d;;} of A-modulesand A-homomorphismsisachain complex if and only if

d, -d,
G h —Gn Gn—l

n

isan ordinary chain complex of A-modules. Obviously, for any chain complex G ={G,,,d,;,d,} of A-mod-
ules, the homology H.(G) coincides with the usual homology H.({G,,d; —d.}) -

Definition 2 ([1]). Let X ={X,,,0;,0,} and X'={X/,0;,8,} bechaincomplexesof A-semimodules.
We say that asequence f={f } of A-homomorphisms f : X, — X{ isa+-morphismfrom Xto X" if

fo40n =0, f, and f,,0,=0,f, fordl n.
If f={f} : X — X" isaz-morphism of chain complexes, then f (Z,(X)) < Z,(X"), and themap
Ho(F) 1 HL(X) > Ho (XY, Hi (F)(el (X)) = cl (,(x)),

isa A-homomorphism. Thus H,, is a covariant additive functor from the category of chain complexes and
their £-morphismsto the category of A-semimodules.

For any chaincomplex X ={X,,,0;,,0,} of A-semimodules,

K(X) ey K (X, ) K@) K@) (X ) KEIKE) (X Y ...
is an ordinary chain complex of K(A)-modules (that is, A-modules). The canonical +-morphism
kx ={kx_ : Xy = K(X,)} fromthechain complex Xto thechain complex {K(X,),K(d},),K(d,)} induces
the A-homomorphism
Hp(kx )t Hp(X) = Hp(K(X)),  Hy (kyx )(cl (X)) =l ([x,0]),
for all n. One can easily check that if X isachain complex of cancellative A-semimodules, then H,(ky ) isan
injection.
Definition 3. We say that achain complex X ={X,,,8;,,0,} of A-semimodulesisregular if whenever

X+a;+1(u) +a;+1(V) +Z= y+5;+1(V)+5H+1(U) +Z, XYye Zn(x)v Ze Xn! uve xn+17

holds, we have
X+ 6;+1(a) + a;+1(b) = y+ a;+1(b) + a;ﬂ(a)! a, be Xn+1'

It isobviousthat any chain complex of cancellative A-semimodules X ={X,,,0;,,0,,} isregular. For aA-

semimoduleA,

A i A : A 1<A : A—=---, meN, m>1 m@a)=ma

isan example of aregular chain complex of (not necessarily cancellative) A-semimodules.

Proposition 4. Let X ={X,,0;,0,} be a chain complex of A-semimodules. The induced A-
homomor phism
Ha (K )t Hi (X) = Ho(K(X)), Hi (ky )( (X)) =l ([%,0]),
isan injection for all nif and only if X isregular.
Recall that apresimplicial A-semimodule Sisasequenceof A-semimodules S,,S;,S,, ... together with A-
homomorphisms, called face operators,
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8 :S,—>S,,, n=1l 0<i<n,
such that
ool =6, if O<i<j<n+l
Suppose S:{%,aL} and T :{Tn,d,g} arepresimplicial A-semimodules. A morphism (or apresimplicial
map) f:S— T isacollectionof A-homomorphisms f,: S, — T, satisfying f,_,8' =d! f foralliandfor
aln.
If Sisapresimplicial A-semimodule, then

] 3t a5 ot
SHN 4 S— S N " S — . — S Pu— S f— ]
On 03 0y
where
+ 0 2 - 1 3
On=0p+0n+:", Op =05 +05+-,

is a nonnegative chain complex of A-semimodules, called the standard chain complex associated to S[1].
Using the greatest integer function, one can write

n n-1
! (5]

Oh =D 0%, ay= D oF,
k=0 k=0

We define the n-th homology A-semimodule of the presimplicial A-semimodule S by
H,(S) = H,(9).

Clearly,if f ={f,} isamorphismfromapresmplicial A-semimodule S:{%,@L} toapresimplicial A-
semimodule T ={T,,,d}} .then d; f, = f, ,o} and d, f, = f, ,0, forall n>1,thatis, fcanberegardedas
ax-morphism from S to T . Consequently, H, (S) is a covariant additive functor from the category of
presimplicial A-semimodulesand their morphismsto the category of A-semimodules.

Next recall that asimplicial A-semimoduleisapresimplicial A-semimodule Stogether with degeneracy A-
homomorphisms

s:8 58S, 0<i<n

satisfying
Sf!I:::II:all"l’ I < j!
Opash =9 id, i=j, j+1
Siiflair;la i>j+1
and

SuS =SS 1<
Elementsof S, arecalled n-smplices.

Let Sand S’ besimplicial A-semimodules. Asimplicial map f : S— S’ isafamily of A-homomorphisms
(1S, = S))nso Which commute with the face and degeneracy operators.

Proposition 5. For any simplicial A-semimodule S={§, ain} , the standard chain complex
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St =335,

associated to Sis regular.
Asacorollary of Propositions 4 and 5, we have

Theorem 6. Suppose that Sis a simplicial A-semimodule, K(S) its K(A)-module completion and
ks : S— K(S) the canonical smplicial map. Then the induced A-homomorphism
H,(ks) 1 Hy(S) > HL(K(S)),  H,(ks)(cl(s)) =cl([s,0]),
isan injection for each n.
One says that a simplicial A-semimodule S satisfies the Kan condition if for every collection of n+1 n-

SIMPlICES Xy Xy eees X1 Xu1r-er X,y SALISFYing the compatibility condition oy,(x;) =)™ (x), i< ],

i =k, j#Kk, thereexistsan (n+1)-simplex x such that a‘M(x) =x fori=k, (seeeq.[3]).

Theorem 7. Let Sbeasimplicial A-semimodule, K(S) its K(A) -modulecompletionand kg : S — K(S)
the canonical simplicial map. If S satisfies the Kan condition and the A-semimodule of path components of
Sisa K(A)-module, then H, (S) isa K(A)-module and the induced map

Ho(ks) i Hn(S) = Ho(K(S),  Hy(ks)(@(9) =dl([s,0]),
isa K(A) -isomorphismfor all n.

As noted above, semimodules over the semiring of nonnegative integers are precisely abelian monoids.
Hence, we have thefollowing corollaries.

Corollary 8. Suppose that A is a simplicial abelian monoid, K(A) its group completion and
ks : A— K(A) the canonical simplicial map. Then the induced homomor phism

Hy(ka) i Hy(A) = H, (K(A),  Hy(ka)(cl (@) =cl([a,q]),
isan injection for each n.

Corollary 9. Let Abea simplicial abelian monoid, K (A) itsgroup completionand k, : A— K(A) the
canonical simplicial map. If A satisfies the Kan condition and the monoid of path components of A is a
group, then H,, (A) isa group and the induced map

Hy(ka) i Hy(A) = H, (K(A),  Hy(ka)(cl (@) =cl([a,0]),
isan isomorphismfor all n.
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